Some more comments on parallel transport

Notice due to parallel transport, one has to
choose a path in order to compare vectors
(tensors) at different points of the manifold.

In particular, if there is curvature, there
Is @ path dependence and hence there is
no generic way of comparing vectors

at different points.

This has important implications for physics:
there is no way to compare meaningfully
velocities/spins of particles at different
locations.

This means that interactions in almost all
cases have to be local!

Seemingly non-local effects
are 'mediated' by exchanging particles
(e.g. photons)

-> causality structure



Bianchi identity

We have seen that -’(),\’Wﬁ

can be written as
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So in the free falling system, we have
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By permutatlon one then obtains:
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Since this is a tensor relation,
this holds true in an arbitrary coordinate
system everywhere.
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Due to the fact that
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The Bianchi identity can then be written:
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Contraction of the Bianchi identity

Contracting the Bianchi identity gives:
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And once more:
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This suggests the definition

(Einstein tensor, opposite trace tensor)




Note: There is a sign difference

In the definition of the Riemann tensor

INn Welnberg compared to Carroll
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Hence for Weinberqg, the curvature scalar

of a 2-sphere is negative!
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And the relation with the Gauss curvature is
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Einstein equations

We have seen that the Riemann tensor
contains second derivatives and

probably is a good candidate for the kinetic
term of the metric.

Hence a good guess for the action of
general relativity is
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Cf‘“#u contains the Lagrangian of the

matter part, e.qg.
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And k_is a constant with mass dimension 2
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This action will lead to the equation
of motion of the metric
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We have argued before that the Einstein

tensor has to show up in this relation because
the Bianchi identities imply
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What remains to do is to fix the
constant of proportionality k.

We consider the non-relativistic limit
with weak gravitational fields.



Remember the non-relativistic limit of
the geodesic equation:
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Non-relativistic motion means
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If the particles are slow, then also the
generated gravitational fields will
change slowly:
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Comparing to Newtons law, we find that
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In order to find the equivalent of the Poisson
equation:
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where g is the energy density and G is

the Newton constant we have to consider
the Einstein equation.

Note: The scalar from the Einstein tensor is
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and has nothing to do with G.




For non-relativistic matter, one has
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and hence the Einstein equation should read
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So we have to calculate é in the
non-realtivistic limit.

In the non-relativistic limit, one has
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Due to the Einstein equation this directly
implies

and



Finally:
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By definition:
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For static fields:
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