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Abstract
The fragmentation of heavy quarks into hadrons is a key non-perturbative in-
gredient for the heavy quark production calculations. The formalism is re-
viewed, and the extraction of non-perturbative parameters from e+e− and from
ep data is discussed.
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1 Introduction1

When we try to describe in QCD the production of a hadron we are always faced with the necessity to
take into account the non-perturbative hadronization phase, i.e. the processes which transform perturba-
tive objects (quarks and gluons) into real particles. In the case of light hadrons the QCD factorization
theorem [1–6] allows to factorize these non-perturbative effects into universal (but factorization-scheme
dependent) fragmentation functions (FF):
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In this equation, valid up to higher twist corrections of order Λ/pT (Λ being a hadronic scale of the order
of a few hundred MeV and pT for instance a transverse momentum), the partonic cross sections dσi/dpT
for production of the parton i are calculated in perturbative QCD, while the fragmentation functions
Di→h(x;µ) are usually extracted from fits to experimental data. Thanks to their universality they can
be used for predictions in different processes. The artificial factorization scale µ is a reminder of the
non-physical character of both the partonic cross sections and the fragmentation functions: it is usually
taken of the order of the hard scale pT of the process, and the fragmentation functions are evolved from
a low scale up to µ by means of the DGLAP evolution equations.

This general picture becomes somewhat different when we want to calculate the production of
heavy-flavoured mesons. In fact, thanks to the large mass of the charm and the bottom quark, acting as
a cutoff for the collinear singularities which appear in higher orders in perturbative calculations, one can
calculate the perturbative prediction for heavy quark production. Still, of course, the quark → hadron
transition must be described. Mimicking the factorization theorem given above, it has become customary
to complement the perturbative calculation for heavy quark production with a non-perturbative fragmen-
tation function accounting for its hadronization into a meson:

dσH
dpT

(pT ) =

∫
dx

x

dσpertQ

dpT

(pT
x
,m
)
Dnp
Q→H(x) . (2)

It is worth noting that at this stage this formula is not given by a rigorous theorem, but rather by some
sensible assumptions. Moreover, it will in general fail (or at least be subject to large uncertainties) in the
region where the mass m of the heavy quark is not much larger than its transverse momentum pT , since
the choice of the scaling variable is not unique any more, and O(m/pT ) corrections cannot be neglected.
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Basic arguments in QCD allow to identify the main characteristics of the non-perturbative frag-
mentation function Dnp

Q→H(x). In 1977 J.D. Bjorken [7] and M. Suzuki [8] independently argued that the
average fraction of momentum lost by the heavy quark when hadronizing into a heavy-flavoured hadron
is given by

〈x〉np ' 1− Λ

m
. (3)

Since (by definition) the mass of a heavy quark is much larger than a hadronic scale Λ, this amounts
to saying that the non-perturbative FF for a heavy quark is very hard, i.e. the quark loses very little
momentum when hadronizing. This can also be seen with a very simplistic argument: a fast-traveling
massive quark will lose very little speed (and hence momentum) when picking up from the vacuum a
light quark of mass Λ to form a heavy meson2.

This basic behaviour is to be found as a common trait in all the non-perturbative heavy quark
FFs derived from various phenomenological models. Among the most commonly used ones we can
cite the Kartvelishvili-Likhoded-Petrov [12], Bowler [13], Peterson-Schlatter-Schmitt-Zerwas [14] and
Collins-Spiller [15] fragmentation functions. These models all provide some functional form for the
Dnp
Q→H(x) function, and one or more free parameters which control its hardness. Such parameters are

usually not predicted by the models (except perhaps on an order-of-magnitude basis), and must be fitted
to the experimental data.

During the ’80s many such fits were performed, and these and similar functions were also included
in many Monte Carlo event generators. Eventually, some ‘best’ set of parameter values (for instance for
the PSSZ form) was determined [16] and subsequently widely used.

These first applications, given the limited accuracy of the available data, tended to overlook two
aspects which have become more important in recent years, when the accuracy of the data has vastly
improved:

– A non-perturbative FF is designed to describe the heavy quark→ hadron transition, dealing with
events mainly populated by soft gluons of energies of a few hundred MeV. However, if a heavy
quark is produced in a high energy event it will initially be far off shell: perturbative hard glu-
ons will be emitted to bring it on-shell, reducing the heavy quark momentum and yielding in the
process large collinear logarithms (for instance of the form αns logn(pT /m) in a transverse mo-
mentum differential cross section). Of course, the amount of gluon radiation is related to the
distance between the heavy quark mass scale and the hard scale of the interaction, and is therefore
process-dependent. One can (and it was indeed done) either fit different free parameters at different
centre-of-mass energies (or transverse momenta), or try to evolve directly the non-perturbative FF
by means of the DGLAP equations, hence including into it the perturbative collinear logarithms.
However, this is not what non-perturbative fragmentation functions are meant for, and doing so
spoils the validity of the relation in Eq. (3).

