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Abstract

Tracking detectors in high energy physics experiments require an accurate determination of a large number of alignment parameters in order to allow a precise

reconstruction of tracks and vertices. In addition to the initial optical survey and corrections for electronics and mechanical effects the use of tracks in a special

software alignment is essential. Several different methods are in use, ranging from simple residual-based procedures to complex fitting systems with many thousands

of parameters. The methods are reviewed with respect to their mathematical basis and accuracy, and to aspects of the practical realization.
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1. Alignment and calibration

What is alignment and calibration? ...a web search

Alignment:

1. an adjustment to a line; arrangement in a straight
line.

2. the line or lines so formed.

3. the proper adjustment of the components of an elec-
tronic circuit, machine, etc., for coordinated function-
ing: The front wheels of the car are out of alignment.
4. a state of agreement or cooperation among persons,
groups, nations, etc., with a common cause or view-
point.

5. a ground plan of a railroad or highway.

6. (Archaeol.) a line or an arrangement of parallel or
converging lines of upright stones or menbhirs. Alignement at Kermario (Bretagne)

Purpose of instrument calibration: Instrument calibration is intended to eliminate or reduce bias
in an instrument’s readings over a range for all continuous values. For this purpose, reference standards
with known values for selected points covering the range of interest are measured with the instrument
in question. Then a functional relationship is established between the values of the standards and the
corresponding measurements |. .. from NIST].
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Alignment /calibration

Calibration seems to be the more general term, while alignment is related to geometrical calibration.

Methods in HEP: many papers and collaboration reports on the Web, with a lot of HEP folklore

(residuals, pulls, fit errors, inversion of a rectangular matrix, ...with the usual gradient method,
MINUIT, typically O(10um), chi-square minimization, constraints, convergence recognized by small
change/iteration, < 20 iterations, ...our method is successful).

Sometimes it is difficult to understand what is really done: “The detector parameters are found via a
x? minimization of the residuals.”

Aim of alignment/calibration with tracks, after an initial optical survey and corrections for elec-
tronics and mechanical effects:

e climinate or reduce bias in detector data;

e increase precision of reconstructed tracks and vertices;

e improve track and vertex recognition, reduce x? of the fits;

e essential for accurate vertex detectors with potential precision of a few pum for e.g. heavy quark

physics.

Alignment /calibration requires to understand the detector (functional relationship) and to optimize
thousands of parameters — not a simple task. Residuals play a central role.
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2. Alignment of a toy detector

Test of alignment method with a MC toy track de-
tector model:

10 planes of tracking chambers, 1 m high, 10
cm distance, no magnetic field;

accuracy o = 200um, with efficiency ¢ =

90%;

plane 7 sick: accuracy o ~ 400pm, with effi-
ciency € = 10%;

10 000 tracks with 82 000 hits available for
alignment;

Misalignment: the vertical position of the
chambers are displaced by ~ 0.lcm (normal
distributed).
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First attempt based on residuals

The first alignment attempt is based on the distribution of hit residuals:

e A straight line is fitted to the track data.

e The residuals (= measured vertical coordinate minus fitted coordinate) are histogrammed, sepa-

rately for each plane.
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e The mean value of the residuals is taken as correction to the vertical plane position.

This is the standard method used in many experiments.
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Alignment using iterative track fitting

New detector
layout

Detector
layout with initial —J»|
misalignments Fit Tracks b Plot residual Analyse residual > ‘ Adjust detector

(iPatRec) histograms 1 nistograms Anyoftsets? layout
Muon hits —P
from GEANT
N
Final
Misalignments

Properties of the method:
e simple, only basic operations + — x/ used, no matrices, n-tuples can be used;
e “simple, intuitive, quick”, “method very robust” (i.e. small changes expected from residuals);
e but based on biased straight line fit!

e Is the method convergent, if applied iteratively, and if convergent, what is the order (linear of
quadratic) of convergence?
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Result from the first attempt

After 30 iterations ...

ID true shift determined mean residual

—

0.1391
0.1345
0.0000
—0.0756
—0.1177
0.0610
0.0130
0.0886
0.0000
—0.0467

O © 00 O Ui W N

—_

0.0727
0.0786
—0.0453
—0.1102
—0.1422
0.0475
0.0114
0.0968
0.0186
—0.0176

0 £ 150
0 £+ 189
0 £ 234
0+ 244
0 £ 205
0 £ 150
0 + 464
0 £ 255
0 £+ 149
0 £+ 143

red circle = true shift (displacement)

blue disc = displacement, determined from residuum

Large changes in first iteration, small changes in second iteration, almost no progress afterwards.

Shifts from rlecidualq - iteration 30
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First attempt — Discussion

The result is not (yet) encouraging!

The reason for non-convergence is simple:
Two degrees of freedom are undefined: a simultaneous shift and a rotation of all planes!

(This simple fact is not always mentioned in reports on the method!)

Improvement for second residual attempt:

Fix the displacement (i.e. displacement = 0) of two planes, which are assumed to be
carefully aligned externally (e.g. planes 3 and 9).

