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Let there be light! Today it is all about photons and the electromagnetic field!
Home Exercise 31 Commutators of photon creation and annihilation operators

The electromagnetic field (operator) Âµ has the following Fourier decompo-
sition into one-particle plane wave(-functions)

Âµ(x) =
∫

d3k

(2π)32ω

[
e−ikx︸ ︷︷ ︸
g~k(x)

∑
λ

ε(λ)µ (k)â(λ)(k)︸ ︷︷ ︸
âµ(k)

+ eikx︸︷︷︸
g∗~k

(x)

∑
λ

ε(λ)∗µ (k)â(λ)†(k)︸ ︷︷ ︸
â†µ(k)

]
, (1)

where the constant 4-vectors are given by

ε(i)µ = δµi, i.e. e.g. ε(2)µ = (0, 1, 0, 0)T etc. (2)

Proof the completeness relations

∑
µ

gµµε
(λ)
µ (~k)εµ,(λ

′)∗(~k) = δλλ′ , ∑
λ

gλλ ε
(λ)
µ (~k)e(λ)∗ν (~k) = gµν (3)

as well as the equivalence of the following commutators

[âµ(~k), â
†
ν(
~k′)] = −gµν(2π)32ωδ3(~k − ~k′), (4)

and
[â(λ)(~k), â(λ

′)†(~k′)] = −gλλ′(2π)32ωδ3(~k − ~k′). (5)
Here shall be gλλ′ component-wise identical to the Minkowski metric, gµν .

Home Exercise 32 Spin 1, Helicity, indefinite Fock space

As photons have spin1, they transform under the adjoint representation of
the rotation subgroup of the Lorentz group whose generators are always gi-
ven by the structure constants. For SU(2) they are given by the totally anti-
symmetric tensor

(T aadj.)bc = −iεabc. (6)

(a) Show that these are indeed a representation of the rotation group SU(2). Use
the Jacobi identity.

(b) Construct explicitly the spin matrices ~J for spin 1. Determine the normalized
eigenvectors ~ε±(~k) of the helicity operator ~J · ~k/|~k| for the special case of a
momentum in z direction. (How many eigenvectors there are?)

(c) Show:
~ε±∗(~k) · ~ε±(~k) = 1, ~ε±∗(~k) · ~ε∓(~k) = 0, ~k~ε±(~k) = 0. (7)



(d) Now consider the following four polarization vectors

ε±µ (
~k) =

(
0
~ε±

)
, εLµ(

~k) = −ikµ = −i(|~k|, ~k), εSµ(
~k) =

i

2|~k|2
(|~k|,−~k). (8)

(The L and S signify longitudinal and scalar mode, respectively.) Determine
for the four different (physical and unphysical) polarization vectors, σ, τ =

+,−, L, S the metric of the four states corresponding to ε
(σ)
µ (~k)εµ,(τ)∗(~k) =

−g̃στ . Show that it is identical to its inverse, and proof the completeness rela-
tion

∑
σ,τ

ε(σ)µ (~k)g̃στε(τ)∗ν (~k) = −gµν . (9)

(e) In this helicity basis, the photon field operator is given by

Âµ(x) =
∫
d̃k ∑

σ=±,L,S

â(~k, σ) ε(σ)µ (~k)e−ikx︸ ︷︷ ︸
f
(σ)
~k,µ

(x)

+â†(~k, σ) ε(σ)µ (~k)e−ikx︸ ︷︷ ︸
f
(σ)∗
~k,µ

(x)

 . (10)

Deduce from the previous exercise the commutators

[a(~k, σ), a†(~k′, σ)] = (2π)3(2ω)g̃στδ3(~k − ~k′). (11)

(f) Calculate the norm of the states (a†(~k, L)−a†(~k, S)) |0〉, a†(~k, L) |0〉, a†(~k, L) |0〉.
What does this mean for the Fock space of multi-photons states? Hint: You
might take the square of a delta function simply as a constant.

(g) Show that (g~k(x) has been defined in the previous exercise):

f
(L)
~k,µ

(x) = ∂µg~k(x), ∂µf
(S)
~k,µ

(x) = δσ,Sg~k(x).

Home Exercise 33 Maxwell equations and energy-momentumm tensor of the
electromagnetic field

The classical electromagnetic field without external sources has the following
Lagrangian:

L = −1

4
FµνF

µν ,where Fµν = ∂µAν − ∂νAµ (12)

is the field strength tensor.

(a) Derive the Maxwell equations as Euler-Lagrange equations from the Lagran-
gian above, using Aµ(x) as the dynamical fields. Transfer the result into the
standard form, using Ei = F i0 and εijkBk = −F ij . How does the action look
like with external sources?



(b) What are the components of the dual field strength tensor,

F̃µν =
1

2
εµνρσF

ρσ . (13)

Show that this automatically conserved, ∂µF̃µν , and that this implies the ho-
mogeneous Maxwell equations.

(c) Use the default procedure to construct the energy-momentum tensor from a
Lagrangian for a field φ

T µν =
∂L
∂µφ

∂νφ− gµνL (14)

for the electromagnetic field. Show that for the general case for a field φ it is
conserved.

Show that the canonical energy-momentum tensor from the formula above
is not symmetric for the electromagnetic field above. One can define a new
energy-momentum tensor by

T ′µν = Tµν + ∂λKλµν , (15)

where Kλµν is antisymmetric in its first two indices. Why does this not spoil
energy-momentum conservation? Show that the choice

Kλµν = FµλAν (16)

leads to a symmtric energy-momentum tensor, and show that this leads to the
default form of the energy density and momentum current density (Poynting
vector) of the electromagnetic field:

E =
1

2

(
E2 +B2

)
, ~S = ~E × ~B. (17)