– Since only the final heavy hadron is observed, both the non-perturbative FF and the perturbative
cross section for producing the heavy quark must be regarded as non-physical objects. The details
of the fitted non-perturbative FF (e.g. the precise value(s) of its free parameter(s)) will depend on
those of the perturbative cross sections: different perturbative calculations (leading order, next-
to-leading order, Monte Carlo, ...) and different perturbative parameters (heavy quark masses,
strong coupling, ...) will lead to different non-perturbative FFs. These in turn will have to be used
only with a perturbative description similar to the one they have been determined with. Hence the
limited accuracy (and hence usefulness) of a ‘standard’ determination of the parameters [17].

The first point was addressed by Mele and Nason in a paper [18] which deeply changed the field of
heavy quark fragmentation, and essentially propelled it into the modern era. Mele and Nason observed

2More modern and more rigorous derivations of this result can be found in [9–11].
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Fig. 1: Power-law fits to the heavy quark pT distributions at LHC (left) and HERA (right) obtained with the NLO
programs MNR and FMNR. The resulting exponents are N = 4.5/3.8 for charm/beauty at LHC and N = 5.5/5.0
for c/b at HERA.

that, in the limit where one neglects heavy quark mass terms suppressed by a large energy scale, a
heavy quark cross section can be factored into a massless, MS-subtracted cross section for producing
a light parton, and a process-independent3 , perturbative heavy quark fragmentation function describing
the transition of the massless parton into the heavy quark:

dσpert,resQ
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The key feature of this equation is that it is entirely perturbative: every term can be calculated in per-
turbative QCD. The perturbative fragmentation functions Di→Q(x;µ,m) (not to be confused with the
non-perturbative one Dnp

Q→H(x)) can be evolved via DGLAP equations from an initial scale of the order
of the heavy quark mass up to the large scale of the order of pT . This resums to all orders in the strong
coupling the collinear logarithms generated by the gluon emissions which bring the heavy quark on its
mass shell, leading to a more accurate theoretical prediction for dσQ/dpT .

Once a reliable perturbative cross section for the production of a heavy quark is established, one
is simply left with the need to account for its hadronization. For this purpose one of the functional
forms listed above can be used for the non-perturbative FF, and implemented as in Eq. (2), but using the
improved, resummed cross section given by Eq. (4). Since most of the the scaling-violation logarithms
are accounted for by the evolution of the perturbative FF, the non-perturbative one can now be scale-
independent and only contain the physics related to the hadronization of the heavy quark. It will always,
however, depend on the details of the perturbative picture used.

2 Extraction of heavy quark fragmentation parameters from e+e− and their impact on
HERA and LHC4

2.1 Importance of 〈x〉np

According to the factorization of the fragmentation functions (FF), the differential cross section dσ/dpT
for the production of a heavy hadron H can be written as the convolution of the perturbative heavy quark
differential cross section dσpert/dpT and the non-perturbative fragmentation function Dnp(x):

dσ

dpT
(pT ) =

∫
dx

x
Dnp(x)

dσpert

dpT

(pT
x

)
. (5)

3Mele and Nason extracted this function from the e+e− cross section, convincingly conjecturing its process independence,
which was successively established on more general grounds in [19]
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Table 1: Test functions used in Fig. 2. The functions assume a value different from zero in the range given by the
third column.

Function D(x) parameters x range

Kartvelishvili (1− x)xα α = 2/δ − 3 [0, 1]

Peterson 1
x

(
1− 1

x − ε
(1−x)

)−2
ε [0, 1]

Gauss exp(−(x−µ2σ )2) µ=1−δ
σ=δ/2 [−∞,∞]

Box const. – [1− 2δ, 1]

Triangular: x− x0 x0 = 1− 3δ [1− 3δ, 1]

This convolution neglects mass terms O(mQ/pT ) and non-perturbative terms O(Λqcd/mQ).

The heavy quark pT distribution behaves at large pT like a power law dσpert/dpT = Cp−NT .
Figure 1 shows power-law fits to the pT distributions of heavy quarks at LHC and in photoproduction at
HERA as obtained from the NLO programs MNR [20] and FMNR [21]. For pT > 10 GeV N was found
to range from 3.8 (b at LHC) to 5.5 (c at HERA). Combining this power-law behavior with Eq. (5), the
hadron pT distribution is given by

dσ

dpT
(pT ) =

∫
dx xN−1 Dnp(x) Cp−NT =

dσpert

dpT
D̂np
N , (6)

where D̂np
N =

∫
dx xN−1 Dnp(x) is the N th Mellin moment of the non-perturbative FF.

The hadron distribution is therefore governed by the 4th - 5th Mellin moments of Dnp(x). It is
interesting to translate the Mellin moments into more intuitive central moments

µn =

∫
dx (x− 〈x〉)n Dnp(x) for n ≥ 2 (7)

where 〈x〉 =
∫
dxxDnp(x) is the mean value. The first Mellin moments, written in terms of 〈x〉 and µn,

are: D̂1 = 1 , D̂2 = 〈x〉 , D̂3 = 〈x〉2 + µ2 , D̂4 = 〈x〉3 + 3µ2〈x〉+ µ3.