Other possibilities are:
e Use only fixed planes (planes 3 and 9) in the fit, and determine the residuals of other planes;
e for the determination of the displacement of a certain plane use all other planes in the fit.

These possibilities are in fact used by several collaborations!
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Results from the second attempt

After 30 iterations with planes 3 and 9 fixed (displacement = 0) ...

ID true shift determined mean residual

Shifts from rlt=<id|m|< - iteration 30

1 0.1391 0.1391 -1 + 150 02
2 0.1345 0.1344 0 + 189
3 0.0000 0 2423 @® ®
4 —0.0756 —0.0758 0 4 244
5 —0.1177 —0.1183 0 + 205 ® é
6 0.0610 0.0607 0 + 150
7 0.0130 0.0140 0 + 464
8 0.0886 0.0888 0 =+ 255 or O ® 1
9 0.0000 0 0 + 149 ®
10 —0.0467 —0.0469 0+ 143 C{)
red circle = true shift (displacement)
blue disc = displacement, determined from residuum 0.35 L m

Large changes in first iteration, then many smaller and smaller changes: convergence is linear and
slow, because the determination of displacements is based on biased fits.
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Use of higher mathematics?

Residual-based methods work with biased results. Can the bias be avoided by an improved fit?

Yes: include the alignment parameters in the parameters fitted in track fits — requires a simultaneous
fits of many tracks, with determination of (global) alignment parameters and (local) track parameters.

model: y; = a4 gl +a§51()b'(xl a?l‘)bal = shift for plane, where y; is measured
1 tracks | 24 10 = 12 parameters 9 equations
2 tracks | 4 + 10 = 14 parameters 18 equations
10 000 tracks 20 010 parameters | 82 000 equations

... a linear least squares problem of m = 82 000 equations (measurements) and n = 20 010 parameters
with n < m, which requires the solution of a matrix equation with 20010-by-20010 matrix.

...a nice problem!

V. Blobel — University of Hamburg Alignment for tracking detectors page 10



Results from a simultaneous fit

After one step (with planes 3 and 9 fixed at displacement = 0) ...

ID true shift determined ) mean residual o Shifts from fi - itergtion | .
1 0.1391 0.1393 £+ 0.004 0.68 0 £ 150
2 0.1345 0.1346 + 0.003 0.66 0 £ 189
3 0.0000 0 + 234 OXO)
4 —0.0756  —0.0756 & 0.003 0.58 0+ 244
5 —0.1177 —0.1182 4+ 0.003 0.53 0 £ 205 @
6 0.0610 0.0608 = 0.003 0.50 0 £ 150 @
7 0.0130 0.0141 + 0.007 0.20 0 + 464
8 0.0886 0.0888 + 0.003 0.53 0 £ 255 ok @
9 0.0000 0+ 149
10 —0.0467 —0.0469 +=0.003 0.57 0+ 143 @
: : ®
(p = global correlation coefficient)
®
red circle = true shift (displacement)
blue disc = displacement, determined in fit
) 5 10

One step is sufficient: 1. step Ax? = 1.277 x 10° 2. step Ax? =1.159 x 107°

But how can this problem be solved in less than a second?
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Determination of drift velocities ... 10 additional parameters

Improvement: include, in addition, corrections to the drift velocities for each plane: Avgyig /Varis

; 7 = shift for plane

local local global Av drift global
Yyi =ay - tag o -mp +a; A stz 7 © < a;
J

Udrift

AUdrift . .
——— | = relative wvgr difference
]

Udrift

reduction of residual o by 30 - 40 %

ID | true shift determined 1) ‘ Avqyigt /Vdritt determined P mean residual
1 0.1391 0.1393 £ 0.004 0.68 0.0020 0.0019 £ 0.0002 0.016 0+ 119
2 0.1345 0.1346 £+ 0.003 0.66 -0.0153 —0.0150 +0.0002 0.020 0+ 128
3 0.0000 0.0193 0.0194 £ 0.0002 0.017 0+ 137
4 —0.0756 —0.0756 +0.003 0.58 0.0200 0.0197 £ 0.0002 0.013 0+ 139
5 —0.1177 —0.1182 4+0.003 0.53 -0.0138 —0.0136 +0.0002 0.013 0 &+ 141
6 0.0610 0.0608 £ 0.003  0.50 0.0003 0.0004 £ 0.0002 0.019 0+ 139
7 0.0130 0.0141 £ 0.007 0.20 -0.0306 —0.0303 +0.0006 0.038 0 + 348
8 0.0886 0.0888 £+ 0.003 0.53 0.0237 0.0238 £ 0.0002 0.018 0+ 134
9 0.0000 -0.0044 —0.0044 4 0.0002 0.008 0+ 127

10 —0.0467 —0.0469 +0.003 0.57 0.0021 0.0019 £ 0.0002 0.013 0+ 117

... this would be rather difficult with a pure residual-based method.

