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Klein-Gordon field in curved spacetime

Action

S[ϕ] =

∫
d4xL =

∫
d4x

√
−g

1

2

[
gµν ∇µϕ(x, t)∇νϕ(x, t)− (m2 + ξR)ϕ(x, t)2

]
■ Scalar field ϕ(x, t)

■ Background metric gµν(x, t)

■ Ricci scalar R with coupling strength ξ

■ Covariant derivative ∇µϕ = ∂µϕ

Varying the action with respect to the field yields the Klein–Gordon equation in curved
spacetime

gµν∂ν∂µϕ(x, t) + (m2 + ξR)ϕ(x, t) = 0
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From Lagrangian to Hamiltonian

Hamiltonian

H =

∫
dxH =

∫
dx
(
ϕ̇(x, t)π(x, t) − L

)
■ Scalar field ϕ(x, t)
■ Conjugate Momentum π(x, t) = ∂L

∂tϕ

in the following we will restrict to
■ gµν = 0 for µ ̸= ν
■ 1+1-dimensional spacetime
For this system the relation of field and its conjugate Momentum is

∂tϕ(x, t) =
π(x, t)√
−g g00
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From Lagrangian to Hamiltonian

Hamiltonian

H =
1

2

∫
dx

(
π(x, t)2√
−g g00

−
√
−g
[
g11
(
∂xϕ(x, t)

)2
−m2ϕ(x, t)2

])
■ Three constituents:

– kinetic ∝ π(x, t)2

– spacial gradient ∝
(
∂xϕ(x, t)

)2
– mass ∝ ϕ(x, t)2

■ Quadratic in ϕ and π ⇒ system of coupled harmonic oscillators
■ Metric gµν(x, t) controls couplings and effective frequencies
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Quantization and Discretizations
■ Hamiltonian Description of the KG-Field

– Klein-Gordon field in curved spacetime
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■ Results
– Friedmann-Lemaître-Robertson-Walker-Metric
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Lattice formalism and commutation relations

Quantization Promote variables to
operators
■ Field ϕ(x, t) → ϕ̂(x, t)

■ conj. momentum π(x, t) → π̂(x, t)

Impose commutation relations:

[ϕ(x), π(y)] = i δ(x− y)

Discretization Move the System to a
finite spatial Lattice where
■ position x → xn = an

■ Field ϕ(x, t) → ϕn

■ conj. momentum πn(x, t) → πn

■ Derivatives ∂xϕ → ϕn+1−ϕn

a

■ Integration
∫
dx → a

∑N−1
n

For the following we introduce rescaled variables such that

1√
a
q̂n = ϕ̂n,

1√
a
p̂n = π̂n
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Lattice formalism and commutation relations

Lattice Hamiltonian

H =
1

2

N−1∑
n=0

[
p̂2n√

−gn g00n
+
√
−gn

(
m2 − 2

a2
g11n

)
q̂2n +

2

a2
g11n

√
−gn q̂n+1q̂n

]
■ Three constituents:

– kinetic ∝ p̂2n
– "hopping"∝ q̂n+1q̂n
– mass ∝ q̂2n

■ Metric gµν(x, t) controls couplings and effective frequencies

The system reduces to a finite chain of coupled harmonic oscillators
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Momentum space

Lattice Hamiltonian in momentum space for a translation-invariant metric (gn(t) = g(t))

H =
1

2

N−1∑
k

[
1√

−gg00
p̂kp̂−k +

√
−g

(
m2 − 2

a2
g11
{
1−R

(
e2πik/N

)})
q̂kq̂−k

]
■ Diagonal in k ⇒ independent modes
■ Each mode is a harmonic oscillator with frequency ωk :

ω2
k =

1

g00

(
m2 − 2

a2
g11
{
1−R

(
e2πik/N

)})

■ for gµν → ηµν and taking the continuum limit

ω2
k = m2 + 4

a2
sin2

(
πk
N

) N→∞−−−−→ ω2
k = m2 + p2k
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Quantum Simulation
■ Hamiltonian Description of the KG-Field

– Klein-Gordon field in curved spacetime
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– Mapping to Gaussian operations
– Time evolution
– Initial state

■ Results
– Friedmann-Lemaître-Robertson-Walker-Metric
– Schwarzschild-Metric
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Mapping to Gaussian operations