In heavy quark fragmentation, the mean value of Dnp(x) can be written as 〈x〉 = 1 − δ where
δ = O(Λqcd/mQ) is small [11]. For any positive function with 〈x〉 = 1 − δ, defined in the interval
[0, 1], the central moments are limited by δ, |µn| ≤ δ. In practice, reasonable heavy quark fragmentation
functions are concentrated in a small region around 1 − δ and therefore the higher central moments are
small. To be specific, if the function is different from zero in a region of size ±Kδ (with K = O(1))
around 1 − δ then |µn| ≤ (Kδ)n. This means that the Mellin moments of reasonable FFs are given, to
a good approximation, by the mean value to the N − 1 power:

D̂N = 〈x〉N−1 +O(δ2). (8)

The expansion to δ2 involves the second central moment µ2: D̂N = 〈x〉N−1+ (N−1)!
2(N−3)!µ2〈x〉N−3+O(δ3).

For a reasonable FF and a perturbative distribution falling with the power −N , Eq. 6 and 8 give

dσ

dpT
(pT ) =

dσpert

dpQT
(pT ) (〈x〉np)N−1 +O(δ2). (9)

Therefore the effect of the non-perturbative FF is to introduce a shift in the normalisation that depends on
the average x, while the details of the shape of D(x) have negligible effect. To check that this reasoning



Fig. 2: Effect of the convolution of the heavy quark transverse momentum distribution with different test functions
for different values of the non-perturbative FF 〈x〉 = 0.9 (left), 0.8 (center), 0.666 (right). For each 〈x〉, the
upper plot shows the test functions, the middle plot shows the perturbative pT distribution obtained with the MNR
program for beauty at LHC and the hadron pT distributions after the convolution with the test functions. The lower
plot shows the ratio of the different hadron pT distributions to the result obtained with the Peterson one.

works with realistic fragmentation functions and realistic perturbative pT distributions, various functions
with the same 〈x〉 but different shapes have been tested in convolution with the perturbative pT spectrum
for b production at LHC obtained with the NLO program MNR. The test functions considered are the
Peterson [14] and Kartvelishvili [12] fragmentation functions, a Gaussian distribution with σ = 1− µ, a
flat and a triangular distribution. Table 1 gives more detail about these functions. Three average values
were chosen: 〈x〉 = 0.9, 0.8, 0.666. Figure 2 shows the result of this test. For each average value, the
convolutions are very similar, even if the test functions are very different. For 〈x〉 = 0.9, 0.8, which
are typical beauty or charm values, the hadron spectra agree within few %. For the extreme value of
〈x〉 = 0.666, the results for the Peterson and Kartvelishvili functions give very similar hadron spectra
while the less realistic Gaussian and Box shapes differ at most 10% from Peterson at large pT and the
extreme Triangular function shows deviations up to ∼ 20%.

In conclusion the relevant fragmentation parameter for the inclusive hadron spectra at pp and ep
colliders is the mean value 〈x〉np of the non-perturbative FF. The next part will discuss, on the basis of
e+e− data, what values of 〈x〉np are relevant for different calculations.

2.2 Extraction of 〈x〉np from e+e− data
In e+e− interactions it is convenient to express the factorization ansatz, given for the heavy-hadron pT
in Eq. (5), in terms of the heavy-hadron momentum normalized to the maximum available momentum:

xp = pH/pHmax, where pHmax =
√

(1
2Ecms)2 −m2

H :

dσ

dxp
(xp) =

∫
dx

x
Dnp(x)

dσpert

dxp
(
xp
x

)

which corresponds to the following relation for the mean values: 〈xp〉 = 〈x〉np〈x〉pert where 〈xp〉 is the
mean hadron xp, 〈x〉np is the mean value of the non-perturbative FF and 〈x〉pert =

∫
dx x dσpert

dxp
is the

mean value of the perturbative distribution. Then, taking 〈xp〉 from experimental data and 〈x〉pert from a
particular perturbative calculation, it is possible to extract the value of 〈x〉np valid for that calculation as

〈x〉np = 〈xp〉/〈x〉pert. (10)
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Fig. 3: Average fragmentation function from the perturbative calculations for charm (left) and beauty (right) as a
function of the e+e− center of mass energy.

Two perturbative calculations will be considered to extract 〈x〉pert: a fixed-order (FO) next-to-
leading order (i.e. O(αS)) calculation and a calculation that includes also the resummation of next-to-
leading logarithms (NLL) and Sudakov resummation, both obtained with the HVQF program [19]. From
the point of view of fragmentation, the FO calculation only considers the emission of a gluon from one of
the two heavy quarks generated in the e+e− collision while the NLL calculation includes the evolution of
the FF from the hard interaction scale down to the scale given by the heavy quark mass. The parameters
used for the FO and NLL models are mc = 1.5 GeV, mb = 4.75 GeV, ΛQCD = 0.226 GeV and the
renormalisation and factorization scales µR = µF = Ecms. The starting scale for FF evolution in the
NLL model was chosen to bemQ. The theoretical uncertainty was obtained by varying independently the
normalisation and factorization scales by a factor 2 and 1/2 and taking the largest positive and negative
variations as the uncertainty.

