12/08/2021

Summary Master Thesis

The Catani-Seymour Dipole Subtraction Method
with Massive Initial States in the Context of the
Dark Matter Relic Abundance Calculation

Mohamed Younes Sassi



Layout

1. Dark matter evidence and relic abundance

2. IR divergences in QCD

3. Dipole subtraction method

4. Developing dipole subtraction method for the fully massive case
5. Implementation of the dipole method

6. Results and comparison with phase space slicing




Evidence for dark matter

There are lots of evidence for the
existence of a non-relativistic non-
baryonic matter in the universe
which makes up ~ 26% of the
energy of the universe
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abundance of dark matter.

Assuming a thermal production of dark matter (DM) in the early universe and
thermal freeze out, we can write a Boltzmann equation describing the
evolution of dark matter density in the universe and deduce from it the present

fLX + SHnX — —<aeffvrel>(ni — n2 )

X,€q



Dark matter relic density

* Experimental results for DM relic
abundance very precise (Planck 2018)

Qpyh? =0.120 4+ 0.001

* Need to increase the precision in
theoretical calculations of the Boltzmann i

equation. VTR

.__l_

* One possibility : consider Next-to-leading ,
Source: Daniel Baumann TASI Lecture notes

order(NLO) corrections to o on primordial cosmology

ny, +3Hn, = —{cfeffvrel}(ni — nxyeq)



Dark matter relic density

* NLO corrections include real and virtual contributions.

Real contributions: Virtual contributions:

P .
Lo

2 to 3 processes

2 to 2 processes

Involving emission of e.g: gluon Involving loop calculations
(QCD), photon (QED),...




Problem:

Virtual contributions induce ultraviolet (UV) and infrared (IR) divergences.

Real contributions induce infrared divergences.

Cancel ultraviolet divergences
using renormalization
techniques.

All UV divergences absorbed in
counterterms.

Infrared divergences cancel when considering
the full NLO correction according to Kinoshita-
Lee-Nauenberg theorem.

Add both real and virtual contributions:
IR divergences in real and virtual
contributions cancel each other analytically.

— /dq)g dgreal+/d@2 doyirtual = UV and IR finite




IR Divergences in QCD

In general, infrared divergences can be described in 3 classes:
soft, collinear or soft-collinear

Alp+ k) k

p+k
! P

“Soft” divergence

Example: Massive quark
emits a soft gluon.

1 1 k>0
(p+k)>—m>  2p-k

Alp+ k) J
: p+k :;U

“Collinear” divergence

Example: Gluon decays
into a collinear massless
quark antiquark pair.

1 1 6—0

0+ k2 K] (171 = cos (6) 171

> OO

Alp+ k) k

p+k

“Soft”, “collinear” or “soft-
collinear” divergence

Example: Gluon emits a soft
gluon or/and both gluons parallel
to each other.

L 1 El»0
(P+K)2 Jk|(|5] — cos (6)[p]) and/or 650
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Soft divergences

Consider the process of gluon emission off a final state quark.

Alp+ k) k

p+k
p

M3 = u(p)(igT*v")

i(p + k +m)

b+ F)? —m?

Now we use the eikonal approximation for the soft limit  £* — 0

m
p-k

In case we have multiple particles in the
final/initial state that can emit a gluon:

k
pu. p j)a
L p

= M3z = u(p)(igT ") —A(p)eu(k)

A(p + ke, (k)

= |M3|* = 87TO&SCFNCILL26(

2pa Y%

(pa ) k)(p ) k)

)|M2|2

2 2
m m;

0 k)2 " (pa k)2




Collinear divergence

Consider the process of decay of a gluon into a quark-antiquark pair.

