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ABSTRACT. An accurate description of the basic physics processesoofpn scattering and

positron annihilation in matter requires the considerati atomic shell structure effects and, in
specific, the momentum distributions of the atomic eledrdmwo algorithms which model Comp-

ton scattering and two-quanta positron annihilamnestaccounting for shell structure effects are
proposed. Two-quanta positron annihilation is a physicegss which is of particular importance
for applications such as positron emission tomography JPEdth models use a detailed descrip-
tion of the processes which incorporate consistently Dapploadening and binding effects. This
together with the relatively low level of complexity of theoatels makes them particularly suited
to be employed by fast sampling methods for Monte Carlo @artiransport. Momentum dis-

tributions of shell electrons are obtained from paramettinne-electron Compton profiles. For
conduction electrons, momentum distributions are deringtie framework of a Fermi gas. The
Compton scattering model uses an approach which does ndbgipy free parameter. In con-

trast, a few semi-empirical approximations are includedte description of the complex physics
of electron-positron annihilation resulting in acollingghotons. Comparisons of the Compton
scattering model with simpler approaches illustrate thaitdel accounting for shell structure ef-
fects. A satisfactory agreement is found for comparisonbadii newly-developed models with

experimental data.

KEYWORDS. Interaction of radiation with matter; Detector modelliagd simulations | (interac-
tion of radiation with matter, interaction of photons witlatter, interaction of hadrons with matter,
etc); Gamma camera, SPECT, PET PET/CT, coronary CT angibgi@TA)
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1 Introduction

The atomic orbital structure and in specific the momenturtridigions of the atomic electrons
are well known to become apparent in Compton scatterip@iid positron annihilation in mat-
ter [2]. Compton scattering cross sections for a free targetrelectt rest are described by the Klein
Nishina (KN) cross sectior8]. Compared to the KN cross section, measured Compton sogtte
cross sections in matter exhibit prominent features whah lee attributed to the shell structure:
electron binding energies lead to a reaction suppressi@ase of low momentum transfers and
the motion of the bound electrons causes a Doppler broaglefithhe scattered photon energy dis-
tribution. When positrons annihilate in matter with theraio shell electrons, they decay mostly
into two 511 eV photonse” + e~ — 2y). Due to momentum conservation these photons have
opposite directions in the centre-of-mass (cms) frame. é¥aw in the laboratory frame the two
annihilation photons are not exactly collinear and alsdr thieergies are slightly dissimilar. These
slight dissimilarities are due to the momentum of the aratiimig positron-electrone( e~) system.
While most of the positrons reach thermal energies befagdnnihilate, shell electrons may have
significantly higher momentum and lead to measurable phatatiinearity and dissimilarity of
photon energies. Physics models aiming at an accurateiptestiof both positron annihilation in
matter and Compton scattering require therefore a coratidarof atomic shell structure effects.
In case of Compton scattering, this is particularly trueoat photon energies and for heavy nuclei



(with tightly bound electrons). A detailed description obr@pton scattering profits to all those
applications where photon transport is important, inalgdnotably dosimetry, source shielding,
photon detectors, medical linacs, positron emission toapiyy (PET) and dose monitoring with
prompt photons4]. To the contrary, angular correlation effects and Doppleradening of two-
guanta annihilation have a small impact on transport andggngepositions, therefore they are
relevant only for applications that aim to observe the aitatibn process itself. Most prominently
this is the case for PET. The two-quanta positron annibifais the underlying physical process
which is made use of by PET to obtain information about thatioo of positron emitters. In the
field of molecular imaging, PET is widely used to determineivo distributions of biologically
active molecules, such as proteins, labelled with a posiemitter b, 6]. In recent years there
is also an increased interest in employing the PET techniigudose monitoring during cancer
treatment with hadron therapy7([8] and references therein). Positron annihilation spectiog

is a further technique which makes use of two-quanta pesdrmihilation p, 9-11].

