General representations of the
Lorentz transformations

Consider a field with some indices n

(these are not necessarily the usual indices
from vectors/tensors).

If the field (7L IS a representation of the
Lorentz group then
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One consequence is that
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In fact, the tensor representations are the
only true representations of the Lorentz group.



Instead, one can look for the representations
of infinitesimal group elements:
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Then any representation can be written
In the form
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g are then the generators of the
representation.

The multiplication rule then implies
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If we now also consider _/A is close to unity.
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This is called the Dirac algebra.

The Dirac algebra can be written in a more

familiar form:
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The algebra in terms of a and b:
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So a and b a generators of SO(3).




Hence:
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Al are positive and either integer
or half-integer.

This means that all representations of
the Lorentz group can be characterized by
(A,B).

For example, for a vector M ,8\ = (ﬁ , Z/ )

For a tensor, there are components that
transform as
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Spinors are no true representations of the

Lorentzgroup because rotation around a
fixed axis by 360°gives -1.
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The )’is required because the spinor
representation is not unitary.

Spinorsin GR

For vectors and tensors, the general
coordinate transformations reduce to
the Lorentz transformations
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For the spinors, one would need

a represenation of the general coordinate
transformations GL(4) that reduce

to the spinor represention if the
coordinate transformation was linear.



Unfortunately, there no representations
of GL(4) with this property.

So in order to implement spinors, one
has to formulate GR in a different way,
using vielbeins. Given a metric g, one can
decompose the metric as
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Notice that the vielbein is in general
not a coordinate transformation, so
one cannot always write
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E.g. >, b.* does not need to be
symmetric

The vielbein transforms as
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So the vielbein should be understood as
a collection of four covariant vectors.

So instead of using the metric as a
dynamical degree of freedom, we can write
everyting in terms of vielbeins.



In principle, we can now expand all the

tensors in terms of the vielbeins:
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Then 4  does not change under coordinate

transformations!

Also, e.g.
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Notice that the theory cannot remove all
reference to the metric due to the
covariant derivatives ->
construct the covariant derivatives in terms
of the vielbeins.

Also notice that if the theory is written
down in quantities with a bar, there is an
additional Lorentz invariance!
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This e.qg. is invariant under
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All quantities have now different indices.
There are PR — QLU/)
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And indices can be transformed into each

other with the vielbeins
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