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Carathéodory’s Hamilton—Jacobi theory for fields is applied to the relativistic string. It can be used to establish rela-

tions between string motions and Maxwell fields of rank two.

To establish relations between relativistic string
models [1] and gauge theories is considered to be an
important problem in strong interaction physics [2].
Let
xH=xk(rl r2)=xk(r), §=0,1,2,3;
—eol gl oo | 0K,

be the two-dimensional surface = 2 in Minkowski
space M4 “swept out” by the string. The action 4
for the string motion, which is invariant under arbitrary
reparametrizations

>3l 2y, j=1,2,
o(#1, 72)fa(rL, 7+ 0,

of the surface (), can be written — with an appro-
priate choice of the units — as

Ap =fd'rl dr2 Ly(v),

L= (o, v)/2= [ 2 R—220102 (1)
where

o = ghx'y gl

XM= a(l)xl-l- , x'll:: a(z)x.u ,

a(j) :=a/a1.j’ j=1,25

a-b=gwa“b"=aob0—a * b, a2:=a-a.

There have been several attempts [3] to relate
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Pliicker’s coordinates v#¥ of the surface £@ to gauge
fields F#*(x). One of us [4] suggested the relation

Frex(r)) = v#(r), A= const., )

on 2@, where (F¥) is a Maxwell field of rank two, i.e.
F® has to satisfy [5]

‘F,FR=4E-B=0, *F, =}, F°. (3)

Lvpo

D=

rY

For the special string motion

x0 =71 x1=A(r2 —in) cos wrl,

x2=A(r2—imsinwrl, x3=0, Aw=2/1, (4)

relation (2) leads to the electromagnetic fields [4]

E = ~2(cos wit, sin wt, 0), B=A4(0,0, wp),

r=x0, o= [+ (x22]1/2

curl =0, divE=0,

divB=0, cul B=w(x%p,—x1/p,0). (5a)

or [6]

E=—M(x!/p,x?p,0), B=N(0,0,wp),

curlE=0, divE=-M/p,

divB=0, curl B=wMM(x2%/p,—-xl/p,0). (5b)
The ambiguity of the correspondence between string

motions and electromagnetic fields, for which the egs.

(5a) and (5b) provide an example, is due to the fact

that the equality (2) is required to hold on the surface
Z() only and that there are many possibilities to ex-
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tend the fields (2) from =@ to the whole Minkowski
space M4,

There is, however, a “canonical” extension [6] which
uses Carathéodory’s Hamilton—Jacobi theory for fields
[71%1: Suppose, we have a parametrization of the sur-
face =@ such that L; = 1 on =@ The functions S/(x),
j=1,2, onM?* define two-dimensional “wave fronts”
S7(x) = const., j =1, 2, “transversal” to Z@, if

—v,,/L; =3,513,52
9, = o/ox# , (6)

— avslauSZ =:§,,(x) on =@,

and if the functions $/(x) obey the Hamilton—Jacobi
(H-J) equation

(—38,,8#)2 =1, (7)

The relations (2) and (6) with L} = 1 suggest to define
(6]

F,(x)=—2S,,(x) (8)
on M#4. The extension (8) fulfills the homogeneous
Maxwell equations 9, *Fre = (, but one will have

9, F# #0in general Functions S/(x),j = 1, 2, which

obey the H—J equation (7) and which fulfill the trans-
versality conditions (6) for the motion (4), are

Sl= (1 _ c{,2102)—1/2[x0
§2=p. 9)

The fields (8) calculated from the functions S7(x) in

(9) are those of egs. (5b) divided by A(1 — w2p2)l/2,
Recently, Nambu proposed a Hamilton—Jacobi for-

malism [9] for strings which starts from the action [10]

(10)

If Ll > 0, this action leads to the same field equations
as the action (1) [10], however, the action (10) is no
longer invariant under arbitrary reparametrizations, but
only under those for which (7!, 72)/a(71, 72) = 1.

As an analogue to the canonical Hamilton—Jacobi
Cartan form dS = —H dr + p; dg/ in mechanics, Nambu
suggests for strings the two-form

dsi(x, 1) A dTl(x, T)+ dSz(x, T) A dT2(x, T)
=3B, dx# A dx? — H dr! A dr?

— wp? arctg(x?/x1)] ,

(11

1 A detailed account will be contained in a forthcoming re-
view [8].
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where
Db =Lg .

In the following we want to point out that the H—J
relation (11) in general has integrability problems which
have to do with the rank of the two-form (11) and we
shall show that Carathéodory’s H—J theory for fields
leads to an appropriate theory for the action (10), too.