Alp + k) k We work in d=4-2¢ dimensions:

(000" vk
p+k P |M3)? = dra T p* AL (p + k)(fg;p—fyk)2 o (p+ k)

Define the Sudakov notation, which is useful to
parameterize the collinear divergence of two
momenta:

]{2
= /¥
221 - fo

= (1= 2) = K

pt=zf' + K —

il
20z—1)1- f —2

f2




Collinear divergence

Plug in the expression for p and k in the
Sudakov parametrization in the matrix

element and taking the collinear limit M T
" 2 collinear ¢ Pg,uqy
kL] = 0= |Mj > 81T (Mo (f1)] 5 20 Mo (1)
P IS the Altarelli-Parisi splitting function.
KN K"
P — (gt _ 4 17 1
99 (=g 2p - k )
In the case of a gluon:
z 1—z KN KY
P =2C, |—g"” — (2 —2¢) ==
99 g (1—z+ - ) — ( E)Qp‘k 10



Summarizing the possible IR divergences

We can write down the behavior of the matrix

element squared as:

Msl” =) )

~ 1
< S;

LA

(Mz|V; j | Ma)

Si = (pi+k)* —m;

Scalar propagator

Collinear limit:

2

T

7

+

Pi

Di

Vij = 87rozSNc,u2€PZ-

-k

Dj

-k

)
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We can analytically cancel all IR divergences when adding both virtual and real
contributions.

Problem: Numerically, we calculate the
o : > dPs d dds doy;
contributions in two different phase spaces / 3 (Oreal T / 2 QOvirtual

Solution:

* Find a method to cancel the infrared divergences separately in both contributions.

Already lots of methods available:

* Phase space slicing (Harris 2001)

* Dipole subtraction methods (Catani,Seymour 96, Dittmaier 99, Catani, Seymour
2002)

12



Dipole subtraction method

ONLO = /dq)S [(dareal)ezo - (dUA)e:0]+/d(I)2 [do"uirtual + /dq)dz'pole dUA]
e=0

Subtract an auxiliary cross section g, from the real contribution and add it back
to the virtual contribution.

This auxiliary cross section should have the properties:
* Have the same divergent behavior in the soft/collinear limits as the real contribution.

* Must be easily analytically integrable over d-dimensional one-particle phase space of
the gluon.

13



Dipole subtraction method in the literature

Dipole subtraction method initially developed for collider
physics:

Massless particles (Catani-Seymour 1996)

Massive particles in the final state (Catani-Seymour 2002)

Problem with dark matter processes:

Initial state particles cannot be taken as massless, as it can also include squarks

Treatment of initial massive states done We need to extend the formalism to also
by (Dittmaier 1999) but only considered ——> | include massive initial states for QCD
QED processes and mass regularization. and using dimensional regularization.
Another work by (Kotko 2012) considered

QCD processes but used another
notation. 14




General structure of the dipoles

dO’A: Z Dij,k

dipoles

1 T Tk U
Dy = g <ng,pk| T2 Viik |pij,pk>
]

Ingredients:

1) S, usual scalar propagator of emitter.

2) Vi Dipole splitting functions. Have the same
divergent behavior as V,; in M,.

3) |Pij, Px) The tree matrix element written in terms of
the dipole momenta.

Emitter

Spectator

In contrast to the usual momenta,
dipole momenta p; and Pij
satisfy 2 to 2 momentum
conservation = they will be used
in the tree matrix element

15




How to choose the dipoles ?

Naively we L soft i ) ) 1 ,
D = — _ cotlinear M. same as |M ' IV M
can choose: ik S; (‘/’L,k + V;,k ) ® | 2| ‘ 3‘soft/collznear S, ik & ‘ 2‘

Problem 1

In the soft and collinear limit, we end up counting the soft limit two times because the
Altarelli-Parisi splitting functions are also divergent in the soft limit.

Solution:

Choose a single splitting function for all limits.

Problem 2
We have momentum conservation for M, only at the strict soft limit. ]
P k

Outside this limit, M, is not defined as the Mandelstam variables are
only defined for p, + pp = p; + Pk ) o
Solution:

Contruct new momenta that always respect momentum cpnservation
and build the matrix element with them. Pa + Pbv = Dij + Dk 16




Constructing the dipoles

Final state emission, Initial state spectator DF&'°
DEE—IS

17,Q

Steps:
* Dipole kinematics

* Dipole splitting functions

* Phase space factorization

* Integration . Pk

“Feynman diagram” of the dipole function



Dipole Kinematics

In order to get well defined tree matrix elements, we
need to impose momentum conservation in all points QW = ﬁﬁ} —
of the phase space for 2 to 2 processes.