The experimental data are also compared to the PYTHIA 6.2 Monte Carlo program [37] which
contains an effective resummation of leading-logarithms based on a parton-shower algorithm and which
is interfaced to the Lund fragmentation model. In this case the MC model gives directly 〈xp〉, while
〈x〉pert has been obtained taking the heavy quark at the end of the parton shower phase. The quark masses
have been set to mc = 1.5 GeV and mb = 4.75 GeV, and all the parameters were set to the default values
except for specific fragmentation parameters explained below. Three sets of fragmentation parameters
were chosen for charm: the default fragmentation (Lund-Bowler), a longitudinal string fragmentation of
the Peterson form with ε = 0.06 (MSTJ(11)=3, PARJ(54)=-0.06) and the Lund-Bowler fragmentation with
parameters re-tuned by the CLEO collaboration [28] (PARJ(41)=0.178, PARJ(42)=0.393, PARJ(13)=0.627). The
two sets chosen for beauty are the default Lund-Bowler fragmentation and the Peterson fragmentation
with ε = 0.002 (MSTJ(11)=3, PARJ(55)=-0.002). Figure 3 shows 〈x〉pert from the perturbative calculations
as a function of the centre of mass energy Ecms for charm and bottom.

2.3 Charm
Charm fragmentation data are available from various e+e− experiments. The most precise are those at the
Z0 pole at LEP (ALEPH [23], OPAL [22], DELPHI [24]) and near the Υ(4s) (ARGUS [27], CLEO [28],
BELLE [29]). Less precise data are available in the intermediate continuum region from DELCO [26] at
PEP and TASSO [25] at PETRA. Measurements in which the beauty component was not subtracted have
been discarded [38–40]. The experimental data are reported in Table 2. Only measurements relative
to the D∗±(2010) meson are considered, to avoid the complications due to cascade decays that are



Table 2: Experimental results on the average fragmentation function in e+e− collisions forD∗ mesons and weakly
decaying beauty hadrons. The table reports, for each experiment, the published variable and the corrections ap-
plied to obtain 〈xp〉corr. All the measurement have been corrected for initial state radiation (ISR). Measurements
reported in terms of 〈xE〉 have been corrected to 〈xp〉. In the case of ARGUS the average has been calculated from
the full distribution. In the case of TASSO the error on the average was re-evaluated using the full distribution
since the published error seems incompatible with the data. DELCO reports a fit with a Peterson distribution that
has been translated into 〈xp〉corr. Systematical and statistical uncertainties, where reported separately, have been
added in quadrature. The ALEPH beauty measurement refers to B+ and B0 mesons only (i.e. excluding Bs and
Λb), a MC study shows that this correspond to underestimating 〈xp〉corr by ∼ 0.1% only, which is negligible.

Charm (D∗) Ecms Measured Value ISR corr. xE → xp 〈xp〉corr

measurement (GeV) variable (%) (%)
OPAL [22] 92 〈xE〉 0.516+0.008

−0.005 ± 0.010 +0.4 −0.4 0.516± 0.012
ALEPH [23] 92 〈xE〉 0.4878± 0.0046± 0.0061 +0.4 −0.4 0.488± 0.008
DELPHI [24] 92 〈xE〉 0.487± 0.015± 0.005 +0.4 −0.4 0.487± 0.016
TASSO [25] 36.2 〈xE〉 0.58± 0.02 +6.7 −1.8 0.61± 0.02
DELCO [26] 29 ε∗Pet. 0.31+0.10

−0.08 +6.3 - 0.55± 0.03
ARGUS [27] 10.5 〈xp〉 0.64± 0.03 +4.2 - 0.67± 0.03
CLEO [28] 10.5 〈xp〉 0.611± 0.007± 0.004 +4.2 - 0.637± 0.008
BELLE [29] 10.58 〈xp〉 0.61217± 0.00036± 0.00143 +4.2 - 0.6379± 0.0016

Beauty (Bwd) Ecms Measured Value ISR corr. xE → xp 〈xp〉corr

measurement (GeV) variable (%) (%)
OPAL [30] 92 〈xE〉 0.7193± 0.0016± 0.0038 +0.3 −0.9 0.715± 0.004
SLD [31] 92 〈xE〉 0.709± 0.003± 0.005 +0.3 −0.9 0.705± 0.006
ALEPH [32] 92 〈xE〉 0.716± 0.006± 0.006 +0.3 −0.9 0.712± 0.008
DELPHI [33] 92 〈xE〉 0.7153± 0.0007± 0.0050 +0.3 −0.9 0.711± 0.005
JADE [34] 36.2 〈xE〉 0.76± 0.03± 0.04 +5.4 −3.5 0.77± 0.06
DELCO [35] 29 〈xE〉 0.72± 0.05 +4.8 −4.7 0.72± 0.05
PEP4-TPC [36] 29 〈xE〉 0.77± 0.04± 0.03 +4.8 −4.7 0.77± 0.07

present for ground state mesons. Charm quarks originating from gluon splitting rather than from the
virtual boson from e+e− annihilation may be relevant at LEP energies. This contribution is anyway
already subtracted in the published data considered here, and it is consistently not considered in the
perturbative calculations. Most of the experiments published the mean value of the x distribution. The
only exception is ARGUS, for which the mean value was computed from the published distribution.
Some of the experiments give the results directly in terms of xp, others in terms of the energy fraction
xE = 2EH/Ecms. The latter has been corrected to xp using the PYTHIA MC. The difference between
〈xp〉 and 〈xE〉 can be as large as 12% at Ecms = 10.5 GeV and reduces to less than 1% at Ecms =
92 GeV. Since the low-mass measurements are already given in terms of xp, the applied corrections
from xE to xp was always small. QED corrections are also needed to compare the experimental data
to the QCD predictions. The initial state radiation (ISR) from the electrons has the effect of reducing
the energy available for the e+e− annihilation and therefore to reduce the observed value of 〈xp〉. A
correction, obtained by comparing the PYTHIA MC with and without ISR, was applied to the data to
obtain 〈xp〉corr. The correction is ∼ 4% at Ecms = 10.5 GeV, is largest in the intermediate region and is
negligible at Ecms = 92 GeV.