The next improvement would be the introduction of wire T’s — additional 10 x 25 = 250 parameters.
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3. Linear least squares and matrix equations

Gauss, Laplace and Lagrange

Johann Carl Friedrich Gauss Pierre-Simon Laplace Joseph-Louis Lagrange
(1777 — 1855) (1749 — 1827) (1736 — 1813)
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The standard linear least squares method I

Measurement: data y;, ¢ = 1, 2,...m, measured independently and without bias at coordinate x;,
with standard deviation o;.

Mathematical model: data y are described by the mathematical model

y = f(z;a)

with a function f(z;a), depending on the coordinate = and parameters a;, j =1, 2,...n.

The function f(x;a) is linear or can be linearized. The method of linear least squares can be used to
perform one step in improving the parameter estimate a, by a correction vector Aa:

0f(z)
aa]’

yi & f(zisa0) + Y djAa;  with d; =

j=1 T=x;

The principle of least squares requires to minimize the residuals
ri =y — fzsa0) 2 df Aa

taking into account the measurement accuracy o;.
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The standard linear least squares method II

m
1
The least squares requirement minimize S = g wyr? with weight w; = —
o)
=1 7
requires to solve the system of m linear equations (normal equations) or matrix equation

CAa=5>b

with the symmetric n-by-n matrix C and the n-vector b:
=1 =1
This completes one step of the iteration
a1 =ar+Na=a,+C'b and (:=0+1

No iteration is necessary for a function, which is linear in the parameters. After convergence a = ay
is an unbiased estimate of the parameter vector, with covariance matrix given by the inverse matrix
C~! (error propagation).

yi — f(zi;a)

2

5 —

residual 7, = y; — f(zs;a) pull p;, = with o}g = d;C'd;

o aiﬁt
Qualitative investigations using histograms of the residuals and quantitative tests by checking pull
distributions: p; ~ N(0,1) expected.

V. Blobel — University of Hamburg Alignment for tracking detectors page 15




4. The MILLEPEDE algorithm

Simultaneous least squares fit of all global and all local parameters (i.e. all tracks).

T
k’th track: i o~ f(mzy agloba17 alocal) + (d;globad) Aaglobal 4 (diocal)T Aa[};)cal

The complete matrix equation for global and local parameters includes sums over track index k£ and
contains many matrices: n-by-n matrices C' for n global parameters and m-by-m matrices C}Cocal and
n-by-m matrices H& 10!

Zk C%lobal . Hk . AaglObal Zk b%lobal
0 0 y B
HE 0 C}Cocal 0 Aa}gocal b}ﬂocal
0 0

If the HE°"*°! are neglected, the complete equation decays into 1+ K independent matrix equations.
But the solution Aa®°"® can be calculated without approximation with a great simplification: =
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Inversion by Partitioning

A square n-by-n matrix C and its inverse, C~' = B can be partitioned into submatrices

C = C’11 C112

021 ‘ 022 B21 ‘ BZZ

Submatrices C';; and B, are p-by-p square matrices and submatrices C'yy and By are g-by-¢q square
matrices, with p+ ¢ = n. A complete set of equations for the submatrices of the inverse matrix B can
be derived from the matrix product C B = 1,

Ci1 B +CisBy=1, By =(Ci — C12C,, Cy )
Ci1 B +Ci3 By =0 By = —B11C12C5;

Cy Bi1 +Cy» By =0 By = —C3, Cy By

Cs By +Cy By =1, By =C5) + 02_21021311(71202_21

Only the inversion of a p-by-p and of a ¢-by-¢g matrix (Cgs) is required.

The special structure of a matrix to be inverted may allow a significant reduction of the computational
effort of the inversion by the method of partitioning (e.g. Cao diagonal). Further simplification for
symmetric matrices.
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Partitioning the solution vector matrix C symmetric: Cy = CT,

Partitioning of the whole matrix equation including the vectors Aa and b:

Cu Ci Aa, b, Aa; By, B, b,

Cax ‘ Ca Aa, b, Aa, B B b,

Special case C, = 0:

independent solutions Aa, = (C) by Aay = (C3;) by .

General case C1; # 0: solution Aa; can be expressed by Aas

Aa; = B11b; + Bioby = B11by + B11Chp (02_2162) = B1; (b — C12Aay)
— (C11—C1,CH CL) ™ (b1—C1pAay)

i.e. the full solution Aa; can be obtained by “corrections” to C; and by (without calculating Aas).

This equation can be applied repeatedly with a problem — opens the possibility to solve problems with
a huge number of parameters, if the interest is in a sub-vector of the parameters
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The MILLEPEDE formalism ...assuming track fits

For each track in a loop, on all tracks:

1. Track- or other fit: perform fit by finding the best local parameter values for the actual track
until convergence with determination of the covariance matrix V' of the local parameters

2. Derivatives: calculate for all hits (index 7) the vectors of derivatives di°® and d&°™ for all local
and the relevant global parameters, and update matrices:

C = C+Z w,d " <d§10bal)T b= b+z w;r; &P H = Z w;dg°P (dﬁocal)T

and finally for the track C:=C — HVH”

The two ‘blue’ equations transfer the ‘local” information to the global parameters.