=D — Dy
” Pi ” Pi Do
g Motivates writing the dipole momenta
N as a linear combination of Q and p_:
~ ~ ~ 2 2 2 2
Pa + Db = Pi +Dj + Dk Pa + Py = Pij + Pk Py = f(P%,Q%)Q" + g(P=,Q7)ph,
~ 2 2 2 2
2 to 3 momentum 2 to 2 momentum ph = (f(P?,Q%) —1)Q" + g(Q*, P*)pl,
conservation conservation
Dipole momenta need to satisfy the conditions: Pij soft, Di
Pa + Db = Dij + Pk Py =mi, P, =m; LA

Momentum conservation On-shell relations Soft limit 18




Dipole Kinematics

We end up with the system of equations:

;= 7Q*+2(Q pa)fg + g*mg
2= (f—1)Q° +2(Q pu)(f —1)g + g°mg

Solve for f and g:
~ QQ_m3+me2 )\ai Q'pa
Pi; = 202
~M_<Q2—m3+m3_ Aai Q-Pa
o 20 VAP, Q7 me) @
Aai = MQ?,m37,m?) = (Q* — (mj +m7))* — 4mim

)\ai

. H
VAP?,Q2,m2) Q7 )QMW(P?,Q?,m%)pa

)\az’

1) AT
2

ph

19



Dipole Splitting Functions

Define the dipole variables:

o _PaPitPap;—Dpi-D 7 = — Po P gy=—Pali g,
ty,a papz_l_pa.pj papz+papj pa.pl+pa.p]
Parameterize the energy Describes angle between Describes the angle between
of the gluon. emitter and spectator the emitted particle and the

spectator

Final state emission of a gluon off a

quark, with the initial state squark as

spectator

2 m?
pa VEE=IS — 810 .Cr N, € 1 —€)z; —2—
I,)/ 49:4 A P Tij,a — Zi * )% Pi - Pj
N 1 - Dj 2 1 2 — X5 m?
Motivation: Pa ' Pi T = el ) J

= (
Pi P Pa P +pi-p;  2(pi-pj)?  pi P 2— Tija — Z 2(pi - pj)* o




Final state emission of a gluon off a gluon, with the initial state squark
as spectator

1 1

Q—xij,a—zj (1—$)+Zj

yEE=IS 167TO£SCQNC,LL2€[

E_ja-/" 99,4 — 2+ (24 — Zj)(zj - Z)]

: : ; collinear 1 1
Motivation: g, <ollinear, § o Y FE=IS ST, 46500 Oy N [ —— 24 (5 — ) (5 - z_>]
J J
1 —
Compareto: P,, =2C, [1 i pol e ° 5 z(1— z)]

Final state gluon decay into a quark-antiquark With:

pair, with the initial squark as spectator vi(7) = 1(1 + Rui(2))
- 2
Vglggd = 8mas Ty Ne [1 1= €<Z+ — ) - Z_)] Rai(l) =1
Pa -
~

Compare to: P, (z,¢) =T, [1 - M]

1 —¢€ 21



Phase Space Factorization

In order to integrate the dipoles, we need to separate the three-
particle phase space into a dipole phase space and a two-particle
phase space (corresponding to the tree matrix element)

bi Start by factorizing the three-particle phase space in
the normal momenta:

d®3(pa + po; Pi, i, Pk) = AP?d®2(pa + po, P, pr)d®(P, p;s, p;)

Dj

Pk

d® (P, pi,p;) = L (P (\/A—mRai(x)>_l+2edzi [(z+ —zi)(zi — 2z_) h

(4m)2=¢T'(1 —¢) —Q?

1 1
d®2(pa + po; P,pr) = —dQ? dSds
3 7 2 L
T \/)‘(S7ma7mb) with Qz = (pij _pa)2 — (pb _pk)2

_ i 1 1
AP (P + po; Pij, Pk) = —dQ? dQ,

8 /A5, mg, my)

22



We now use the substitution: = = z;;, =

= d®3(pa + Pb; Dis i D) = dx dDo(Pa + Po; Pijs Pr)

For simplicity
define:

—Q* + m + m?

_QQ ‘|‘m3
\/)\ (§,m2,m O P> T
\/)\ 8 m2 7 d(I)(P7p'Lapj)

oP?

ox

Integrated over
two-particle
phase space.

Integrated over dipole
phase space.

