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The geometric structure of systems which are invariant under the 15-parameter
conformal group of the Minkowski space s investigated. In particular, we analyse the
action of the group on the compactified Minkowski space M. and the 5-dimensional
manifold K3(E, ») of events E and measuring rods 4. The properties of these manifolds
as homogeneous spaces and the structure of their tangent and cotangent spaces are dis-
ussed, too. Finally, we investigate the notion of causality m the Context of a conformally
invariant world: we show that it 1s possibie to introduce a conformaily invariant local
causal structure which 1s just the same as that of a Poincaré-invariant one in Minkowski
space. Globally, this world is highly acausal, because any two points can be connected
by timelike curves. )

1. Introduction

Recently, an increasing interest is observed in applications of broken conformal and
scale (dilatations) transformations to problems in particle physics ([25], [14]), either in
terms of Ward identities for Green’s functions or as an asymptotic symmetry at very high
energies or — equivalently — at short distances in the sense that in this realm the symmetry-
breaking rest masses become negligible ([15], [16]).

A particularly interesting formulation of this hypothesis has been.given by Wilson in
terms of an asymptotic expansion ({31], [34]) for the product of two fields A(x) and B(y)
for {|x—y||—0, where ||x|| denotes the Euclidean norm. In this expansion the terms with
the leading (i.e. strongest) singularities are supposed to have exact scale invariance. Several
authors ([1], [7], [8], [21]) have discussed the extension of Wilson’s expansion to the whole
light cone. However, on the light cone not only the dilatations but, in particular, the more
general “special conformal” transformations may be interesting.

Another very promising field for applications of the full conformal group is the analy-
sis of conformally invariant Green's functions ([22}-[24]). Especially, Mack and Todorov
proved the absence of ultraviolet singularities for conformally invariant Green’s function.
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However, they used only local properties of the conformal transformation, because, glob-
ally, the special conformal transformations are not well-defined: this group may be gener-
ated by translations :

T.: e x/4¢!,  j=0,1,2,3,

and the inversion

L xi e —xfxex,  xox=(x%2=(xH2=(x2)?—(x%)

The index r stands for “‘reciprocal radii”. The transformations I, are singular, because
the “light-cone” x+x=0 bas no image. Since the *‘special conformal” group SC,(c)—the
index ‘4> denotes the number of independent group parameters — is defined as

SCue): = I T, [ x'=(x'—cix x)jo(x;c),

o(x;c)=1=2c-x+{c c){x x),

it is not well-defined, either, namely, for those x and ¢ for which ¢(x; ¢)=0.

Another very important and controversial ([3], [6], [9], [17]. [18], [19]) problem is the
following: As x-x+x-x/o(x; ¢) under SCu(c), and since o is not positive definite, the sign
of x-x may change and spacelike x can be mapped onto timelike ones and vice versa.

One cannot deal with the second problem before having taken care of the first one.
We therefore proceed in the following way: We first extend the Minkowski space M*={E }
of space-time events in such a way that the action of the full conformal group C;s(a, 4. p, ¢),
consisting of the full Poincaré group P,o(a, 4), the dilatation D,(p): x;~ px;, p>0 and
the group SC.{(c) becomes continuous. In doing so we keep two main purposes in mind:
On one hand we want the physical operations associated with geometrical measurements
inthe flar Minkowski space to hold also for.the extended one and, on the other, we want
to use the notions and some results of modern global theory of differentiable manifolds
([11], [19]1, [32]). In order to combine these two purposes we have to translate the physical
measuring operations into the mathematical language of mappings. This analysis and the
extension of the Minkowski space is performed in Sections 2-5. The reader, not very familiar
with the modern notions of differentiable manifolds, is referred to the textbooks by Koba-
yashi and Nomizu {19}, to the one by Wolf [32] and to that by Helgason [11].

The main results of these sections are:

The extension of the Minkowski space M* is achieved by considering ([17]) not only
the space-time events E, but also a one-dimensional manifold B of measuring rods b at
each event E. The manifold B is diffeomorphic to the multiplicative group A=R'-{0}
of real numbers R!. Contrary to the Poincaré-group, the group C,s acts in a nontrivial
way not only on the manifold {E} of space-time events but also on the manifold B={b}
of the measuring rods. The result of the action of all elements of C;5 on {E} and {5} then
gives a manifold K*(E, b) homeomorphic to S* x S* x R (§": n-dimensional unit sphere).
The required extension M? of M* is then obtained by the factorization M7 =K? (E, b)/4
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and is homeomorphic to the parallelizable ([12], p. 183) compact manifold S x 53/Z,(6);
Z,(6)={ls, —1ls}; 14 is the unity transformation in RS.

In Section 6 the connection of the manifolds K3(E, b) and M% with homogeneous
spaces and some aspects of the topological structure of the conformal group are discussed.

We then turn to the analysis of the main problem of our paper, namely, the notion of
“geometrical” causality in the following sense: Let us briefly recall the situation as to the
geometrical causality concepts in the framework of the Poincaré group P,(a, A) acting
on M* with the metric form g (x, )= —x) (y—x), x=x(£,), y=x(E,). Here the “geo-
metrical” part of the causality concept is as follows:

There exist

(i) a Plo(a, A)-invariant separation of timelike, spacelike and lightlike events and

(i) a P}, (a, A)-invariant time-ordering for timelike and lightlike events, the ordering
being given by the function sgn (x°(E,) —x°(E,)). Pls(a, A) is the orthochronous Poincaré
group. Define E, > E, ("“E, is later than £,”) if g(x, y)>0 and x°(E,)>x%E,). The fol-
lowing important property was proved [33] by Zeeman: Let f be a bijective mapping M*
—M* and call f a causal automorphism if it has the property f(E,)>f(E,) iff E,> E, for
all Ee M*. The set of all causal automorphisms forms the “causality group” G, (M*) of
the Minkowski space M*. Zeeman’s theorem then asserts )

-

Go(MY=(L{(A)®D(p)) R Ty(a),

where L}( A) denotes the orthochronous Lorentz group. As the group SC.(¢) is not bijective
on M*, we have to go beyond it, namely, to M~.

It turns out that the properties of the tangent spaces T,(K°) and T (M #) are very ims
portant in the context of our problem of a conformally invariant notion of causality for the
following reason (Section 7): The actions of the groups O(2, 4) and C,5=0(2, 4)/Z,(6)
on the tangent bundles T(K3) and T(M?) are such that one can introduce the concept of
a conformally invariant “causal structure”. This structure is not very interesting globally,
because any two points of the manifold can be connected by a timelike signal, and therefore,
globally, this world is highly acausal!

2. Structure of the set of events and measuring rods

The purpose of this and the next three sections is twofold: First, to give a rather precise
mathematical formulation of the operations associated with measurements by rods in the
Minkowski space and to show how the scale and conformal transformations are to be
understood as geometrical “gauge” transformations in the framework of a flat spacge,
Second, to discuss the structure of the differentiable manifold K3(£, ) of events £ and
measuring rods & and its projection 71 K3(E, b)— M onto the compactified Minkowski
space M7 and to analyse the differentiable action of the 15-parameter conformal group
on these manifolds.

The physical systems we are going to consider ([17]) contain — among other objects
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— “events” E in Mmkowski space M* and “measuring rods” or “bars” b, an event E being
given, for instance, by the location in space and time of the decay of a pion into a myon
and an antineutrino, whereas a measuring rod is, for instance, given by the “urmeter” in
Paris or the Compton wave length of a certain electron. We shall discuss the space of events

first:

2.1. Neglecting the “distortions™ of space and time by heavy masses, the structure of the
space M*={E} is assumed to be a 4-dimensional flat pseudo-Riemannan manifold, that
is to say, there is"a homeomorphism ¢ between the space A* and the 4-dimensional pseudo-
Euclidean space R={x=(x° ..., x%)} with the metric form g(x, y)=x%°%~Xx-x. The
mapping ¢: Ewx € R} can be implemented by exploiting the fact that the tangent space
T (R?) at x=¢(E)-can be identified with Rf itself: .

o TRD={t,=a'(x)¢,;a’eR"}
- RY={(x"+a%x),...,x* +a*(x)), xfixed} . (1)

The map o, is a diffcomorphism and depends on the (arbitrary) point x € R} If x=0, we
simply write ¢, ,=¢. In relation (1) the notation é;=/0x’ and the summation convention
have been used. The metric on T (R?) is given by the bilinear form

§.=dx'®@dx’—dx'@dx'—dx*®@dx* —dx*®dx> =g, dx’®dx", (2)

where the differentials dx’ form a basis of the dual space T(R?7). In this paper the quanti
ties g, will always have the values goo=—g¢:1=—g2:=—gs:=1, all other g, vanish, for
all x, With these definitions we have

g.la’e,, b'6)=a’b;,
because dx’(6,) = d/. ,

The bijective identification map o, is typical for a flat space. It can be exploited to imple-
ment the map ¢ through measurements by using the correspondence between the elements
of T.(R}) and the measuring rods which are available at ¢~ '(x)=E. This correspondence
is very important for our purpose and we shall therefore discuss some properties of meas-

uring rods next.

2.2. The measuring rods available in a given system form a set B = {b} which we assume
1o be nonempty. Here the rods are specified independently of their direction in space-time,
i.e. the sct B, the structure of which will be discussed later, is at most a 1-dimensional space.
On the other hand, if we look upon a measuring rod as a “vector” in space-time, we write
5. It is clear that it suffices to talk about rods, because any clock is equivalent to a rod by
giving the distance a light ray will travel during a certain time interval.

Generally, the rods b or the vector rods b are attached to a certain space-time event
E and we write b(E)Y=b or b(E)=bg.