After the loop on all tracks the complete information is collected; now the matrix equation for the
global parameters has to be solved:

Aaglobal — C—lb

Note: matrices C' and vectors b from several processors can be simply added to get combined result.
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Constraints in MILLEPEDE

Undefined degrees of freedom can be avoided by adding parameter constraint equations of type

g(a) =0

e.g. “zero average displacement”, or “zero rotation of the whole detector”.

There are two possibilities:

e fix certain parameters
simply set rows/columns of the fixed parameter to zero — the matrix inversion program will take
care of that.

e add equality constraint equation
append linearized Lagrange multiplier equation A (g(a,) +gt-Aa = 0) with g = dg(a)/0a:

Cglobal g Aa global bglobal

gt |0 A —g(a)
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MILLEPEDE ...eliminates the bias problem

V. Blobel: Experience with Online Calibration Methods, Contribution to CHEP’97, Berlin 1997 (in-
cluding the Millepede method), not accepted.

Used/tested in H1(1997), CDF(2001), Hera-B(?), ZEUS(?), Atlas(?) ...
O. Behnke: Directions in Tracking (talk), H1 Collaboration meeting at Ziirich, 1999

V. Blobel, Linear Least Squares Fits with a Large Number of Parameters, (2000), and 1. Update
(2000) http://www.desy.de/ blobel including Fortran code.
C++ interface for Millepede by Jesko Merkel: http://www.desy.de/” jmerkel/cmillepede.html

V. Blobel and C. Kleinwort: A New Method for the High-Precision Alignment of Track Detectors,
Proc. of the Conference on: ADVANCED STATISTICAL TECHNIQUES IN PARTICLE PHYSICS, Durham,
March 18th - 22nd, 2002. arXiv-hep-ex/0208021

The algorithm is general and can be applied to other problems with large number of (global) parameters
and a huge number of measurements with local parameters.

Principle of reducing matrix size (perhaps) used earlier:

Schreiber, O. (1877): Rechnungsvorschriften fir die trigonometrische Abteilung der Landesaufnahme, Ausgleichung und
Berechnung der Triangulation zweiter Ordnung. Handwritten notes. Mentioned in W. Jordan (1910): Handbuch der
Vermessungskunde, Sechste erw. Auflage, Band I, Paragraph III: 429-433. J.B.Metzler, Stuttgart.
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The MILLEPEDE program

The matrix-equations require about 100 lines of code (including optimization for sparse matrices); in
addition the routine for the solution of the matrix equation has also about 100 statements [subroutine

MMPEDE — Mini MILLEPEDE].

The more complete program MILLEPEDE on the Web
has = 1700 lines of code and includes iterations.
Outliers are present and have to be removed by cuts —
but initial cuts have to be wide in order to accept badly
misaligned hits.

Unfortunately this requires iterations e.g. in MILLE-
PEDE with

e 100 cut in the first iteration,
e decreasing cut value in further iterations, and

e 30 cut in the last iteration.

Z-residuals (units are 10 ym) versus ¢ in de-
grees for a LEP vertex detector — before and
after MILLEPEDE alignment.

The region around ¢ = 180° with initially very
large deviations (deviation & 100) is moved to

small values.
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5. Drift chamber calibration

M. J. Fero et al., Performance of the SLD central drift chamber, Nucl. Instr. methods A 367 (1995)
111-114

Drift velocity calibration vg,ig : first estimate of relation between vqyi and E-field based on electrostatic
model; relation iteratively corrected by minimizing the fit residuals as a function of drift distance.

Note: vqige o< 1/pressure. Tracks are used to measure changes in vqig, which is allowed to be one of
the variables in the track fit, and averaging of values from individual tracks.

Claus Kleinwort et al., Detailed calibration of H1 drift chamber using MILLEPEDE with about 1400
parameters.

Examples:
e common alignment of the drift chamber and the silicon detector;
e for both CJC1 and CJC2 14 global parameters representing an overall shift or tilt are introduced;

e local variations of the drift velocity vqg for cells halfs and layers halfs are observed, which are
parametrized by 180 + 112 corrections, which change with the HV configuration;

e for cach wire group (8 wires) corrections to 7j are introduced (330 corrections).
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H1 Determination of 1400 parameters

...from 50 000 tracks

Alignment parameters determined in the Millepede fit. The Millepede accuray is given by a standard deviation o.