23



Integration

To cancel the virtual divergences we need to perform the integral:

_ ~ _ for all dipole splittin
/ ddy DFE-IS — / dr dd.(Q?, ) [dcbd,-poleDFE IS] o o ob o SPITHNS

Start with / AP gipore DFF~15  Involves non trivial integration over variable z:

#+ 2 2m?
e.g the case of emission from quark: [ dz| T —— —2+ (1-e)(1-2) - D - p;
Result can be written in FE—IS
. dd ino eD = ) K )
the generic form: / dipol f(w; ) K (zse)
Function f(x;€) is divergent at x=1 Perform the integration of the remaining

——> | part over x using the “+"-distribution trick

Function K(x;g) is finite for all x

+ 1

SR = [[w0)]  K@o)+ii-a)| [ defa| Ko

[':sznv]-] min

24



The generic result for all dipoles is then:
_|_

/dq):an;fL_IS = /dil? diQ(xaQ2)[fij,a($§O)] Kija(z, Q% ¢)

[-rmznal]

1
+/d§>2(1,Q2)U dy fij,a(%e)]Kij,a(vaQ;e)

min

After expanding up to O(g), we can write the result in the generic form:

/dcpSDF.E—ISZ/dx d®y(x, Q) IEEIY (2,Q%) |Mye.|*  Finite contribution

ij,a finite,ija

+/d<1>2 IFE=I5() | My,...|*  Cancels IR virtual divergences

pole,ija

| IS a sum over terms in inverse powers of €. b
pole _ ) _ JFE-IS .\ _ ai 1
The second term will cancel IR divergences in pole,ija () =

the virtual contribution.

25



Initial state emission - Final state spectator

* Dipole kinematics (same as the case of final emission - initial spectator)
* Dipole Splitting function (consider the dipoles related to squarks)

* Phase space factorization (same as the case of final emission - initial
spectator)

* Integration (same concepts as the case of final emission - initial
spectator)

26



Dipole splitting functions

Dij Initial state emission of a gluon off a squark, with
5 final state quark/gluon as spectator
Vi e >
- 9 m2
, g 7. quq_FS = SWOJSCfNC — 92— q
Po X F ’ 2= TG99 ~ % Pa " Pj
Recall:
_pcj‘pq‘|‘p(j‘pg_pq’p9 o Pg " Pq
Lg,gq9 = T i p 4 ps-
Pg *Pq T Pg - Pg Pg " Pq T Pqg " Pg
; ; 1 a " M 2 1 2 — ii.a 2
Motivation: Pa P _ Ma S = ( Lig, 1) - mg _
Pa PjPa Pj+DiDji 2P0 Pj)?  Da'Dj 2— Tija— 2 2(p; - py) .




Implementation of the dipoles

Recall: _
ONLO = /d(I)S (dareal)e:O - (dUA)e:0 +/d(1)2 davirtual +/dq)3 dUA

= /dq)g (do'real)e:o — (dO’A)ezo —I—/dq)g Ao virtual —|—/dCE d(i)g(iU)/d(I)dipole do s

We use the formalism to y q ,
cancel all IR divergences Mv -0 !
in NLO of Neutralino- ik A
Stop coannihilation into b3 o1

a top quark and a higgs R L o oIV
boson.

For these processes, we need to include final

state emission-initial state spectator dipole DS
and Initial state emission-Final state spectator dog =
dipole DEFS, 28

DFE—IS + DIE—FS




The dipoles are given by:

1 T, 15
IE—-FS __ qy,-I1E—FS ~
Dqg q o 2pcj p <pq;pq’ T2 ng q ’pq7pq>
1 15 - T
FFE— IS qy;FE—IS ~
Dqg q 2pq p <pq;pq’ T2 ng q |pdapq>

Express |M|?in terms of the dipole
Mandelstam variables:

~

s = (px "‘ﬁfj)Q t =
= Q?