Our basic assumption is that the rods 5, correspond, via a mapping @4, to tangent
vectors f,=1, =0.(bg) at x=0(E) ¢ R%. Before discussing the implementation of the
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maps ¢ and ¢, by physical operations, let us add the following remarks. Suppose a mapping
@, exists; then denoting by B} the set {b;}, we can define a metric on Bf by

(bg) =gg(b. B)=J e[ u(b5) » ou(bs)], 3)

where /(bg) is the length of bp.

As the Minkowski space is flat, we can move a certain vector rod b from one event £,
to another one E; by translating it, space-time rotating it etc., without changing its length.
If we denote any such motion (all of them together form the fuli Poincaré group) by t. we

have
T bl(El) b= bZ(E2)7

bi(E,) = by(E>), ) (4)
l[f(bl(El))] =I[d(ED].

Intuitively this means: if one takes a copy 5,(E,) of the “urmeter” in Paris to a point £,
in another town, then one has there a vector rod b,(£,), which in general wiil no longer be
parallel to 4,(£,), but which will have the same length as 4,(Z)).

Contrary to the mathematical procedure in the context of differentiable manifolds (see
[11], p. 24), where one starts with the mapping ¢ and then derives the induced mapping
¢., we shall start with a description of the physical operation implementing ¢, and then
define @ in such a way that the usual mathematical relations between ¢ and v,, hold. The
reason is that coordinate numbers in flat space are determined by employing measuring rods

The map ¢, can be implemented i the following way: Take x=0=(0, 0, 0. 0) in equa-
tion (1)and choose an arbitrary event £ to be the Corresponchng event E(x=0)=¢ " '(x= O)
in M*. Select a rod b & B, take it — by a motion t - to E, place one of its endpoints on E.
and the rod itself by turns along the four independent orthogonal directions — 1t is assumed
that one knows how to do this technically — such that the other endpoint coincides with

the events £, j=0, 1, 2, 3. This procedure gives us four vector rods 31.:(—’5:_5)). The map-
ping ¢, can now be defined by the property

w*(s_})tﬁjtx=01 j=071,2,3, (5)

and by the requirement that it is linear. This means that g E(E s Ek) =g . The rod b is called
the unit of length. In the following we shall denote by [E, b] a frame which consists of an
origin £ and a choice of orthogonal unit vector rods b attached to E.

The mapping ¢,, is one-to-one (injective), but in ﬂeneral not onto (surjective), because,
generally, atomic systems do not contain a continuum of rods b with a continuum of
Poincaré invariant lengths —Compton wave lengths, for instance. This is” an extremely
important point for the application of our discussion to realistic physical systems, which
in general are not scale invarnant. Thus the set Bj is in general not a vector space isomorphic
to Tz (R?), but only a set which is bijective to a subset 0.(BD) =Ty (R). Tt is, however,
possible to imagine, by interpolation and extrapolation or, mathematically speaking, by
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forming the linear hull of the physically realizable set B}, a vector space Bio Bf of
vector rods by which is isomorphic to T (R}). The extension ¢.: Bi— T, (R} is
a vector space isomorphism.

Next we consider the map ¢. It can be implemented by using rods 4 and their idealiza-
tions b =¢b , where & 1s some real number. Let E be any event in M# and b (£, E) the vector
rod b with its initial point in E and its endpoint in E. Project b orthogonally onto the four
basic directions as discussed above and denote the four “oriented” lengths 1(5 =t [1(5 )
— i.e. take into account whether the pIOJectxons lie on the positive or negatwc part of the
four axis — of these four pro;ectlons b in terms of the unit vector rods & {E) by &. Then we

have a homeomorphism ¢: E+ b, thch depends on [E, b
s BV =, g E=1(b)). 6)

Further, denote by e, ..., es, the points (1,0, 0,0}, ..., (0, 0,0, 1) of R} and by_w the
linear mapping with the property

w(b,)=e,. (N
The map w depends on the choice of £ and b ;> t0o. We have
w5 (b)) =t;, (8)
and
x/(E)=¢(E;[E,b]). ©)
The map ¢ is therefore given by the composition
GBI = WE. 31 © €8 5y (10)
Since ¢(¢,)=e,, we further have
Wpg 51=0 0 EP*[E.’E]- ‘ (11)

The above discussions can be summarized in the folléwing diagram:

- ot %) &
i e
% 5[E, b]ﬁ?a l c
v |
BicE; o Te=olR})

All the mappings ¢, &, w, ¢, and ¢ are homeomorphisms.
The way we have defined our mappings £ and @ 1s characteristic for a flar space, for in
a space with heavy masses, influencing the metric structure, the above identification of
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lengths of rods on one hand, and the coordinate numbers of events on the other, is no
longer possible.

The importance of differentiating between the different mappings or, in other words,
the different rules for relating physical operations to the real numbers, will become more
evident below. Up to now it may look like making life more complicated.

In case there are other rods »#b in B, we assume that all such rods are “gauged” in
“units of 5’ such that ]

b=[1l/x3(b)]1b, k%0, (12)

where x is a real number depending on b and b. For instance, the Compton wave lengths
of all hadrons can be measured in terms of the Compton wave length of the pion. Instead
of using the rod b, we may, of course, implement the mapping ¢ by means of the rod b
(e.g., replace the pion by the nucleon in the above example). In that case we have

8{E.b](E)=71jbj, (13)
where
gi(h;, 5)=0, j#k. b,=[1/k3(b)]B,. (14)

A comparison between equations (6), (9) and (13) gives
X =n'x. (15)

Presently we leave open the question how many rods does the set B contain, i.e. what values
may the number x take. Later we shall admit any real value for ». This will be a crucial
restriction concerning the structure of the systems which are compatible with this assump-
tion.

3. The action of the Poincaré group P, (4, a] on M* and B

We briefly collect some well-known properties we shall need later on in terms of the
language we are using. The action of the full 10-parameter Poincaré group P,y [A, ] on
M* is a mapping 7: EwE’ such that

x = xX(E) = A x¥(E) +a’, {16)

The numbers x’" are determined by the same basic frame [ £, 5} as before, i.e. in the conven-
tional language the map (16) 1s an “active” transformation.

The mappings (16) of R} onto itself, induced by the group of motions 7 of the Minkowski
space M*, induce a mapping of the tangent spaces: T,(R7)— T.(R}). Let us briefly recall
how such an induced map is defined (see {19], p. 8).

Generally, if 4 is a mapping x: M—N of the manifolds 3/ and N, such that u(ue M)
=v & N and if f(v) is a differentiable function in a neighbourhood of v=u(u), then we have
an induced tangent map u,: T, (M)—T,_ (V) defined by

(st S =t(f o W (W), (17)
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where (f'o uu)=f[u(w)], i.e. the tangent vectors at the point u are being mapped on tan-

gent vectors at v=u(u). .
Applied to the group of translations T;la}={7,} and the Lorentz transformations

L[ A], this gives
T4[G] : (aj).x - [(I:”)\,( ej]x‘ =6/'a-xj ,9 . (] Sa)
Le[A]: (8~ (A4 &) =A50)0x"". (18b)

-

According to the mapping (5), these transformations may be considered to be induced by
the mappings

T.[a]: b,(E) = [(T,)x b] (E)=b,(E), (192)
Lo[A]: By (E)+ (A4 B,)(E)=A] b(E'). (19b)

Because of the relations (4), we have on the other hand
P,olA.a]: B(E)» b(E'), brbeB. 7 (20)

In this sense the action of the Poincaré group on B, i.e. on the set of rods independent of the
event £, is the identity transformation.

4. Gauge transformations of the set of measuring rods B and the Minkowski space M*

Because of the property (20), Poincaré invariance does not require more than the exist-
ence of just one b€ B. There may be more, of course. If there are more than just one, we
may consider mappings B— B. To be more specific: Let B be the set of all measuring rods
of the system which are inprincipal available at the event E, and By, the corresponding set
at the event £'. We assume B;=B;., because rods may be moved around freely in our
flat space-time, without changing their length. Among the possible mappings (so-called

gauge transformations) of the type
H

By — By, bpr bp=f(E)bg, (2D

which induce a map E— E’ in a way to be specified below, we have the following ones:

4.1. Dilatations
Let us assume the number S(E) to be independent of the event E and to be any positive

real number, i.e. f(E)e R™={p>0}.

This assumption implies that the system under consideratation contains a contin-
uous set of measuring rods, in other words, the number « in (12) may be any positive
real number. We denote the corresponding set B by B~. The set B* then has the structure
of a I-dimensional differentiable manifold. The mapping B* —B*:

Di[p]: b b'=pb, p>0, (22)

is called a dilatation or scale transformation. It can be a genuine symmetry operation
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only for those systems which contain a continuous set of Poincaré invariant “units of length”,
or, in other words, for those systems for which 84 =B* Thus it is in general not a symmetry
operation for atomic systems, because, for instance, the set of all Compton wave lengths
of atomic particles is not a continucus one.

We want to emphasize that we are discussing only the so-called active point of view
in this paper, i.e. we shall not discuss “‘passive” scale transformations like the ones associ-
ated with the spontaneous breakdown of scale or conformal invariance ([5], [26]).

The mapping 13,;4—» 'E’E =p55 induces a mapping 4~ pb of B‘g into itself. Combining this
map with the map e.discussed before. we get the mapping

E= go[;s_l;](x) = E'= ga[%_ibﬁ(x)
= piz p(pX) (23)
of the Minkowski space M# into itself. On R} we have
x4 - px’. - 24
From equations (12), (13) and (22) we obtain
g (BN =1B),
b =[1ir5(b)] ' =[pin3(0)]5, (25)
) k5(D)=p " lk5(b):  xp(b)=x35(b): #HE)=rq'(E).
Our remarks above indicate that we can define a 5-dimensional differentiable manifold
M*x B~
which is homeomorphic to the space
Ni={n=0"...,17 . k>0 =RixR". (26)

The space of events M* 1s then homeomorphic to the space {[#]} of all equivalence classes
l={n, =0 {n=2n, 2> 0}. This follows immediately from (15). The projection

M*xB" - M*~N3/A™, Q2n

where A* = (x>0} is the multiplicative group of positive real numbers, will be denoted
by 7..

