System of linear equations

Solving the matrix equation Aa = y Aa ∼= y m × n matrix A for an n vector a of unknowns (parameters).

Distinguish cases:

n = m exact solution usually exists m > n overdetermined system – obtain best ”approximate” solution m < n underdetermined system – insufficient data

Zeuthen, May 9 − 11, 2001 Least squares methods (page 2) V. Blobel Universität Hamburg

Least squares methods

V. Blobel

Universität Hamburg

Zeuthen, May 9 − 11, 2001

Systems of linear equations – singular value decomposition Linear least squares – properties of least squares estimates Normal equations for uncorrelated data Inversion by partitioning Orthogonal polynomials Least squares with constraints Alignment problems

Zeuthen, May 9 − 11, 2001 Least squares methods (page 1) V. Blobel Universität Hamburg

Overdetermined system (m > n)

In general no solution vector a exist, i.e. vector of residua r, defined by r = Aa − y , never zero.

What is the ”best” solution?

Minimum value of the square of the vector of residua: r^T r = (Aa − y)^T (Aa − y) = a^T A^T Aa − 2a^T A^T y + y^T y = Minimum .

The minimum is determined, by setting the derivative of the above expression to zero:

A^T Aa − A^T y = 0 oder A^T (Aa − y) = A^T r = 0 . These equation are called normal equations; the vector r of residua is normal with respect to the column vectors of matrix A.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 4) V. Blobel Universität Hamburg

Systems of linear equations contnd.

A · a = y A · a ∼= y

· = m = n · ∼= m > n

Zeuthen, May 9 − 11, 2001 Least squares methods (page 3) V. Blobel Universität Hamburg

A solution in different form . . .

The symmetric matrix C can be diagonalized: C = U × D × U^T Matrix U is orthonormal and matrix D is diagonal with the eigenvalues λ of matrix C on the diagonal:

D = λ_1 λ_2 ... λ_n D^{−1} = 1/λ_1 1/λ_2 ... 1/λ_n

C^{−1} = U × D^{−1} × U^T a = UD^{−1}U^T c . Zeuthen, May 9 − 11, 2001 Least squares methods (page 6) V. Blobel Universität Hamburg

Solution

In general the system has a unique solution a = ( A^T A )_{−1} A^T y

The symmetric matrix C = A^T A and the vector c = A^T y are formed:

C = A^T × A c = A^T × y

The solution vector a is determined by the solution of the matrix equation Ca = c: a = C^{−1} × c Zeuthen, May 9 − 11, 2001 Least squares methods (page 5) V. Blobel

Universität Hamburg

Case of almost singular matrix C

Sometimes a system of equation is not singular, but ill conditioned: some of the eigenvalues are very small and the inversion is inaccurate.

This property is visible in the condition number of the matrix, the ratio of the largest to the smallest eigenvalue: κ = λ_{max}/λ_{min}.

In such a case a solution with modified matrix Matrix D^{∗−1} is preferred, where the small eigenvalues are replaced by zero.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 8) V. Blobel

Universität Hamburg

Case of singular matrix C

At least one of the eigenvalues is zero and the solution above is impossible.

The columns of matrix U (these are the eigenvectors of matrix C), which correspond to the zero eigenvalues, form an orthogonal basis of the nullspace of C. Any arbitrary vector of the null space can be added to the solution a in Ca = c.

How to avoid this kind of arbitrariness?

Better define a solution with no contribution from the null space: define a modified matrix D^{∗−1}, where the diagonal elements for zero eigenvalues of D are set to zero (thus replacing 1/0 = ∞ by 0). The modified solution a = UD^{∗−1}U^T c contains no contribution from the null space.

It can be shown, that this is the solution with smallest length of |a|.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 7) V. Blobel

Universität Hamburg

Modified solution

Matrix S is diagonal and has positive or zero elements, called singular values:

S = σ_1 σ_2 ... σ_n S^{−1} = 1/σ_1 1/σ_2 ... 1/σ_n Comparison with previous formalism shows: C = A^T A = V SSV^T D = SS i.e. eigenvalues of D are λ_i = σ^2_i .

