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Abstract

Track detectors in high energy physics experiments recair@ccurate de-
termination of a large number of alignment parameters. Aeggnmethod

has been developed, which allows the determination of upueral thousand
alignment parameters in a simultaneous linear least ssjtiauef an arbitrary

number of tracks. The sensitivity of the method is demotestran an example
of the simultaneous alignment of a 56-plane drift chambelr af-plane sili-

con tracker. About 1400 alignment parameters are detedhima fit of about

fifty thousand tracks.

1. ALIGNMENT PROBLEMS OF TRACK DETECTORS

Alignment problems for large detectors, especially traetedtors, in particle physics often require the
determination of a large number of alignment parametepscayly of the order ofl00 to 1000. Align-
ment parameters for example define the accurate space mai@sliand orientation of detector com-
ponents. In addition drift chambers require the deterronadf the drift velocity vgrirr and of local
variations of the drift velocity, and of the Lorentz angleigite[] shows an example of residuals in a
silicon vertex track detector before and after an alignment

In the alignment usually special alignment measuremests@nbined with data of particle reac-
tion, typically tracks from physics interactions and froosmics. In this paper the alignment parameters
are calledglobal parameters; they contribute to all the data. Usually thesarpeters areorrections to
default values and are thus relatively small, and the vatue s the initial approximation. Parameter
sets valid for a single track are callemtal parameters, examples are track slopes and curvatures.

An approximate alignment method is to perform least squfite®n the datagnoring initially
the alignment parameters. THeviations between the fitted and measured data,rdsaduals, are then
used to determine the alignment parameters afterwardgleSits depend only on the small number of
local parameters like slope or curvature of the track, apdeasy to perform. This approximate method
however is not a statistically correct method, becauseltizalf fits depend on a wrong model (namely:
ignoring the global parameters), and the result are biakedddition the results may be unstable due
to detector inefficiencies. The adjustment of parametessdan the observed (biased) residuals will
then result in biased alignment parameters. If these algmparameters are applied as corrections in
repeated fits, the remaining residuals will be reduced, sisatk However, the fitted parameters will still
be biased, even more, if this approximate procedure isegjeratively. The simple residual method
is also unable to determine correlated parameters, for gleaangeometrical shift of a detector position
and a shift in drift velocity in a drift chamber.

A better method is an overall fit, with all the (global) aligant parameters and local parameters,
perhaps from thousands or millions of events, determineuailsaneously. The most important general
method for the determination of parameters from measur&ligdhe linear least squares model. It is
usually stable, fast and accurate, requires no initialeglf parameters and is able to take into account
all the correlations between different parameters, evémeife are many parameters. There is of course
a practical limit in the number of parameters in simultarsefiis, because of space and time limitations.
In an alignment fit the size of the vectors and matrices indastisquares solution will be large, of the
order of10* or 10%. With standard methods such a solution is impossible.
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Fig. 1. Residuals between tracks and hits of a silicon tnaeke shown as a function of the
azimuthal angle (vertical axis, in degrees) before and aftealignment. The residual on the
horizontal axis is given in units of 10m.

In this paper a special method of solution for this kind oftppems is derived. Due to the special
structure of the matrices with one set of global parametetswany sets of local parameters the problem
can in fact be reduced to a solvable size, without making apyaximations. The rather general method
is realized in a program callédillepede [B].

2. STANDARD LEAST SQUARES

Linear models. In a linear model the measured quantifyhas an expectation value which igiaear
combination of the parametetiswith fixed factors (e.g. from geometry) which are combined t@ctore
d;.. The difference between the measured value and the expectatue is the residuum:

Zk:aT-dk—FT‘k. Q)

The measured data are assumed tondependent; the result of a measuremert does not depend on
any other measurement. Thus the covariance matrix of theune@ data is a diagonal matrix, which
simplifies the treatment. The accuracy of the measuremsistgiven by the variance; or the standard
deviationoy. It is assumed, that the precision is at least approximéiabyvn.