(q _px)2
U = (ﬁq _ﬁd)Q

Now use the condition of color conservation:

( Z Lo+ Z Tf)|pa,pf> =0

initial

Applied to our case: (Tq JrTq)’]5

T, T; 2

hg) = 0 =15 |pg, Dq) =

final

—Ty |Pg, Pq)

— T2 — Pg, Dg) = T_é Pg> Pq)
q
_ _ DIE FS 1 VIE FS
The dipole functions 199 2ps-p, 999
then become: 1
DFE IS FE—-IS
99,9 2pq Py 9,4

In this form, subtracting
the dipoles from the real
cross section cancels all

divergences in the real

contribution. 29




Consider now the implementation in the virtual contribution:

Recall that the general form of the
integrated dipoles is:

+1 finite,qgq

/dq) (DFE IS_I_DIE FS) /diC dq)z(CC Q2) ([FE 15 (iE Q2) IE 15 ($7Q2)) |Mtree‘2

a9,q 49,9 finite,q9q
FE—-IS 2 IE-FS
T /d(I)2 (Ipole ng(m,Q ) + Lyole,dgq

(CE, QQ)) |Mt7"ee|2

The other x-dependent part will be integrated
over the two-particle phase space in the dipole
momenta.

/d.%'/dq)g Ifznzte( )|M2 / dfl?/ o dQ Ifznzte X Q ‘MQ‘

min mzn

p—

Will cancel all the
divergences in the
virtual contribution

30



Results

Start with the real contribution Dipole counterpart
1 ~ imat 1
FE—IS _ * \;FE—IS 2 soft limit 2
o soft limit , 1 5 1 IR = ng?’ | Mo 4 53V3|M2|
dorear = | Ms3] ? <S_VG|M2‘ + S_Vi’o|M2| ) 1 imit 1
a 3 DIE-FS _ S_VaFE—IS|M2’2 soft imit, = Va|M2|2
/ S 1 T3max xlmaa:(xS)
dPs = — / dazg/ da:l/dn/dcos (0)/d¢
32 (27T)5 0 xlmm(xg)
Where:
T Egluon
3 p—
NG
E
Ir1 = \;ng
Fb
To = friggs Source: Hitchhiker’s guide to
\/E renormalization 31




Numerical result (a.u)

Fix x, to a very small value to get soft
limit: x,= 0.000001

400 -

300 +

200 -

100 4

=100 -

=200 -

-300 4

-400 4

-500

@ Dipole contribution
Real contribution

xl

L] Ll L L L L)
0.18439881 0.184393812 0.134393814 0.134398816 0.184398318 0.18439832 0.184398822 0.134398824

Here dipole contribution
multiplied with a minus sign.

We see that there is good
agreement between both
contributions and all the IR
divergences cancel.
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Full Results

O [%e]

31

30

29

28

27

26

25

Work with Luca Wiggering (Munster) after
submitting the thesis

——- phase space slicing [cutoff 10~%)

phase space slicing (cutoff 10-%)

—— dipole x5= 0.9

[
Fud
=]
[=1]

600
Pem [GEV]

00

1000

=10

=12

——- phase space slicing (cutoff 10~3)

phase space slicing (cutoff 1074

—— dipole x3 = 0.9

200

400

600
Pem [GEY]

00

1000
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Full result after removing the divergences in
the virtual part and real part.

SNLO in %

30

28 -

26

24

22 -

20

Full implementation of the dipoles.

—Dipoles

\

4
——Dipoles without x-dependant part 3
2.
£ 17
|E 0
5 0
-
Z -1
[le]
-2
-3
10 30 50 70 90 110 130 150 170 190 210 10 30

pcm (GeV)

The contribution from the x-dependent part is very high.

50

70

80 110 130 150 170 190
pcm (GeV)

210
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Compare the results with phase space slicing method:

30

25 —

20 ;I]rc;se space slicing cutoff - -
£ 15 ——Phase space slicing cutoff ngh dISCI’epency
g —;i-:se space slicing cutoff Wlth the reSUItS from
= 1 10-4 phase space slicing!

—Phase space slicing cutoff

51 10-5

0 ——Dipoles

-510 3I0 5I0 7I0 9I0 1i0 1:;0 150 17I0 15;0 210

pcm (GeV)

The issue seems to be related to the integration result of the x-dependent part

as it gives big contributions.
/d.ﬂlﬁ / d(I)Q Ifznzte( )‘M2| / daj / ) dQ [fznzte X Q ‘M2‘ 35

LTmin

mzn



Conclusions and outlook

We developed the QCD dipole formalism for massive initial state particles,
including the possibility of scalars as emitters. All this using dimensional
regularization.

The formalism was implemented for the NLO QCD corrections to the
coannihilation process of neutralino-stop into a top quark and a higgs boson. The
formalism successfully canceled all IR divergences in the real as well in the
virtual contribution.

