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Preface

Gravitational Wave Measurements with SRF Cavities

• This talk is mainly based on:

SEBASTIAN A.R. ELLIS – Revisiting Gravitational Wave Detection in a SRF Cavity (DESY-Talk, March 11, 2021)

ASHER BERLIN ET AL., Detecting High-Frequency Gravitational Waves with Microwave Cavities, arXiv:2112.11465v1, 2021

ASHER BERLIN ET AL., Axion Dark Matter Detection by Superconducting Resonant Frequency Conversion, arXiv:1912.11048v1, 2019
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• Cavity Experiments – General Idea

Outline

• Coupling of Gravitational Waves to Cavity Modes

• High Frequency Gravitational Waves – Static B-Field Experiments

• Low Frequency Gravitational Waves – Heterodyne Experiments

• Cavity Experiments – General Idea

• Noise Sources



16 June 2022 4

Cavity Experiments – Basics

• Gravitational Waves can couple to the EM-Field of a Cavity

⇒ We mainly focus on Cylindrical Cavities in this talk!

𝐿

𝑅

• Two different types of modes:

TE𝑚𝑛𝑝± ⇒ Transverse Electric Mode (𝐸𝑧 = 0)

TM𝑚𝑛𝑝± ⇒ Transverse Magnetic Mode (𝐵𝑧 = 0)

• Frequency of lowest lying modes for 𝐿 ~ 1m

𝑓 ~ 300 MHz

Gravitational Wave Measurements with SRF Cavities



16 June 2022 5

Static B-Field Experiments

Gravitational Wave Measurements with SRF Cavities

R. KHATIWADA ET AL., Axion Dark Matter eXperiment: 
Detailed Design and Operations, arXiv:2010.00169v1, 
2020

• Gravitational Waves is on-resonant with an eigenmode of the cavity and couples to a 
static B-field 

• Good method to detect High Frequency GW 
𝑓~𝒪(GHz)

ASHER BERLIN ET AL., Detecting High-Frequency Gravitational 
Waves with Microwave Cavities, arXiv:2112.11465v1, 2021

• Method already well established in axion 
experiments (e.g. ADMX)
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Heterodyne Experiments

• GW is on-resonant with the frequency difference of two cavity modes and couples to 
both E- and B-Field

SEBASTIAN A.R. ELLIS – Revisiting Gravitational Wave 
Detection in a SRF Cavity (DESY-Talk, March 11, 2021)

Gravitational Wave Measurements with SRF Cavities

𝜔0 𝜔1

Pump 
mode 

Signal 
mode 

0

External Oscillator

Read Out

GW

• Approach useful for low frequency GW 
measurements 

𝑓~𝒪(Hz − MHz)

𝜔𝑔 = 𝜔1 − 𝜔0
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SRF Cavities

• Important quantity: Quality Factor

• Describes decay rate of excited mode 𝑚 in cavity:

𝑑𝑃𝑚
𝑑𝑡

= −
𝜔𝑚

𝑄𝑚
𝑃𝑚

• High Quality Factors in Superconducting Radio Frequency (SRF) Cavities!

• Typical Parameters for Niobium Cavity: 

𝑇𝑐 = 9.2 K 𝐵𝑐 = 0.2 T

⇒ 𝑄~𝒪(1010)

• We optimistically assume 𝑄~𝒪(1012)

WERNER BUCKEL AND REINHOLD KLEINER. 
Superconductivity. John Wiley & Sons, Inc., 2004

Gravitational Wave Measurements with SRF Cavities



16 June 2022 Gravitational Wave Measurements with SRF Cavities 8

• Cavity Experiments – General Idea

Outline

• Coupling of Gravitational Waves to Cavity Modes

• High Frequency Gravitational Waves – Static B-Field Experiments

• Low Frequency Gravitational Waves – Heterodyne Experiments

• Noise Sources
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Possible Signals in a Cavity

GW can source two different signals in a cavity antenna

2.) Deformation of the cavity walls (additional vibrational signal)

SEBASTIAN A.R. ELLIS – Revisiting Gravitational Wave Detection in a SRF Cavity (DESY-Talk, March 11, 2021)

Ghertsenshtein-Effect Wall Deformation

Gravitational Wave Measurements with SRF Cavities

1.) Direct coupling to the EM-Field (Ghertsenshtein Effect) Focus
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Ghertsenshtein Effect

• Coupling of GW to electromagnetic field can be described in weak field limit by the 
Lagrangian

ℒGZ = −
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 −
1

2
𝑗eff
𝜇
𝐴𝜇

𝑗eff
𝜇
= 𝜕𝜈

ℎ𝛼𝛼
2

𝐹𝜇𝜈 + ℎ𝜈𝛼𝐹
𝛼𝜇 − ℎ𝜇𝛼𝐹

𝛼𝜈

• The effective current is

• Equations of motion (in vacuum):