The solution of the method of least squares is determinetidyninimum of the weighted sum of
the square of the residuals

(Zk — aT . dk)z
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where the sum (indek) is over all measurements. This sum is a quadratic functisgheoparametera,
and the solution is obtained from a set of linear equatioascéled normal equations of least squares),
which can be written in matrix form

Ca=b with C=> wy(dy-df) and b=> wpzd; 3)
k k



with a symmetricn-by-n matrix C and a right-hand-side-vectorb; the elements o€ andb are sums
with independent contributions from each measurement (because the meadat&dre independent).
There is no limitation on the number of measured data; it isnexessary to keep all input data in
memory, because the complete information from a single areaeent is contained in the contributions
to C andb, which have a fixed size. The solution vectonis= C~'b with the inverse of the matrig,
which, by error propagation, is equal to the covariance imafrthe parametera.

What are the limits for the number of parameters, if the matrix equation is solved by standard
methods? The symmetry property of the mat@hmay be used to store only tiie? +n)/2 elements on
and above the diagonal, and also to reduce the computerdiadmbst half the time for a non-symmetric
matrix. Matrix inversion is an explicit process and regsieeCPU time proportional te? for an-by-n
matrix. For al000-by-1000 symmetric matrix in double precision (about 4 Mbyte) the G is a few
minutes on a standard PC. The time £3) and spacex n?) requirements imply at present a practical
limit of the size of the matrix (and number of parametersiaeinn = 1 000 and» = 10 000.

The accuracy of the computation of the inverse matrix is tcatipoint, and often computation
in double precision is required, especially for large ncasi The accuracy is generally low for a large
condition number of the matrix (the condition number is dedims the ratio of the largest to the smallest
eigenvalue of the matrix). From the interpretation of theenrse matrix as covariance matrix it is clear,
that the condition number will be large if the correlationtvbeen parameters is high. The matrix is
singular (one or more eigenvalues are zero) in case of a edenpbrrelation between parameters. In
this case and also in cases of missing data (e.g. dead chanresh alignment fit) a standard matrix
inversion program will fail. A singular value decompositi¢SVD) would allow to recognize the cases
of zero or small eigenvalues, which wouddstroy the full solution. The standard method in case of zero
or very small eigenvalues is to set their inverse to zere; itieans essentially to remove parameters or
linear combinations of parameters from the solution (be. resulting parameter values are zero); if the
parameters are in facorrections this is clearly acceptable. In the progravtilepede [@] a similar, but
simpler and faster strategy is used to avoid the effects aidadondition number. This strategy also
works in cases, where due to missing input flatae or more parameters are undefined; the parameters
will become zero in this case. The strategy allows in additiremove certain parameters from the least
squares fit without the necessity to reorganize the numiperin

Solution by partitioning. The special structure of the matrX to be inverted may allow to move the
limit of solvable problems further (see aldp [1]). Below thatrix C is partitioned into submatrices, and
the vectorsa andb are partitioned into two subvectors; then the matrix equatiecomes

Cn | Ci a | _| b (4)

Cn |Cy as 5)

where the submatriC1; is ap-by-p square matrix and the submati®,, is a ¢-by-q¢ square matrix,
with p + ¢ = n. If the sub-vectom; would not exist, the solution for the sub-vector would be defined
by the matrix equation

Coy a} = by with solution a} = C5, by, (5)

where the star indicates the special character of thisisaluDnly theg-by-¢ sub-matrixC'5, has to be
inverted. The solutiom? of course differs from the final solutiom, and is called théocal solution.

Now, having inverted the sub-matrs,, the submatrix of the complete inverse matfixcorre-
ponding to the upper left pa€t'y, called B, is obtained by the formula

_ -1
B=(Ci— 01202210{2) ) (6)

!Large detectors may have dead channels, which means mitatiag
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which requires in addition to some matrix products the dattan of the inverse of a-by-p sub-matrix.
With this matrix B the solution of the whole matrix equation can written in toevi

al _ B —B01202_21 b1 (7)
as _02_210?23 ‘ 02_21 - 02_210?2301202_21 by

which can be used to obtain the complete resujtgdndas). Note that to solve the matrix equation two
smaller matrices, a symmetnpieby-p and a symmetrig-by-¢ matrix, have to be inverted. The sub-vector
a; is obtained by the product

a) = Bb1 — B01202_21b2 =B (bl — 012(13) s (8)

which is simplified by using the special local solutieh = 02_211)2. If the interest is the determination of
this sub-vector; only, while the sub-vectat, is not needed, then only the equatifjn (8) has to be solved.
Some computer time can be saved by this method, especidhg 'rmatrixC’2‘21 is easily calculated or
already known before. In special cases the method can beedppbeatedly, and therefore problems
with a huge number of parameters become solvable. The méthmat an approximation, but is exact
and it takes into account all the correlations. This typepgligation is discussed in more detalil in the
next chapter.