Lattice Hamiltonian

H =
1

2

N−1∑
n=0

(
Λn√

−gn g00n

(
p̂2
n + q̂2

n

)
+

2

a2
g11n

√
−gn√

Λn
√
Λn+1

q̂n+1q̂n

)
■ Canonical rescaling

p̂n =
√

Λn p̂n , q̂n =
1√
Λn

q̂n, Λ2
n = −det(gn) g

00
n

(
m2 − 2

a2
g11n

)
■ Canonical rescaling yields symmetric local terms
■ Clear separation between local dynamics and coupling
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Mapping to Gaussian operations

Structure after rescaling

H =
∑
n

(
λn

2
(p̂2n + q̂2n) + κn,n+1 q̂nq̂n+1

)
■ Quadratic Hamiltonian ⇒ Gaussian dynamics
■ Lattice sites ⇒ bosonic modes (q̂n, p̂n)
■ Simulation using Strawberry Fields

Gaussian gates:
Displacement: D(α) = eαâ

†−α∗â

Rotation: R(θ) = eiθ(q̂
2+p̂2)/2

Coupling: CZ(s; qn, qm) = eis q̂nq̂m
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Time evolution

Time Evolution (time independent
Hamitonian)

U(t) = e−iHt

■ Hamiltonian H =
∑

nHn

■ Trotter–Suzuki approximation

U(t) ≈
(∏

n e
−iHnδt

)t/δt
■ Decompose each step into Gaussian

gates

U(t) =

N−1∏
n=0

R

(−λn

2
δt

)
CZ (κnδt) R

(−λn

2
δt

)t/δt

Time Evolution (time dependent
Hamitonian)

U(t, t0) = T e
−i

∫ t
t0

H(t′) dt′

■ Discretize time U(t) ≈
∏Nt−1

j=0 e−iH(tj)δt

■ Decompose each step into Gaussian
gates (Trotter)

U(t) =

Nt−1∏
j

N−1∏
n

R

(−λn

2
δt

)
CZ (κnδt) R

(−λn

2
δt

)

Strang splitting: eA+B ≈ eA/2eBeA/2

14



Initial state

Gaussian wavepacket ⟨q(x, 0)⟩

■ Gaussian wavepacket

ϕ(x) ∼ e−
(x−x0)

2

2σ2 eik0x

■ Momentum from dispersion

πk = −iωkϕk

■ Mapping to simulation

αn =
1√
2
(qn + ipn)

15



Results
■ Hamiltonian Description of the KG-Field

– Klein-Gordon field in curved spacetime
– From Lagrangian to Hamiltonian

■ Quantization and Discretizations
– Lattice formalism and commutation relations
– Momentum space

■ Quantum Simulation
– Mapping to Gaussian operations
– Time evolution
– Initial state

■ Results
– Friedmann-Lemaître-Robertson-Walker-Metric
– Schwarzschild-Metric
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FLRW-metric

■ Metric gµν(t) =

(
1 0

0 −a(t)2

1−kr2

)
■ Scale factor a(t) = eHt

■ Simulation setup
– time dependent metric
– periodic spatial lattice

■ Parameters
– H = 0.01
– alat = 1
– δt = 0.1
– k = 0

Field expectation value ⟨q(x, t)⟩ in FLRW space.17



FLRW-metric

■ Red-Line approximation:
– Group velocity

vg(t) ≈
∂ωk(t)

∂k

∣∣∣∣
k=k0

– Trajectory of the wavepacket center

x(tj) = x0 +

j∑
l=0

vg(tl)∆t

Field expectation value ⟨q(x, t)⟩ in FLRW space.18



FLRW-metric

Field expectation values ⟨q(x, t)⟩ in FLRW space at H ∈ [0.01, 0.03].19



FLRW-metric

■ Metric gµν(t) =

(
1 0

0 −a(t)2

1−kr2

)
■ Scale factor a(t) = eHt

■ Simulation setup
– time and space dependent metric
– periodic spatial lattice

■ Parameters
– H = 0.001
– alat = 1
– δt = 0.1
– k = 0.01

Absolute field expectation value |⟨q(x, t)⟩|.20



Schwarzschild-metric

■ Metric gµν(t) =

(
f(r) 0
0 − 1

f(r)

)
■ Scale factor f(r) = 1− rs

r

■ Simulation setup
– space dependent metric
– periodic spatial lattice

■ Parameters
– rs = 2GM
– alat = 1
– δt = 0.1
– G = 2
– M = 4

Field expectation value ⟨q(x, t)⟩ in
Schwarzschild space.21
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