The introduction of the manifold M*x B~ may seem somewhat artificial. Its impostance
will become clearer below in the context of the special conformal transformations where
the manifold of events and measuring rods is no longer a natural direct product, but a fibre
bundle (see [19], p. 50), i.e. only locaily a direct product.

Notice that the actio i of the group 47 01 N3 or M* is differe .t from that of D [p],
although the two groups are isomorphic.
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Up to now our discussion has mainly been a translation of well-known physical prop-
erties and operations into the modern language of the theory of differentiable manifolds,
nothing more. However, the use of this language will turn out to be quite useful for the
mathemanical. and physical results we are aiming at, in the context of the full conformal
group, where life becomes more complicated.

4.2. Special conformal transformations

Next we allow the factor f1n (21) to depend in a non-trivial way on the event E.

In general, one might think that the factors f; in equation (21) are arbitrary functions
of £ or x=¢(E), respectively. However, this would 1mply that the new metric g;;—-g;;
= f3g;;, generally, will have a non-vanishing curvature ([30]), i.e. the Riemannian space
thus obtained is not flat. Then it follows that we can no longer determine coordinate num-
bers like we did before in connection with the mappings ¢ and w. However, there is a sub-
class of nontrivial functions f; which do leave the flat character of the metric unchanged
and these are the very ones which are induced by the so-called special conformal transfor-
mations of the Minkowski space. For the proofs of these properties we refer to the literature
({301, [4D). In our language these results may be described as follows:

The special conformal transformations can be generated by the inversion

I bp o bp=—(xx)""by, x x50, (28)
where x'=x(E). "

This map of the rods is associated with the following map of events:

The coordinate numbers x/(E")=x’' are determined according to the rules ¢ and w
in the following way: Let us assume that the coordinates x(E) were determined by the map
&g, 3 with b E:%g for all E, 1.e. we start with the same unit of length at each event £. We
next move the rod b f=—~(xx)"1 b ¢ to the event E. Thisaction does not change its length,
because the physical space is supposed to be flat. Then we form the frame [E, b}] by

placing four copies b, along the same four basic axis as we did before with ; . The coordi-
nates x’' and the corresponding events E are then determined by the rule

et f(E) =xbj=—(x-x)"'x'b;. (29)
Thus we have on R{ the mapping
I: X)(E)r xH(EN=x'"= —xi(x-x)"1. (30)
Furthermore, according to equation (17) we have the following induced map T (RY)
—T..(R}) of 1angent spaces:
8/6x7 (1,4 8,) 0 =(x - x)"H(2x; x* =85 x - x) 6/0x"". (31)
The linearity of the mapiaing o7 then gives

b (E) BHE ) =(x"x)"2(2x;x*~8"x- x) b(E"), (32)
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where the vector rod B(E") at E’ may be considered to be the image of the vector rod b.(E)
obtained by parallel translation from £ to E'.

Comparing the relations (29) and (32) with the mappings & and  as defined by equations
(1) and (7), we see that the relation

Lyo™(ep=0""(L,e)

does not hold any more, the reason being the nonlinearity of the mapping /. on R}

Usually, one starts with the mapping (30) and then deduces the relation (31) etc. We
think that our unconventional way stresses the nature of the physical operations in a more
transparent way. The map (32) has the property

ge(bp, b5 =Bigphs, bp), Pr=—(xx)"",

which expresses the fact that the mapping is a conformal one.

The mapping J, is not an element of the identity component of the full conformal group
of the Minkowski space M*, However, the transformation 7,71, where T, is a translation,
does belong to this component. Since the action of a translation on M* can be charac-
terized by .

g (E)=x"b;, or  gp pdE)=(x'+a)) b,, (33)

thus, combined with equations (29) and (31), this gives

- SCu[c]: by e bp={l/o(x;0)} b (34)
and
by =ez f(E) o a2y (E) =(x' = c/x-x) B}, (35)
or
ez (B =[(x' = c/x - x)fa(x:¢)] b;,
where

g(x;e)=1-2¢c-x+{c-c)(x x).
These mappings imply the mapping
' o (x)=cix - x)o(x:c) (36)
on Ri. i
According to the literature already quoted ([4], p. 230 and 284 ff.) the full Poincaré
group P,o[4, a], the dilatations D,[p] and the special conformal transformations SC.{c]

form the full conformal group C,s[4, a, p, ¢] which is the most general transformation
group of the Minkowski space M* having the property

9etbp, by)=Brgeiby . br),

where ErE’ and by-bg..
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However, -this statement is unsatisfactory in the sense that the function fr may be
discontinuous, and therefore, the action of C,5 on M* is not continuous. Qur next step
will be to take care of this.

5. The manifold K*(E, b) of events and measuring rods

In equation (28) we had to require x-x#0 in order to have a well-defined expression.
This shows that the inversion 7, and the special conformal transformations (35) are globally
not well-defined 1n the Minkowsk: space. In order to get an everywhere continuous action
of the 15-parameter conformal group, we have to extend the Minkowski space by “adding
points at infinity”. In detail this means the following:

Consider the example: Let us assume that the rod b in equation (12) is the Compton
wave length 4. (¢e) of an electron. If, for one reason or the other, the rod b is the Compton
wave length 7 (y) of a photon, then we have «;_(,,)[2.(»)]=0. Such values of x are obtained
as a result of the mapping I, as can be seen from (12) and (28):

be = bp=[11x (b)) by =~ [1jxp(b)x~x)] by (37)
We have
k5(bp)=—x3(bg) x-x=~n'nfic; (b).,

- 7(E')=n'(E), (38)

and therefore, x3(by)=0 for x-x=0. In addition we see that the inversion I, induces nega-
tive values of x. As these negative values of x can be dealt with rather easily, let us discuss
this case first: a “negative” rod is a rod gauged in, for instance, “(—cm)”, if the corre-
sponding unit of length is “cm”. We denote by B, the set of all positive and negative rods
b* and b~ = —b*, where our previous set B is identical with the set {5*}. Notice that the
“zero” rod b* @b~ is not contained in B,, because this would mean x3(b* @b~ )= w.

The manifold M*x B, of events and measuring rods is homeomorphic to the open
set
Noo=RIXRE={(n’....n*x#0),(7")eR], KER,}, (39)

where Ro=R'—{0}. If we want to emphasize that R, 1s the multiplicative group of real
numbers, we shall write Ro=A={a0}.

The Minkowski space M"EM(‘,‘C) is now homeomorphic to the quotient space N(S;_,,/A,
1.e. the Minkowski space is homeomorphic to a subspace of a projective space to be specified

below.
In order to deal with the case k3=0, let us first denote the elements of B, by b and

B, itself by By and let us define, for x-x 0, the rods

by =(xx)b%". (40)
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If the coordinate numbers of the event E, as determined according to the rule EEREN
by means of the rod b{” =(x* x)b{*, are the numbers y*, then we have

yj=xj/X'x; szyj/ly'y, j=0;152939 (41)

where x-x #0, y-y #0. Instead of equation (12) we can now write

b=[1/k5(b)] 5™ =[1](5(b)x- )] 6P =[x 3(b)fn’ ?r,]b“) (42)

where the index “D” of x always means “b™”.
If we define on N,

_ g =x-xKg =n'n/Ks (43)
we have, for 15#0,
‘ b=(1ja3(0))b® and  y'=r'[i;.

The idea of extending the Minkowski space M, by adding events “at infinity” may be
explained as follows. Using the equations {41), we describe all events with x-x##0 by
the coordinates y. Then we allow the coordinates y to run through all elements of the
space Rt ={y, y-y=y’y,} in the same way the coordinates x run through R ={x} as de-
scribed before. By employing the rods 55" and the rules ¢, w etc. in the same way as in
the case of the space M(,,, we obtain a manifold of events M, and a manifold B§? of
measuring rods which, according to equations (43) and (41), have common elements
with M, and B{®, namely the intersections Mg, My, and BY” ~ BSY, but which in
addition contain events and rods which are not in M, and By". namely those for which
y-y=0.

The inversion I, alone, i.e. disregarding all other conformal transformations, is now
well defined on M}, U M{, in terms of the mappings

EwE'; xNE)=-y(E), EeM{,; y(EN)=-x(E), EeM,.

In terms of the coordinates #’, x and A the introduction of the manifolds M( %, and B§Y
means the f ollowmg

Let us keep b fixed for a moment. For x3—0, the number 43 can stay finite #0,

if #/7;—0 accordingly. We see that we can define a manifold M, X By" homeomorphic
to the space '

NZ =R} xRy ={(n°....,n% i#0), (?)eR’, icR,}.

