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Overview

• Strong-field phenomena and challenges in 
numerical simulation

• TDVFD: time-dependent Voronoi-cell finite 
difference method on multicenter molecular grids

• Orientation-dependent multiphoton ionization of 
polyatomic molecules including multielectron 
effects



Strong-field phenomena 
& 

numerical challenges



Strong-field multiphoton 
phenomena

multiphoton 
excitation / ionization

Multiphoton excitation (MPE), ionization (MPI), and dissociation (MPD), 
above-threshold ionization (ATI) and dissociation (ATD), multiple high-

order harmonic generation (HHG), Coulomb explosion (CE), etc

A strong external laser field tilts and 
oscillates the Coulomb potential.



Molecular alignment

• Laser-induced molecular 
alignment with an intermediate-
intensity laser field

• Probe aligned molecules with a 
linearly polarized strong laser field

• Measure ionization yields as a 
function of the orientation angle

Θ
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Orientation-dependent MPI

• Orientation-dependent MPI plot is reflected by the 
molecular orbital symmetry.

• Most of theoretical models consider only HOMO 
in many-electron systems.

very good fit was achieved with this expansion in the cases
of N2.

For O2 and CO2, the best-fit results yielded a butterfly-
like distribution, as expected from the !g symmetry of
the HOMO. Based on this confirmation of symmetry, a
more specialized basis set was found to improve the
least-squares error, namely, S!g

!"" # cosn!"$ "m" %
cosn!"% "m".

The best-fit ionization signals S!"" are shown in Fig. 3
for the two limiting cases of alignment. The deconvolved
alignment distributions are much sharper, particularly in
the case of CO2 for which the molecular alignment distri-
bution was broader. We found that the two-parameter fit on
the function S!g

!"" is stable and that the small changes in
the fitting curve does not change the deconvolved distribu-
tions in Fig. 3 significantly. In Fig. 3 we also show the
predictions of the MO-ADK model [11]. Following the
procedure in Tong et al. [11], we first calculate ionization
rates as a function of the angle " and laser intensity. This

rate is averaged over a 45-fs (FWHM) pulse and a Gaussian
beam distribution with a waist diameter of 10 #m and the
measured peak laser intensity.

For N2, the angular dependence S!"" in Fig. 3(a) is less
peaked than the one predicted by MO-ADK. We find that,
at 1:5& 1014 W=cm2, ionization is 3:3' 0:4 times higher
for the parallel alignment (" # 0() than for the perpen-
dicular alignment (" # 90() if no realignment is assumed,
and 2:3' 0:3 if complete realignment is assumed.
Molecular ADK predicts the parallel vs perpendicular ratio
to be about 10:1 at 1:5& 1014 W=cm2 (Fig. 3), and about
6:5:1 at 3:0& 1014 W=cm2. The disagreement with the
model observed in this work is larger than reported in in
Litvinyuk et al. [12], 4:5' 0:5, but that work was done at a
slightly higher intensity and without averaging over the
focal volume.

The MO-ADK predictions for O2 are in relatively good
agreement with our measurements. The main difference is
that the measured maximum at about 45( deviates from the

FIG. 3 (color online). Angular dependence of the ionization signal S!"" after deconvolution with the alignment distribution: (a) N2,
(b) O2, and (c) CO2. The curves are the result of the best fit of Eq. (1) to the measured yields in Fig. 2 using parameterized S!"" (see
text). The results are shown for the two limiting cases of the alignment distribution (as shown in Fig. 1 for CO2): A1!"", no realignment
(solid line), and A2!"", complete realignment (dash-dotted line). The dotted line is the ionization signal calculated with the molecular
ADK model and the experimental intensity distribution.

FIG. 2 (color online). Measured ionization yield M!$" as a function of the angle $ between the polarization axes of the aligning
and the ionizing beams for (a) N2, (b) O2, and (c) CO2. The error bars in the ionization yields are estimated from the results of dif-
ferent experimental runs. The solid lines are the best fits using the corresponding functional forms shown in Fig. 3. The peak laser
intensities and the degrees of alignment, hcos2#i, are, respectively: (a) 1:5& 1014 W=cm2, 0.77; (b) 1:3& 1014 W=cm2, 0.78;
(c) 1:1& 1014 W=cm2, 0.73.