The solution vector is the least squares solution with minimum length a = V S^{∗−1} ( U^T y ) . As above a modified matrix S^{∗−1} is defined, where the diagonal elements for small singular values S_{jj} are set to zero.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 10) V. Blobel Universität Hamburg

Singular value decomposition

A m × n Matrix A can be expressed in the form

A = U × S × V^T .

U is a column-orthogonal m × n matrix: U^T U = 1 V is an orthogonal n × n matrix: V^T V = 1 V V^T = 1

Matrix S is diagonal and has positive or zero elements, called singular values.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 9) V. Blobel Universität Hamburg

Linear least squares

The model of Linear Least Squares: y = A a y = vector of measured data A = matrix (fixed) a = vector of parameters r = y − Aa = vector of residuals V [y] = covariance matrix of the data W = V [y]^{−1} weight matrix

Least Squares Principle: minimize the expression S(a) = r^T W r = (y − Aa)^T W (y − Aa) with respect to a.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 12) V. Blobel Universität Hamburg

Comparison

The two methods are equivalent, but there are differences: The singular value method is numerically more accurate

(σ_i = √ λ_i).

The eigenvalue method works on more compact matrices

(small n × n square matrices instead of large rectangular m × n matrices).

Both methods avoid those components in the solution vector x from the Null-space, which have no effect on the right hand-side of the initial equations.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 11) V. Blobel

Universität Hamburg

Properties of linear least squares solution

Starting from Principles properties of the solution are derived, which are valid under certain conditions. Conditions:

Data are unbiased: E[y] = A ā (ā = true parameter vector) Covariance matrix V [y] is known (correct) and finite Properties:

Estimated parameters are unbiased: E[â] = ā

E[â] = ( A^T W A )_{−1} A^T W E[y] = ā In the class of unbiased estimates a^∗, which are linear in the

data, the Least Squares estimates â have the smallest variance (Gauß-Markoff theorem): V [a^∗]_{jj} ≥ V [â]_{jj} for all j Expectation of the sum of squares is Ŝ = σ^2(n − p)

Properties are not valid, if conditions violated.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 14) V. Blobel Universität Hamburg

Least Squares solution

Derivatives of expression S(a): ∂S ∂a = 2 ( −A^T W y + ( A^T W A ) a ) 1 2 ∂^2S ∂a^2 = ( A^T W A ) = constant

Solution (∂S/∂a = 0) is linear transformation of the data vector y:

â = ( A^T W A )_{−1} A^T W y = By Covariance matrix of a by ”error” propagation (V [y] = W^{−1}):

V [â] = B V [y] B^T = ( A^T W A )_{−1}

(identical to inverse of second derivate of S).

Zeuthen, May 9 − 11, 2001 Least squares methods (page 13) V. Blobel

Universität Hamburg

Straight line fit

0 40 80 120 1 2 3 4 5

x (abscissa

y

The full line is a straight line fit to three well aligned data points (black dots).

The dashed curve is the straight line fit, if the middle point is ”badly aligned” (circle).

Zeuthen, May 9 − 11, 2001 Least squares methods (page 16) V. Blobel Universität Hamburg

Straight line fit

Example: track fit of y (measured) vs. abscissa x

y_i = a_0 + a_1 · x_i

Matrix A and parameter vector a

A = 1 x_1 1 x_2 . . . . 1 x_n a = ( a_0 a_1 )

Weight matrix for independent measurements is diagonal (weights → w_i). A^T W A = ( ∑ w_i ∑ w_ix_i ∑ w_ix_i ∑ w_ix^2_i ) A^T W y = ( ∑ w_iy_i ∑ w_ix_iy_i )

If one measured y_i-value is shifted (biased), then parameters biased, and χ^2-value high.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 15) V. Blobel

Universität Hamburg

Inversion by partitioning

Matrix inversion requires in general ∝ n^3 operations! Can this be reduced?