row. number parameter o unit
1 2 Az 1 pm
2 2  Az/Az. 2  pm
3 2 Ay 1 pm
4 2 Ay/Az, 2  pm
5 2 Ay 10 prad
6 2 Ap/Az, 10  prad
7 2  Aaror 100  prad
8 2 Avarifs— /Vdrift 1077
9 2 Avgrife+ /varife 1075
10 2 ATy X varift <1 pm
11 2  wire staggering in wire plane few pum
12 2  wire staggering perp wire plane few pm
13 2  sagging in wire plane few pm
14 2  sagging perp. wire plane few pum
15 180  Awgrist /vdrifs per cell half few 104
16 112 Awvgyiss /vdrits per layer half few 10=%
17 330 ATpH X vqrift Per group 10  pm
18 56  wire position in driftdir. per layer 10 pm
19 56  ATp X vqrify per layer 10 pm
20 56  wire pos. perp. driftdir. per layer few 10 pm
21 112 Avgrigs /varige for Ie /50 mA few 10—4
22 90  Avqyift /varift per layer few 10—4
23 90 Ayw per layer few 10 pm
24 90 Ay per layer? few 10 pm
25 64 A in ladder few pm
26 64 A perp. ladder few pum
27 64 rel. A in ladder (z) few pm
28 64 rel. A perp. ladder (zr) 10  pm
29 64 rel. A perp. ladder (¢) few pm
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H1 Drift chamber alignment and calibration
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6. Vertex detector alignment

Planar sensors (silicon pixel or strip detectors): local (sensor) coordinates ¢ = (u,v,w) and global
detector coordinates r = (x,y, z) are transformed by

qg=R(r—ro) R = nominal rotation, 7, = nominal position
After alignment the transformation becomes (with Ag = (Au, Av, Aw))
q°=R.,RsR, R(r — 1)) — Aq

Six parameters are required for each individual detector element, out of which three parameters (two
translations, one rotation) are very sensitive.

Detector nr of elements nr of parameters

SLD 96 96 x 6 = 576
Aleph 144 144 x 6 = 864
Delphi 24 72
CDF 352 352 x 3 = 1056
Atlas

CMS =~ 20000, > 13000 ~ 100000

Atlas plans/ideas: system of linear equations with 30000 x 30000 matrix; with hardware: 16 processors
(64 bits achitecture) with 900 Mb memory for each processor, ScaLAPACK.

V. Blobel — University of Hamburg Alignment for tracking detectors page 26



H1 calibration ...using Millepede

...from O. Behnke, Directions in Tracking (Talk), Collaboration Meeting in Zirich 1999

Alignment Method Improvement after Alignment

192.6 = 1152 free parameters
microscope survey of half-ladders

( new 1998: 3d, ,dromedar" ) £ Ei 0 101
= 384 free parameters s 0 e R
2 800 3 Constant 805.4
g El Mean 03628
Three data samples: 2 04 Sigma 0242
1. cosmics: E
Track T' = (kese, @o, 0, dea, 2z0) E
Covariance Matrix V' includes:
» CST intrinsic resolution 400
» multiple scattering 300 3
» CJC momentum resolution 200 3
2 _ 7t y—1 7 El
Xeosmies = 2o AT -V - AT E
cvents 100 o
2. ep tracks in overlap regions: O e e B BB S o o e e o
residuals A" = (Axz, Az) 1000 800 -600 -400 200 0 200 400 600 800 1000
- Adg, [um]
2 _ —t 1 ” e
Xovertaps = 2 A@ -V - Adl
cuents
3. vertex fit for ep data: impact parameter resolution for cosmics
. = .
distance D of track to 3d vertex before and after alignment
2 _ Btv-1.7
Xoertew = 2 2, D"-V7-D
events tracks
Minimize total x? with respect to 384
alignment parameters
,CST Performance 1997 by J.Gassner @ PSI on December 21st, 1998 2 CST Performance 1997 by J.Gassner @ PSI on December 21st, 1998 4
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Internal alignment of the SLD vertex detector

D. J. Jackson, D. Su and F. J. Wickens, Internal alignment of the SLD vertex detector using a matriz
singular value decomposition technique. Nuclear Instr. Methods A 491 (2002) 351-365

Classification of types of tracking constraints —

Good quality tracks were constrained to pass
through two of the CCD hits with the correspond-
ing residual measued to the third, reference, CCD.

IP CONSTRAINT

- —- Trurea

Residual types of the SLD pixel vertex detector
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...contnd.

For each type of residuals, n-tuples were accumulated containing the deviation. Data in the n-tuples
were fitted to the functional form given below to determine the coefficients and their covariance matrix
(using MINUIT).

CCD shape corrections were taken into account from the optical survey data of the CCD surfaces
(2108 — 5026 coeflicients).

Table 1
Fincetional forms for fitting the various residual types. The superscripts §j and L indicate coefficients of fits to residuals measured
parallel and perpendicular to the z-axis, respectively. N lists the total number of independent residual fits involved while Nc is the
number of coefficients determined.
Type Functional form M Ne
Shingles & =4+ tand + s} tan? 1 96 288
Sre =5 +s) tand 96 192
Doublets G, =d +diLg 48 %
Sup=dit +dit Ly + a1 48 144 -40 E -40 |
-50 PRI | P | 2al po Bew et il
Triplets G =f +eftan i+ dean? A+ dLytand + 4L, 80 400 Sl =] g =5 U -0b 0
Sp=tf +5Ly+ L+t Lytan A+ 5 tan } 80 400 @ tank (®) tanA
Pais 8= p) + ptand+ plan? % 8 Examples for residual fits, here as a
S =pi +pytank 3 56 . .
gpmib ot " “ function of tan A in a layer before the
CDC angle S =c+citand+citan’i 56 168 alignment o
o=t +Stani 56 112
1P constraint S =i +iy tanl 56 12
- i - In total there are 2108 coefficients from
700 residual fits (exercise in book-
Functional forms for fitting the various residual types. keeping).
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...contnd.