This work proposes two models describing Compton scagen acollinearity of two-quanta
positron annihilation which account for atomic shell stane effects in media. The models are re-
ferred to in the following a€ompton scattering modahdAcollinearity model Both models are
based on the atomic shell binding energies and electron mmmedistributions. Momentum dis-
tributions of shell electrons are obtained from paramettiguantum mechanical calculations. For
conduction electrons, momentum distributions are obthfr@m the free electron gas model. The
Compton scattering model uses an approach which does ndbgipy free parameter. In con-
trast, a few semi-empirical approximations are includedte description of the complex physics
of electron-positron annihilation resulting in acollingghotons. The presented models were de-
signed and developed for the use as native models of the MGarte (MC) particle transport code
FLUKA [12, 13]. They are well suited for MC calculations, as they allow tast sampling from
the required probability density functions (PDF). FLUKAaisnulti-purpose code which is capable
of handling about 60 different elementary particles, idolg photons, leptons, hadrons and also
ions, at energy ranges from a few keV to thousands of TeV inptexrgeometries and compound
media. Neutrons are transported down to thermal energiespdcific, FLUKA simulates photons,
electrons and positrons including models for all signiftcateraction processes at the given en-
ergy range. For photons this includes: pair production, @tom scattering, Photoelectric effect,
Rayleigh scattering, photomuon and photohadron producthotons are transported taking into
account photon polarization for the Compton, the Rayleiggh the photoelectric effect. For elec-
trons and positrons this includes: Coulomb scatteringg{giand condensed multiple scattering),
continuous energy loss, including energy loss stragglimg, above a given threshold, discrete
energy losses and explicit delta-ray production via BhabitaMgller scattering, Bremsstrahlung,
positron annihilatiorin flight andat rest For both stopping power and Bremsstrahlung, differences
between electrons and positrons are taken into accountmidtelectron excitations or vacan-
cies are treated by modelling de-excitation cascadesrigdadithe subsequent emission of x-rays,
and Auger electrons. Also the production of unstable nuanhei the time evolution and tracking
of radiation emitted by these residual nuclei can be peréaknmMore details about FLUKA can
be found at 14].

The article is structured as follows. Sectidmpresents the Compton scattering model. Sec-
tion 3 is dedicated to the description ef e~ annihilation and the Acollinearity model. Each of



the sections contain an outline of the physics of the resmeptrocess with the focus set on the
description of effects due to the binding and motion of tferat electrons (sectioB.1and3.1).

It is followed by the model descriptions (secti@r and3.2) and validations in comparison with
other modelling approaches and experimental data (se2#amd3.3). The procedure for obtain-
ing the PDF of the electron momentum distributions whichraguired by the models is described
in section2.3.

2 Modelling of Compton scattering

2.1 Outline of the physics background

The incoherent scattering process, also called Comptdtesog, is the dominant interaction type
for photons in the energy range between some keV up to aboehs Kthe momentum transfer of
a photon is large compared to the electron binding energig®darget atoms, Compton scattering
can be described with good accuracy in the free electroroappation. For a free electron at rest,
the scattering cross section is given by the well-known Kiinfala [3, 15]

do r2k? [k K 2
<@> v (WE‘““(E’“E“) ) | @D

Herek andk’ are the initial and final photon momenfa,is the direction of the scattered photon
relative to the initial photon, anty = ah/mec = 2.82. 10 13cm is the classical electron radius.
For a given initial photon momentuiy the photon scattering angiand its final momenturk’
are related due to energy and momentum conservation by

, kmeC
~ mec+k(1—cosB)’

2.2)

the so-called Compton relation, wherg is the electron rest mass. Again due to momentum con-
servation, the direction of the emitted electron is giverth®ydirection of the momentum transfer
g = k —k’. Consequently, the polar anghe is given by