It seems that this possibility of removing unnecessary matars, but still getting the correct
solution for the remaining parameters in least squaredgmabwas already known and has been used in
the nineteenth century; one exampld]s [3].

Constraints. If there are explicit relations between the parameters eéstlsquares fit, then they should
be explicitly taken into account in the solution. The casa single linear constraint between parameters
of the form f7 - a = fo is assumed here. The Lagrange multiplier method is the atdnudethod to
include constraints in a least squares solution; one additivector is introduced, with one element
per constraint. The equatiol] (3) is modified by the additipaaameters to the form

C f a | _ b ’ )

f 0 By fo
where the matrix on the left hand side is still symmettimear least squares problems wiilmear con-
straints can be solved direcly, without iterations and wiitithe need for initial values of the parameters.

3. LEAST SQUARES WITH GLOBAL AND LOCAL PARAMETERS

Local parameters. Local parameters are denoted dy, j = 1, 2,...v. A set of measurementsis
considered. A single valuefrom the set is ideally given by a linear expressios oy - 61 + s - §2 +
...y - 9, depending on the parameters and on (known) constant factoés. More complete, the
dependence can be written as

14
zk’:al'51k+a2'52k+"'alj'5uk:Zaj'éjk7 (10)
j=1

with an additional index indicating thek-th measured value.

As an example the measurement of a straight particle tracknsidered, where each is a
coordinate measurement at planerhe local parameters are intercept and slope -) of the particle
track. If the distance of the plane is denoted%y the linear track model can be written as

zp=0a1-14+ag-Sg.
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From a least squares fit of the model to the set of meastneadues the local parameters intercept
and slope can be determined. The formalism of least squiosgsdo take into account the different
precision of the different measurements, by assigning ght¢d each measurementwf = 1/0,%. The
least squares solution, minimizing the weighted sum of sguaesiduals, is defined by the so-called
normal equations, which can be written in terms of matrices

Fa=2, solvedby a=T"13. (11)

The elements of the matriR and the vectop are formed by sums
Lij = Zwk “0ik ik Bj = Zwk - 2,0k - (12)
k k

These formulas are valid in the caseunkcorrelated z-measurements (uncorrelated measurements are
assumed thoughout this paper). The inverse miitrikis the covariance matrix of the parameter vector
.

Global parameters. Now global parameters are considered, which contribuggl tthe measurements.
They are assumed to latignment parameters here, although the formalism is general and can also be
applied to other problems. Aligment parameters are defing@presentorrections to ideal (design)
values; this parametrization adds further terms to the temnsa(10)

zzal'd1+a2-d2—|—...an-dn—|—a1'51+a2-5g+...a,,-51,:Zaj'dj—l—Zaj-éj. (13)
i—1 j=1

global parameters local parameters

Usually only few terms containing global parameters arezeaom for a singlez measurement. In the
following it is assumed that, as written in equatipn| (13} tlependence on the global parametetiis
ear. A non-linear relationship for the global parameters waelglire iterations, starting with reasonable
initial values for the parameters, and assuming a linedwzg@ression in each iteration.

The simultaneous fit of global and local parametersin the following it is assumed that there is a set
of N partial measurements. Each partial measurement, witkx ifd#epends on local parametexs,
and all of them depend on the global parameters. In a sinedtamfit of all global parameters plus local
parameters fronV subsets of the data there are in tqtak- IV - v) parameters, and the standard solution
requires the solution dfz + N - v) equations with a computation proportional(io+ N - v)3. Below it

is shown, that the problem can be reduced tuations with a computation proportions.

