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QCD and Collider Physics:
Small x: BFKL/CCFM (part II)

Resume from last lecture
improvements at small x

BFKL and non-Sudakovs
CCFM 

http://www-h1.desy.de/~jung/qcd_collider_physics_2005
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DGLAP evolution again....

differential form:

Splitting function with plus prescription:             
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DGLAP evolution again....

differential form:

differential form using              with 

integral form

                              no – branching probability from       to  

with
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Sudakov form factor: all loop resum...

                         Splitting Fct 

Sudakov form factor .... all loop resummation 
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DGLAP re-sums leading logs...

solve integral equation via iteration:

 branching at t'
 from t' to t 
 w/o   branching

 from t
0
 to t' 

 w/o branching
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DGLAP re-sums leading logs...

solve integral equation via iteration:

 branching at t'
 from t' to t 
 w/o   branching

 from t
0
 to t' 

 w/o branching

DGLAP re-sums                  to all orders  !!!!!!!!!!!!!!!!
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DGLAP evolution equation... again...

for fixed x and Q2 chains with different branchings contribute
iterative procedure, spacelike parton showering

f(x; t) =
1X

k=1

fk(xk; tk) + f0(x; t0)¢s(t)
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Estimates at small x: DLL

use constant starting distribution at small t: 

with

double leading log 
approximation (DLL)
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Kinematic regions: new evolution ..

DGLAP: 
strong ordering in t

DLL: 
strong ordering in t 
strong ordering in x

what happens if strong t ordering 
relaxed ?

BalitskiiFadinKuraevLipatov evolution
           E. Kuraev, L. Lipatov, V.Fadin, Sov. Phys. JETP 44 

(1976),443.,  E. Kuraev, L. Lipatov, V. Fadin, Sov. Phys. 
JETP 45,(1977),199., Y. Balitskii, L. Lipatov, Sov. J. Nucl. 
Phys. 28,(1978), 822.

CataniCiafaloniFioraniMarchesini evolution
        M. Ciafaloni, Nucl. Phys. B 296,(1988),49. S. Catani, F. 

Fiorani, G. Marchesini,  Phys. Lett. B 234, (1990), 339, S. 
Catani, F. Fiorani, G. Marchesini, Nucl. Phys. B 336, 
(1990),18, G. Marchesini, Nucl. Phys. B 445, (1995), 49.

x ¿ xn ¿ ¢ ¢ ¢ ¿ x1 ¿ 1

Q2 À tn ¢ ¢ ¢ À t1 À t0

x¿ xn ¢ ¢ ¢ ¿ x1 ¿ 1

Q2 À tn ¢ ¢ ¢ À t1 À t0
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Better treatment at small x ... 
start from integral equation:

use un-integrated pdfs:

same as before.... but included explicitly dependence on transverse 
momentum k

t
 in addition to evolution scale q

what are the ordering constraints                and               ?
what is the splitting function?

  because of phi integration:    define updf:
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k
t
-factorization

need to couple gluons to photon
use high energy (kt -) factorization: 

(Catani,Ciafaloni, Hautmann NPB 366 (1991) 135, 
Gribov, Levin, Ryskin,  Phys. Rep.100 ,(1983),1, 
Collins, Ellis, NPB 360 ,(1991) ,3)

with

t-channel gluon with virtuality                        dominates the process in 
the high energy limit
collinear limit obtained by: 
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“off-shell” matrix elements

calculation using standard Feynman rules

use high-energy polarization projection: 

ME is finite for
ME has tail to large k

t
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Approximations: BFKL

At small z, divergency of gluon splitting function:

analogy with large z divergency:
canceled by virtual corrections

similar to Sudakov, but NOW at small x .... “non” Sudakov (or Regge form 
factor)

 for 

 but still z small
  parallel to k,k'

Pgg » 1

z

qt ! 0

kt » k0t
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Non-Sudakov form factor: all loop re-sum...

                         Splitting Fct 

Non - Sudakov form factor .... all loop resummation 
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BFKL equation

Non-Sudakov form factor screens 1/z singularity, 
..... as the Sudakov does for 1/(1-z)

here use: 
recursive equation for BFKL, solve it numerically with iteration...

J. Kwiecinski, A. Martin, P. Sutton PRD 52 (1995) 1445
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small x: BFKL/DLL comparison 

relaxing strong ordering of 
virtualities gives fast increase of 
gluon at small x
BFKL gluon increases even 
faster than with DLL
instead of increasing 
virtualities.... perform a random 
walk ... increasing or decreasing 
transverse momentum... 
can even reach non-perturbative 
region ... need cutoff normally 
set to 1 GeV ... 
but result depends on non-
perturbative input.... 
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BFKL and “consistency constraint”

consistency constraint:
virtuality is coming 
from transverse 
component....

consistency constraint 
reduces lambda 
significantly...
comparison (dashed lines) 
with analytic solution in 
the limit 

J. Kwiecinski, A. Martin, P. Sutton ZPC71, 585 (1996)
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Angular ordering in QED

assume QED
use light-cone vectors:

use energy imbalance:

define transverse wavelength:

from uncertainty principle:

during       e+e- pair has travelled a distance:  

p = (p+; p¡; 0) = (p+; 0; 0)
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 Angular ordering and color coherence

gluon emissions are allowed

calculations done explicitly in Ellis,Stirling & Webber
works fine at leading order
unclear, whether still true in higher orders

Dokshitzer,Khoze p 92

o® q1 for £kq1 < £q1;q2

o® q2 for £kq2 < £q1;q2

o® parent g for £kg > £q1;q2
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CataniCiafaloniFioraniMarchesini evolution

Apply color coherence in form of angular ordering

¹q > znqn; qn > zn¡1qn1 ; :::; q1 > Q0

.
pti = jq0i j sin£i

z = Ei
Ei¡1

Ei¡1 = Ei + q0i = zEi¡1 + q0i ;
! q0i =(1¡ z)Ei¡1
pti = q0i sin£i '(1¡ z)Ei¡1£i
pti
1¡z ' Ei¡1£i

with: qi =
pti
1¡zi! £i =
qi

Ei¡1

£i+1 =
qi+1
Ei
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CataniCiafaloniFioraniMarchesini evolution

Apply color coherence in form of angular ordering

with:

gives:

integration much more complicated due to angular constraints
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Non-Sudakov form factor: all loop re-sum...

                         Splitting Fct 

Non - Sudakov form factor .... all loop resummation 
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Comparison: CCFM and BFKL

similar behavior
BFKL indep. of Q2, effect comes  
from integration over uPDF

details are different

Advantage of CCFM:
attempt to describe emissions
unified for small and large x

J. Kwiecinski, A. Martin, P. Sutton PRD 52 (1995) 1445

¸ =
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Effect of “consistency constraint” in CCFM

consistency constraint significantly reduces phase space... 
is this really needed for CCFM ?

J. Kwiecinski, A. Martin, P. Sutton ZPC71, 585 (1996)
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Advantage of uPDFs

Advantage of uPDF:
initial condition clearly seen in 
small k

t
 region

even at large scales q



H. Jung, QCD & Collider Physics, Lecture 8 WS 05/06 26

Comparison of different uPDFs

Relation of BFKL (KMR,KMS)  with CCFM (JS, LDC) type uPDF at:

some use consistency  constraint, others not...
reasonable agreement ....

G, Gustafson, L. Lonnblad, G. Miu JHEP 0209:005,2002

¹q = 2kt