The results were compared to the results using phase space slicing. We

observe a very good agreement with the optimized results of phase space slicing.

Implementation in the case of a final state gluon is in progress. All divergences
are cancelled but there is a discrepency between the results from the dipoles
and phase space slicing.
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Backup

39



] ] ] Ovirtual — /d(I)Z |M2|l2oop
Virtual Contribution

a b
_ /dcp2 (5 + 2+ 0| Mf?

€

Dipole counterpart:

/ d®s dos = / dz / d®y(x) / d® gipore doa

/dq)dipole dJA — Ifinite($)|M2|2(x) + 5(1 — x)lpole|M2|2(aj)

:>/dq)3 dO‘A :/dZC /di)z(x) Ifznzte(w)‘MQF(ZE)

+ [ @Ba(1) Lo M)

42




Phase space slicing (Backup)

d®s(Py + py; Pay) dP2 d®o(Prup; Pr1s Pr2)
d?P,; - dPr1  d¥pro

2 ds(d)( ~ 2 2 A5 (P Z 7
= dP% (2m)46 D (P, — po — pb)W(S-I-(Pab — P2)(27) "D (Pap — Pr1 — Pr2) (27)d—1 (27)d—1
d'Pr1 d"Pro

= (2m)dP2,04 (P, — P2)(2m) 8D (Ba + py — Pr1 — Pr2) (2m)4=1t (2m)4-t

= (2m)dP2,6. (P2, — P2)d®2 (o + v 1 s i)
43



Initial state emitter - initial state spectator

* Dipole Kinematics
* Dipole splitting functions
* Phase space factorization

* |ntegration

44



Dipole Kinematics

Dh Py
! Pk1

We need to define new
momenta in order to
have well defined matrix
elements in all points of
the phase space. Usual momentum conservation: Dipole momenta conservation:

Pa + Pb = Pk1 + P2 T+ Pi Pa + Db = Pap = D1 + P2

Postulate the following dipole momenta:
ﬁg — f(Pab7 ma? mb)pa + g<Pab7 ma? mb)pb
Po'?b :pg+pb :f(Pabvmavmb)pg_l_ ( (Pab7 mg)‘Fl)pZ

The dipole momenta should satisfy the conditions:

Momentum conservation: On-shell relations: Soft limit;

~ soft

~ ~ ~ ~ ~ ~ soft
Pa + Db = Pop = Dk1 + Di2 pa:mi,be:be pa—>paapc/fb

v
Pab 45




We get a system of two equations for f and g:

ma = f2mz + 2fgpa - py + g°m;
P2 = f*m2 +2f(g+ Dpa - po + (g +1)°m;

Solving for f and g:

ﬁg_\//\ abr 1T b)pg_F(Po%b_mc%_'_mg

\/)\st

P = VP2, m2,m b) u+(P3b_mg+mg
ab \/Ast “

_ Pa Db VAPZ,m2, mi) _|_1>pu

Pa - Pb \/>\ ab’ mg))pu
m; VA(s, m2, b

m? \/)\st b

46



Dipole splitting functions

Initial state emission of a gluon off a squark, with a

-2 squark in the initial state as spectator.
B fjub 2 2
Vi _ E}C VngEq 5 = Smars O Nept™ [ - o _ LabM
p’a,,’ D Lab 1 - Lab Pa * DPi
where xab:pa’pb_pa'pi_pb'pi
Pa * Pb
2 soft 2 m? mlz) 2pa - Do
|M3|" —— —ArasCrNop™* @ 1 —
Pa-Di Db DPi  (Da-Pi)(0y-Di)
will be canceled with:
1 9
IE—IS IE—IS __ IE—IS IE—IS
Dng g2 + Dqég,ql - (2pa i Vqlg,qé + 200 - D; chzg q1 ) |M2‘

|

47



1 1 -2
DIE-IS | plBE-Is _( yIE=IS | V1E-1S) ‘M2’

q19,92 q29,q1 2pa - p; q19,92 2pb - p; d29,q1
STa.CrN.yu2€ [ x.,m?2 XTonIN2 1 1 2 ~ 2
- SraeCrlal | dite oty (L Ly - i
Tab | 2(pa-pi)? 2(py - i) 200 Di 20bpi’ 1 — T
87—‘-CV:3611’“A]\[01u26 [ xabmg xabmz LabPa * Pb ~ |2
O [k ek 2
Tab | 2(pa-pi)® 2(pb - pi) (pa - 0i) (o - i)
soft 4 O N2 mz mg 4 2Da - Do ]|M |2
— 4dra wo = — 2
s Pa-11)2 (0 0)? (Da-pi)(po - 1i)