As the notion of the rank r of a differential form
is important here — but not so well-known — let us-
recall its essential elements [11]: Locally a p-form w?
on an n-dimensional manifold M® with local coordi-
nates y”,v=1, ..,r,n=p,is alinear combination of
p-fold exterior products dy*! A ... A dy*P of the differ-
entials dy”. The rank of wP? is the minimal number of
linearly independent one-forms @(#) = fv(p)(y) dy?,
p=1,..,7r, by which w” can be expressed. Obviously
r = p. The minimal rank r = p is obtained if w? = @)
A ... A ©®) In that case w? is called “simple” or “de-
composable”. At each point () the r one-forms @) =
span an r-dimensional subspace S(’ )* of the n-dimen-
sional space T}S")* of cotangent vectors These r-dimen-
sional spaces determine an (n# — r)-dimensional ““differ-
ential” system S (" —7) of (dual) vector fields ¥ =
Y¥(y) 0, defined by

el)(Y)= fv(P) YY=0, p=1,..,r

Let Y@ o=1, .. n—r,be abasis of these vector fields
*““associated” with the form w?. If w? is closed, i.e. if
dwP =0 (which is the case of interest for us; the more
general case with dw? # 0 is discussed in ref. [11]), then
the system § @7 = {Y @)} is completely integrable, i.e.
there is an (n — r)-dimensional submanifold N(?—7)
C M(") the tangent spaces of which at each point (¥)
are spanned by S{" 7). In addition the one-forms ©()
can be chosen to be total differentials @) = df ()(3)
and the (n — r)-dimensional integral manifolds N(#~—")
are defined by f®)(y)=const.,p =1, ..., 7

In our context p is the number of independent vari-
ables, n — p the number of field variables and » — r the
dimension of the “associated” H~J “wave fronts”.

In mechanics the canonical one-form © = —H dt
+p; dg/ of a system with f degrees of freedom obviously
has rank one. Its H—J theory is characterized by the
property @ = dS(¢, ¢) and the f-dimensional integral
manifolds ““associated’ with the form © are the “wave
fronts™ S(z, g) = const. That is, the dimension of the
wave fronts in mechanics is the same as the number of
dependent variables q/.

Py =0y, H=
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For a field theory with two independent variables
and n dependent (field) variables a corresponding H—J
theory with rn-dimensional wave fronts requires the
basic canonical two-form to have rank two!

As the form (11) has rank four, the wave fronts de-
fined by S/(x, 7) = const., T/(x, 7) = const.,j = 1, 2,
are in general not four but (6 — 4 = 2)-dimensional!

It does not help to put two of these functions equal to
zero, because the rhs of eq. (11) in general has rank
four.

The only H-J theory for our system which has rank
two is that of Carathéodory! As it is based on one of
several possibilities for defining a canonical framework
in our example, we first recall the general case, due to
the Belgian mathematician Lepage [12], and shall then
discuss the special theory of Carathéodory:

Let us denote by v]'.“ the quantity which is equal to
d(jyx* on the surface 2@ ie. the one-forms wk = dx#

v“ dr7 vanish on (). This implies that the lagrangian
two -form

w=Ldrl Adr? (12)

is only one representative — as far as the extremals are
concerned — of an equivalence class of two-forms, the
most general one of which can be written as

= 1,,u 2 2 4.1 Mol u v
Q=w+hw* Adrethgdr Awk +3h,,0"8 AWY,

h,uu = _hV# ’ (13)

where the coefficients h’ , b, in general can be func-
tions of 7/, x# and v¥. The one -forms w* generate an
ideal I'in the algebra of differential forms on the six-
dimensional space of variables 7/, x¥.
The existence of a H-J theory requires d2 =

0 (mod I). Since
dQ2 = (L /3vf — hl) v Adrl Adr? +0 (mod ),
d€2 =0 (mod I) is equivalent to

J = =/
hy, = aL/av]f‘ = II{‘ . (14)

In mechanics the (canonical) one-form corresponding
to the two-form (13) combined with the property (14)
is

Q=Ldt+p,w? =L dt +p,(dg? —v? df)
—L)dt+p,dg?=—Hd: +p,dq?.

Here a term corresponding to /1,

(15)

is not possible! Egs.