We define x=#'n;/A on N(,; then we have for the coordinates #’, x, 4 on (M(K)XB"‘)) v
U (M%< B§Y) the relation

A(bg) ke (bg) = (E)n,(E). (44)

According to the equations (37) and (40), the inversion I, can now be characterized on
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(M X BEY U (M, < B as
F® s @ B4 L p
n'(E) e n'(E) =1'(E), (45)
K$+ —A3, Ap P —Kj.
However, whereas the inversion I, is now well defined on M{, U M(,, the translations
are not. For they leave M, invariant. But those elements of M(;, which correspond to

events =0 or y-y=0 may be mapped outside M(“m, and therefore, outside M(‘;) v M(,)
This can be seen immediately from the action

©exltal, e +alyp)(1+2a-y+a-ay-y)

of the translations on the coordinates x dand y.
In order to discuss this situation we proceed as follows: First we define for the coordi-

nates of (Mg, X BE) U (M, X BSY)

it=(+2), 0 =1-K); K=n'-n",  Z=n'4r’, (46)
and for (x'—x% %0, or (x!+x%) 0 we introduce the rods
BE(x =xb, B =t +a0b. 47)

»

When determining the coordinates y, we selected for each event E a certain rod b&”
depending on the coordinates x(E) but kept the origin E of the frame [E, b{¥] fixed. Now
we introduce for each event Ee M{,; a new origin E, with the coordinates

R(E)=(x"—3(x-x—1),x ~4(x-x+1),0,0)

o ~ ™

and determine the coordinates X’ according to the rules ¢, etc., with the frames [E,, b{¥).
In this way we get for (x'—x%)%0:

.,
o 1 xx—1 oy b xex+l . x? s x?
B X =% X = X7 = .
2 xt—x%"’ 2 xt—x° xt—x%’ xt—x0’ (48)
o 1 X-x-1 1 X Xx+1 , X , X
X = X —-—-—‘-*—z—‘, X = —TE s X = e
2 X' -%2° 2 %' =% =530 x1—%?

We now extend the manifold M{,, U M{;, by letting the coordinates ¥’ run through
the space Rf = {x, x x=%'x } as we did before with the coordinates y. This nges us a mani-
fold M*z which has a nonempty intersection with M, u M(;; and the union Mgy v MG, 0
U M?%; is a genuine extension of Mg, u M.

However, this extension is still not large enough for our purpose. For there are homo-
geneous Lorentz transformations A such that (Ax)*=(Ax)°. Such transformations map
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~»
. . . . 4 .
an element of Mz which is not in M, U M, outside M1z but not into M, U M,

because My, and M, are invariant under homogeneous Lorentz transformations.

For these reasons we define coordinates ¥ by means of the rods by and by using the
frames [E., b\P), where E_ is the same as al?ove. In thiss. way we geta fourth manif31d~M 4
which again contains events not contained in the previous ones. With z=(x, 1, x, 1), we
denote by- M} the union

Mi= )M, .

xeZ

It can now be shown that all elements of the full conformal group C,s{4, a, p, ¢] act
continuously on M. In order to see this we first give the connection between the local
coordinates ¥ and y and the coordinates #*, u=0, ..., 3. It is easy to see that

0

P=ndR; Xl=aYR, P=nfR, P=pdR,  R#0,

P=n’li, JregYi, V=n*i, P =pi, I#0, (49)

where the coordinates #°, #*, n?, #° have been determined by the rods
b=[URz(BIBY. b=[1/i5(0)]15%,

respectively, and by using the origin E, as defined above.
As before we can define the product manifolds

Mz x B, Mizx B
which are homeomorphic to the sets
5 3 4 -~
Neg={("sn*, n*, n>)eRt, %Ry},

Ne={0r, 7, 1%, n")eRt, IRy} .

A=) [ =D = (%) = (]

On N3; we define
(x)

and X on N3 accordingly. Then we have on each M{,,x BS”, xe Z, the relation  (44).

According to our construction, at least one of the four numbers «, 4, %, 1 is nonzero.
This means (#°, ..., 7°)#0 and even (7° #°)#0, (7%, ..., %) #0. On the other hand, each
value of the homogeneous coordinates #*, u=0, ..., 5, () #0, compatible with the relation
(44) indeed occurs because of the values the coordinates x, y, X and ¥ can assume. However,
the action of C,;5[4, a, p, c] on the coordinates # is such that the transformed coordinates
1’ are linear combinations of the original ones, with continuous (with respect to the group
parameters) coefficients (see above).

Furthermore, the quadratic form 57jr7j—zci is even invariant under this action. From
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our construction, then, it follows that the manifold M7 is invariant, too, under the full
group C,sl4, a, p, c] and that its action is continuous.

The sets N(sm, o € z, are local coordinate systems of the differentiable manifold
K3E, b)= U M(‘;) x B{®

ez (S0)
of events and measuring rods. Because of equation (44) this manifold is homeomorphic

to the submanifold
Qo={a=0", ... "), (1°) ="’ —... = (n*)* +(°)* =0}
of the 6-dimensional space RS with the quadratic form

guvn”n‘ﬁ Joo=gss=—gu1=—...~gau=1; g,=0, u#v,

and the origin ¢g=(0, ..., 0) deleted.
We have the relation .
Mé=K3E, b)/4. (51)

Our discussion shows that the manifold K3(E, b) is the bundle space of a principal fiber
bundle KS(M?, A) with base space M? and structure group A. This means that globally
we have a nontrivial generalization of the space of events and measuring rods compared
to the direct product in Minkowski space.

The global topological structures of the manifolds K*® and M. can be characterized as
foliows: If we write the condition for the points g of the space @ as

M+ =’y +... +(r*),
we immediately see that
Qo~S'xS*xR", (52)

where S" denotes the »-dimensional unit sphere. As R* and S® are simply connected,
whereas S* is connected with the infinite cyclic fundamental group, Q3 is infinitely connected.

As for M?, let Z,(6) be the group {+1¢}, where ¢ is the unity transformation in Rg.
We recall that the 5-dimensional projective space P° may be represented in the following

two ways:
P ~R8IA~S*Z,(6).

Similarly we have
Mi~Q5lA~(S" x §)|Z,(6). (53)

This can be seen immediately by taking the representative
MO+ =1=(n")* +... + (")’

of the equivalence class [g] ={c} = (21 ¥ g =ou§ , neA}.
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From (53) we see that M7 is compact and that the torus §* % S° is a twofold covering
of M*. The compactified Minkowski space M? is therefore also infinitely connected and
has the universal covering space RXx.S?.

Without referring to the 6-dimensional embedding, we can rewrite the relation (33) in
the following way: Denote by Dg[Z,(2) X Z,(4)] the subgroup of Z,(2) X Z,(4) with the
elements 1, 14, (—1,)x(—1,). Then we have the isomorphism

Z,(6)=Dg[Z.(2)x Z,(4)],
and we can rewrite the relation (53) as
M~ (8 x 8%)/Dg[Z,(2) x Z,(4)].

One further remark: If we consider the local coordinate systems N(Sa) , % € z, as charts of the
manifold QF, we write N(,, and have

03 =UN5,. (54)

AETZ

The discussion of this section is somewhat related to paper [20] by Kuiper.

6. The manifolds K°(E, b) and M} as homogeneous spaces

It is easy to verify that the action of the transformations P o[ 4, al, D,{p], Z, and SC4(c]
on the coordinates #* leaves not only the quadric #*7, =0 but the form »*, itself invariant.
On the other hand, we shall prove in detail in the next section that relations like

i :
a’x’@dxj=P dn*®dn, , (35)

hold, where dx’ e TH(RT () and (d*)e T,(Q3), Ri(x)=¢(M(,). Equation (55) shows
that any linear transformation which leaves the quadratic forms d7*®dn, and #7, in-
vatiant induces a conformal transformation on R} (k). The same hoids for the other spaces
Ri(x). Thus any element we O(2, 4) induces a conformal transformation on M¥. However,
the action of O(2, 4) on M is only almost effective, because the subgroup Z,(6)<0(2, 4)
acts as the identity transformation on M7. As Z,(6)=0(2, 4) ~ A(6), where 4(6) is the
multiplicative group of real numbers #0 acting on RS, the group Z,(6) is the kernel of the
action in question. Thus the conformal group C, s[4, a; p, ¢] of the space M can be iden-
tified with the factor group 0O(2, 4)/Z,(6).

Let us recall very briefly some properties of the group O(2, 4). If é=(&°, ..., 25 e RS
and w=(w*)e O(2, 4), then the group O(2, 4) acts on RS in such a way that

B, Fm__ o uv LBE __susx 2 =
C Hf _‘Wvg ) g ‘:u—g ;u, g.u_gquV: (56)
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where goo=gss=—g,,=...=—gss=1, all other g, vanish. The equations (56) imply
wigw=g, |
where wT is the transposed matrix of w.
The group O(2, 4) consists ([2]) of four components which are defined as follows:

SO T(,‘2, 4): det(w)=+1, sign (wgwf—wg wo)=eges=+1,
SOv(2, 4): det(w)y=+1, gus=-1,
012, 4): det(w)=—1, gs=+1,
01(2, 4): det(w)=—1, eps=—1.

From now on we denote by L¢[A] the subgroup of O(2, 4) which consists of the ele-
ments w= A@® 1,5, where A=(w,, i, k=0,1, 2, 3) is an element of the homogeneous Lorentz
group and 1,5 the unity transformation in the (4, 5)-plane. We have

Li, =802, 4), L¢.=S0%2,4), etc-

All maximal compact subgroup of SOT(Z, 4) are conjugate (see [l1], p. 218) under
inner automorphisms to the group SO(2) x SO(4). Furthermore, the indentity component
S0'(2, 4) is homeomorphic to the space (see [I1], p. 345)

S0(2)x SO(4)xR® .

As SO(2) is infinitely and SO(4) twofold connected, the group 50'(2, 4) is infinitely
connected, too.

6.1. The manifold QF as a homogeneous space

The group SO (2, 4) acts transitively on Q5. Let g=(7*) be any point of Q5. If SO(2) is
the subgroup of SO'(2, 4) acting on (#°, #°) and SO(4) the corresponding subgroup
acting on (', ... #*), then there exists an element g & SO(2)@ S0 (4) which maps the point
g into the point (79, 71,0, 0, 0, 0), ¢ =#*>0. Furthermore, there is an element g of the
I-parameter special Lorentz group, acting in the (0, 1)-plane, which maps the point (7% 7%,
0, O 0, 0) into the point ¢=(1,1,0,0, 0,0). If g, and g, are any two points of QF, then
g>' §>"'g.g, maps g, into gs.