K+mec |  k—K
c0sB, = " e kK (2.3)

and the polar angle of the electrgnis opposite to the polar angle of the scattered phaione.
@E=0Q+TL

el andg;, are respectively the contravariant initial and covariamdlfpolarization four-vectors.
A gauge can be chosen such that the polarization vectorsdrdyespatial components (see ap-
pendixA) and one can obtairlp)

(s[,s“)zz |s’*-s\2:co§e, (2.4)
where@ is the angle between the polarization directions of théainithotone and the final photon
¢’. The scattered radiation can be conveniently expressestrmstof two linearly polarized com-
ponents being paralle|Y and perpendicularl() to € [16]. For L, cos® =¢’-£ =0. For||, © can



be expressed in terms of the scattering afigéand the angle between the scattering plafie k')
and the planék’, €)
cof@=1-sifOcos¢ . (2.5)

From this partition it can be seen that thlecomponent is always more intense than the
1 -component.

For momentum transferg which are not large compared to the electron binding engrgjie
the target atoms, binding energies and velocity distritmgiof the bound target electrons have to
be taken into account for an accurate description of the Gomgcattering process. The Doppler
broadening, which is caused by the motion of the target relest leads to a broadening of the
peaked energy distribution (the so-called Compton lineafgiven scattering angle and the Comp-
ton cross section becomes a two-variate quantity depemdirije scattering angle and the final
photon momentunk’. There are different approaches to provide a more accueserigtion of
Compton scattering for these low momentum transfers. Amcqapate approach is to absorb
differences with respect of the KN cross section in a mudtiiive incoherent scattering function
S(g,Z), whereq is the scalar momentum transfer afds the atomic number of the scatterer, so
that the Compton scattering is given by

<g_§G2>S(q,2) —sazr (g_g>KN . (2.:6)

A successful historical model for light systems is the claltton of S(g,Z) according to Waller
and Hartree 17], and similar systematic tabulations 8fqg,Z), as found for instance iriLp], are
used nowadays by MC transport codes. The relativistic isgapproximation (I1A), described by
Ribberfors et al. 19, 20], accounts for binding effects and the target electron omoéind gives an
accurate description of Compton scattering also for lowertgn energies (down to some tens of
keV). The IA assumes that the final electron states can begepted by plane waves. In the IA, the
electron motion enters in the cross section in form of atashil Compton profiles (for definition
see 2.9)). The adaption of the relativistic 1A approach for a MC sport code is described by
Brusa et al. 21].

2.2 Compton scattering model

A newly-developed modelling approach for Compton scattgrialternative to the ones priorly
mentioned, is presented in the following. The model tramsfothe Compton interaction of a pho-
ton with a bound electron in motion to the simpler case of aeraction with an electron at rest.
This allows to describe the scattering process itself basdtie KN cross sectior2(1). The treat-
ment of the scattering process in the rest frame of the eleciows a significant reduction of the
mathematical complexity of the problem and the related seamy computation time. Furthermore,
it also allows to account for the photon polarizations aataly in a simple manner. Effects due
to the motion and binding of the atomic shell electrons emergturally and result in scattering
suppression for low momentum transfers due to energy cestsen and Doppler broadening as
explained in the following description of the sampling aitiom.
For a given photon in a medium with momentum four-vedt®)# and polarization(£'2)H,

the Compton scattering interaction probability is samgdledh the total KN cross section. The



total Compton cross section is calculated using the eleatemsity of the medium and assuming
free electrons at rest. If a photon interacts, the targdt sleetron participating in the interaction
is sampled from all the electrons of the medium, weightedh #ieir relative occupation numbers
(‘additivity rule’). Next, the four-momentunip@)¥ = (mec+ T2/, p'°) of the target electron
and a corresponding kinetic energy of the target electid® before the interaction is obtained.
This is done by sampling the modulus of the electron momerfitam the momentum distribution
of the orbital ¢.11), with J given by @.14), and assigning a uniformly distributed random direction.
The photon four-momentum and its polarizatiget, e) is then transformed by a Lorentz boost
into the rest frame of the electron (for details see appeAjixn the rest frame of the electron the
KN cross section is employed to sample the polarizatihand momentunk’* of the scattered
photon and the related four-momentyipi®® )# = (mec + T2 /¢, plab’) of the recoiling electron.
In the model the electron is considered to reside in a patientll with a depth given by