A square n × n matrix A and its inverse B = A^{−1} can be partitioned:

A = A_{11} A_{12}

A_{21} A_{22} B = B_{11} B_{12}

B_{21} B_{22} A_{11} is a p × p and A_{22} is a q × q square matrix (p + q = n). Submatrices of inverse matrix:

B_{22} = ( A_{22} − A_{21}A^{−1}_{11} A_{12} )_{−1} B_{21} = −B_{22}A_{21}A^{−1}_{11} B_{12} = −A^{−1}_{11} A_{12}B_{22} B_{11} = A^{−1}_{11} − A^{−1}_{11} A_{12}B_{21} Large reduction in number of operations if A^{−1}_{11} already known or simple (e.g. diagonal)! Indices 1 and 2 may be interchanged.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 18) V. Blobel Universität Hamburg

Normal equations for uncorrelated data

The diagonal elements of the weight matrix W are w_i = 1/σ^2_i .

Each data value y_i with its weight w_i makes an independent contribution to the final matrix products.

i-th row of A : A_i = (d_1, d_2, . . . , d_p)

The contributions of this row to C = A^T W A and b = A^T W y can be written as the p × p-matrix w_iA^T_i · A_i and the p-vector w_iA^T_i · y_i:

d_1 d_2 . . . d_p d_1 w_id^2_1 w_id_1d_2 . . . w_id_1d_p d_2 w_id^2 . . . w_id_2d_p . . . . . . . . . d_p w_id^2_p y_i d_1 w_id_1y_i d_2 w_id_2y_i . . . . . . d_p w_id_py_i ,

(symmetric elements in the lower half not shown)

Zeuthen, May 9 − 11, 2001 Least squares methods (page 17) V. Blobel

Universität Hamburg

Robust least square fit – outlier treatment

Least square fit on observations y_i, yielding fitted values ŷ_i, and residuals r_i = y_i − ŷ_i.

”Clean” the data by pulling outliers towards their fitted values:

winsorize the observations y_i and replace them by pseudo-observations y^∗_i : y^∗_i = y_i , if |r_i| ≤ c s_i , = ŷ_i − c s_i , if r_i < −c s_i , = ŷ_i + c s_i , if r_i > +c s_i .

(s_i is estimate for the standard error of y_i) The factor c regulates the amount of robustness, a goid choice is c = 1.5 (note: outliers are not lost!).

Refit iteratively: the pseudo-observations y^∗_i are used to calculate new parameters and new fitted values ŷ_i.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 20) V. Blobel Universität Hamburg

Example for partitioned matrices

C · a = b

· =

Zeuthen, May 9 − 11, 2001 Least squares methods (page 19) V. Blobel Universität Hamburg

Orthogonal polynomials

If data interpolation required, but no parametrization known: fit of normal general p-th order polynomial to the data

f(x_i) ∼= y_i with f(x) = p∑ j=0 a_j x^j Generalization of straight-line fit to general p-th order polynomial straightforward: matrix A^T W A contains sum of all powers of x_i up to x^{2p}_i .

Disadvantage:

fit numerically unstable for larger p determination of optimal order p difficult value of coefficients a_j depend on highest exponent p Better: fit of orthogonal polynomial.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 22) V. Blobel Universität Hamburg

Example: Outlier treatment in alignment procedure

Shown are residuals of a Si tracker as a function of φ in degrees before (left) and after (right) alignment.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 21) V. Blobel Universität Hamburg

Construction of higher order polynomial p_j(x)

General orthogonal polynomial: f(x) = p∑ j=1 a_j p_j (x)

p_j (x) constructed from the two previous functions p_{j−1}(x) and p_{j−2}(x) with parameters α, β and γ given by sums:

Recurrence relation γp_j (x) = (x_i − α) p_{j−1}(x) − βp_{j−2}(x)

Parameters ^a_j are determined from data by ^a_j = n∑ i=1 w_ip_j (x_i) y_i

Covariance matrix is 1, i.e. all variances are 1 and the coefficients are independent.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 24) V. Blobel Universität Hamburg

Straight line fit

Orthogonal parametrization

f(x) = a_0 + a_1x replaced by f(x) = a_0 · p_0(x) + a_1 · p_1(x)

p_0(x) = b_{00}

p_1(x) = b_{10} + b_{11}x = b_{11} (x − ⟨x⟩) .

with b_{00} = (_n ∑ i=1 w_i )_{−1/2} b_{11} = (_n ∑ i=1 w_i (x_i − ⟨x⟩)^2 )_{−1/2}

and with the coefficient b_{10} = −⟨x⟩ b_{11}.