The isotropy group of the point (7’ =0, k=1, A =O) & 0} is the subgroup L{ . [ 4] 8 SC.lc]
of SO'(2,4). Thus, we have the following homeomorphisms:

05 ~S0'(2, 4)/{LL[A]®SC,c]}, (57)
~S0'(2, &{Li. [A)®T,[al}.

Since a homogeneous space is the base space of a principle fibre bundle ([19], and [13],
p. 71) with the isotropy group as the structure group, we can represent the manifold 0;
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as a homogeneous space in terms of a reduced bundle, where the reduced structure group
in our case is given by the maximal compact subgroup 1,@S0(3)@ 1,5 of Lg + 4197, 4],
where 1, is the identity transformation on the #°-axis and SO(3) the rotation group acting
on (', n?, 7).

In order to construct such a reduced bundle let us consider the group 4*(6)x SO el
@DSO0(4). It is easy to see that this group acts transitively on the manifold QF: as discussed
above, for every point g=(1°, 7%, n%, %, n*, n%) € Of there exists an element g e SO(2)®
@80 (4) which maps ¢ onto the point (7°,7%,0, 0, 0, 0), 7°=#*>0. Multiplication by the
factor 1/7°, which is an clement of 4*(6), transforms the point (79,71, 0,0, 0, 0) into
the point (1, 1, 0, 0, 0, 0). The same reasoning as in case of the group SO'(2, 4) then shows
that 47(6) x SO(2)@SO(4) acts transitively on QF, too. The isotropy group of the point
(r'=0, k=1, A=0)e QF is the subgroup 1o@SO(3)@ 145 of the group 47(6) X SORQ)P
@©S0(4). Then we have the following homeomorphism:

03 ~[AT(6)x SO(2)@SO(H]/[1,B50(3)@145]. (58)

If we further denote by #n* the canonical mapping

<

s SO'(2, 4)-S0"(2, H/{LL.[A]1DT.[a]} ~0}
and by 7* the canonical mapping
n?: A+(6)xSO(E)@SO{A&)—)[A*’(G)x80(2)630(4)]/{10650(3)@)145}NQS,

then we want so show that the principal fibre bundle (A*(6)x SO2)@®SO(4), =2, QS)
with structure group 1,@S0(3)@1,5 is a reduction of the principal fibre bundle (SO?(2, 4),
zt, QS) with structure group L{.[A]Q T,[a]. This can be seen as follows: It is obvious
that 1,@SO(3)@14s is a closed subgroup of the group L. [A]197T.[al. Next we define
the following mapping @ of the bundle space A*(5)x SO (2)®S0(4) into the bundle space
SO0'(2, 4

a: a gD(a)g, (59)

where x& 4(6), g € SO(QDSO(4) and Dy (2) is the dilatation, characterized by the para-
meter p=o as defined in (22).

The mapping @ in (59) has the following properties:

(a) « is injective,

(b) @ is a homeomorphism of 4*(6)x.SO(2)® SO (4) onto the closed subset & (4*(6)x
X SOQ)BSOH))=50'(2, 4),

(©) &(syv53)=8(s)-5, for all 5,6 4*(6)XSOBSO@) and s, & 1,§SO3)® ..

The properties (a), (b), (c) of the mapping (59) prove immediately ([13}, p. 71) that the
fibre bundle (4*(6) x SO(@SO(4), =2, 03) with structure group 1,@SO(3)@1,s is a
reduction of the fibre bundle (SOT(Z, 4), 7%, Q) with structure group L, [A]1QT.[al.
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6.2. The manifold M} as a homogeneous space

Very similar consideration to those given above show that the subgroup SO(2) X SO(4)
of SO1(2, 4) acts transitively on M?* and the isotropy group of the point [(#'=0, ¥=0,
/#0)] with respect to SO'(2,4) is the group ((L1[A]1XDy[p])®T,[al) X Z,(6). Thus
we have .

MZ~S0'(2, H{[(L+ xD)BT.I X Z5(6)}. (60)

The maximal compact subgroup of the above structure group is the group (1, .S0(3)@
@145) X Z,(6). Therefore we get for the reduced bundle

M ~(S0(2)®SO(4)/[(1e8S0 (3)®14s) x Z2(6)] .- (61)

7. Properties of the tangent spaces T,(K®), T(,{(M7) and their duals

The structure of the tangent spaces of the manifolds K*(E, &) and M? or Qj and Q3/4,
respectively, is of considerable physical significance as far as the notions of causality are
concerned, particularly in the context of local quantum field theory. One may ask whether
it is possible to define a nontrivial conformally invariant “local” field theory even if the
structure of such a theory is much poorer than that of the real world. In order to prepare
the ground for the analysis of such a theory, we first have to clarify some geometrical
questions. Their implication for the notion of causality will be discussed in the next section.
The problem of the existence or nonexistence of a conformally invariant local quantum
field theory will not be investigated in this paper.

7.1. The tangent spaces T(Q3) and their duals T*(QF)

It is often convenient to consider the manifold Q3= N, ~ K*(E, b) via the inclusion
mapping as a submanifold of the manifold RS which is the space R®— {0} with the bilin-
ear form

k(@ D=r"1)n,(2). (62)

We write § for the elements of RS and ¢=73 if g € Q3.) As the mapping
q

©

R3—R: &=1"), (63)

has maximal rank one—because d¢/0n" #0—the set Q3=¢~%(0) is a closed submanifold
of RBS. The inclusion i: O5—RS may also be characterized as the subset of all isotropic

vectors § € RS :
Q5={q3eR;, k(g, 3 =0}.

Next we shall discuss briefly several coordinate systems on RS and Qg which are useful
in different contexts.



PROPERTIES OF DILATATIONS AND CONFORMAL TRANSFORMATIONS 415

Whereas the coordinates #*, #=0, ..., 5, in Iég are often convenient in connection
with the action of the group 0O(2,4), it is generally more appropriate to use the co-
ordinates #, 4, % 4, #% #° when dealing with local properties on the charts N3, .

Another useful local coordinate system is the following: According to equation (63)
the-submanifold Q] can be characterized by £==0. It is a standard result that one can always
introduce additional five coordinates & =¢&%(y), A=1, ..., 5 in a neighbourhood <R
of g Q) = RS, such that (¢=0, &) is a local coordinate system on Q7 in a neighbourhood
of g& @} and that the Jacobian of the corresponding coordinate transformation is non-
vanishing. In a 6-dimensional neighbourhood of qeﬁf’,‘,, in which x50, for instance,
it is convenient to replace the variable 1 by &, =#';—x1, and choose (&)=(y’, ). In
this case the Jacobian has the value —x #0.

The following example illustrates the application of these coordinates. If f(g) is a C*-
function on @3 having the form f(K)(r/j , k) on ﬁffx), then there is always a C®-function f
on RS with the property

_f(x)(nj ’ K) =f~(r’J s Ky Cu(x) =O) on N(Sx) :

For instance, if ©(¢,,) is the C*-function which is equal to | within the compact closure
of a neighbourhood U of &,,=0 and equal to zero outside an open neighbourhood con-
taining U ({(y=0), then
Fr w, E) =0 () fon', ©)
is such a function.
Next we ask for the condition for a tangent vector

a"(q)0,eTy(RY), o,=dlén",

H

at g=qe< Q) to be a tangent vector & Tq(Qg).— Now, any smooth curve C(z), O<t<1 in
Q4 must satisfy (d&/dt), -, =0, because ¢ is constant on Qj . Switching from the coordinates
7 to (&, &), we see, according to equation (17), that d&/dt=0 implies

nd@)a(q9)=0, qeQ3. (64)
On the other hand, the relation
(défdt)=yy =n,(t)a"*=0, a*=const,

together with ¢ (¢=1,)=0, implies that the tangent vector &”du has no component in
the ¢-direction. Therefore equation (64) is also sufficient for a”du to be an element of
Tq(QS)‘ : -

Another way of looking at the condition (64) is as follows: The function =n"y, is
constant on Qp. Thus we have

O=d§=2n,dn"* on Qs, (65)
where dn* e T(RS). If 3%(3)d, e Ty(RS), then (65) implies (64).
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If we write
a(x)=£~14—55, a(;~)=a4+55,
the tangent vectors in T;(R3) take the form
a'(q) 0+ Qg 0/0K + @y, 010
If NiycViy=1{g¢eRS, x(§)#0}, then we have
Ggy =210, — K3y = Ay (66)
acting on functions f{y’, &, )
Let us assume that X, in (66) is a vector field, i.e. the functions a*(g) are C*. Then the
vector field X‘E") induces the vector field
a’(q)6;+agy(q)8/6,,  geNGy, (67)
aj(Q) =5}(’7j » Ko é(x) =0) H]

a(u)(Q)=a(k)(nj5 K, é(JC) =0) *
1,
agy(q) =‘;‘ [2a'n, —2a0y]

on Q5. On the other hand, any vector field on QF induces a vector field on RS.

The physical meaning of the quantity a4, can be explained as follows. If C(z) is a curve
in QF, then dic/dt =a.,\(q), i.e. a,,(q) gives the change of the rod b(t)=(1/1c(t))13 along
the curve C(r).

Without referring to any special chart, we can state that the set

{77_;1 6\~ -1 au s (77) € Qg}

spans T,(Q3) at each g(y) € @5, because the tangent vectors 7,0, —#,0, satisfy the condition
(64) automatically on Q3.
In the same sense the set

{n'dn*—n*dn" , (N eQ5}

spans T, (Q3).
On T;(Iff;’) we can introduce the metric
h'; =dq“®dqu (68)
such that

he(@*(3) 0, 84(3)8,) =" a,(D)-
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When restricted to T(Q3), the metric h, is degenerate. On N (5,c,, for instance, we have
B = dif @+ de@di—2 L de@dr’
¢ =dn’® nj+—;;-— K®dx— ~ Kk®dn’ .