V =Eg+Ey, (2.7)

whereEg is the binding energy of the electron shell aig = T2 is the hole energy. FLUKA
uses tabulations of atomic binding energies frd@].[ In case that the kinetic energy of the re-
coiling eIectronTe!ab' in the laboratory frame is lower than, the reaction is suppressed. Instead,
if Te'ab' >V the interaction occurs and the enerlé%i" and the direction of the scattered photon
and the electron in the laboratory frame are obtained whitgractingV from Tgab’ for the escap-
ing electron without modifying its direction. This is reasble for a central potential and a good
approximation ifT}2’ significantly larger thaw .

2.3 Sampling of electron momentum distributions

Both presented models require sampling from momentumildisions of atomic electrons. Elec-
tron momentum distributions are sampled using ComptonlpsofThis is done since detailed data
and calculations of electronic Compton profiles are fouridénature as they are an experimentally
measurable quantity. The momentum denkjtyp) of an atomic electron is given b22]

1M (p) = P |wp(p)f (2.8)

where gp(p) is the electron wavefunction in momentum space aridm are the principal, az-
imuthal and magnetic quantum number of the respective kalb-3 he electronic Compton profile

hi (Q) is related to the momentum densit§ (p) of an electron in a given atomic orbital with
momentump by [22]

1 > 1n(p)
m _ - n,I
RQ=j [ o =d. (2.9)
whereQ is given by the projection of the electron momentprbefore collision on the negative
momentum transfeq

P-q kk’(l—COSG)—\/W(k_k/)

=_Fi_ : 2.10
Q q q (2.10)

Herek andk’ are the initial and final photon momenta.



Hence, from 2.9) follows that the momentum density distribution can be egped in terms

of the Compton profile by

djm
Im(p)=—2p E‘;p) . (2.11)

(Q) is an even function and generally normalized per electromhat

Jm

n,l

/(; " 20m(QdQ=1. (2.12)

The overall Compton profile of an atodd*°™(Q) can be obtained by summing over all occupied
shells while weighting them with the electron occupatiomiderNy} for a given sub-shellq1]

JamQ) = Z NI (Q) - (2.13)

In the following, we sample the orbital electron momentusstribhution from @.11). Comp-
ton profiles of atomic electron orbital2.9) were parametrized from accurate quantum mechanical
calculations in order to allow for fast sampling procedurBsbulated Compton profiles of atomic
orbitals obtained from Hartree-Fock wave functions by Bigg al. R2] in the approximation of
closed-shell configurations were used for the fits. The &dlmrs include Compton profiles of
all electronic orbitals of free atoms with<d Z < 102, using relativistic wave functions for ele-
ments withZ > 35 and non-relativistic wave functions for smallewhere there is only a marginal
difference between the two metho@2].

For a given sub-shefi, |, m, the fits to the Compton profile]ﬁf‘, (Q) =J(Q) are obtained using
a combination of five terms: a Fermi-Dirac (FD) distributitwwo Gaussians (G1 and G2) and two
exponentials (E1 and E2)

1
HQ =P B a1

1/Q—m\° 1/Q—w)\?
+ Ps1-exp [—5 (QTlul> + Ps2-exp [_5 (QTZHZ> ]

+ Pe1-exp[—A1Q] + P2 exp[—A2Q) ,

(2.14)

with the free parameters beirmg 8, U1, 01, U2, 02, A1, A2, and the relative normalization factors
Pep, Ps1, Pe2, Per and Pe2, where due to normalizatioly’ 2|/J(Q)|dQ = 1 for one electron. The
procedure that chooses the combination of terms for thelg@ffitfis crucial to obtain an accurate
shape for all the momentum profiles with a reduced number i@afrpeters. For a given sub-shell,
the chosen approach uses at maximum three of the five tern2sldj {o precisely fit all profiles
for all atomic number&, with the number of knots of the profiles ranging from zerowo.t The
number of terms used for a given profile is driven by the shetiraetry, i.e. the number of knots
of the profile distribution, while the actual choice of theabsical functions which are used in the
combination (mixture of exponentials and/or Gaussiangaarteermi-Dirac) is simply made on the
basis of the best? fit among all the different possible combinations.