∇ ⋅ 𝐸 = 𝑗eff
0

∇ × 𝐵 − 𝜕𝑡𝐸 = Ԧ𝑗eff

Gravitational Wave Measurements with SRF Cavities

Problem: This Current is
not invariant under gauge
transformation
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GW Basics

• Gravitational Waves (GW) are described in the weak field approximation of 
general relativity

𝑔𝜇𝜈 = 𝜂𝜇𝜈 + ℎ𝜇𝜈 𝑔𝜇𝜈 = 𝜂𝜇𝜈 − ℎ𝜇𝜈

Gravitational Wave Measurements with SRF Cavities

• The GWs can be most easily described in TT-gauge 

ℎ0𝜇 = 0 ℎ𝛼
𝛼 = 0 𝜕𝑖ℎ

𝑖𝑗 = 0

• E.g. a GW in z-direction takes the form

ℎ𝜇𝜈 = 𝐴𝜇𝜈𝑒
𝑖𝜔 𝑡−𝑧 𝐴𝜇𝜈 =

0 0 0 0
0 ℎ+ ℎ× 0
0 ℎ× −ℎ+ 0
0 0 0 0

⇒ Problem: TT-Gauge is not a physical gauge!

⇒ It does not describe a gravitational wave as seen by a local observer. 
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Fermi Normal Coordinates

• Better choice: Fermi Normal Coordinates!

• Construction:

𝑒෡0
𝜇
(𝜏)𝑒 Ƹ𝑖

𝜇
(𝜏)

Observer’s worldline 
(reference geodesic)

Connecting geodesic

Tetrad defining the local Lorentz frame of 
the observer

𝑔𝜇(𝜏)

𝑦𝜇(𝜏, 𝑠)

• Geodesic equations:

d2𝑔𝜇

d𝜏2
+ Γ𝛼𝛽

𝜇 d𝑔𝛼

d𝜏

d𝑔𝛽

d𝜏
= 0

d2𝑦𝜇

d𝑠2
+ Γ𝛼𝛽

𝜇 d𝑦𝛼

d𝑠

d𝑦𝛽

d𝑠
= 0

Boundary Condition

ቤ
d𝑔𝜇

d𝜏

d𝑦𝜇
d𝑠

𝑠=0

= 0

Gravitational Wave Measurements with SRF Cavities
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Fermi Normal Coordinates

Most general metric in fermi normal coordinates (Local Lorentz Frame)! 

𝑔00 = − 1 + Ԧ𝑎 ⋅ Ԧ𝑥 2 + 𝜔 × Ԧ𝑥 2 − 𝛾00 − 2 𝜔 × Ԧ𝑥 𝑖𝛾0𝑖 − 𝜔 × Ԧ𝑥 𝑖 𝜔 × Ԧ𝑥 𝑗𝛾𝑖𝑗

𝑔0𝑖 = 𝜔 × Ԧ𝑥 𝑖 − 𝛾0𝑖 − 𝜔 × Ԧ𝑥 𝑗𝛾𝑖𝑗

𝑔𝑖𝑗 = 𝛿𝑖𝑗 − 𝛾𝑖𝑗

𝛾00 = ෍

𝑛=0

∞
2

𝑛 + 3 !
𝑥𝑘𝑥𝑙𝑥𝑘1 …𝑥𝑘𝑛 𝜕𝑘1 …𝜕𝑘𝑛𝑅0𝑘0𝑙 𝑔 ⋅ 𝑛 + 3 + 2 𝑛 + 2 Ԧ𝑎 Ԧ𝑥 + 𝑛 + 1 Ԧ𝑎 Ԧ𝑥 2

𝛾0𝑖 = ෍

𝑛=0

∞
2

𝑛 + 3 !
𝑥𝑘𝑥𝑙𝑥𝑘1 …𝑥𝑘𝑛 𝜕𝑘1 …𝜕𝑘𝑛𝑅0𝑘𝑖𝑙 𝑔 ⋅ 𝑛 + 2 + 𝑛 + 1 Ԧ𝑎 Ԧ𝑥

𝛾𝑖𝑗 = ෍

𝑛=0

∞
2

𝑛 + 3 !
𝑥𝑘𝑥𝑙𝑥𝑘1 …𝑥𝑘𝑛 𝜕𝑘1 …𝜕𝑘𝑛𝑅𝑖𝑘𝑗𝑙 (𝑔) ⋅ 𝑛 + 1

The coefficients 𝛾00, 𝛾0𝑖 and 𝛾𝑖𝑗 are given by

KARL PETER MARZLIN. “Fermi coordinates for weak gravitational fields”. In: Physical Review D 50 (1994), pp. 888–891.

Gravitational Wave Measurements with SRF Cavities
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Simplifications

• The gravitational field of the earth is almost static and varies on typical frequencies 
𝑓 ≲ 0.1 Hz.  