The 5x 5 determinant of this bilinear form is equal to #"7,/x?, i.e. it vanishes on Kf&.).

As the expressions a“(q) a,(q) are invariants under the group O(2, 4), we can define
in an O(2, 4)-invariant way the notion of “time-like”, “space-like” and “light-like”
tangent vectors € T(Q3) by sign (a“a)=+1, —1 and 0, respectively.

The proof of the following important theorem may be found in Appendix A:

THEOREM 1. If a*(q)é, & T(0Qz), ie. if n*a(q)=0, then sgn [n°a*(g)—n°a®q)] is in-
variant under the group O%(2, 4) iff a*(q) a,(9)=0. ‘

The importance of this theorem will become clear in the next section.

Contrary to the situation in the Minkowski space, we cannot in general identify the
manifold Q7 with one of its tangent spaces. Fowever, there is the following important
special case: Let ¢ be an arbitrary but fixed point of Q3. Denote by

L(@)={qeQ}, k(§, =n"(@) nlq;: §)=0} - (69)

the set of all points g=¢(§) € Q7 with coordinates #*(g; 4) which are light-like to .
Furthermore, define

A()={a"(§)6,e T)(Q3), a"(§)a,(§)=0, a"(@)+i"#0}, (70)

ie. H(§) is the set of all light-like vectors contained in THQ5)—1{—1"C,}. Then there
1S a bijective mapping

v HH-L@),
defined by
1 (@) 0, ~n"(q; P =1"+a"(QeL(Q), (7D
M DeL(@),  n - (@, @@ =n(a: H—1"
Note that H {¢) and i(é) are not linear spaces, for if a%(§)d,, 5“(4})@ cH (¢), their sum

(a*+3d*)4, is in general not an element of H(g). Note further that § e L(g) if g L(§).

Let ‘us briefly discuss the structure of the space i(c}). We find the topological equiv-
alence ’

L(§)—{§}~Rx S xRy . (72)

This may be seen as follows: Without loss of generality we may choose 77 =0, i=0, £ #0.
Then the coordinates of the points ¢ e L(§) must satisfy the equations

O+ ="V +..+ (", ’=-n*,
or
Y =Y +0*’+»*?*, «eR, i=0.
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This immediately implies the relation (72). From the topological structures alone of the
light cone L{§) in the manifold QF we see immediately that it is not possible to introduce
a global time-ordering on the “light cone” L ([4]) in the manifold M} = QZ/R: a projection
of L(§)—{4)} into the manifold M} gives

L([¢])~{[4]} ~Rx5*.
For the analogous light cone L(y):={xe M* (y—x)*=0} in Minkowski space, on the
other hand, we get

L(y)={y}~RyxS*.

We see that the factor R, allows to introduce a global time-ordering on L(y), whereas in
the case of the space L([§])~{[4]} the factor R=R, U {0} does not, because R is simply
connected, but R, 1s not and its two pieces are past and future relative to the origin. This
argument tells us that on the manifold M we cannot expect a global time-ordering. But
we shall show that a local causal structure can be introduced on M?.

However, it is possible to introduce a time-ordering on covering spaces of M7, for in-
stance, K5(E, b)/A~ is a twofold covering of M? and, because of 4+ ~R, we have

(L@)={d})/A" ~R, x5*.

It is even possible to show that the time-ordering can be made an 01(2, 4)-invariant one.
This follows from the results in Appendix A.

»

7.2. The tangent spaces Ti,(R3.) and their duals T{(R3,)

The projection 7: Qf—Qg/A=R;.~M? induces the following mapping of tangent
spaces
Tt T(20)= Tz (o(R1).

On N(,, for instance, we have
2 g=(’, K)px=("=n'lx);
Ta: a(q)8;+ g 0/0,—Tu(X5),
where

(7 XJ) f (R(@) =X f[x(9)] =—i- [a¥(g) 8]0 f (%)= agy(@) x'0/ax . (73)

Thus for a vector field Y=s5%(g)0,, 7, Y is a vector field on R}, if the functions s*(g) are
homogeneous of degree +1, i.e. if ¥ is A-invariant. In this case we get

(Fa Y300 =S (R ())0)0x7,  SHR(@)=5"(0)=¥s(x),  5'(x)=5'(g/x), ete.

In particular, we have ~
T(7°8; +1x08/0K)=0 on Nf,‘,.
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Similar relations as above hold on the other charts z\?fz) and their projections. Independently
of any chart we have
Tk(C,) =0,

because 70, is the vector field induced by 4 on Q? and the projection of this field has to
vanish because A acts as the identity transformation on RY..

Let us give a more explicit description of the tangent spaces of the manifold M7 at
a point 7 (§)=1[¢]. The symbol [§] denotes the class of all points ¢ € Qp such that 7 ()
=7 (). The definition of the mapping 7 shows that [§]={g € O3: #*=pi*, p € R,}.

Let Tq(Qg) be the tangent space of Q3 at the point g. Then we consider the following
set T(Q3) ‘

T©):i= | T0d, (74)
qe L3

the so-called tangent bundle of the manifold Q3. The differentiable structure on Q3 induces
in a natural way ([19]) a differentiable structure on this manifold. We shall denote the ele-
ments of T(Q3) by the ordered pairs (g, @*3,), where g € Q3 and a8, € T,(03).

Next we introduce the following equivalence relation % in the manifold T(03):

(q,a*d,)~(q’,a*s,) 3IpeR, and geR such that #* =pn* and a¥ =pa*+on*. (75)

eq

One can easily show that this is indeed an equivalence relation. We denote by T'the quotient
space

T:=T)%

which is induced by (75), and by [(g, a“d,)] its elements.

We want to show that the space T can be identified with the tangent bundle T (M
of the manifold M7,

For this reason we define the mapping 7: T— T (M) by

w: [(q, a*3,)1m(R(q), 74(a"d,). (76)

The right-hand side is an element of T(M}) because 7 (¢) € M7} and 7,(a"3,) € Ty (M7).
We must still show that the mapping 7 in (76) is indeed a well defined object on T,
i.e. that it does not depend on the choice of the representative of the class [(g, 2“3 ,)].
So let (g, a*0,) and (g’, a*'0,) be two representatives of the class [(g, @*0,)]. Then by

definition (75) there exist two numbers pe R, and ¢ R such that #* =pp* and a*' =
pa* +on*. Therefore we have

(7(a), Tla”8,)) =((R(p, q), Rulpa* + o) =(7(q), Rulpa* +on")).
Without loss of generality we can assume g € N7 ; then also ¢’ ¥, On N the mapping
al yla*

7. was given in (73). Therefore TW(@"6,) = A5 ;, where 470, & Tr((M?) and 4) =— ———.
B K K K
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For 7,(a"d,), on the other hand, we get:

(0" C,)=A"0,€ T; (M)

with

or

P pa’ +on’ B @.J pa, +oK =aj/h’— nj/K Cak y
DK pK PK

Thus (7(q"), 7.(a"'0,))=(7 (q), 74(a*¢,)) and therefore the mapping 7 is well defined.
Since 7 is also invertible, it is even a diffeomorphism. In what follows we always identity T
with the tangent bundle T(M). The tangent space Tj,;(M}) of the manifold M? at a point
[g] can now be defined also in the following way: ,

Let g € O be a representative of the class [¢]. Then consider the set f’[q](M ) of all
classes [(g, a“6,)] € T(M}), where [g]is kept fixed. This set "f‘[q](M:) is diffeomorphic to
the tangent space T,,(M) of the manifold M at the point [¢]. We shall identify these
two spaces, too.

Besides the projection 7, we have the induced mapping

-~ 3 &4
T *: T;r\(q)(Rlc)_)Tq*(Qg)
of cotangent spaces.. On T;’:q)(R'{(x)) for instance, we have

’\* ' 1 g j
7 (dxf).—-—(dnf—l dx),
K

K

7

1 .
d)x. ='-""( _;Ldk +211! d"]}).
K

From this we get for X =a’(g)8; +a,,,(q) 8/6x, with
TR(X () =A/(x)0[6x7;  agy(x)=2x;a(x)— % ag)(x),
the scalar product
.ZJ E(q)('ﬁ*(X ;K)) s ﬁ*(X f;x))) =dx j(ﬁ* (X ;K)))®dx j(J;E*(X flx)))

=aj(x) a (X)) = g (X) a(*)

1 Ar* (XY N@dp (X
=;_2 ’T( q)® ’7;1( q)

g

1
=2 hdX, X (78)
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Thus we can express the scalar product § on T7,,(R$(x)) in terms of the (degenerate)
scalar product on Tq(ﬁfx)) and the notions of “‘space-like”, “time-like” and “light-like’”
for the corresponding elements in these spaces are the same, because x?>0. Note that
this is the case, even if 7,(X;*) is not a vector field on R{(x). Our previous definition of
“time-like” tangent vectors etc., is therefore a generalization of the usual one.

On R3(1) we have *

. 1
¥ dy'®dy,) =5 dn' @, (79)

On R{(x) 0 R(X) the expression (79) does not give the same numerical value for the
length of a given tangent vector as the expression (78), because the *“‘scale’” or *“‘gauge”
factors « and A are in general different. However, the notions of “time-like” vectors etc.,
are invariant ones.

The description of the tangent spaces T m(Mf) and the tangent bundle T(M}) above
enables us now to introduce the concept of a conformally invariant “local causal structure’”
on the manifold Mf. The role which tangent bundles and, more generally, fibre bundles
play in physics was already pointed out by Trautman [27]. Before doing this we should
make clear what we mean in the case of Minkowski space by a causal structure and then
generalize this concept to the manifold M.