PRL 98, 243001 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
15 JUNE 2007

243001-3

Pavičić et al., Phys. Rev. Lett. 
98, 243001 (2007)

CO2 HOMO

820 nm, 1.1×1014 W/cm2



Numerical simulation for 
strong-field processes

• Challenges in ab initio calculations for strong-field processes

- electronic structure for bound / continuum states

- short- and long-range interactions of the Coulomb 
potential

- multielectron effect

- large spatial dimension & efficient time propagator 
required

• Many theoretical treatments are limited to simple one-
electron models without detailed electronic structures.



TDDFT
• Time-dependent Kohn-Sham equations for N-electron system 

in laser fields

• TDDFT considers responses in multiple orbital dynamics, 
which are ignored in most of model calculations based on the 
single-active electron approximation.

• Self-interaction-correction and proper long-range potential 
are necessary to investigate strong-field multiphoton 
processes.

ue�,�(r, t) = une(r) + uh(r, t) + uxc,�(r, t) + F(t) · r

i
⇥

⇥t
�i�(r, t) =

�
�1

2
�2 + ue�,�(r, t)

⇥
�i�(r, t),

(i = 1, 2, ..., N�).

Chu, J. Chem. Phys. 123, 062207 (2005)



Grid method
• Generalized pseudospectral method (GPS) and TDGPS on 

non-uniform grids developed by Prof. Chu’s group

• Electronic structure: machine accuracy using small # of grids

Atoms in the spherical coordinates
Yao & Chu, Chem. Phys. Lett. 204, 381 (1993)

Diatomic molecules in the prolate 
spheroidal coordinates

Chu & Chu, Phys. Rev. A 63, 013414 (2001)

(r, �,⇥) (⇥, �,⇤)

Beyond atoms and diatomic molecules: 
A new method for polyatomic molecules in demand



TDVFD
&

multicenter molecular grids



Voronoi diagram
• On randomly distributed grids

• Discretize the whole space 
into Voronoi cells 
encapsulating each grid

• PDE solvers utilizing 
geometrical advantages of the 
Voronoi diagram

Ti = {x ∈ R
n : d(x,xi) < d(x,xj) for ∀j #= i}Voronoi diagram:

All points in Ti are closer to xi than any other grids.

NEM: 	

Braun & Sambridge, Nature 376, 655 (1995)

VFD: 	

Sukumar & Bolander, CMES 4, 691 (2003) / 
Sukumar, Int. J. Numer. Meth. Engng 57, 1 (2003)

ij



Voronoi-cell finite difference

node ij: natural
neighbor of i

Voronoi vertex

Voronoi facet: sij

Voronoi
volume: vi

hij

1

i) volume and surface integrals are computed 
by Voronoi volumes and Voronoi facet areas

ii) a simple difference scheme is used for 
directional derivatives

Laplacian definition from Gauss’s theorem

Discrete Laplacian after Voronoi discretization

�
�2�

⇥
i
=

1
vi

natural
neighbors⇤

j

�j � �i

hij
sij

�2⇥ = limR
V dV�0

�
S �⇥ · n d��

V dV

VFD has been extended for accurate electronic 
structure and dynamics calculations for the first time.

Son (submitted) / Son & Chu, Chem. Phys. 366, 91 (2009)



Discrete forms in VFD

L̃ij =

�
⌅⌅⌅⌅⌅⇤

⌅⌅⌅⌅⌅⇥

� 1
vi

neighbors⇧

k

sik

hik
(i = j)

1
⇥

vivj

sij

hij
(i, j: neighbors)

0 (otherwise)

Integration

Laplacian Gradient

After symmetrization

Simple nodal quadrature using Voronoi volumes

From an alternative form 
of Gauss’ theorem

G(x)
ij =

�
⌅⌅⇤

⌅⌅⇥

0 (i = j)
1

2vi

sij

hij
(rj � ri) · êx (i, j: neighbors)

0 (otherwise)

G(y)
ij and G(z)

ij are defined likewise.

