
Exercises, week 7

1 Covariant derivative commutator

By definition, the commutator of covariant derivatives acting on a contra-variant
vector defines the Riemann tensor

[∇α,∇β ]V λ = (∇α∇β −∇β∇α)V λ ≡ Rλ
ρβαV

ρ . (1)

Show the equivalent relationship for a covariant tensor, i.e.

[∇α,∇β ]Tλκ = ? (2)

This relation also holds for the metric. If the covariant derivative is consistent
with the metric (∇λgµν = 0) it implies an algebraic constraint for Rµνκλ. What
is this constraint? Notice that we derived this constraint before but using a
completely different approach.

2 Riemann tensor of a flat metric

Consider the Minkowski metric

ds2 = dxµdxν ηµν , (3)

but written in a different coordinate system. The metric in this system is

gαβ(y) =
dxµ

dyα
dxν

dyβ
ηµν , (4)

The Riemann tensor in this new coordinate system is given by the usual expres-
sion

Rµνκλ =
1

2

(
∂2gµκ
∂yν∂yλ

+ 3 permutations

)
+gσρΓσ

µκΓρ
νλ − gσρΓσ

µλΓρ
νκ (5)

This has to vanish, since the original metric was flat. Show this explicitly!
As intermediate steps, you should show that for this special case the Christof-

fel symbol in the new system reads (gµν is the inverse of gµν)

Γµ
αβ = gµν

d2xκ

dyαdyβ
dxλ

dyν
ηκλ (6)

and

∂2gµκ
∂yν∂yλ

=
d2xρ

dyµdyλ
d2xσ

dyνdyκ
ηρσ

+terms that vanish after symmetrization (7)
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3 Riemann tensor of an embedded manifold

We do the same as in the last problem, but this time we construct an embedded
manifold. In particluar, the index on the new coordinate yα runs over less
dimensions than the index on the old coordinates xµ.

In any case, the embedded metric is

γαβ(y) =
dxµ

dyα
dxν

dyβ
ηµν , (8)

that formally looks the same equation as (4). [To simplify life, you might con-
sider the metric of the original space ηµν to have Euclidean signature in the
following.]

Obviously, the induced Riemann tensor (= the Riemann tensor using the
induced metric (8)) does not vanish in general and the proof in the last problem
must fail somewhere.

It turns out, that the culprit is the inverse of the induced metric that shows
up in the Christoffel symbol. Consider the expression (γµν is the inverse of γµν)

Pµ
ν = γαβ

dxµ

dyα
dxκ

dyβ
ηκν (9)

Show that for the coordinate transformation in the last problem one has Pµ
ν =

δµν .
For the embedding on the other hand Pµ

ν is a projection operator, in the
sense that

Pµ
νP

ν
κ = Pµ

κ (10)

and Pµ
µ is the dimension of the embedding. Show these two relations. Also ex-

press the Riemann tensor of the embedding in terms of the projection operator.
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