8. The local causal structure on M
8.1. The causal structure on Minkowski space M,

Let two points x and y be given in Minkowski space M, . Then there exist two functions
c: My xMy,—Rand t: M, X M,;— R which describe the causal structure ([33]) of Minkowski
space:

c: M,xM,->R,
(x, 1)=e(g™(yi=x) (e=x0); (30)
t: M, xM,—R,
1 iff >0,
(x, y)re(y°—x%, where e(e)={ 0 iff 2=0, (8D
-1 iff <0. /

It is well known that the function ¢ is a Poincaré-invariant mapping, i.e. for all (x, y)e M, x
XM, and all Pe P,y4(4, a)

c(Px, Pyy=c(x,y).

Further, we know that the function #: M, x M,— R is invariant under the action of the group
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P, {4, a) for all points (x, y) € My x M, with c(x, y)>0, that is, for all light or time-like
pairs (x, ),

t(Px, Py)=t(x,y) for all PeP,y(A,a) and all (x,y) with c(x, y)=0.

Let us briefly summarize some more properties of the functions c and f.

(1a) ¢ is symmetric, i.e. c(x,y)=c(y, x); _ (82a)
(1b) if e(x, ») =0 and ¢(3, 2)=0. then it follows that c(x, 2) >0, ’

if t(x, y)>0 and t(y,z)>0; (82b)
(2a) 1 is antisymmetric, i.e. t(x, y)=—1(y, x); (83a)
(2b) if t(x, ¥)=20 and t(y, 2) =0, then also t(x, z)=0. (83b)

The two functions ¢ and r define what we understand by a causal structure. In general,
the set M, X M, is interpreted as the direct product of the Minkowski space M, with
itself. But according to our discussion in Section 2.1, abstracted in the diagram following
equation {11), we also can interpret the situation in the following way: Since M, is a linear
space, we know that the tangent space of M, at any point can be mapped isomorphically
via the mapping ¢ in equation (1) onto the space M, itself. Therefore, the set M, can be
looked upon as the product of the space M, and one of its tangent spaces at a given
point. That is to say, in the case of a vector space V' we can identify the direct product
Vx V with the tangent bundle 7(V) of the space V. In our case this means

My xM,zT(M,). (84)

The functions ¢ and ¢ defined in (80) and (81) as mappings on M, X M, now appear
as mappings ¢ and 7 on the tangent bundle T(M,):

¢: T(M,)—R, (85)
t: T(M,)—-R, (86)

and the causal structure is therefore defined by these two functions on the tangent bundle.

However, by switching from the direct product M, X M, to the tangent bundle T(M)
we, clearly, lose the properties of the functions ¢ and ¢ which are closely related to the struc-
ture of the direct product M, X M,, i.e. the properties which we have listed in equations
(82a)-(83b).

But we know that we can always introduce a local coordinate system on the tangent
bundle T(M) of any differentiable manifold M such that the tangent bundle is locally
equivalent (via the exponential map) to the direct product of some open set of the manifold
M with itself, Then we demand that the functions ¢ and ¢, which are globally defined on
the tangent bundle, have locally, i.e. on U x U, cM?x M7, exactly all the properties
of the functions ¢ and ¢, especially the properties (82a) to (83b). If we can find on the tangent
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bundle of a manifold such functions then we say that the manifold itself has a local causal
structure. As we have seen above, in case of the Minkowski space M, the local structure
is even a global one, but in general we cannot expect this.

Let us now consider the manifold M2 . We shall see in the next paragraph that we can
introduce on it a conformally invariant local causal structure in the sense discussed above.
This means that there exist globally defined functions ¢ and 7 on the tangent bundle T(M ),
and for every point [(g, a*3,)] € T(M}) there is a local coordinate system, say (¥, ¥),
such that in these local coordinates the functions ¢ and ¢ have exactly the same properties
as the functions ¢ and ¢ in Minkowski space. Moreover, the functions ¢ and 7 are conformally
invariant.

8.2. The local causal structure on the manifold M*

The way we described the tangent bundle T(M?) in Section 7 is of considerable advan-
tage for our purpose: Let us define the following two functions ¢ and :

T T(MH—R,

(g, a"3,)]=e(a"a,), (87)
and

t: T(MH-R,
(g, a*8,)]me(n’a’ —n°a%). (88)

We show that the functions ¢ and 7 are well defined everywhere on T(M}). First, take
the function ¢ and let (¢, a“'é‘u) be any representative of the class [(g, 2*4,)]. Then, by
definition, there exist a p € R, and a ¢ € R such that #*’ = pn” and a* = pa* + on*. Therefore
g(a"a))=¢(p*a, a*)=¢(a"a,), because pe Ry, and o 7,=7#"5,=0. Thus the definition
of ¢ does not depend on the choice of the representative of the class [(g, a“0,)] and is
therefore well defined everywhere on T (M.

Next, consider the function t and take again any representative (q/, a"’éﬂ) of the class
[(¢, a"0,)]. The same reasoning as above leads to

S(nO’aS’ _ﬂS’a()') =8(p2(}70a5 __nsa()))___s(noas _nia())
and this shows that also 7 is a well defined mapping of T(M}) into the set {+1, —1, 0}
<R.
DepINITION. The point [(g, a*d,)] & T(M?) is called timelike, lightlike or spacelike
iff ¢([(g, a*2,)])>0,=0, or <0, respectively.

It follows from our discussion in Section 7 that these definitions are conformally in-
variant.

We can now state the following theorem which solves the problem of introducing
a local causal structure on M2,
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TurOREM II. (a) The function t: T(M>)—R is conformally invariant for all lightlike
or timelike points, i.e. '

(g, a8 )])=1(wl(g, a"3)]) iff ¢([(q,a"8,)])>0,
where w € O'(2, 4) and w[(g, a"0)):=[(wg, w, a“3,)].
(b) For every point [(q, a"d,)] € T(MZ) there exists a CI s-equivalent chart (V, V) such
thatc o WYz, zo)=c(z2;,2z.) for all(z,, z,)e ¥ (V)= R* X R*andt o W~ z,, z,)=1(z;, z,)
for all (z,, z,) e ¥ (V) with ¢(z,, z,) =0.

Proof: (a) The result follows immediately from the theorems in Appendix A.

(b) Let (U, @) be the local chart of T(M_) which is induced ([19]) by the chart (U, ¢,)
of M}, where U, ={[n]e M}: k#0} and ¢, U,~M, a homeomorphism, defined by ¢,

wenonoy
I]H(K,K,K K)
The homeomorphism @: U— M, X M, is defined in the following way:
@ : [(77 E] au 6,;)]"’(%([’7]) 3 G(px([r]]) o Ex*(a!i ap)) =(x1 B xl) 9

where x;=p,([n]) and _x,=0,, 0 1,.{a"8,)=S+x;, with $/0;=0¢,,(a"d,) as defined in
(73).
Therefore, we get

co@ ' A/f4xM4—>R;
(x5, x2)P ([ 1(x1), (05, 0 M) T (x))]) =C ([ ez '(x1). @ 3)])>
‘ =g(a"a,),

where @“G, is given by 7,5 (5°0;) with §/=x]—x]. Using equation (78) we get

e(ata,) =¢ (Rl—f Sij> =e(5'S)=¢e((x, —x;)")=c(x,, X,),

and thus
cod l=c on PU)=M,xM,=T(M,). (89)

Next, consider the mapping 7:
fod ' M,xM,~R,
(¢35 %) ([0 1 (x2), (05 0 ) T ) ]) = 1([ (02 ' (x0) @ E)T).
=¢(n°a’ =n°¢°)

where "0, is given as above by x Tes (S78;) with 87 = x5—x].
Using equation {73) a simple calculation along the lines of Appendix A shows that

e(n°a® —n°a®)=e(S%) =e(x3—x7) =1(x,, X3).
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Thus on the local chart (U, @) we have
tod =t (90)

Now let [(g,a",)] be any point of T(M?). As the group O (2, 4) acts transitively on M7,
there exists a we O7(2, 4) such that wigl e U,, and therefore, [(g, a*d,)] € U. We define
a local C,s-equivalent chart (¥, ¥) of T(M}) with [(g, a"0,)] € V' in the following way:

V:i=wT'U and w:=dow,
1.e.
V/ . [(CI L] auau)]h(cyk(w [CJ]) ] (0' © ﬂ'-k*) (W$ a#ap)) .
Now let (z,, z,) be any element of ¥(V)=M,xM,. Then we have
CoypTHzy, z)y=cow o dT(zy, zz):E(W‘_l(‘p—i(zi , Zz)))
=c(® (zy,29))=C0 @ Nz, z5)=c(zq, 22),
because of equation (89) and the conformal invariance of ¢.
For { o ¥, finally, we get using equation (90) and part (a) of Theorem II:
to =z, 2,) =;(W~1(¢'_1(51 ; 32)))‘—'?(‘?—’(51 ) 22))',
EO¢—1(21,22)=i(21,22), lf E(@_l('—’l’z?.)):c(zla22)20'

Therefore everywhere on M the functions ¢ and 7 have locally all the properties of
the functions ¢ and 7 in Minkowski space.

The C,s-equivalent local charts play the same role as the Poincaré-equivalent inertial
systems in M*. Furthermore, it follows from the above construction that the “causality
group”, in the sense of Zeeman [33], is isomorphic to (D, ®Lg) T, on each chart which
is equivalent to M.

In order to demonstrate the acausal structure of M globally we show that for any two
points of M7 each of them is in the forward time cone of the other.

DEFINITION.
Lip={[(q, a*3)]e T, (M7 : €([(g, a*3)])>0, #([(q., a3,)])>0},
Lia={[(g, a"3)]e Tyys(M?) : E([(q, a*3,0])>0, i([(q, a"5,)])<0}.