⇥

V
f(x)dV �

�

i

f(xi)vi

Son (submitted) / Son & Chu, Chem. Phys. 366, 91 (2009)



Multicenter molecular grids

prepare optimal 
atomic grids

1

combine atomic grids 
located at each 
nuclear position

2

remove 
overlapped grids 

(optional)

3

Molecular grids are intuitively constructed by a 
combination of spherical atomic grids in 3D.



ordinary FD on uniform grids

Molecular grids

benzene: C6H6

water: H2O

carbon 
dioxide: 

CO2

VFD works on multicenter molecular grids.



How to resolve 
Coulomb singularity
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Accuracy assessment
Errors of H2+ bound states (one-electron system)

2

Symmetry Exact LCAO–GTOa VFDb

|error|(a.u.) |error|(%) |error|(a.u.) |error|(%)

1⇤g �1.102 634 1.41⇥ 10�6 0.00 4.09⇥ 10�4 0.04

1⇤u �0.667 534 1.69⇥ 10�6 0.00 5.04⇥ 10�4 0.08

1⇥u (2) �0.428 772 1.09⇥ 10�4 0.03 2.86⇥ 10�4 0.07

2⇤g �0.360 865 5.29⇥ 10�5 0.01 2.42⇥ 10�4 0.07

2⇤u �0.255 413 2.49⇥ 10�4 0.10 2.52⇥ 10�4 0.10

3⇤g �0.235 778 3.46⇥ 10�3 1.47 3.99⇥ 10�4 0.17

1⇥g (2) �0.226 700 4.23⇥ 10�3 1.87 5.92⇥ 10�4 0.26

1�g (2) �0.212 733 5.40⇥ 10�2 25.40 8.40⇥ 10�4 0.40

2⇥u (2) �0.200 865 6.02⇥ 10�2 29.97 3.00⇥ 10�4 0.15

4⇤g �0.177 681 1.39⇥ 10�3 0.78 2.96⇥ 10�4 0.17

3⇤u �0.137 313 6.44⇥ 10�3 4.69 3.28⇥ 10�4 0.24

5⇤g �0.130 792 3.77⇥ 10�2 28.82 3.66⇥ 10�4 0.28

aBasis set: aug-cc-pV6Z
bGrid parameters: Nr=200, L=1, and lmax=26

Symmetry LCAOa VFDb �

1a1g �9.791 �9.797 �0.006

1e1u(2) �9.791 �9.797 �0.006

1e2g(2) �9.790 �9.797 �0.007

1b1u �9.790 �9.796 �0.006

2a1g �0.778 �0.775 0.003

2e1u(2) �0.676 �0.673 0.003

2e2g(2) �0.545 �0.543 0.002

3a1g �0.478 �0.477 0.001

2b1u �0.411 �0.410 0.001

1b2u �0.407 �0.404 0.003

3e1u(2) �0.379 �0.377 0.002

1a2u �0.341 �0.340 0.001

3e2g(2) �0.305 �0.303 0.002

1e1g(2) �0.240 �0.240 0.000

Etotal �230.177 �230.211 �0.034

aBasis set: 6-311++G(3df,3pd)
bGrid parameters: Nr=200, L=0.5, and lmax=26



DFT results
Molecule Orbital FD LCAO VFD GPS

N2 3⇥g �0.379 �0.383 �0.383 �0.383
1�u �0.411 �0.437 �0.438 �0.438
2⇥u �0.543 �0.494 �0.494 �0.493
2⇥g �1.048 �1.039 �1.038 �1.040
1⇥u �14.958 �13.965 �13.971 �13.964
1⇥g �14.959 �13.967 �13.972 �13.966

Etotal �114.100 �108.698 �108.737

H2O 1b1 �0.281 �0.272 �0.273
3a1 �0.341 �0.346 �0.346
1b2 �0.487 �0.488 �0.488
2a1 �0.898 �0.926 �0.927
1a1 �17.935 �18.610 �18.620

Etotal �74.286 �75.912 �75.942

LDA energies (in a.u.)