A^T W A = ( ∑ w_ip^2_0(x_i) ∑ w_ip_0(x_i)p_1(x_i) ∑ w_ip_0(x_i)p_1(x_i) ∑ w_ip^2_1(x_i) ) = ( 1 0 0 1 )

A^T W y = ( ∑ w_ip_0(x_i)y_i ∑ w_ip_1(x_i)y_i ) = ( a_0

a_1 )

i.e. only sums, no matrix inversion required.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 23) V. Blobel

Universität Hamburg

Example: Coefficients a_0 . . . a_{10}

Coefficients a_4 . . . a_{10} compatible with E[a_j ] = 0 (noise).

Zeuthen, May 9 − 11, 2001 Least squares methods (page 26) V. Blobel Universität Hamburg

Example: Data points and third order orthogonal polynomia

Shown is polynomial (red) and ±1 standard deviation curves (green).

Zeuthen, May 9 − 11, 2001 Least squares methods (page 25) V. Blobel Universität Hamburg

Method of Lagrange multipliers

Additional m parameters λ_k, the Lagrange multipliers, are introduced, one for each equation and a new function is defined:

L(a, Δy) = S(Δy) + 2 m∑ k=1 λ_kf_k(a, y + Δy) The necessary condition for a local extremum of this function with respect to all parameters Δy, a and λ is equivalent to the condition of a minimum of S(a, Δy) under conditions f_k(a, y + Δy) = 0.

Number of unknowns

n measured parameters and corrections Δy_i p parameters a_j m multipliers λ_k n + p + m parameters in total

Zeuthen, May 9 − 11, 2001 Least squares methods (page 28) V. Blobel Universität Hamburg

Least squares with constraints

Linear or non-linear (equality) constraints: f_k(a_{true}, y_{true}) = 0 k = 1, 2, . . . m with y = n-vector of measured data V [y] = covariance matrix of the data W = V [y]^{−1} weight matrix a = p-vector of parameters, unmeasured Least squares principle: minimize with respect to Δy and a S(y) = Δy^T W Δy under the conditions f_k(a, y + Δy) = 0 k = 1, 2, . . . m Zeuthen, May 9 − 11, 2001 Least squares methods (page 27) V. Blobel Universität Hamburg

Linearization

Function L with linearization of constraints: L = Δy^T W Δy + 2λ^T (AΔa + BΔy − c) f̌il The necessary conditions for an extremum are obtained by differentiation:

W Δy + B^T λ = 0 A^T λ = 0 BΔy + AΔa = c

This system of coupled matrix equations (in total n + p + m equations) has to be solved for the unknowns Δy, Δa and λ.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 30) V. Blobel Universität Hamburg

Linearization – vector notation

f + A(Δa − Δa^∗) + B(Δy − Δy^∗) = 0

or AΔa + BΔy = c with c = AΔa^∗ + BΔy^∗ − f

A = ∂f_1/∂a_1 ∂f_1/∂a_2 . . . ∂f_1/∂a_p ∂f_2/∂a_1 ∂f_2/∂a_2 . . . ∂f_2/∂a_p . . . ∂f_m/∂a_1 ∂f_m/∂a_2 . . . ∂f_m/∂a_p f = f_1(a^∗, y^∗) f_2(a^∗, y^∗) . . . f_m(a^∗, y^∗)

B = ∂f_1/∂y_1 ∂f_1/∂y_2 . . . ∂f_1/∂y_n ∂f_2/∂y_1 ∂f_2/∂y_2 . . . ∂f_2/∂y_n . . . ∂f_m/∂y_1 ∂f_m/∂y_2 . . . ∂f_m/∂y_n (Δy^∗ and Δa^∗ are previous corrections, initially 0)

Zeuthen, May 9 − 11, 2001 Least squares methods (page 29) V. Blobel

Universität Hamburg

Pulls = normalized corrections

On average all corrections Δy_i have the same magnitude w.r.t. their standard deviation. A check of systematic deviations is possible by looking at distributions of pulls (= normalized corrections).