Ly is called the forward time-cone at the point [q], Ly, is called the backward time-cone
at the point [g]. From Theorem II it is clear that both L[Z] and L, are invariant under
conformal transformations in the following sense:

wiip=Li,, and  wlg,=L,,; forall weol(2,4).

Therefore we can introduce a time orientation on the manifold A7 in the following way

({101, [28)).
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DEerFINITION. A piecewise differentiable curve y: T €10, 1]~ y(r) € M? is called timelike
or lightlike if the tangent vectors . (r): T(R)~T,,,(M7) are timelike or lightlike respec-
tively, that is ¢ (y(%), 74(1) (6/01))> 0 or =0. We say that a point [p]is earlier in time than
a point [¢] iff there exists a timelike curve y, y(0)=[p], y(1) = [g], such that (y(7), 7,(r) (¢/67))
eL;[,) for all 7 € [0, 1]; then we write [p]< [g].

From our discussion of the functions ¢ and 7 on' T(M_) we see that the above definition
is conformally invariant, i.e.

i [p] < [q], then wlpl<wl|q] for all we O'(2, 4.
Let y: [0, 1] be a timelike curve with »(0)=[p] and y(1)=[g] and (y(r), P4(T) (-0—))
0t

€ Ly, for all 7€[0,1].
Then the curve I'(t):=w o y(r) is also timelike and, furthermore,

-~

(W © ?(T) » (W © ’}))=}~ (T) (50;)) =<W'}) (T) » (W* o Y*) (T) (5;)) € WL-;(t) =L:oy(t) =L;(r) .

"Therefore, the manifold M, admits a conformally invariant time orientation. On the other
hand, we know ([10], [28]) that every compact Lorentz manifold equipped with a time
orientation has at least one closed timelike curve, i.e. there exists a point [p] such that
[pl<[p]. Thus for every point [g] € M. there exists a closed timelike curve through [g],
because the group QT(2, 4) acts transitively on M7 . We can even show that any two points
[¢] and [p] of M} can be connected by a timelike curve 7, »(0)=[g], y(1)=[p], such that
the tangent vectors at any point of the curve lie in the forward time cone, i.e. for any two
points [p] and [g] € M7 it follows that

[p1<[q].

If we denote by the future Fy,; of [p] the set of all points [g] with the property [g]> [p],
then we have F ;=M. Thus the manifold M} is highly acausal globally. The proof goes
as follows: First, consider the case where [p], [g] € U,: let x; =0, ([p]) and x,=¢q])
be the local coordinates of the two points [p] and [¢g]. Without loss of generality we can
assume that x, =0 in M*. Now there are the three cases:

a) x2=0,b) x2<0,¢c) x2>0.

If x3>0, then we know that there exists a timelike curve 3: [0, 1]=M?*, 7(0)=0;
(1)=x, such that the tangent vector at each point y(z) is in the forward light cone V.
in Minkowski space. Consider the curve I': [0, 1]~ M/ defined by I'(t):=(p’ o %) (7).
This curve has the property I'(0)={[p], I'(1)=[g] and, because of the Theorem IL, it follows
immediately that at any point I'(z) the tangent vector I',(7) (8/67) is in the forward time
cone L}, for all 7€ [0, 1].

If x2 <0, then there exists a special conformal transformation

xi—c'x2

w(c)e0'(2,4)/Z,: xhrxy = with  x,*>0.

6(xs,0)
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Therefore there exists a curve 7(7): 7(0)=0; 7()=x, with ¥,(z) (8/dr) e V.., the forward
time cone in Minkowski space, 7 € [0; 1]. Consider now the curve I [0, 1] M}, defined
by I'(z):=w(c)=' o p; ' o7 (7). Then it follows that I'(0)=[p] and I (1)=[g].

Theorem 1II gives again I,(c) (8/67) € Ly, for all 7€ [0, 1]. If x3=0, then it follows
for the coordinates [#{] and [#4] of the points [p] and [g], respectively, that 7, #,=0.
We shall treat this case at the end.

Next let us take any two points [p], [g] € M2 such that 7% -#,,. #0. There exists a con-
formal transformation w e O(2, 4) with w({p]), w(lg]) € U.. As we have already shown,
there exists a curve [: [0, 11- M2, IF(O)=w(pD), I(1)=w([q]) such that

Te(7) (i> eLy, for all zef0, 1].
gt

Then define a new curve I [0, 1]=M?* by I'(D)=w~' o ['(7), with I'(0)=[p], ['(1)=[ql.
The conformal invariance of the functions ¢, f again shows that I",(7) (6/67) € L{,, for all
7€ [0, 1]. We have shown therefore that any two points [p], {g] € M7 with #* 72,70 can
be connected by a timelike curve with tangents in the forward time cone. If the points
[p] and [g] e M? are such that 7% 1,,=0, then choose a point [r]e M, with r*y,, #0,

r“n,, #0. Then we can connect the point [p] with the point {r] and the point [r] with the
point [g] by timelike curves with tangent vectors always in the forward time cone.
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Appendix A

In this Appendix we prove the theorem which was used in connection with our intro-
duction of a causal structure in Sections 7 and 8.

Let 7% and #% be the coordinates of two points in R§; then we write

L, vI=niny=minl, v, ue{0,1,2,3,4,5},
*=[k,5], k=0,1,2,3.

LeMMA. Let 1€ 05, k(ny, 12)=n;m,=0. If [0,5]=[0,4], then we have n,=an;,,
« € Ry, or [4, 5]=0.
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Proof: From 5, -1,=0 and #; € 05 we get
_ n
[0,5= 3 [k, 0T = ¥ [k, 5" (A1)
= K21

Suppose [0, 5]=0. Then (A1) implies [0,4]=[0, kl=[k, 5]=0. As n; € QF, we may assume

without loss of generality that #$ #0 In consequence, we have 750 and 172—"— "N -
'71

Let [0, 5]0. Then we may assume once more that 75 0.

Equation (A1) gives us s =n3 ni/n3, k=1, 2, 3. and n3 =([0, 5]+ n3nt)inl. Asn, - 5,=0,
it follows that #¥ =753, and therefore [4, 5)=0.

We now prove

TueoreMm L Let 1, 7, =0. Then sgo (7} n3—n3 #3)=¢(0 5) is invariant under the action
Ofﬂwgroup OT(294)W‘”1”1-/>’05 i=152' -

Proof: First, suppose that 7;-»;220. The condition 7, -», =0 implies (Al) for #;-5;=0,
i=1, 2, or the inequalities

[0,5]°> ZEk,O]Z, [0,5]2>4z[1<,5]2, (A2)
k= E=1

if at least one of the points #, satisfies ;-#,>0, whereas #; 5, >0, J #i.

The relations (Al) and (A2) remain valid under the action of the group 0 1(2, 4),
because the scalar product #;-%, is invariant under 0'(2, 4).

‘We now turn to the problem of the invariance of ¢(0 5) under the action of 07(2 4).
Its invariance under the subgroup L} [A] can be inferred from &(z°) = e((42)°), 4 e LL [ 4],
which holds because 2z, >[5, 412 >0.

The invariance of ¢(0 5) under the dilatations can easily be verified.

In the case of the translations T, a=(a®, ..., a°), we define T [0, 51= [0, 5]; and get

O 0N2
[0, 5= (1+(-—)-> [0, 5]+(“) [4,0]+a4, 5],
' (A3)

[0,5];= (1+€—-)—)[0 5]+(———)— [4,0]+4d'0, ], i=1,2,3,

as well as

[0,5]—[0,4]=t0,5]'-—[0,4]’. (A4)

If #;-1;> 0, i=1 or 2, equation (A2) implies the invariance of £(0 5) under the transla- -

tions 7, € O'(2, 4).

¥ #,;=0, i=1, 2 we have either [0, 5]=[0, 4] or [0, 5]#]0, 4]. In the first of these
cases our lemma implies 5, =an, or [4, 5]=0 and #i=n% nS/n%, k=1,2,3. If n,=o0n,,
the invariance of (0 5) is trivial. As for the second possibility, the invariance of &(0 5)

follows from (A3).
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In the case of [0, 5]#[0, 4], equation (Al) gives [0, 5]=—[0, 4] or [0, 51|>|[0, 4]|.
The invariance of equation (Al) under the group O (2 4) and the relation (A4) imply
[0, 5Y =~—[0, 4] or |[0, 5/'>][0, 4]'|. From these properties the translation invariance
of £(0 5) follows immediately.

As the inversion I, leaves ¢(0 5) invariant, too, and since the special conformal trans-
formations are given in the form of compositions I, T, I, ¢(0 5) is invariant under the group
SC,[c]. This completes the proof of the theorem in one direction.

Second, let us assume that ¢(0 5) is invariant under the group O'(2, 4). Suppose #, -#,
<0. But then we can always find an element of O'(2, 4) which transforms the coordinates
into such that 73 =0, #7 =0. This is already enough to demonstrate that e(0 5) cannot
be an invariant if #,-7,<0.

The validity of the next theorem can be also verified easily.

THEOREM la. Let n,-m,20, n, € RS. Then £(0 5) is invariant under the action of the group
0'(2, 4), iff 11 12=0.

Proof: According to our discussion above it suffices o show that Ny 12 =0 1s a necessary
condition. Assume 7,7, #0. It then follows that z*-z, #[4, 520, i.e. z* may be a space-
like vector and then ¢(0 5) is in general not invariant under the group L [4], contrary
to our assumption about the O?(Z, 4) invariance of £(0 5). It can be seen from the following
example that such spacelike vectors exist:

’71'—"'(057’1#0:0’0301}73#0)7 ’71’71207
’72:(0’090’07W§#03 1’];#0), Ny~ '72/0
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