Only LEP data at Ecms = 92 GeV were used to extract 〈x〉np since the factorization of the non-
perturbative FF could be spoiled by large O(mQ/Ecms) terms at lower energies. Table 3 reports the LEP
average 〈xp〉corr, the perturbative results at 92 GeV and the resulting 〈x〉np for NLL and FO calculations
as well as 〈x〉 and 〈x〉pert from PYTHIA. Figure 4 (left) shows 〈xp〉 obtained by multiplying the pertur-
bative calculations with the corresponding 〈x〉np, compared to the experimental data and to the PYTHIA

MC with different fragmentation parameters.



CHARM (DS)

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

10 10
2

CLEO
ARGUS
BELLE
DELCO
TASSO
OPAL
ALEPH
DELPHI

Ecms (GeV)

<x
p>

co
rr

NLL + Suda x NP
FO x NP
Pythia 6.2 Pet ε=0.06
Pythia 6.2 def
Pythia 6.2 Cleo tune

BEAUTY (Bwd)

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

10 10
2

PEP4-TPC
DELCO
JADE
SLD

ALEPH
OPAL

DELPHI (prel.)

Ecms (GeV)

<x
p>

co
rr

NLL + Suda x NP

FO x NP

Pythia 6.2 def

Pythia 6.2 Pet ε=0.002

Fig. 4: Average fragmentation function as a function of the center of mass energy for charm (left) and beauty
(right). The plots show the experimental results and the curves from NLL and FO theory with a non-perturbative
fragmentation obtained using the data at the Z0 energy. The curves from PYTHIA 6.2 with different fragmentation
choices are also shown. The experimental points at the Υ(4s) and Z0 resonances are shown slightly displaced in
the horizontal axis for better legibility.

With the non-perturbative 〈x〉np = 0.849 ± 0.018 obtained at LEP energies, the NLL calculation
can reproduce all the data within a quite small theoretical uncertainty. The FO calculation is instead too
flat to reproduce the data even considering its large theoretical uncertainty band. The non-perturbative
fragmentation 〈x〉np obtained at LEP energy for the FO calculation is quite small (0.65 ± 0.04) since
it compensates the effect of the FF evolution that is missing in the perturbative part. Therefore FO
calculations with 〈x〉np extracted at LEP energy undershoot drastically the data at the Υ(4s).

The PYTHIA MC with the Lund-Bowler fragmentation reproduces the data reasonably well. The
result with default parameters is slightly above the data while the result with the parameters tuned by the
CLEO collaboration is slightly below. Both are compatible within the experimental uncertainty with all
the experimental values with the exception of the very precise measurement from Belle from which they
differ anyway by less than 2%. PYTHIA with the Peterson fragmentation with ε = 0.06 reproduces well
the LEP data but is too low at lower energies.

2.4 Beauty
In the case of beauty we consider fragmentation measurements for the mix of weakly decaying hadrons
Bwd. Precise measurements are available only at the Z 0 peak (SLD [31], ALEPH [32], OPAL [30],
DELPHI [33]). Lower energy measurements from PEP (PEP4-TPC [36], DELCO [35]) and PETRA
(JADE [34]) have larger uncertainties. As for charm, corrections have been applied for ISR and to
convert 〈xE〉 to 〈xp〉. The data are shown in Table 2 and the results in Table 3 and Figure 4 (right).
Since precise data are available only at a single energy, it is impossible to test the energy beaviour of the
theoretical predictions. As in the charm case, the energy dependence of PYTHIA and NLL theory are
similar, while the FO prediction is much more flat, suggesting that also for beauty the non-perturbative
fragmentation obtained for FO at the Z0 could not be applied at lower energy. PYTHIA with Peterson
fragmentation with ε = 0.002 reproduces the data, while the default Lund-Bowler fragmentation is too
soft.



Table 3: Average fragmentation functions at the Z0 resonance for charm (top) and beauty. The table shows the
average of the experimental data, the results from the NLL and FO calculations and from the PYTHIA MC with
different fragmentation parameters. For the NLL and FO calculations 〈xp〉np is obtained by dividing the average
from the experimental data by the perturbative result 〈xp〉np = 〈xp〉corr/〈xp〉pert.