48



Phase space factorization

Pb

We separate the three-particle phase space into a two pi
particle phase space and a dipole phase space: Pa

dq)S(pa =+ Pb; Pis Pab) =dx d(i)2 (ﬁa(x) -+ Db; pab(x)) dq)d'épole

Calculate d®3(p, + pp; pi, Pap) explicitly:
81()—26 8—6
d(I)S(pa =+ Db; D Pab) — 4(7:)2_26 3 1—2¢ dQZ—Zedyab[(y+ — yab)(yab — y_)]—e
ab

d®2(Pa + po; Pap) = (2m) 464 (PY, — Py — pb)W5+(be — P2)

Oy (x — xap) 49




d®s(py + po; Pap,pi) = dx 04 (x — xap) dP3(pa + po; Pab, Pi)

1 apc%b ~ ~ —
= dx oyl e d®2(Po + pv; Pap) dPs(pa + pv; Pab, Di)
now use:
81;26 8—6
dP3(pa + po; Pis Pab) = 55— A2 2edyap [(Y+ — Yab) Wab — Y-)] €
A(m)27%€ /Ao
and define:
1 8?35 sclbb_26 5€ .
dPgipote = 27r‘ o | A(m)E% T dQ2—2edyab[(Y+ — Yab) (Yab — y-)]

We end up with:

d®3(pa + pv; iy Pap) = dv d®s(5a(z) + po; Pan(z))  dPuipore




For actual implementations, we need the phase space with particles Pr1 and P2

Po

Pb Pk1

Pk

N

ab

Pk2

Pi

Pa

d d
(27_(_)d d Pk1 d Pk2

dd a 3 i;Pa dP2
3(]9 + Db; D b) ab (27T)d—1 (Qﬁ)d—l

6Py — pr1 — pkz)]

= (27)d®3(pa + Po;Dis Pk1, PR2)

1 ~ ~ ~ S
= d®3(pa + Dv; Pi> PE1, PR2) = %dx d®s (Do + Po; Pab) [dPipote | AP, dP2(Pap; Pr1s Pr2)

d®s(pa + pv; Pap) dP2% d®o(Pay; Pri, Pr2)

use: 5 N
= (27) dP2, 04(P2, — P2)d®(Pa + po; Pr1s Pr2)

= d®3(py + Pv; Pi» Pk1, Pk2) = dx dP2(Pa + Pv; Pr1» Pr2) [APdipote)
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Integration

The integration of the dipole splitting functions is
analogous to the previous cases.

The general result of the integration over the dipole phase space is again given as
a distribution in x.

/d(I)dipole DIE—IS — fIE_IS(x;G)KIE_IS(x;E)

T

: finite for
Use “+"-distribution to write the result as a gltv)((a:r%ent all x
distribution in X:
. +
/dcpngEfS — /d:c d®y(x, §) [fIEIS(x;O)] KTE=15 (g1 ¢)
[xmznal]

+/d<i>2(1,8) U; dy fIE_IS(y;E)]KIE_IS(l;e)

min



After expanding up to O(g), we can write the result in the generic form:

/d%DIE_IS = /dw d®y(z, ) Ifﬁﬁfes(w) |Miree|® Finite contribution

+/d<1>2 L5o'5(e) |Mieel?> | Cancels IR virtual divergences

| IS asum over terms in inverse powers of €.
pole JIE-IS

/
The second term will cancel IR divergences in pole (6) = 5+ — +¢c3
the virtual contribution.




Example

Real contribution

soft lzmzt V V M 2
W >L<% (5;Via+ g Van) Ml

FE—-FS S
>~§Q& >~é§y D132 —I—D2F;3E1 E

Ti:1:
FE—-FS 1342+, FE—_FS
D13 2 51 <p13,p2| T2 V13 2

FE—-FS 2

|p13,]52> S, V13 2 ‘M2
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