• The effect of gravitational waves (𝒪(kHz)) can be well separated 

• Metric with Ԧ𝑎 = 0 and 𝜔 = 0 simplifies to 

ℎ00 = −2෍

𝑛=0

∞
𝑛 + 3

𝑛 + 3 !
𝑥𝑘𝑥𝑙𝑥𝑘1 …𝑥𝑘𝑛 𝜕𝑘1 …𝜕𝑘𝑛𝑅0𝑘0𝑙 𝑔

ℎ0𝑖 = −2෍

𝑛=0

∞
𝑛 + 2

𝑛 + 3 !
𝑥𝑘𝑥𝑙𝑥𝑘1 …𝑥𝑘𝑛 𝜕𝑘1 …𝜕𝑘𝑛𝑅0𝑘𝑖𝑙 𝑔

ℎ𝑖𝑗 = −2෍

𝑛=0

∞
𝑛 + 1

𝑛 + 3 !
𝑥𝑘𝑥𝑙𝑥𝑘1 …𝑥𝑘𝑛 𝜕𝑘1 …𝜕𝑘𝑛𝑅𝑖𝑘𝑗𝑙 (𝑔)

Better, but still complicated!

Gravitational Wave Measurements with SRF Cavities
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• Monochromatic gravitational wave along the z-axis:

ℎ𝜇𝜈
𝑇𝑇 = 𝐴𝜇𝜈𝑒

𝑖𝜔𝑔 𝑡−𝑧
𝐴𝜇𝜈 =

0 0 0 0
0 ℎ+ ℎ× 0
0 ℎ× −ℎ+ 0
0 0 0 0

• Riemann Tensor 𝑅𝜇𝜈𝛼𝛽 is gauge invariant and can be computed in TT-gauge.

• The metric further simplifies to:

ℎ00 = −𝜔𝑔ℎ𝑎𝑏
𝑇𝑇𝑥𝑎𝑥𝑏 −

𝑖

𝜔𝑔𝑧
+
1 − 𝑒−𝑖𝜔𝑔𝑧

𝜔𝑔𝑧
2

ℎ0𝑖 = −𝜔𝑔 ℎ𝑖𝑎
𝑇𝑇𝑧𝑥𝑎 − 𝛿𝑖𝑧ℎ𝑎𝑏

𝑇𝑇𝑥𝑎𝑥𝑏 −
𝑖

2𝜔𝑔𝑧
−
𝑒−𝑖𝜔𝑔𝑧

𝜔𝑔𝑧
2 − 𝑖

1 − 𝑒−𝑖𝜔𝑔𝑧

𝜔𝑔𝑧
3

ℎ𝑖𝑗 = 𝜔𝑔
2 𝛿𝑖𝑧ℎ𝑗𝑎

𝑇𝑇 + 𝛿𝑗𝑧ℎ𝑖𝑎
𝑇𝑇 𝑧𝑥𝑎 − ℎ𝑖𝑗

𝑇𝑇𝑧2 − 𝛿𝑖𝑧𝛿𝑗𝑧ℎ𝑎𝑏
𝑇𝑇𝑥𝑎𝑥𝑏 −

1 + 𝑒−𝑖𝜔𝑔𝑧

𝜔𝑔𝑧
2 − 2𝑖

1 − 𝑒−𝑖𝜔𝑔𝑧

𝜔𝑔𝑧
3

Simplifications

Gravitational Wave Measurements with SRF Cavities
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• Cavity Experiments – General Idea

Outline

• Coupling of Gravitational Waves to Cavity Modes

• High Frequency Gravitational Waves – Static B-Field Experiments

• Low Frequency Gravitational Waves – Heterodyne Experiments

• Noise Sources
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High Frequency GW

Gravitational Wave Measurements with SRF Cavities

• The gravitational wave induced current was given by

𝑗eff
𝜇
= 𝜕𝜈

ℎ𝛼𝛼
2

𝐹𝜇𝜈 + ℎ𝜈𝛼𝐹
𝛼𝜇 − ℎ𝜇𝛼𝐹

𝛼𝜈

• We define a normalized current Ԧ𝑗+,× as

Ԧ𝑗eff Ԧ𝑥 ≔ 𝐵0𝜔𝑔
2𝑉cav

Τ1 3 ℎ+Ԧ𝑗+ Ԧ𝑥 + ℎ×Ԧ𝑗×( Ԧ𝑥)

• A GW on resonant with a cavity mode 𝐸𝑛 induces a signal

𝑃sig =
1

2
𝑄𝜔𝑔

3𝑉cav
Τ5 3

𝜂𝑛ℎ0𝐵0
2

• Where the overlap factor 𝜂𝑛 is defined by:

ℎ0 = ℎ+ or ℎ0 = ℎ×

𝜂𝑛 ≔
𝑉cav׬

𝑑3𝑥 𝐸𝑛
∗ Ԧ𝑥 ⋅ Ԧ𝑗+,×( Ԧ𝑥)