Charm (D∗) @ 92 GeV 〈xp〉corr 〈xp〉pert 〈xp〉np

Data 0.495± 0.006 – –
NLL – 0.583± 0.007 0.849± 0.018

FO – 0.76± 0.03 0.65± 0.04

PYTHIA Def. 0.500 0.640 –
PYTHIA CLEO 0.484 0.640 –
PYTHIA Pet. ε = 0.06 0.490 0.640 –

Beauty (Bwd) @ 92 GeV 〈xp〉corr 〈xp〉pert 〈xp〉np

Data 0.7114± 0.0026 – –
NLL – 0.768± 0.010 0.927± 0.013

FO – 0.83± 0.02 0.85± 0.02

PYTHIA Def. 0.686 0.773 –
PYTHIA Pet. ε = 0.002 0.710 0.773 –

2.5 Effect on predictions for heavy quark production at HERA and LHC
Going back to the heavy-hadron production in ep and pp collisions, Eq. 9 shows that the uncertainty
on the differential heavy-hadron cross section dσ/dpT is related to the uncertainty on the average non-
perturbative fragmentation by

∆(dσ/dpT ) = N∆(〈x〉np),

where −N is the exponent of the differential cross section.

The state of the art calculations for photo- and hadro-production (FONLL [41, 42]) include NLO
matrix elements and the resummations of next-to-leading logarithms. The appropriate non-perturbative
fragmentation for FONLL is therefore obtained with the NLL theory which has the same kind of per-
turbative accuracy [43]. Since the NLL calculation gives a good description of e+e− data, it seems
appropriate to use the value and the uncertainty of 〈x〉np as obtained from e+e− data at the Z0 peak.
The relative error for the D∗ fragmentation is ∆〈x〉np/〈x〉np = 2% which translates into an uncertainty
of 9% on charm production at large pT at LHC (N = 4.5) of 9%. For beauty, the relative uncer-
tainty ∆〈x〉np/〈x〉np = 1.4% translates into an uncertainty on large-pT B-hadron production at LHC
(N = 3.8) of 5.3%. These uncertainty are smaller or of the order of the perturbative uncertainties of
the calculation. Nevertheless, it should be noted that this approach is only valid for large transverse mo-
menta. At small transverse momenta the factorization ansatz breaks down and large corrections of order
mQ/pT may appear. Therefore, for the low-pT region, the uncertainty on the pT distribution is large and
difficult to evaluate.

For processes such as DIS and for particular observables FONLL calculations are not available.
The best theory available in this case is the fixed order NLO theory. In this case the situation is complex
since the equivalent FO calculation for e+e− does not reproduce the experimental data. The proposed
solution is to vary 〈x〉np from the same value obtained in the NLL case (that would be correct at low
pT , where the FF evolution is irrelevant) to the value obtained at the Z 0 energy (that would be valid
at pT ∼ 100 GeV). Therefore we consider for charm 〈x〉np = 0.075 ± 0.010 and for beauty 〈x〉np =
0.089±0.004. When these values are transported to heavy-hadron production at LHC, the corresponding
uncertainties on dσ/dpT at large pT are 60% for charm and 20% for beauty. Therefore the NLO fixed
order calculations cannot be used for precise predictions of the charm (and to a lesser extent beauty)
production at pp and ep colliders.



Table 4: Proposed value and uncertainty on 〈x〉np to be used with FO-NLO and FONLL programs for photo-
and hadro-production of D∗ mesons and weakly decaying B hadrons. The corresponding value and range for the
Peterson ε and for the Kartvelishvili α parameters are also reported. The last columns show the corresponding
relative uncertainty on dσ/dpT at LHC (assuming a negative power N = 4.5/3.8 for charm/beauty) and HERA
(N = 5.5/5.0 for c/b).

〈xnp〉 ε(min : max) α(min : max) ∆〈xnp〉/〈xnp〉 ∆σ/σ ∆σ/σ

(LHC) (HERA)

FONLL D∗ 0.849± 0.018 0.0040(0.0027 : 0.0057) 10(9 : 12) 2.1% 9% 12%

FONLL Bwd 0.927± 0.013 0.00045(0.00026 : 0.00072) 24(20 : 30) 1.4% 5% 7%

FO-NLO D∗ 0.75± 0.10 0.02(0.004 : 0.08) 5(3 : 10) 13% 60% 70%

FO-NLO Bwd 0.89± 0.04 0.0015(0.0004 : 0.004) 15(10 : 25) 4.5% 20% 22%

D*

c
p

c

γ

thrust

D* hemisphere

D*

Fig. 5: Hemisphere method

In the FO-NLO and FONLL programs the hadron distributions are obtained by reducing the quark
momenta according to a given fragmentation functions. Typical fragmentation functions used in these
programs are the Peterson and Kartvelishvili forms. Table 4 summarises the proposed values and uncer-
tainties for 〈x〉np to be used with FO-NLO and FONLL calculations and reports the corresponding values
and ranges for the Peterson and Kartvelishvili parameters. Similar ranges are used in the calculations
presented in the section on “Benchmark cross sections” in these proceedings.

3 Measurements of the charm quark fragmentation function at HERA5

The differential cross section for the inclusive production of a heavy hadron H from a heavy quark h can
be computed in perturbative QCD (pQCD) as a convolution of a short-distance cross section σ̂(ph) with
a fragmentation function Dh

H(z):

dσ(pH) =

∫
dzdphdσ̂(ph)Dh

H(z)δ(p − zph) (11)

The quantity z is the fractional momentum of the heavy quark h which is transferred to the heavy hadron
H , and the normalized fragmentation function Dh

H(z) gives the probability to observe the hadron H with
a momentum fraction z.

