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Hamiltonian Description of the KG-Field

= Hamiltonian Description of the KG-Field
— Klein-Gordon field in curved spacetime
— From Lagrangian to Hamiltonian



Klein-Gordon field in curved spacetime
Action

St = [ doe = [ atoy=g; (9 ,(o.0) Vud(at) — (m? +€R) 6.t

Scalar field ¢(z,t)

= Background metric g,,, (,t)

= Ricci scalar R with coupling strength ¢
= Covariant derivative V¢ = 0,,¢

Varying the action with respect to the field yields the Klein—Gordon equation in curved
spacetime

9" 0,0,¢(x,t) + (m?* + ER)p(x, ) = 0



From Lagrangian to Hamiltonian

Hamiltonian
H:/dxH:/d:c (¢'>(a;,t)7r(a;,t) - c)
= Scalar field ¢(x, t)

= Conjugate Momentum 7 (z,t) = %
in the following we will restrict to

" g, =0forp#v

= 1+1-dimensional spacetime

For this system the relation of field and its conjugate Momentum is

m(x,t)

Od(w,t) = =g g™



From Lagrangian to Hamiltonian

Hamiltonian
1 m(x,t)?

i =g [ (TG - v=als" (eroto.0)

= Three constituents:
— kinetic oc 7(x, )2

2

- m2¢<x,t>2D

2
— spacial gradient (am(x, t))
— mass x ¢(z,t)2

Quadratic in ¢ and m = system of coupled harmonic oscillators

Metric g, (x, t) controls couplings and effective frequencies



Quantization and Discretizations

= Quantization and Discretizations
— Lattice formalism and commutation relations
— Momentum space



Lattice formalism and commutation relations

Quantization Promote variables to
operators

= Field ¢(z,t) = ¢(z,t)
= conj. momentum 7 (x,t) — 7 (x,t)
Impose commutation relations:

[p(x), m(y)] = id(x —y)

Discretization Move the System to a
finite spatial Lattice where

® position x — z,, = an

= Field ¢(z,t) — ¢n

= conj. momentum m,(z,t) —
® Derivatives 0,¢ — @

® Integration [ dz — a3 N !

For the following we introduce rescaled variables such that

Sl

(jn = ¢n7

Pn = Tn
a

=k




Lattice formalism and commutation relations

Lattice Hamiltonian

N-1
1 ﬁ%« / 2 2 11 ~2 2 11 ~ a
H= 5 Z |: /_gn 920 +tvV—=gn|m” — CL_2 9n qn + ? 9In V —9n dn+14n

n=0

= Three constituents:
— kinetic oc p2

— "hopping" < Gn+14n
— mass o §2

= Metric g, (x,t) controls couplings and effective frequencies

The system reduces to a finite chain of coupled harmonic oscillators



Momentum space

Lattice Hamiltonian in momentum space for a translation-invariant metric (g,,(t) = g(t))
N-1

H= 1 Z [\/— —— o PkP—k + \/_< g" {1 — % (eQﬂk/N> }) (jkq_k]

= Diagonal in k = independent modes
= Each mode is a harmonic oscillator with frequency wy, :

w,% = g(l)o <m2 — 3g {1 —%(ezmk/N)}>

= for g, — 1, and taking the continuum limit

N—oo
w,%—m —|—a281n (”k) — w,%:mQ—l—pz




Quantum Simulation

= Quantum Simulation
— Mapping to Gaussian operations
— Time evolution
— Initial state



Mapping to Gaussian operations

Lattice Hamiltonian

N—
1 A2 ~2 2 gn —9n .
= Canonical rescaling

~ ~ A~ 1 by 2 2
Pn = \/An Pn, Q4n= _/A—n adn, An = _det(gn) g?LO <m2 a2 g”lll)

= Canonical rescaling yields symmetric local terms
= Clear separation between local dynamics and coupling



Mapping to Gaussian operations

Structure after rescaling
H Z ( p'n, + Qn) + Rn n+1 QnQn+1>

® Quadratic Hamiltonian = Gaussian dynamics
= | attice sites = bosonic modes (G, pr)
= Simulation using Strawberry Fields

Gaussian gates:
Displacement: D(a) = pal —a*a
Rotation: R(#) = ci0(a+0)/2
Coupling:  C%(8: qn, gm) = € Im



Time evolution

Time Evolution (time independent
Hamitonian)

U(t) _ e—th

= Hamiltonian H =), H,
= Trotter—Suzuki approximation
) /8t
U(t) ~ (1, )

= Decompose each step into Gaussian
gates

ves (ilj: f (%&) Cyz (kndt) R ( _;" &)) v

14

Time Evolution (time dependent
Hamitonian)

;rt / /
Ult, to) = ’Te_lffo H(t")dt
= Discretize time U (t) m [}ty " e 7t (1)
= Decompose each step into Gaussian
gates (Trotter)

U(t) = Nﬁl (Nlle (%67:) Cy (kndt) R (%50)

J

Strang splitting: e+ 5 ~ eA/2¢BeA/2



Initial state

1.0 = Gaussian wavepacket
0.8 1
_(:zt—acQ)2 .
0.6 1 QS(ZL') ~ e 292 ezkoz‘
A 0.4
? 0.2
% = Momentum from dispersion
= 0.0
v —-0.2 y
: Tk = — WPk
-0.4
—0-61 | | | . | = Mapping to simulation
0 20 40 60 80 100

n

1 .
an = —=(qn +1p
Gaussian wavepacket (g(z,0)) " \/5( " n)



Results

= Results
— Friedmann-Lemaitre-Robertson-Walker-Metric
— Schwarzschild-Metric



FLRW-metric

1
Metric | g (t) = (0

0

—a(t)?
1—kr?

)

Scale factor a(t) = e

Simulation setup

Ht

— time dependent metric
— periodic spatial lattice

Parameters
H =0.01
— apr=1
0t =0.1
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Field expectation value (¢(z,t)) in FLRW space.



FLRW-metric

= Red-Line approximation:

— Group velocity 15
Owy(t) 80 1.0
,Ug(t) ~ ak:
k=ko o 05
. Q
— Trajectory of the wavepacket center £ 00
40
J
) — ) -0.5
z(t;) = 2o + lz; vy (1)) At .
; -1.0

00 20 40 100

18 Field expectation value (¢(z,t)) in FLRW space.



FLRW-metric

time
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19 Field expectation values (¢(z,t)) in FLRW space at H € [0.01,0.03].
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FLRW-metric

Scale factor a(t) = e

Metric | g (t) = (

1
0

Simulation setup

20

— time and space dependent metric

Ht

— periodic spatial lattice
Parameters

— H =0.001
—ag=1
- 0t=0.1

- [k=001]

5 50 75 100 125 150 175 200
n

Absolute field expectation value |{g(z,t))|.



Schwarzschild-metric

= Metric| g (t) = (

f(r)
0

f(r)

)

® Scale factor f(r) =1— =

= Simulation setup

— space dependent metric
— periodic spatial lattice

= Parameters

—rs =2GM
— =1

- 0t=0.1
-G=2

- M=14

21
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Field expectation value (q(x,t)) in
Schwarzschild space.
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