Covariance matrix of the corrections Δy:

V (Δy) = W^{−1} ( B^T W_BB ) W^{−1} = V (y) − V (ŷ)

Normalized pull values are obtained by

p_i = Δy_i √ V (y)_{ii} − V (ŷ)_{ii} The pulls should follow the standardized Gaussian distribution N(0, 1), if the measured data are normally distributed and the conditions are linear.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 32) V. Blobel

Universität Hamburg

Case of no unknowns

W Δy + B^T λ = 0 BΔy = c Solution: multiply first equation with W^{−1}

. . . from the left Δy = −W^{−1}B^T λ (∗)

insert into second equation ( BW^{−1}B^T ) λ = −c solve for λ by λ = −W_B c with W_B = ( BW^{−1}B^T )_{−1}

insert into equation (∗) Δy = ( W^{−1}B^T W_B ) c For linear problems with constant B this is the solution; for non-linear problems iterations are necessary.

ŷ = y + Δy V (ŷ) = W^{−1} − W^{−1} ( B^T W_B B ) W^{−1} with covariance matrix by error propagation.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 31) V. Blobel

Universität Hamburg

Solution

Elements of the inverse matrix:

C_{11} = W^{−1} − W^{−1}B^T W_BBW^{−1}

+W^{−1}B^T W_BAW^{−1}_A A^T W_B BW^{−1} C_{21} = −W^{−1}_A A^T W_BBW^{−1} C_{22} = W^{−1}_A C_{31} = W_B BW^{−1} − W_BAW^{−1}_A A^T W_BBW^{−1} C_{32} = W_B AW^{−1}_A C_{33} = −W_B + W_BAW^{−1}_A A^T W_B

with abbreviations W_B = (BW^{−1}B^T )^{−1} W^{−1}_A = (A^T W_BA)^{−1}

Zeuthen, May 9 − 11, 2001 Least squares methods (page 34) V. Blobel Universität Hamburg

The general case

System of equations to be solved in the general case: W 0 B^T 0 0 A^T B A 0 Δy Δa λ = 0 0 c What is the difference between measured and unmeasured parameters?

Elements of weight matrix w.r.t. to unmeasured parameters is zero!

Inverse of partitioned matrix: W 0 B^T 0 0 A^T B A 0 −1 = C_{11} C^T_{21} C^T_{31} C_{21} C_{22} C^T_{32} C_{31} C_{32} C_{33}

Zeuthen, May 9 − 11, 2001 Least squares methods (page 33) V. Blobel

Universität Hamburg

Alignment Problems

z-coordinate measured in detector with many (e.g. ten) parallel planes, with model z_i = z_0 + (cot ϑ) · S_i Some or all planes may be misaligned (Δz), visible in bad χ^2 of fits.

Standard method in Hep based on residuals: make straight line fits, plot histograms of residuals for all planes, determine in all histograms mean residuum ⇒ Δz correction

With corrected z-values: the χ^2 of fits is much smaller!

⇒ alignment called ”successful”!

Zeuthen, May 9 − 11, 2001 Least squares methods (page 36) V. Blobel Universität Hamburg

Corrections, covariance matrix and checks

Corrections Δy, Δa and the Lagrangian multipliers λ are obtained by multiplication:

Δy = C^T_{31} c = (W^{−1}B^T W_B − W^{−1}B^T W_B AW^{−1}_A AW_B) c Δa = C^T_{32} c = W^{−1}_A A^T W_B c

λ = C_{33} c = (−W_B + W_B AW^{−1}_A A^T W_B) c

Covariance matrix of the combined vector ŷ, â is V ( ŷ â ) = ( C_{11} C^T_{21} C_{21} C_{22} )

Checks: E(Ŝ) and pulls:

Value of squares of deviations: E(Ŝ) = (m − p), i.e. on average 1 per degree of freedom, with Ŝ distributed χ^2_{m−p}

if the measured data are Gaussian distributed and the conditions are linear.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 35) V. Blobel

Universität Hamburg

Improved Alignment

Improvement I: try to use correct model z_i = z_0 + (cot ϑ) · S_i + Δz_j where Δz_j = z-correction of plane j.

Problem: 10 measured values z_i, but 2 + 10 parameters to be fitted (no solution).