Generalizing the formalism of equatiorjs](10) to the congphaeasurement, starting from equa-
tions of the type of[(13), one obtains a system of normal égsiwith large dimensions, as is shown
in equation [J4). The matrix on the left side of equatipr} (143, from each partial measurement, three
types of contributions. The first part is a contribution ofensnetric matrixC';, of dimensionn (number
of global parameters). All the matric€3; are added up in the upper left corner of the big matrix of the
normal equations. The second contribution is the symmeteitix I'; (compare equatior] (]12)), which
gives a contribution to the diagonal of the big matrix andaépehding only on théth partial measure-
ment. The third contribution is a rectangular maiti, with a row number of: (global) and a column
number ofv (local).

There are two contributions to the vector of the normal dquatb; for the global ang3; for the



local parameters. The complete matrix equation is given by

S C; G, a S b;
0 0 _ : (14)
GT 0 T, 0 o% B;
0 0

In this matrix equation the matricé€s;, I';, G; and the vectord; andg3; contain contributions from the
th partial measurement. Ignoring the global parametersonlkel solve the normal equatiobsa; = 3,
for each partial measurement separately by

ol =T7'8;. (15)

The complete system of normal equations has a special @wteliatith many vanishing sub-matrices.
The only connection between the local parameters of diftepartial measurements is given by the
sub-matrice<s; undC;,

The aim of the fit is solely to determine the global parametinsl best parameters of the local
parameters are not needed. The matrix of equafion (14) teewrin a partitioned form. The general
solution can also be written in partitioned form. Many of udb-matrices of the huge matrix in equation
(L4) are zero and this has the effect, that the formulas fosti-matrices of the inverse matrix are very
simple. By this procedure the normal equations

c’ a |=1] b , (16)

are obtained, which only contain the global parameterd) aihodified matrixC” and a vectob/’,

This set of normal equations contains explicitly only thetgll parameters; implicitly it contains, through
the correction matrices, the complete information from Il parameters, influencing the fit of the
global parameters. The parentheses in equdtidn (17) espisethe solution for the local parameters, ig-
noring the global parameters. The solutwa- C’ “ly represents the solution veci@mith covariance
matrix C’ . The solution is direct, no iterations are required. lierst may be necessary for other
reasons, namely

¢ the equations depemn-linearly on the global parameters; the equations have to be lingarize

¢ the data contain outliers which have to be removed in a seguehcuts, becoming narrower
during the iteration;

e the accuracy of the data is not known before, and has to bendet=d from the data (after the
alignment).



Application. A very important point in problems discussed above is thendigfh of the set of global
parameters. It is essential to define them in a way which isitento the data used to determine them.
Computing the inverse of a huge (symmetric) matrix can beliaade numerical problem. The matrix
will be singular or close to a singular matrix, if one or moffetie global parameters are not really
determined (and constrained) by the data, and this coultiogethe whole determination. This will
happen in case of a strong correlation between differefitaglparameters.

It is wise to start with a few global parameters and to obséneecorrelations between them,
before adding more global parameters. For example if tooyrghoioal parameters are used in a detector
alignment, the whole detector makift androtate freely in the fit. In those cases one could either fix
certain global parameters or one has to introduce consrééng. average displacement and rotation
equal to zero).

Experience with the method shows that it is essential to raammultaneous alignment of all track
detector components, which are also used for the measutevhémacks, while independent internal
alignment of the single track detector components may redd ® a good overall result. It is also
important to use, if possible, different data sets simeitersly. For example in a track detector alignment
high-momentum cosmic muons may be useful, which travemsevtinle detector and thus relate (and
constrain) different parts of the detector. But this shdaddione simultaneously with tracks from physics
events, because these events finally require a good alignmen

The method described here has been realized in the prdgitepede [B]], written in Fortran77.
It provides a set of subroutines for the mathematical metlaodl allows to adapt the method to a par-
ticular problem. The program allows to adjust the dimensibwectors and matrices VRARAMETER
statements and to introduce linear constraints. Througheuprogram use is made of the sparse charac-
ter of the vectors and matrices in order to reduce the exattithe. The program includes a method for
outlier rejection, which in practice may be essential ignent problems especially if some detector
components have a bad initial alignment. This feature requb iterate, realized with an intermediate
data file, which is written during the first iteration and rehudling the other iterations.