𝑉cav
1/2

𝑉cav׬
𝑑3𝑥 𝐸𝑛 Ԧ𝑥

2 1/2

Asher Berlin et al. Detecting High-Frequency Gravitational Waves with Microwave Cavities, arXiv:2112.11465v1 (21.12.2021)
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High Frequency Sensitivity

ASHER BERLIN ET AL., Detecting High-Frequency Gravitational Waves with Microwave 
Cavities, arXiv:2112.11465v1, 2021

𝑃𝑠𝑖𝑔 =
1

2
𝑄𝜔𝑔

3𝑉𝑐𝑎𝑣
Τ5 3 𝜂𝑛ℎ0𝐵0

2• Estimation of the sensitivity of current axion experiments:

Gravitational Wave Measurements with SRF Cavities
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• Cavity Experiments – General Idea

Outline

• Coupling of Gravitational Waves to Cavity Modes

• High Frequency Gravitational Waves – Static B-Field Experiments

• Low Frequency Gravitational Waves – Heterodyne Experiments

• Noise Sources
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Long Wavelength Approximation

• Consider GW with long wavelengths    (𝜆GW ≫ 1m, 1m → 0.3GHz)

• It is now sufficient to consider the metric expansion up to second order only

• Result:

𝑑𝑠2 = −𝑑𝑡2 1 −
1

2
ሷℎ𝑘𝑙
𝑇𝑇 𝐺 𝑥𝑖𝑥𝑗 + 𝑑𝑥𝑖𝑑𝑥𝑗𝛿𝑖𝑗

• So the only non vanishing component of the metric is:

ℎ00 =
1

2
ሷℎ𝑘𝑙
𝑇𝑇 𝐺 𝑥𝑘𝑥𝑙

Gravitational Wave Measurements with SRF Cavities
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Long Wavelength Approximation

• Remember the e.o.m and the current

∇𝐸 = 𝜌eff

∇ × 𝐵 − 𝜕𝑡𝐸 = Ԧ𝑗eff
𝑗eff
𝜇
= 𝜕𝜈

ℎ𝛼𝛼
2

𝐹𝜇𝜈 + ℎ𝜈𝛼𝐹
𝛼𝜇 − ℎ𝜇𝛼𝐹

𝛼𝜈

• Inserting ℎ00 gives

∇𝐸 =
1

2
∇(ℎ00𝐸0)

∇ × 𝐵 − 𝜕𝑡𝐸 = −
1

2
𝜕𝑡 ℎ00𝐸0 −

1

2
∇ × ℎ00𝐵0

Coupling to E-Field Coupling to B-Field

Gravitational Wave Measurements with SRF Cavities
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Power Spectral Densities

• The coupling to the E- and B-Field results into two independent Power Spectral 
Densities (PSD’s) for the heterodyne setup 

𝑆sig, E 𝜔 =
𝜔1

4𝑄1
𝜂10
𝐸 𝐸0𝐻0

2𝑉
𝜔4

𝜔2 − 𝜔1
2 2 + Τ𝜔𝜔1 𝑄1 2

න
𝑑𝜔′

2𝜋
𝑆ℎ0 𝜔 − 𝜔′ 𝑆𝑒0(𝜔′)

𝑆sig, 𝐵 𝜔 =
𝜔1

4𝑄1
𝜂10
𝐵 𝐵0𝐻0

2𝑉 Τ1 3
𝜔2

𝜔2 − 𝜔1
2 2 + Τ𝜔𝜔1 𝑄1 2

න
𝑑𝜔′

2𝜋
𝑆ℎ0 𝜔 − 𝜔′ 𝑆𝑏0(𝜔′)

• Where the overlap factors 𝜂10
𝐸 and 𝜂10

𝐵 are given by

𝜂10
𝐸 ≔

𝑑3׬ Ԧ𝑥 𝐸1
∗ Ԧ𝑥 𝐸0 Ԧ𝑥 ℎ00 Ԧ𝑥

𝑑3׬ Ԧ𝑥 𝐸1 Ԧ𝑥
2

𝑑3׬ Ԧ𝑥 𝐸0 Ԧ𝑥
2 1

𝑉cav
𝑑3׬ Ԧ𝑥 ℎ00 Ԧ𝑥 2

𝜂10
𝐵 ≔

𝑉cav
Τ1 3

𝑑3׬ Ԧ𝑥 𝐸1
∗ Ԧ𝑥 ⋅ ∇ × 𝐵0 Ԧ𝑥 ℎ00 Ԧ𝑥

׬ 𝑑3 Ԧ𝑥 𝐸1 Ԧ𝑥
2

𝑑3׬ Ԧ𝑥 𝐵0 Ԧ𝑥
2 1

𝑉cav
𝑑3׬ Ԧ𝑥 ℎ00 Ԧ𝑥 2

𝐻0 ≔
1

𝑉cav
න𝑑3𝑥 ℎ00 Ԧ𝑥 2

𝐵0 ≔
1

𝑉cav
න𝑑3𝑥 𝐵0 Ԧ𝑥

2

𝐸0 ≔
1

𝑉cav
න𝑑3𝑥 𝐸0 Ԧ𝑥

2

Gravitational Wave Measurements with SRF Cavities
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Monochromatic GW