= - (vapa
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(15) show that the Legendre transformation v? - p,,
L — H can be implemented by a change of basis w*?
- dg? in the space of one-forms spanned by df and w?
or dq?. By generalizing this procedure to the two-form
(13) we replace w* by dx* — v;‘ d7/ and identify the
Hamilton function A with the resulting negative coef-
ficient of d7! A dr? and the canonical momentum p‘l
with the coefficient of €;; dx* A dr¥, ey = = —€1> €12
= 1. The result is

=—Hdrl A dr2 +pley dxk A drk +3h,dx A dx?
H=TJuk — 3h,0fv5 —viv]) - L,

pl=0! —h,v5, =112 +h,,0} (16)

As the functions A, in general are arbitrary, one sees
that there is a wide range of possibilities for defining
canonical momenta. The different canonical theories
may be classified according to rank r, 2 <r < 6, of the
two-form (13) associated with a given choice of the
functions 4,,,. The conventional choice in physics is
by =0, 1mp1y1ng r =4 for the form (13) which in this
case can be expressed by the four one-forms dr/,
Ldrl+ l'l’ wk, j =1, 2. Thus the conventional canon-
ical framework in general will not lead to four-dimen-
sional wave fronts! The minimal rank r = 2 is only real-
ized in Carathéodory’s canonical theory, which is de-
fined as follows:

With

ol =L dr/ + 1) b =TT drk + I dx#
Th =0Jvk — 8L,

and

®/=—Hdr/+ pl dx*

the two-form (13) in Carathéodory’s case is given by
Q.=L1ad Ag?=—H101 A 62, (17)

It obviously has rank two and from the second equality

(17) we obtain
H=~L7VTi|, |A4l] =det(4}),

p£=—L—1TJkaf or Hn,ﬁ=Tkp“,

(182)
(18b)

where T/, is the algebraic complement of T, , i.c.
T Tk = SHT |. Furthermore:

By =L~ YOLN2 — 1211 = —H-1(plp2 — p2pl)y.
(18¢)
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From the lagrangian

Lg =30, 0" = 3[(v)2(v)% — (v * v,)?],

we get

ML =g,,, [070)2 — V30, - 02)]

NZ =g, [v3@)? —vi(vy * v, (19)

which give T1; = Lg, T1,=0,T%, =0,7T2%, = Lg and
therefore

H=-Lg, pl=-1. (20a,b)
Because
nin2 -ninl=2v,Lg, (21)

we have, see egs. (20b),

P, P* = 4vm,v“”L§ =16L3, Py :=p}‘p3 —pﬁp,{ .
Combining this with eq. (20a) we obtain
H=—(5p,,p")3 . (22)
The H—J equation we get from
aS1Ads2=-H-10'A®2, S§i=8ix 1), (23)
which implies

|3y S¥1 + H(x,p) =0, (24a)
pl=ylic,7) :=084523,51 — 3519,5? ,

p2 = Y2(x,7) = 9q)S18,52 — 31,529, ST ,

p_up = lp#y(x) T) = |a(])Sk|(auslavS2 "a“S2aVS1).
(24b)

As an application we discuss the “wave front” func-

tions $7(x, 7) associated with the “rigid” motion

x0=71, x1=p(r2)cos wrl,
x2=p(H)sinwrl, x3=0,
dp/dr2=(1—w2p?)V2, 0<p<w?, (25)

which is obtained from egs. (4) by a reparametrization
[6]
2

-
fl=g1 2= f Ly(v(s1,72)) dr? |
0
LI=(1-w2p2)1/2’ A=l:
and denoting 77 again by 7/. From egs. (25) we obtain
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(") = (1, —wp sin wrl, wp cos wrl, 0)
=(1, —wx?, wxl, 0),
(x'#) = (0, cos wrl, sin wrl, 0)(1 — w2p?)~1/2
=(0,xY/p, x2p, 0)(1 — w2p?)~1/2 (26)
giving Lg = —1. Because of egs. (19) and (20b) we get
pl=g, % (1~ 2?1,
Ph=—gu,x"(1 - w?p?). e2))

The canonical momenta (27) are “embedded” by the
following solutions of the H—J equation (24):

Sl=_71+2(1 - w2p2)~1(x0 — wp?0),

§2 =312 —2(p),

0= arctg (x?/x1), dg/dp=(1—w?p®)¥2,  (28)
which give

3,81 =2(1—- w?p?)~1f,(x) + h(x) 3,p

8,52 = —(1 - w2pH)28,p,

(fu&x)=(, wx?, —wx!1,0),

h(x) = 4wp(l — w?p?)2(wxV — ). (29)

On the extremal =2 we have x0 = 7! and 8 = wrl, ie.
on @ the functions

= 1
Vi =0yS?3,51 =38,5",
Vi =00)519,58%=-3,5%, (30)
coincide with the canonical momenta (27).
Furthermore, for
S,, =98,518,5%2 —9,523,s!,
we get
(So1»S02-So3) = —2(1 — w2p?)~12e,
(S23,531,512) = —2(1 — w2p2) V2 wpey . (31)
Notice that S1 =71 on >(2)