Sometimes the model underlying the alignmemiaslinear and also constraints may be nonlinear.
The standard method to treat these problems is lineanzatie nonlinear equation is replaced by a linear
equation for the correction of a parameter (Taylor expamsiitnis requires a good approximate value of
the parameter.

4. ALIGNMENT OF THE CENTRAL TRACK DETECTORS IN THE H1 EXPERIM  ENT

The example described is the alignment in theplane perpendicular to the beam line of a 56-plane
drift chamber and a 2-plane silicon vertex detector in thedeitector at HERA[J4]. Both are cylindrical
detectors; the drift chamber has a length ¢f about 2 m, and extending from 20.3 cm to 84.4 cm in
radiusr. The silicon vertex detectof][5] has two planes around treeriggpe made of 0.15 mm Alu-
minium and 0.9 mm carbon fiber. The drift chamber and theasiliertex detector havera resolution

of about 150um and 15um, respectively. These detectors are interspersed byi@uglitthambers for
the z-measurement.

The central jet chambers CJC1 and CJQP ([4]) with an actimgtleof 2200 mm and an outer
radius of 844 mm have in total 2640 anode sense wires pataltee beam with two adjacent cathode
planes (wires) shaping the drift field. A jet chamber celbexis azimuthally from the sense wire plane to
both adjacent cathode wire planes, and radially extendstbegdull radial span of CJC1 and CJC2 with
no further subdivision. The jet cells are tilted by ab8dft such that in the presence of the magnetic field
(1.1 Tesla) the ionization electrons drift approximatetygendicular to high momentum vertex tracks.

The silicon vertex detector CST consists of two cylindrileglers of double sided, double metal
silicon sensors read out by a custom designed analog pipetip. The two layers of the CST are formed
from 12 and 20 faces at radii of 5.75 cm and 9.75 cm, respégti@ne face or 'ladder’ consists of six



row. | number | parameter o unit
1 2| Ax 1 pum
2 2 | Az/Az 2 pum
3 2| Ay 1 um
4 2 | Ay/Az 2 pum
5 2| Ap 10 prad
6 2 | Ap/Az, 10 prad
7 2 | Aayor 100 prad
8 2 | Auvgrit— /varitt 107°
9 2 | Avdritt+ /Varitt 107°
10 2 | ATy X vdrit <1l pm
11 2 | wire staggering in wire plane few um Table 1: Alignment parameters determined in
12 2 | wire staggering perp wire plane fewum | the Millepede fit. The Millepede accuracy is
13 2 sagging in wire plane few um given by one standard deviatien The differ-
14 2 | sagging perp. wire plane few um ) ]
15 180 | Awvant/var per cell half few 10—4 | entparameters are discussed in the text.
16 112 | Awari /vanine per layer half few 107*
17 330 | ATy X wvgritt per group 10 pm
18 56 | wire position in driftdir. per layer 10 pum
19 56 | ATy x varitt per layer 10 um
20 56 | Azw per layer few 10 um
21 112 | Awvdgitt /varire for I /50 mA few10™*
22 90 | Awgritt/varie per layer fewl0~7
23 90 | Ayw per layer few 10 um
24 90 | (Ayw)? per layef few 10 pm
25 64 | Ainladder few um
26 64 | A perp. ladder few pum
27 64 | rel. A inladder ¢,) few um
28 64 | rel. A perp. ladder4,.) 10 pum
29 64 | rel. A perp. ladder¢) few um

silicon sensors and aluminium nitride hybrids at each endiodble layer of carbon fiber strips with a
total thickness of 70@m and a height of 4.4 mm is glued to the edges. The positioneofattiders in a
layer are shifted tangentially to ensure an overlapgrof adjacent active areas. The active length in
is 35.6 cm for both layers.

Data taken with the H1 detector are reconstructed onlinethedeconstruction modules also
determine important parameters like average drift vaksitLorentz-angle and of the CJC1 and
CJC2. In addition beam parameters like tieposition of the primary interaction point are recorded.