FD: 4th-order FD on uniform equal-spacing grids, Δx=0.1 a.u.
LCAO: aug-cc-pVQZ basis-set
VFD: Nr=300, L=0.5, and lmax=32 (Lebedev)

GPS: Chu & Chu, Phys. Rev. A 
64, 063404 (2001)



Time propagation

• The split-operator technique in the energy representation

•  H0(r) is accurately solved within VFD;  exp[–iH0(r)Δt] is solved 
by the spectral decomposition:

•  U(r,t) is diagonal in VFD; thus exp[–iU(r,t)Δt/2] is trivial.

�(r, t + �t) = e�iÛ(r,t)
�t
2 �(r, t)e�iĤ0(r)�te�iÛ(r,t)

�t
2 �(r, t) + O(�t3)

where Ĥ0(r) = � 1
2�2 + ue�,⇥(r, 0),

Û(r, t) = F(t) · r +
�
uLB�

xc,⇥ (r, t)� uLB�
xc,⇥ (r, 0)

⇥

+ [uh(r, t)� uh(r, 0)]

Tong & Chu, PRA 57, 452 (1998) / Chu & Chu, PRA 63, 023411 (2001) / Son & Chu, Chem. Phys. 366, 91 (2009)

e�iĤ0(r)�t =
�

k e�i�k�t|�k⇥��k|



Orientation dependent MPI 
of 

polyatomic molecules



DFT/SIC results

Proper long-range potential with 
self-interaction-correction (SIC)

ue� ⇥ �
1
r

as r ⇤⌅

u e
ff 
×

 r
LBα

LDA

–1

0
r

Molecule Orbital LDA LB� EXP

N2 3⇤g 10.4 15.5 15.5
1⇥u 11.9 16.9 16.8
2⇤u 13.5 18.5 18.6
2⇤g 28.2 33.0 37.3
1⇤u 380.1 402.8 409.9
1⇤g 380.2 402.8 409.9

H2O 1b1 7.4 12.5 12.6
3a1 9.4 14.5 14.8
1b2 13.3 18.2 18.7
2a1 25.2 30.1 32.4
1a1 506.6 531.0 539.7

Orbital binding energies (in eV) 
computed by VFD with experimental 
(EXP) vertical ionization potentials

VFD: Nr=300, L=0.5, rmax=20 a.u., and lmax=25 (Womersley)
EXP: Siegbahn et al., ESCA Applied to Free Molecules (1969) / 
Ning et al., Chem. Phys. 343, 19 (2008)

Conventional DFT functionals 
contain spurious self-
interaction energy.



MPI of N2
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A possible one-photon resonance 
between HOMO and HOMO–1 yields a 
strong mixing of their contributions to 

the total ionization probability.
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Effects of intensity
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MPI of CO2

TDDFT results in good agreement with recent experiments

Orientation dependence of 
individual ionization probability 

from multiple orbitals
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PAD of CO2

Contour map of ∂P∕∂Ω on the sphere
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Selectively probing of 
multiple orbitals in H2O

• Increasing Θ1 toward x
- Maximize MPI of HOMO
- Minimize MPI of HOMO–1
- No effect on MPI of HOMO–2

• Increasing Θ2 toward y
- No effect on MPI of HOMO
- Minimize MPI of HOMO–1
- Maximize MPI of HOMO–2

Θ1 
toward x Θ2 

toward y

The field polarization 
is changing.

HOMO
(1b1)

–12.6 eV

HOMO–1
(3a1)

–14.8 eV

HOMO–2
(1b2)

–18.7 eV

H2O is contained in the yz-plane.



MPI of H2O
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HOMO dominance 
when Θ1 changes

HOMO–1 dominance 
when Θ2 changes

First prediction of HOMO–1 dominance in the 
overall orientation dependence of MPI



Conclusion
• VFD is based on Voronoi diagram and natural neighbors: 

simple like FD / adaptive like FE / formulated like FV.

• TDVFD provides accurate TDDFT solutions for polyatomic 
molecules on multicenter molecular grids.

• Detailed electronic structure and responses in multiple 
orbital dynamics are important in strong-field electronic 
dynamics.

• Orientation-dependent studies of MPI of N2, H2O, and CO2 
demonstrate the importance of multielectron effects such as 
multiple orbital contributions.
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