Taking into account the covariance matrices of the

residual fits, 866 alignment corrections were deter- "
x1 x10°

mined from 5026 coefficients from the residual fits, I | T [
using SVD techniques for the least-squares fit min- sk s
imization. s | s b

af s f
Note: nr of coefficients determined by parametriza- 2 “ i
tion types, not by nr of events. 2F 2F

1 E— 1 &

B S o I T O I P S el PO R LR
Only a single iteration is required. e e -50 -25 0 25 50

61 /ﬂ‘m 5,_', /‘U.m

Triplet residuals obtained with the original

With the aligned geometry the design performance ~ SUVeY geometry and after alignmnent.

is achieved —
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Mathematical aspects

From the paper published in 2002:

“...for the VXD3 alignment (inversion of sparse matrices of order 5000 x 1000 elements)
using double precision arithmetic in modest times on a standard workstation. Although
the size of matrices involved appears daunting only ~ 1% or ~ 35, 000 elements of the final
5026 x 866 design matrix A were given non-zero values . ..”

Today the size of the matrices should be no problem on a standard PC.
On SVD:

“...indeed the earliest text-book we found referring to the technique was published in
1983.”

G. H. Golub and W. Kahan: Calculating the singular values and pseudo-inverse of a matriz. SIAM J. Numer.
Anal Ser. B 2 (1965) 205-224

G.H. Golub and C. Reinsch, Singular value decomposition and least squares solutions, Numer. Math. 14
(1970) 403-420

J. H. Wilkinson and C. Reinsch, Handbook for Automatic Computation, Vol. II. Springer (1971)  (with
ALGOL code)

C. L. Lawson and R. J. Hanson: Solving Least Squares problems. Prentice-Hall (1974)

In the older psychometric literature, such decompositions were called Eckart-Young decompositions, after
C. Eckart and G. Young, The approximation of one matriz by another of lower rank. Psychometrika 1 (1936)
211-218.
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Alignment of the upgraded VDET at LEP2 (ALEPH)

A. Bonissent et al., Alignment of the upgraded VDET at LEP2, ALEPH 97-116

A global x? involving all 864 = 144 x 6 degrees
of freedom is built, using single tracks and vertex
constraints. Selected information is used from the
outer tracking.

Precise faces measurement are used to reduce the
degrees of freedom, while allowing for parametrized
distortions.

The method is shown to provide accurate results,
even with a limited number of events.

1
IS -10 K 0 5 10 15
X (cm)

Local alignment of the VDET in the r¢ view.
The dashed lines show the nominal position.
The end wafers are drawn with solid lines, the
other with dashed lines. Displacements are am-
plified by a factor of 100.
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Delphi: final alignment of the Barrel Silicon Tracker

P. Briickmann de Renstrom: The Final Alignment of the

2004-047 TRACK 098

Fitting the alignment parameters to the track-hit
residual distributions (with reference layers).

Individual parametrizations of hit residuals fitted
using MINUIT, including flat background from
miss-associated hits.

Iterative sequence of applying geometry correc-
tions.

7 residual (cm)

Barrel Silicon Tracker at LEP2, DELPHI

0.04

0.03
0.02

0.01

-0.01

—002 - °

-0.03
-0.04

it: C=-0.22E-03£0.62£-C3, D=0.17E-03£0.10£-03

DELPH! Z

A fit to the di-muon residual distribution.

=C+ D xcoth+exrx coth?

@ flat background

Final average single-layer resolution in R¢ direction better than 8 pm.
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Alignment using Kalman filter

CMS: About 20 000 silicon sensors, with resolution 10 um to 40 um. Expected precision from mechan-
ical mounting and LASER beam alignment worse than intrincic resolution — alignment using tracks is
necessary.

Extension of the Kalman filter method of track fitting, with updating the current alignment parameters
after each track.

R. Frihwirth, T. Todorov and M. Winkler, Estimation of Alignment Parameters, using the Kalman
Filter with annealing, CMS Note 2002-008

R. Frihwirth, T. Todorov and M. Winkler, Estimation of Alignment Parameters using the Kalman
Filter with annealing, Journal of Physics G: Nuclear and Particle Physics 29 (2003) 561-57/

Update formulae for global parameters a and their covariance matrix E:
a) = ag+ EoD™W [m — f(py,a0]  with W = [V + HC,H" + DE,D"]”
E, .= E, - E,D'"WDE,

...Tequires some matrix operations.

Convergence to local minima not excluded: introduction of “annealing” = gradually stepping up the
weights of the observations in the course of the estimation process (not “simulated annealing”).

