Gravitational waves

Gravitational waves have been another early
prediction of GR. Even though it is a seamingly
simple concept, there were doubts in the physics
community about their existence. And it took
until the 1950s that they have been established
firmly (e.g. Feynman and the 'sticky beats').

Consider gravity in the weak field limit.
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In leader order, one has
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In leading order, indices are ralsed/Iowered
with the Minkowski metric and one finds
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And the Einstein equations

LQ,k»uz"’/(LWé SV

un( .Ce

¢
S/«u: ’7;“, — ’)[\?/M, T/\

A
Furthermore, in leading order
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At this stage, we can use the gauge
degree of freedom to simplify the
equations of motion
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Since we are in the weak field limit,
we can write
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Also, in leading order, /,W is unchanged.

In the following, we will use the harmonic
gauge, which implies
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In this gauge, the Einstein equation reads
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This is exactly of the same form
as the Maxwell equation in Lorentz-gauge.
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At this point we would like to check
explicitly that the harmonic gauge
condition is fulfilled. And indeed it is,

when energy momentum conservation is
fulfilled:
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Notice also, that the solution is not unique.
We can add any solution to the harmonic
equation

(TH., o
(. , .
) Ll/w y Z(/W is also a solution.

This change corresponds to a change of
boundary conditions.

Plan waves:

We will see that the retarded solution will
tend to plane waves away from the source.
So let's discuss these first:

Awcete L\/w = ey, e’(f ([4,,1 x/‘/
+. C.C,
e © D[«U‘—‘-O —) é/,‘k//ﬁﬁo

oo el = fhoet

N
s~
c

f

)‘
9
o

<

by - Llu»&/x = T = ey,

57% is called the polarization tensor.



The metric has 10 degrees of freedom.
4 have been removed by the gauge
fixing, which leaves 6.

However, after imposing the equation
of motion, a residual gauge freedom
shows up.
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We consider also plane waves for
the gauge transformation:

(;43 - l‘g e X ((‘ X/*)-t(,_c,
L erp

This implies for the polarization tensor
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Notice that this residual gauge
transformation never leaves the harmonic
gauge (if we imply the EoM)
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This gives another 4 gauge fixing conditions
that can be used to remove 4 degrees
of freedom and we are left with 2 dof.

For example, for a momentum along
the z-direction:
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the metric fluctuation can be brought
to the form
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This fulfills the harmonic gauge constraints.
The residual gauge freedom has been

used to remove the trace and the temporal
elements.

This is called the transverse traceless (TT)
gauge. !
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Energy-momentum of gravitational waves

In the Einstein equation there

IS a separation of matter in the
energy-momentum tensor and gravity in the
Ricci tensor.
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While the notation of an energy momentum
tensor of gravity in general does not exist,
one can introduce this notion in the weak

field limit:

G;) + é;) + o(&ng- TE 7;
6 60 - _%ee (To- 4]
{FV S %—,;:é ( éc;)u <o (1?))

. (r
We want to interpret & ,),,., as the

energy-momentum tensor of the gravitational
waves. Does this make sense?



Is this energy-momentum tensor conserved?

The Bianchi identity in the weak field limit
implies
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This implies that
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This Is the energy-momentum tensor
of matter+GWs.

This allows to construct conserved quantities
like the energy-momentum vector:
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Back to plane waves:
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This has to be evaluated now for our plane
wave solution. When this is done there
are terms that are proportional to
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Any observable that is only sensitive
to large volumes and large times
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will be insensitive to these oscillating terms,
and we will neglect them .

In the harmonic gauge, the remaining terms
read
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And in terms of helicities,

It reads
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