• Assuming Monochromatic GW, we can approximately write

𝑆ℎ 𝜔 = 𝜋2 𝛿 𝜔 − 𝜔𝑔 + 𝛿 𝜔 + 𝜔𝑔

𝑆𝑒0 𝜔 = 𝑆𝑏0(𝜔) = 𝜋2 𝛿 𝜔 − 𝜔0 + 𝛿 𝜔 + 𝜔0

• Additionally assume GW in z-direction with certain polarization, such that (in SI-units)

ℎ+ Ԧ𝑥 =
1

2

𝜔𝑔
2

𝑐2
ℎ+(𝑦

2 − 𝑥2) ℎ× Ԧ𝑥 = −
𝜔𝑔
2

𝑐2
ℎ×𝑥𝑦

• This allows us to integrate over the Signal PSD. The Result is

𝑃sig,E =
1

16𝜇0
𝜔1𝑄1𝜋 𝜂10

𝐸
𝐸0
𝑐
𝐻+,×

2

𝑉cav

𝑃sig,B =
1

16𝜇0

𝑄1
𝜔1

𝜋 𝜂10
𝐵 𝐵0𝐻+,×

2
𝑉cav

Τ1 3

𝑃sig =
1

2𝜋 2
නd𝜔 𝑆sig(𝜔)

Gravitational Wave Measurements with SRF Cavities
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Overlap Factors

Modes Radius Length 𝜔𝑔 𝜂10
𝐸 𝜂10

𝐵

TE111 → TE121 2 m 0.02 m 5.97 MHz 17.970.17

12.94 MHz0.02 m2 m 22.550.22

𝜂10
𝐸 ≔

𝑑3׬ Ԧ𝑥 𝐸1
∗ Ԧ𝑥 𝐸0 Ԧ𝑥 ℎ00 Ԧ𝑥

𝑑3׬ Ԧ𝑥 𝐸1 Ԧ𝑥
2

𝑑3׬ Ԧ𝑥 𝐸0 Ԧ𝑥
2 1

𝑉cav
𝑑3׬ Ԧ𝑥 ℎ00 Ԧ𝑥 2

𝜂10
𝐵 ≔

𝑉cav
Τ1 3

𝑑3׬ Ԧ𝑥 𝐸1
∗ Ԧ𝑥 ⋅ ∇ × 𝐵0 Ԧ𝑥 ℎ00 Ԧ𝑥

𝑑3׬ Ԧ𝑥 𝐸1 Ԧ𝑥
2

𝑑3׬ Ԧ𝑥 𝐵0 Ԧ𝑥
2 1

𝑉cav
𝑑3׬ Ԧ𝑥 ℎ00 Ԧ𝑥 2

Recall: 

• Numerical Calculations for monochromatic GW in z-direction with polarization ℎ+

TM121 → TM131

⇒ Use approximate values in the following:         𝜂10
𝐸 ≈ 0.2 𝜂10

𝐵 ≈ 20

To-Do: Rigorous analysis of overlaps for more modes, cavity geometries and 
Gravitational Waves

Gravitational Wave Measurements with SRF Cavities
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Plot of the Signal

ℎ+,× = 10−18 ℎ+,× = 10−14

Parameters: 

𝜂10
𝐵 = 20 𝜂10

𝐸 = 0.2 𝐵0 =
𝐸0
𝑐
= 0.2 𝑇 𝐻+,× =

1

2

𝜔𝑔
2

𝑐2
ℎ+,× ⋅ 0.001

𝜔0 = 2𝜋 ⋅ 1GHz 𝜔1 = 𝜔0 + 𝜔𝑔 𝑄1 = 0.5 ⋅ 1012

Gravitational Wave Measurements with SRF Cavities
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• Cavity Experiments – General Idea

Outline

• Coupling of Gravitational Waves to Cavity Modes

• High Frequency Gravitational Waves – Static B-Field Experiments

• Low Frequency Gravitational Waves – Heterodyne Experiments

• Noise Sources
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Noice Sources

• Advantage of heterodyne setup: noise sources are already well investigated.