The precise definition of D(h)
H (z) is in some sense arbitrary. Due to the short and long-distance

processes involved, the fragmentation function contains a perturbative and a non-perturbative component.

5Authors: J. Bracinı́k and G. Grindhammer



Since the former can be calculated only up to some order in the strong coupling, the non-perturbative
component in practice will have to absorb some of the missing higher order corrections. The calculable
perturbative part can be absorbed into the definition of σ̂(ph). Since for heavy quarks perturbative gluon
emission do not lead to collinear divergencies, the perturbative evolution is well defined, and it is possible
to absorb them into σ̂(ph) and to perform perturbative evolution down to a scale of the heavy quark mass
mh. In this case the non-perturbative fragmentation function Dh

H(z) accounts for the transition of an
almost on-shell quark h into a heavy hadron H .

According to the QCD factorization theorem, the non-perturbative fragmentation functions (FF)
depend neither on the type of the hard process nor on the scale at which the heavy quark h is originally
produced. This implies universality of FF and allows - if valid - to extract fragmentation functions from
data for one particular reaction (usually e+e− annihilation) and to use them to predict cross sections
for other reactions (e.g. in pp and ep-collisions). In order to be able to check the reliability of pQCD
predictions, it is necessary to check the universality of FF.

In practice, different theoretically motivated functional forms for Dh
H(z) are used, depending on

one more free parameters which are fitted to data. Among frequently used expressions are those by
Peterson et al. [14] and by Kartvelishvili et al. [12].

From Equation 11 it is clear that Dh
H(z) cannot be measured directly, since all observables are

convoluted with the perturbative cross section. In case of ep and pp scattering there are additional
convolutions with the parton density functions of one or two interacting hadrons. However, there are
some observables which are more sensitive to Dh

H(z) then others.

In e+e−, a convenient way to study fragmentation is to study the differential cross section of a
heavy meson as a function of a scaled momentum or energy z. A customary experimental definition6 of
z is z = EH/Ebeam, where Ebeam is the energy of the beams in the center-of-mass system. In leading
order, i.e. without gluon emissions, it is also the energy of the charm and anti–charm quark and is equal
to Dh

H(z). In contrast to e+e− annihilation the choice of a fragmentation observable in ep collisions is
more difficult. Two different observables have been used so far, both of them having the feature that in
leading order QCD, the z-distributions are equal to Dh

H(z).

In the case of what is called here the jet method, the energy of the charm quark is approximated by
the energy of the charm-jet, tagged by a D∗-meson, which is considered to be part of the jet. The scaling
variable is then defined as zjet = (E + pL)D∗/(E + p)jet.

The idea of the so called hemisphere method (see Figure 5) is to exploit the special kinematics
of charm events in ep collisions. The dominant charm production process has been shown to be boson-
gluon fusion. If such an event is viewed in the photon-proton center-of-mass frame, the photon puts its
full energy into the hard subprocess, while the proton interacts via a gluon, which typically carries only
a small fraction of the proton momentum. As the result, both quarks produced, c and c̄, move in the
direction of the photon. Assuming no initial gluon kT and no gluon radiation, their transverse momenta
are balanced (see Fig. 5, left).

This can be seen best by projecting the quark momenta onto the plane perpendicular to the γ-p
axis. In this plane it is possible to distinguish rather efficiently between the products of the fragmentation
of the charm quark and its antiquark. The momenta of all particles are projected onto the plane and the
thrust axis in this plane is found (see Fig. 5, right). The plane is then divided into two hemispheres by
the line perpendicular to the thrust axis. All particles, lying in the hemisphere containing the D ∗-meson
are marked and their three-momenta and energy are summed-up to give the hemisphere’s momentum
and energy, which is used to approximate the momentum and energy of the respective charm/anti-charm
quark. The scaling variable zhem is then defined as zhem = (E + pL)D∗/

∑
hem(E + p).

The ZEUS collaboration has provided preliminary results [44] on a measurement of normalized
differential cross sections of D∗-mesons as a function of zjet. The measurement was done in photopro-

6Sometime there are slightly different definitions of z [28] in case of heavy meson production close to threshold.
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Fig. 7: Normalized differential cross section of D∗-meson as a function of zjet and zhem in DIS as measured by
H1.

duction, in the kinematic range Q2 < 1 GeV2 and 130 < W < 280 GeV. The D∗-mesons were recon-
structed using the ’golden channel’ D∗ → D0πs → Kππs and were required to be in the central rapidity
region |η| < 1.5 and to have pT > 2 GeV. Jets were reconstructed using the inclusive k⊥ algorithm.
They fulfill the conditions |ηjet| < 2.4 and ET,jet > 9 GeV. The jets were reconstructed as massless
jets. The beauty contribution to the D∗-meson cross section, which amounts to about 9%, was subtracted
using the prediction of PYTHIA. The scaling variable was calculated as zjet = (E+pL)D∗/(2Ejet). The
cross section as a function of zjet is shown in Fig. 6. The uncertainties due to choice of the model used
to correct for detector effects, and the subtraction of the beauty component were the largest contributions
to the total uncertainty.