Improvement II: use correct model simultaneously for N tracks. 10 × N measured values, and 2 × N + 10 parameters ⇒ fit possible, for example N = 1000: 10 000 measured values 2010 parameters This model is still unstable – matrix ( A^T W A ) is singular with rank defect 2: overall shift plus rotation of detector not fixed! Improvement III: add two constraints for shifts Δz_j (simple in simultaneous fit, difficult in residual method).

Zeuthen, May 9 − 11, 2001 Least squares methods (page 38) V. Blobel Universität Hamburg

Hep Alignment – properties

Is this alignment really successful?

Although the χ^2 of fits is much smaller, the parameter values are almost unchanged and still biased!

. . . the original fit result was biased, because a wrong model (without shifts) has been used.

Further properties of method based on residuals:

Corrections Δz_j depend on chamber (in)efficiencies, are unstable, if ”alignment” is done repeatedly.

Zeuthen, May 9 − 11, 2001 Least squares methods (page 37) V. Blobel Universität Hamburg

Alignment/Calibration Problems

Example: tracks in z-chambers with z_i = z_0 + (cot ϑ) · S_i + Δz_j Often large number (≈ 1000) of global parameters

plus large number N of tracks (≈ 10 000) with e.g. 2 × N local parameters.

⇒ standard solution not possible, but:

Interest only in global parameters: huge matrix C can be separated into submatrices related to global parameters and local parameters, and due to special structure, can be reduced to system of equations for global parameters only!

Zeuthen, May 9 − 11, 2001 Least squares methods (page 40) V. Blobel Universität Hamburg

Millepede – a Fit Program for many + x Parameters

Millepede – a general program for Linear Least Squares (LLS) with a large number of parameters, especially for alignment and calibration problems.

LLS with solution a = C^{−1} A^T W y requires inversion of symmetric matrix C = A^T W A Execution time ∝ n^3 for n × n matrix, memory ∝ n^2.

⇒ Practical limit around n = 1000: time ≈ few minutes, 4 Mbytes for matrix C (double precision).

Matrix often singular or close to singular ⇒ special inversion routine for symmetric matrices, which determines invertible part of the matrix (remaining elements and corresponding parameters ⇒ zero).

Code and manual on homepage: http://www.desy.de/~blobel/

Zeuthen, May 9 − 11, 2001 Least squares methods (page 39) V. Blobel

Universität Hamburg

Reduction of the Matrix Size C · a = b

· =

red = global parameters yellow (and blue) = local parameters

Zeuthen, May 9 − 11, 2001 Least squares methods (page 42) V. Blobel Universität Hamburg

System of normal equations

The simultaneous fit of global and local parameters:

∑ Ci · · · Gi · · ·

. . .. . 0 0

G^T_i 0 Γi 0 . . 0 0 .. .

.

a

. . αi . .

= .

∑ bi

. . β_i . .

Zeuthen, May 9 − 11, 2001 Least squares methods (page 41) V. Blobel

Universität Hamburg

System of normal equations

The solution a = C^{′−1} b^′ with covariance matrix C^{′−1} is direct, no iterations are required.

Iterations required however because of outliers (e.g. bad tracks), with loose cuts initially and tight final cuts.

Applications in alignment of trackers:

H1 Cst Silicon tracker and Cjc Central Jet Chamber HeraB CDF at Fermilab

Zeuthen, May 9 − 11, 2001 Least squares methods (page 44) V. Blobel Universität Hamburg

Reduction of matrix size

The matrices C_i, Γ_i, G_i and the vectors b_i and β_i contain contributions from the i-th track. The only connection between the local parameters of different tracks is given via the sub-matrices G_i und C_i.

Ignoring the global parameters one could solve the normal equations Γ_iα_i = β_i for each track separately by α_i = Γ^{−1}_i β_i.

Huge matrix is reduced to n normal equations for global parameters

C^′ a = b^′ ,

with a modified matrix C^′ and a modified vector b^′,

C^′ = ∑ i C_i − ∑ i G_iΓ^{−1}_i G^T_i b^′ = ∑ i b_i − ∑ i G_i ( Γ^{−1}_i β_i ) . Zeuthen, May 9 − 11, 2001 Least squares methods (page 43) V. Blobel

Universität Hamburg