ASHER BERLIN ET AL., Axion Dark Matter Detection by Superconducting Resonant Frequency Conversion, 
arXiv:1912.11048v1, 2019

Gravitational Wave Measurements with SRF Cavities
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• Every noise sources drives additional power into the signal mode which can be 
described by a PSD

Noice Sources

𝑆th 𝜔 =
𝑄1
𝑄int

4𝜋𝑇𝑘𝐵 Τ𝜔𝜔1 𝑄1
2

𝜔2 − 𝜔1
2 2 + Τ𝜔𝜔1 𝑄1

2

𝑆ql 𝜔 = 4𝜋ℏ𝜔1

𝑆phase 𝜔 =
1

2
𝜖1𝑑
2 𝑆𝜑 𝜔 − 𝜔0

Τ𝜔𝜔1 𝑄1
2

𝜔2 − 𝜔1
2 2 + Τ𝜔𝜔1 𝑄1

2

𝜔0𝑄1
𝜔1𝑄0

𝑃in

• Thermal Noise (cavity walls):

• Amplifier Noise (amplifier of the readout system):

• Phase Noise (oscillator of the pump mode):

Gravitational Wave Measurements with SRF Cavities
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Noise Sources

• Mechanical Noise (vibrations of the cavity eigenmodes)

𝑆mech 𝜔 =
𝜖1𝑑
2

4

𝜔0

𝑄0
𝑃in ෍

𝑛=0,1

1

𝑉2/3

𝑆𝑞𝑚(𝜔 − 𝜔0) Τ𝜔𝑛 𝑄𝑛 𝜔𝑛
4𝜔2

𝜔2 −𝜔𝑛
2 2 + 𝜔 Τ𝜔𝑛 𝑄𝑛

2 𝜔0
2 −𝜔𝑛

2 2 + 𝜔0 Τ𝜔𝑛 𝑄𝑛
2

𝑆𝑞𝑚 𝜔 ≈
1

𝑀2

4𝜋𝜔min
3 𝑞rms

2 /𝑄𝑚

𝜔2 − 𝜔𝑚
2 2 + Τ𝜔𝑚𝜔 𝑄𝑚

2

With the displacement PSD 

• All PSDs can be summed up

𝑆noise 𝜔 = 𝑆ql 𝜔 +
𝑄1
𝑄cpl

𝑆th 𝜔 + 𝑆phase 𝜔 + 𝑆mech
(1)

𝜔 +
𝑄0
𝑄cpl

𝑆mech
(0)

𝜔

Gravitational Wave Measurements with SRF Cavities
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Plot of Noise Power

𝜖1𝑑 = 10−7 𝑄int = 1012

• We distinguish three different cases for the mechanical noise: 

𝜔𝑚 = min(𝜔min, 𝜔𝑔) 𝜔𝑚 = min(𝜔min, 𝜔𝑔 + 50 Hz)𝜔𝑚 = min(𝜔min, 𝜔𝑔 + 25 Hz)

𝜔min = 1kHz

Gravitational Wave Measurements with SRF Cavities

ASHER BERLIN ET AL., Axion Dark Matter Detection by Superconducting Resonant Frequency Conversion, arXiv:1912.11048v1, 2019

Parameters taken from:
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Minimal Measurable Strain

𝜏 = 1𝑠 𝜏 = 1𝑎

SNR =
𝑃sig

𝑃noise
𝜏 = 1

Estimation of the minimal strain we could measure for two different integration times 𝜏

⇒ ℎmin
!

Gravitational Wave Measurements with SRF Cavities
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Conclusions

• Signal from Gertsenshtein-Effekt reaches reasonable high sensitivity at ~ 𝒪(kHz)

• Predicted sources in that range: 

• Primordial Black Hole Mergers

• Stochastic GW-Background from cosmic strings

• Stochastic GW-Background from certain preheating models

• Many more models …

N. Aggarwal  et al. Challenges and Opportunities of Gravitational Wave Searches at MHz to GHz Frequencies, arXiv:2011.12414v2

Gravitational Wave Measurements with SRF Cavities
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To-Do

• Add the effect of wall deformation to the analysis

⇒ More sensitive in the low frequency range

• Add more complex cavity geometries to the analysis

⇒ Already well investigated by the MAGO collaboration 

R. BALLANTINI ET AL. Microwave Apparatus for Gravitational 
Waves Observation, arXiv:gr-qc/0502054v1

• Add analysis of signal from Stochastic GW Background

To be continued …

Gravitational Wave Measurements with SRF Cavities
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High Frequency Overlap

• Overlap for GW from different directions in a cylindrical cavity with static B-field

ASHER BERLIN ET AL., Detecting High-Frequency Gravitational 
Waves with Microwave Cavities, arXiv:2112.11465v1, 2021

Gravitational Wave Measurements with SRF Cavities
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Parameters for the Noise Sources

Parameters:

• 𝐵0 = 0.2 𝑇
• 𝑞rms = 0.1 ⋅ 10−9 m
• 𝑄𝑚 = 1000
• 𝜖1𝑑 = 10−5

• 𝜔0 = 109 Hz
• 𝑄0 = 1010

• 𝑉 = 1 𝑚3

• 𝜔1 = 𝜔0 +𝑚𝑎

• 𝑄1 = 𝑄0
• 𝜔min = 1000 Hz

• 𝜔𝑚 nearest resonance, from 1 kHz to 10 kHz with 0.1 kHz steps

Gravitational Wave Measurements with SRF Cavities
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Axion-Photon Coupling

• Idea: The coupling of gravitational waves to the electromagnetic field is similar to the 
well known axion-photon coupling

• Effective Lagrangian: 

ℒaxion−photon = −
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 −
1

2
𝜕𝜇𝑎𝜕

𝜇𝑎 −
𝑔𝑎𝛾𝛾

4
𝑎𝐹𝜇𝜈 ෨𝐹

𝜇𝜈

• Equations of motion in vacuum and in the long wavelength regime: 

∇ ⋅ 𝐸 = 0

∇ × 𝐵 = 𝜕𝑡𝐸 + 𝑔𝑎𝛾𝛾𝐵0𝜕𝑡𝑎 =: 𝜕𝑡𝐸 + Ԧ𝐽eff

⇒ The axion drives an effective current into the cavity with B-field 𝑩𝟎! 



16 June 2022 Gravitational Wave Measurements with SRF Cavities 39

Axion Power Spectral Densities

• The electromagnetic signal in a cavity is typically described by a Power Spectral 
Density (PSD)

• The signal power and PSD are related by: 𝑃sig =
1

2𝜋 2
නd𝜔 𝑆sig(𝜔)

• Axion signal PSD for the signal mode 𝐸1 of a static B-field experiment (like ADMX): 

• Axion signal PSD for the pump mode 𝐵0 and signal mode 𝐸1 in a heterodyne setup: 

𝑆sig 𝜔 =
𝜔1

𝑄1
𝑔𝑎𝛾𝛾𝜂ℎ𝑒𝑡𝐵0

2
𝑉cav

𝜔2

𝜔2 − 𝜔1
2 2 + Τ𝜔𝜔1 𝑄1

2
න

𝑑𝜔′

2𝜋 2
𝜔′ − 𝜔 2𝑆𝑏0 𝜔′ 𝑆𝑎(𝜔 − 𝜔′)

𝑆sig 𝜔 =
𝜔1

𝑄1
𝑔𝑎𝛾𝛾𝜂𝑠𝑡𝑎𝑡𝐵0

2
𝑉cav

𝜔2

𝜔2 − 𝜔1
2 2 + Τ𝜔𝜔1 𝑄1

2
𝑆𝑎(𝜔)

Important experimental quantity: overlap factor 
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Axion-Overlap-Factors

• Overlap factor for static B-field experiments: 

𝜂𝑠𝑡𝑎𝑡 =
𝑉cav׬

d3𝑥 𝐵0 ⋅ 𝐸1
∗( Ԧ𝑥)

𝐵0 𝑉 𝑉cav׬
d3𝑥 𝐸1 Ԧ𝑥

2

• Overlap factor for heterodyne experiments: 

𝜂ℎ𝑒𝑡 =
𝑉cav׬

d3𝑥 𝐸1
∗ ⋅ 𝐵0( Ԧ𝑥)

𝑉cav׬
d3𝑥 𝐸1 Ԧ𝑥

2
𝑉cav׬

d3𝑥 𝐵0 Ԧ𝑥
2

⇒ Overlap factor strongly depends on the chosen modes and the cavity geometry

⇒ Goal: Choose experimental parameters such that 𝜂 ≈ 1

Typical Value for Cylindrical Cavities: 
𝜂𝑠𝑡𝑎𝑡 = 0.69

Typical Value for Cylindrical Cavities: 
𝜂ℎ𝑒𝑡 = 0.13

Gravitational Wave Measurements with SRF Cavities
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Fermi Normal Coordinates - Theory

• Better choice: Fermi Normal Coordinates!

• Construction:

𝑒෡0
𝜇
(𝜏)𝑒 Ƹ𝑖

𝜇
(𝜏)

Observer’s worldline 
(reference geodesic)

Connecting geodesic

Tetrad defining the local Lorentz frame of 
the observer

𝑔𝜇(𝜏)

𝑦𝜇(𝜏, 𝑠)

• Geodesic equations:

d2𝑔𝜇

d𝜏2
+ Γ𝛼𝛽

𝜇 d𝑔𝛼

d𝜏

d𝑔𝛽

d𝜏
= 0

d2𝑦𝜇

d𝑠2
+ Γ𝛼𝛽

𝜇 d𝑦𝛼

d𝑠

d𝑦𝛽

d𝑠
= 0

Boundary Condition

ቤ
d𝑔𝜇

d𝜏

d𝑦𝜇
d𝑠

𝑠=0

= 0

Gravitational Wave Measurements with SRF Cavities
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Fermi Normal Coordinates - Theory