Simulated annealing is a method, where, depending on a temperature 7" and some BOLTZMANN factor, a step can result

in an increase of an energy function.
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Further references

Danny Hindson, A Robust Procedure for Alignment of the ATLAS Inner Detector Using Tracks, Thesis,
Ozford (2004)

R. Harr et al., Tracking Detector Alignment Using Constrained Vertex Fits, IEEE Transactions on
Nuclear Science, Vol 41 (1994) 796

K. Abe et al., Design and performance of the SLD detector, a 307 Mpizel tracking system, Nucl. Instr.
and Methods A 400 (1997) 287-343

R. McNulty, T. Shears and A. Skiba, A Procedure for the Software Alignment of the CDF Silicon
System, CDF/DOC/TRACKING/GROUP/5700

B. Mours et al., The design, construction and performance of the ALEPH silicon vertex detector. Nucl.
Instr. and Methods A 379 (1996) 101-115

V. Karimdki, A. Heikkinen, T. Lampén and T. Lindén, Sensor alignment by tracks, CMS Conference
Report, CHEPO3, La Jolla, California, March 24-28, 2003
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7. Conclusions and summary

Different types of alignment algorithms are in use in HEP experiments:

e Simple residual methods (which are simple, but may require many iterations).
“The handle on alignment comes from the residual distributions.” [Atlas report]

e Sequential and iterative (“classical”) methods: hierarchy of parametrizations of residual dis-
tributions (residuals between the track extrapolation and the recorded cluster) and overall fit,
iteratively.

e Simultaneous fits to (global) alignment parameters and (local) track parameters (MILLEPEDE).

Some recommendations:
e integration of alignment into reconstruction code;
e simultaneous use of all relevant detectors, but not too many parameters (orthogonality!);

e simultaneous use of several (all) types of events and data — physics data: single tracks, vertices,
invariant-mass constraints, and cosmics, overlaps . ..
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Summary

Present and future detectors are very large and very accurate —
the requirements for good alignment and calibration are increasing.

Ay

Sometimes an observer has the impression that the alignment
of certain objects can be improved with appropriate methods.

Data, computing power and also methods should be available to reach the goal.
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S = ._
Millepede: any of numerous herbivorous nonpoisonous arthropods having a cylindrical
body of 20 to 100 or more segments most with two pairs of legs.
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Appendix. Matrix inversion

Matrix inversion is an essential part of minimisation. Inversion is a n® process and can be time
consuming for large matrix dimension. Complete matrix inversion fails for singular matrices and is
inaccurate for almost singular matrices.

From HEP publications:

“For experiments with many data points, the inversion of such large matrices may lead to
numerical instabilities, in addition to being time-consuming.”

“Minimizing x? ...is impractical because it involves the inversion of the measurement
covariance matrix which, in global fits, tends to be very large.”

Matrices to be inverted in statistical computation are symmetric and represent covariance/Hessian

matrices:
Aa=C'b C~! = covariance matrix of the parameters

The result will reflect the statistical properties of data and model!
e The storage and the computation can make use of the symmetry (— factor 1/2).

e Matrices with highly correlated parameters are almost singular.

e Highly correlated parameters should be avoided (and are not meaningful). A strategy to get
relevant results in difficult cases can be used.
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Matrix inversion — timing

Time for inversion of a n-by-n matrix is expected to be ~ O(n?).

time = constant x n?

n— | RINV SMINV HHLROT unit " R
10| 135 7.4 29.4 [isec S

100 7.7 2.6 11.6 msec SMINVX

1000 | 124 3.3 16.4 sec

3162 | 17.9 2.4 287  min

constant
=
o0
T

words | n? 1/2 n? 3/2 n?

Inversion with n = 25000 will take ~ one day
(SMINV) and requires 1.25 GB.
Atlas benchmark on 16-proc cluster: 95 hours for n = 8000

in double precision.

1 1 1
e 10 . 100 1000

2.6 MHz Pentium with 512 MB; single precison computation.
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Matrix inversion — accuracy Symmetric 1000-by-1000 matrix

Check of accuracy based on V' = (V_l)_l. Plots show log;, of difference versus sum of elements;
lines correspond to 1072 10~* 1075,

SMINV RINV HHLROT
. Inversion by symm. ij i . . Inversion by 'RINV (Cern) . « . Inversion by " lization

£ £ B

=} =} (=]

15} 9] o]

S S =

-1 -10
6 LoGlocAie v ° 2 6 “+  LoGlodfie vin 2 6 LOGI0(Vii + V'ii) 2

g~ 107° e~ 10-° e~ 1073

Highest precision by RINV (Cern); lowest precision for inversion by diagonalisation.
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Matrix programs

RINV Cern-Library program for full matrices, using triangular factorization with row interchange
(special code for n < 3). Returns flag for singularity, but singularity will often go undetected.

SMINVX Special Gauss-Jordan algorithm for symmetric matrices with pivot selection on diago-
nal, and singularity detection.

SMINV Same as SMINV X but with index calculation avoiding integer multiply and up to a factor
of 3 faster.