In the alignment procedure, using the progrsiifiepede, a large number of parameters is deter-
mined; these parameter are in general corrections to defgtameters and represamiall corrections.
It turned out that @ommon alignment of the drift chamber and the silicon detector s&easial, after an
internal detector alignment, which already determinesarable starting values for alignment parame-
ters. For each of the drift chambers CJC1 and CJC2 14 globasders representing an overall shift or
tilt are introduced. Local variations of the drift velocity;is for cells halfs and layers halfs are observed,
which are parametrized by 180 + 112 corrections, which chamith the HV configuration. For each
wire group (8 wires) corrections tfy, are introduced (330 corrections). For the silicon vertetecter
CST an internal alignment has already been done, using the gchniques, with in total 384 local
parameters. In the common alignment fit 5 parameters petdualér representing shifts are introduced
(320 parameters). Tab[g 1 contains all parameters. A faossilgle the parameters are defined with the
dimensionlength. For example the time-zero parameters are multiplied byrtean drift time. Angles
are parametrized as shifts relative to a normalized lenathrpeter. For examplg is defined as/z,q4x
and has a range —1 to +1. The sh¥: with z is parametrized adz/z, and has the dimension length.

In addition to physics events (ep interactions) also cogmaicks with and withoutB-field were
simultaneously used as input to the alignment. With combfite to both halfs of cosmic tracks parts
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of the detectors opposite in angle are strongly correlated. This allows an accurategotation from

the drift chamber to the silicon tracker with an accuracy 30 to 40 um, which is of the same order
of magnitude as the silicon tracker accuracy. In total alB@U00 events are used as input. Constraints
require e.g. a zero overall shift of the detector. The CJGRdsl (first five parameters) vs. the cryostat
on the basis of external survey data as reference.

An overview about the corrections determined in the aligninfi¢ is given in Tablg]1, which has
29 rows of different corrections. In detail these corratiare as follows.

Rows 1 — 6 These rows contain geometrical parameters; in an extannad\gthe positions are measured
with an accuracy of a few 100m and angles with an accuracy of a few@d. This accuracy is
increased by a large factor in the alignment fit.

Row 6 This parameter is determined froBh= 0 cosmics (straight line track model).

Rows 11 — 14The parameters are determined only as a check. Their actluss/are determined from
hit triplets as a function of anglé andz, (3 is the angle between the track and the normal to the
drift direction).

Row 15,16 The parameters change with the HV configuration.

Row 18,20 Corrections for the wire position in and perpendicular te dhnift direction. These correc-
tions are determined in a cross check with= 0 cosmic tracks, otherwise the data from a survey



of flanges are used<(10um).

Row 21 These correction are used to describe the changes of didftitevqrir by variations of the
electron beam currert due to space charge effects; they are determined once.

Row 22 — 24 These parameters change with repair/breakdown of HV caftiey are introduced in
order to correct for bad cathode HV.

Row 25 — 29 Corrections for the silicon vertex detector, five per hatfdar, determined in and perpen-
dicular to ladder, on average and as functiorr ahd of.

The alignment is done for run ranges and repeated after elgarge of the HV configuration. Run-to-

run variations of parameters (e.g. the average drift vlagii) are taken into account by the data from

the online reconstruction as mentioned above.

track fit o(dea) [cm] | o(1/p;) [(GeVic) ] | remark

only 1 track with Si hits 0.0209 5.58 - 1073 drift chamber resolution
both tracks with at least 1 Si hif  0.0032 2.26-1073 Si tracker resolution
both tracks with at least 2 Si hits 0.0028 2.17-1073 Si tracker resolution

Table 2: Standard deviations in the parametkrsand1/p;, determined from the difference between the two parts ahios
tracks.

The alignment procedure allows to reach the intrinsic tgsm not only locally but also for
complete tracks. For the drift chambers CJC1 and CJC2 ttad hit resolution can be determined
from local hit triplets as a function of drift distance; thanimum is about 12Q:m for 1 cm drift
distance. The minimum value from track residuals is abodt 4. For the CST the intrinsic point
resolution of 15um from hits overlaps is also reached globally. Fig[jre 2 shthesimprovement for
track parameters, determined from data in the comparisparaimeters between the two parts of cosmic
tracks. A significant improvement is visible for larger kkanomenta. In Tablf] 2 the standard deviations
in the parameters,., and1/p;, determined from the difference between the two parts ahtogracks,
are given for three different track classes.
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