For a given Hamilton function H(x, p) the “veloci-
ties” v!* obey the relation [13] 2

#2 The second half of the equations printed in ref. [13] is not
correct (this was kindly pointed out to H.A. Kastrup by Prof.
Géheniau, Dr. Biran and Dr, David from Brussels). The correct
form will be contained in the review mentioned in ref. [7].
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K=YtTi =aHjopk, K:=n[vt L. (32)

Since K = 3Lg and T/, = 6{;LS in our case, we have
v = 30H/ap], , (33)
implying

vff = (4HH) 1g#[p2(p! - p?) - PL(P?)],

v = (412 1g [pl(p! - P?) — P2(P1)] .

Inserting for p{u the functions \l/ﬂ of egs. (30), we get
the “slope” functions

61 (x, 1) =84S, (x) = fHx) ,

(e, )= —(1 — w?p2) U 2gw [3h(x)f,(x) + 3,0] ,
(34)

which again coincide with the derivatives (26) on Z(2)
and which obey the integrability condition

d—;'12-¢f(x,f)=a—f—l¢5(x,r) or ¢80, ¢ =¢a, ¢h

not only on @.
If we define an electromagnetic field associated with
a given string motion by

F,,=M\2,519,5? —3,523,81)=\S,,, A= const.,

(35)

two remarks (at least) are in order: First, there is the
question, whether it is always possible to find solutions
S7(x, 7) of the H—J equation (24a) which obey the trans-
versality conditions (24b) for a given extremal x#(7)
with canonical momenta p/,. The answer is “‘yes” [14].
Second, the rhs of eq. (35) in general will depend on the
parameters 7/, These parameters are to be considered

as constants, if we require the homogeneous Maxwell
equations to hold, i.e. if

F,, dx# A dx?

w2

is to be a closed form!

For the special motion discussed above the defini-
tion (35) according to eqs. (31) gives the fields
E=_(F01 p02 p03y=_1)\(1 — wzpz)—uz e,
B=—(0,0,F12)=2\(1 — w2p2) Y2 wpe;, (36)

with the properties
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E? _B2=4\2, E-B=0,
divE=—2Np)(1 — w?2)~32 culE=0,
divB=0, curlB=-22w(l —w?p2)~32e, .

On () the Poynting vector E X B = 4\2(1 — w2p?)~1
X wpeg is — up to a constant — the spatial part of the
canonical momentum (p}).

The fields (36) — and even more so the charge and
current densities — have unpleasant singularities for p
= w1, which makes an immediate physical interpreta-
tion difficult. In this respect the fields (5) look more
decent!

In mechanics solutions of the H—J equation are also
important in connection with conservation laws: If
S(t, q;a) is a solution of the H—J equation depending
on the parameter a, then (35/34)(¢, g(¢); a) is a constant
of motion along an extremal q(#) [15], for which p;(?)
= BJ-S(t, q(7);a). — Noether’s theorem is a consequence
of this property, if one interprets @ as the parameter of
the group - £(a), ¢/ > ¢/(a), i(a = 0) = 1, 4#(0) = ¢/,
which leaves dS(z, ¢) = L dr invariant. The conserved
quantity then becomes

38, 4)/dal,= = 3,ST + 8,50/ = —HT +p;Q/ ,
Q] = aq‘i/aala:() .

In field theories there exists a corresponding theo-
rem *¥3: If §/(x, 1), 7 = 1, 2, is a solution of Carathéo-
dory’s H-J equation which depends on a parameter a,
then the current

T= af/aﬂla=0 s

Gl =(@Skjoa) A, j=1,2,

is conserved “along” an extremal (), for which egs.
(24b) hold: 33y G} + 85y G? = 0! Here Ay denotes the
algebraic complement of A7 !

For the solutions (28) we have on the extremal (25)

Al =1, Al,=A2 =0, AZy=—3.

Taking a = w, we get the current

*3 The first generalization to fields is due to Fréchet [16].
The general case was discussed by Dedecker, see ref. [12].
Details of the proof will be contained in the review by
Kastrup mentioned in ref. [7].
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Gl = —p?(1 — w2p?)-171

P
G2=w [ 45 p2(1 - 2Py 112, (38)

for which
31yG! = —wpt(l — w2p?)1,
92)G? = wp(1 — w?p?)~1/2 dp/dr?
= wp(1 — w2p?)-1,
i.e. the current is indeed conserved! This example —
which itself does not seem to be a very interesting one —

indicates the intriguing new possibilities of H-J theories
for fields.
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