Algorithm: use always largest pivot element (on diagonal), but avoid elements with
very large (V)jj . (V’l)jj. Stop inversion if no acceptable pivot can be found and
clear corresponding matrix elements, i.e. invert the largest possible submatrix,
and return zero correction for remaining parameters.

HHLROT Diagonalization (eigenvalues + eigenvectors) by Householder transformation followed by
diagonalization of tridiagonal matrices. Allows to recognize insignificant components of the
solution from eigenvalues.

The global correlation coefficient, p; is a measure of the total amount of correlation between the
J-th parameter and all the other variables. It is the largest correlation between the j-th parameter
and every possible linear combination of all the other variables.

1 S J—
. \/1 B (V)y; - (V_l)jj e V-V )jj 1=y
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Singular matrix and inversion Symmetric 1000 by 1000 matrix

Precision of result for matrix, made singular with rank defect of 1.

SMINV RINV HHLROT
'lnver ion b ymm. inyersi n . Inversion by RINV. ; Inversion b: " ization ;
£ g z
2 =) =]
Q Q &}
S 2 S
-10
L L L L
6 LoGioi + viii) 2 o LoGlodhievin  ° 2 e 4 toclodkisvin 2
e~ 1075 IFAIL = -1 e~ 1073

RINV (Cern) fails without result. Other algorithms have still useful result for 999 by 999 submatrix,
with unchanged precision.
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Solution of very large least squares problems

What is the best method to solve a very large least squares problem?

Orthogonal decomposition by singular value decomposition (SVD)

Advantage: with single-precision arithmetic as accurate as other methods with double-precision.

Disadvantage: requires the full input matrix in memory.

Another method which allows “sequential” input of data:

Transformation by Householder triangularization to triangular form without requiring that the entire
matrix be in computer storage.
C. L. Lawson and R. J. Hanson: Solving Least Squares problems. Prentice-Hall (1974)

V. Blobel — University of Hamburg Alignment for tracking detectors page 44



Contents

1.

Alignment and calibration
Alignment/calibration

. Alignment of a toy detector

First attempt based on residuals
Alignment using iterative track fitting
Result from the first attempt
First attempt — Discussion . . . . . . . ... ...
Results from the second attempt
Use of higher mathematics?
Results from a simultaneous fit
Determination of drift velocities. . . . . . . . ..

. Linear least squares and matrix equations

The standard linear least squares method I
The standard linear least squares method IT . . .

. The MILLEPEDE algorithm

Inversion by Partitioning . . . . . . ... ... ..
Partitioning the solution vector
The MILLEPEDE formalism
Constraints in MILLEPEDE . . . . . . . . . . ...
MILLEPEDE . . .« « v v v v v v e e e e e e
The MILLEPEDE program

. Drift chamber calibration

H1 Determination of 1400 parameters
H1 Drift chamber alignment and calibration . . .

w N

13
14
15

16
17
18
19
20
21
22

23
24
25

6. Vertex detector alignment 26
HI1 calibration . . . . . . . ... .. ... .. ... 27
Internal alignment of the SLD vertex detector . . 28
Mathematical aspects . . . . ... ... ..... 31
Alignment of the upgraded VDET at LEP2 (ALEPH) 32
Delphi: final alignment of the Barrel Silicon Tracker 33
Alignment using Kalman filter . . . . .. .. .. 34
Further references . . . .. . ... ... ... .. 35

7. Conclusions and summary 36
Summary ... ... 37

........................... 38

Appendix. Matrix inversion 39
Matrix inversion — timing . . . . . ... ... .. 40
Matrix inversion — accuracy . . . . . . . . . . . . 41
Matrix programs . . . . . . .. ... 42
Singular matrix and inversion . . . . . ... . .. 43
Solution of very large least squares problems . . 44

Table of contents 45



	1. Alignment and calibration
	Alignment/calibration

	2. Alignment of a toy detector
	First attempt based on residuals
	Alignment using iterative track fitting
	Result from the first attempt
	First attempt -- Discussion
	Results from the second attempt
	Use of higher mathematics?
	Results from a simultaneous fit
	Determination of drift velocities

	3. Linear least squares and matrix equations
	The standard linear least squares method I
	The standard linear least squares method II

	4. The Millepede algorithm
	Inversion by Partitioning
	Partitioning the solution vector
	The Millepede formalism
	Constraints in Millepede
	Millepede
	The Millepede program

	5. Drift chamber calibration
	H1 Determination of 1400 parameters
	H1 Drift chamber alignment and calibration

	6. Vertex detector alignment
	H1 calibration
	Internal alignment of the SLD vertex detector
	Mathematical aspects
	Alignment of the upgraded VDET at LEP2 (Aleph)
	Delphi: final alignment of the Barrel Silicon Tracker
	Alignment using Kalman filter
	Further references

	7. Conclusions and summary
	Summary
	 

	Appendix. Matrix inversion
	Matrix inversion -- timing
	Matrix inversion -- accuracy
	Matrix programs
	Singular matrix and inversion
	Solution of very large least squares problems

	Table of contents