The H1 collaboration has recently presented preliminary results [45] on the normalized differential
cross section also of D∗-mesons as a function of both zhem and zjet. Their measurement was performed
in the kinematic range 2 < Q2 < 100 GeV2 and 0.05 < y < 0.7. The D∗-mesons were reconstructed
using the ’golden channel’ with |η| < 1.5 in the central rapidity region and pT > 1.5 GeV. The jets were
reconstructed using the inclusive k⊥ algorithm in the photon-proton center of mass frame, using the



massive recombination scheme. The jets were required to have ET,jet > 3 GeV. The scaling variables
were calculated as zjet = (E + pL)D∗/(E + p)jet and zhem = (E + pL)D∗/

∑
hem(E + p) and are

shown in Fig. 7. The resolved contribution was varied between 10 and 50% and the beauty contribution
as predicted by the model was varied by a factor of two. The resulting uncertainties are part of the
systematic error of the data points. For these distributions, the contribution of D∗-mesons coming from
the fragmentation of beauty, as predicted by RAPGAP, was subtracted. It amounts to about 1.3% for the
hemisphere method and 1.8% for the jet method. The dominant systematic errors are due to the model
uncertainty and the signal extraction procedure.

Both collaborations used the normalized z-distributions to extract the best fragmentation parame-
ters for a given QCD model.

In case of ZEUS, PYTHIA was used together with the Peterson fragmentation function. The MC
was fit to the data using a χ2-minimization procedure to determine the best value of ε. The result of the
fit is ε = 0.064 ± 0.006+0.011

−0.008 .

The H1 collaboration used RAPGAP 3.1 interfaced with PYTHIA 6.2. The contribution due to
D∗-mesons produced in resolved photon processes (in DIS), which amounts to 33% as predicted by
the model, has been included in addition to the dominant direct photon contribution. The Peterson and
Kartvelishvili parametrizations were both fitted to the data. The results are shown in Table 5.

Table 5: Extracted fragmentation parameters for zjet and zhem from H1.

Parametrization Hemisphere Jet Suggested

Method Method range

Peterson ε 0.018+0.004
−0.004 0.030+0.006

−0.005 0.014 < ε < 0.036

Kartvelishvili α 5.9+0.9
−0.6 4.5+0.5

−0.5 4 < α < 6.8

The parameter of the Peterson fragmentation function as measured by ZEUS and H1 do not agree
with each other. This may be due to the different phase-space regions covered by the two measurements
(photoproduction versus DIS, ET,jet > 9 GeV versus ET,jet > 3 GeV ) and most importantly, the
parameters were extracted for two different models7. More detailed investigations are needed to resolve
this question.

The fragmentation function parameters extracted by H1 with the hemisphere and the jet method
differ by less than 3 σ. At the present level of statistical and systematic errors it is not possible to exclude
a statistical fluctuation. On the other hand, the potential discrepancy may be a sign of deficiencies in the
modelling of the hadronic final state in RAPGAP.

The measured zhem distribution of H1 is compared to data from the ALEPH [23], OPAL [22]
and CLEO [28] collaborations in Fig. 8 (left) and to ZEUS [44] and Belle [29] in Figure 8 (right)8 .
The results of H1 are in rough agreement with recent data from CLEO and Belle, taken at at 10.5 and
10.6 GeV, corresponding roughly to the average energy of the system at H1. Differences beyond the
measurement errors can be observed. However, this may be due to the somewhat different definitions
used for the fragmentation observable z, different kinematics, different processes, or it may be a sign of
the violation of universality.

While the z distributions don’t need to agree, the fragmentation parameters, which are extracted
from them, should agree. This can be expected only, if a model with consistent parameter settings is
used which provides an equally good description of the different processes at their respective scales.

7While ZEUS has used the default parameters for PYTHIA, H1 has taken the tuned parameter values of the ALEPH collab-
oration [46]

8Data points were taken from the figure in [29] and [44].
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Fig. 8: Comparison of the z-distributions from CLEO, OPAL and ALEPH (left) and Belle and ZEUS (right) with
the one from the hemisphere method from H1. All distributions are normalized to unit area from z = 0.4 to z = 1.

The values of the Peterson fragmentation parameter, as extracted by different experiments within the
PYTHIA/JETSET models, are summarized in Table 6.

Table 6: Extracted fragmentation parameters from e+e− annihilation data by ALEPH [23], OPAL [22] and
BELLE [29] and from ep data by ZEUS [44] and H1 [45].

PARAMETRIZATION ALEPH OPAL BELLE ZEUS H1: zhem H1: zjet

Peterson ε 0.034± 0.0037 0.034± 0.009 0.054 0.064+0.013
−0.010 0.018+0.004

−0.004 0.030+0.006
−0.005

Kartvelishvili α —- 4.2± 0.6 5.6 —- 5.9+0.9
−0.6 4.5+0.5

−0.5

Contrary to expectations, discrepancies between various experiments can be seen. A consistent phe-
nomenological analysis of these data is therefore needed in order to resolve the reasons for the discrep-
ancies.

The measurement of the charm fragmentation function at HERA provides an important test of our
understanding of heavy quark production. We may hope that HERA II data and a phenomenological
analysis of existing data will bring new insights in this area.
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