• In general, the tetrad can rotate:

d𝑒ෝ𝛼
𝜇

d𝜏
= −Ω 𝜈

𝜇
𝑒ෝ𝛼
𝜈 Ω𝜇𝜈 = 𝑎𝜇𝑢𝜈 − 𝑢𝜇𝑎𝜈 + 𝑢𝛼𝜔𝛽𝜖

𝛼𝛽𝜇𝜈

accalaration

angular velocity velocity

• Fermi normal coordinates are defined by: 𝑥0 ≔ 𝜏𝑣𝜇 = 𝑥ෝ𝛼𝑒ෝ𝛼
𝜇

• Solving the geodesic equation for 𝑦𝜇 gives:

𝑦𝜇 𝑥 = 𝑔𝜇 𝑥0 + 𝑥 Ƹ𝑖 𝑒 Ƹ𝑖
𝜇
𝑥0 + ℎ Ƹ𝑖

𝜇
𝑥0 −෍

𝑛=0

∞
1

𝑛 + 1 !
𝜕෠𝑘1 …𝜕෠𝑘𝑛 ℎ Ƹ𝑖

𝜇
𝑔 𝑥 Ƹ𝑖𝑥

෠𝑘1…𝑥
෠𝑘𝑛

+
1

2
෍

𝑛=0

∞
1

𝑛 + 2 !
(𝜕෠𝑘1…𝜕෠𝑘𝑛 𝜕

𝜇ℎ Ƹ𝑖 Ƹ𝑗) (𝑔)𝑥
Ƹ𝑖𝑥 Ƹ𝑗𝑥

෠𝑘1…𝑥
෠𝑘𝑛

• Remaining task: transform the metric with: 𝑔ෝ𝛼෡𝛽 =
𝜕𝑦𝜇

𝜕𝑥ෝ𝛼
𝜕𝑦𝜈

𝜕𝑥෡𝛽
𝑔𝜇𝜈(𝑦(𝑥))

Gravitational Wave Measurements with SRF Cavities
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Fermi Normal Coordinates - Theory

Result: Very complicated metric! 

𝑔00 = − 1 + Ԧ𝑎 ⋅ Ԧ𝑥 2 + 𝜔 × Ԧ𝑥 2 − 𝛾00 − 2 𝜔 × Ԧ𝑥 𝑖𝛾0𝑖 − 𝜔 × Ԧ𝑥 𝑖 𝜔 × Ԧ𝑥 𝑗𝛾𝑖𝑗

𝑔0𝑖 = 𝜔 × Ԧ𝑥 𝑖 − 𝛾0𝑖 − 𝜔 × Ԧ𝑥 𝑗𝛾𝑖𝑗

𝑔𝑖𝑗 = 𝛿𝑖𝑗 − 𝛾𝑖𝑗

𝛾00 = ෍

𝑛=0

∞
2

𝑛 + 3 !
𝑥𝑘𝑥𝑙𝑥𝑘1 …𝑥𝑘𝑛 𝜕𝑘1 …𝜕𝑘𝑛𝑅0𝑘0𝑙 𝑔 ⋅ 𝑛 + 3 + 2 𝑛 + 2 Ԧ𝑎 Ԧ𝑥 + 𝑛 + 1 Ԧ𝑎 Ԧ𝑥 2

𝛾0𝑖 = ෍

𝑛=0

∞
2

𝑛 + 3 !
𝑥𝑘𝑥𝑙𝑥𝑘1 …𝑥𝑘𝑛 𝜕𝑘1 …𝜕𝑘𝑛𝑅0𝑘𝑖𝑙 𝑔 ⋅ 𝑛 + 2 + 𝑛 + 1 Ԧ𝑎 Ԧ𝑥

𝛾𝑖𝑗 = ෍

𝑛=0

∞
2

𝑛 + 3 !
𝑥𝑘𝑥𝑙𝑥𝑘1 …𝑥𝑘𝑛 𝜕𝑘1 …𝜕𝑘𝑛𝑅𝑖𝑘𝑗𝑙 (𝑔) ⋅ 𝑛 + 1

The coefficients 𝛾00, 𝛾0𝑖 and 𝛾𝑖𝑗 are given by

Gravitational Wave Measurements with SRF Cavities

Karl-Peter Marzlin. “Fermi coordinates for weak gravitational fields”. In: Physical Review D 50 (1994), pp. 888–891.
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Preparatory Project

Gravitational Wave Measurements with SRF Cavities

Goal of the Preparatory Project

“By working on preparatory tasks, the student has acquired the special experimental and/or 

theoretical methods and knowledge of the field to such an extent that he or she can successfully 

apply them to work on issues from which the topic of the Master's thesis is to be derived” 

Universität Hamburg, Table of Modules, M.Sc. Physics
https://www.physik.uni-hamburg.de/studium/dokumente/msc-physics-modultabelle-eng.pdf