Figures1 and 2 show some examples of Compton profiles as derived from thatgoma
mechanical calculations by Biggs et &2] in comparisons with MC samples of the parametrized
profiles.
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Figure 1. Examples of Compton profiles as derived from quantum mechkoalculations by Biggs et
al. [22] in comparisons with parametrized MC samples. Compton lpobf the 1s orbitals of hydrogen,
helium, lithium and beryllium are shown. Values in paresthgjive the shell occupation number.
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Figure 2. Examples of Compton profiles as derived from quantum mechhoalculations by Biggs et
al. [22] in comparisons with parametrized MC samples. Compton lpofif the orbitals 1s, 2s, 2p, 3s, 3p,
4s, 4p, 3d of krypton are shown. Values in parenthesis gigsliell occupation number.



The momentum distribution of electrons which reside in tbaduction band of a metal or
semi-conductor can approximately be described in the frarieof a free-electron gas with con-
duction band electron densibg®.! The momentum distribution of a Fermi gas in zero-tempeeatur
approximation is given by:

2 .
5, ifpP<pf

3
(2.15)
0, if p? > pZ

I(p) =

where the Fermi momentum is given py = h{/3pSB/8m with h being the Planck constant. The
number of conduction band electrons was chosen as founiiatlire.

In molecular and also in polycrystalline materials the motam distributions of the electrons
are on average isotropic. For such situations an electranantump = (p*, p?, p%) is obtained for
a given shell by sampling the modulpdor the corresponding momentum distribution fro2al(l)
and assigning a uniformly distributed random direction.

2.4 Evaluation of the Compton scattering model

Figure 3 shows the total Compton scattering cross sections as aidanot the initial photon
energy E computed with the present Compton model in comparison with KN cross sec-
tion and using tabulated cross sections from the Livermaeduated Photon Data Library 1997
(EPDL97) 18, 23]. EPDL97 cross sections are obtained by numerically iatigy @.6), that is
the KN formula and incoherent scattering functigfu, Z). For more details see als®J. At high
energies above 1 MeV, all of the approaches give almost #ihl total cross section, even for
heavy elements. For lower energies, differences of the Kidsceection with respect to the other
two approaches are mostly due to the cross section suppmedse to shell effects compared to
the free-electron picture. The EPDL97 cross sections amgtesent Compton scattering model
account for such shell effects and their cross sections tezéro for small photon energids

In figure 4, differences between various approaches can be observéigef@€ompton scattering
cross sections differential in energy of the scattered @hBt at selected energies = 20, 100,
1000 keV for carbon and lead. The shown cross sections wenpwted with the present Compton
model, with a fit to EPDL97 tabulations, and using the KN cresstion.  For high energies of
the scattered photon, with’/E close to one, the approach usiBgy,Z) provides a smooth ap-
proximation to the shell effects, which tends to zeroEOfE — 1 where the KN cross section is
finite. Both the KN cross section and the approach usitgZ) do not account for effects due
to Doppler broadening and predict a sharp fall ofEa{1+ 2(E/mec?)). The Doppler broaden-
ing causes a blurring of this fall off, most notable for photnergies in the order of the kinetic
energies of the shell electrons. The present Compton soatteodel predicts the fine structure
of differential Compton cross sections in form of discouatiies which are caused by surpassing
the individual binding energies of shell electrons. It asgounts for Doppler broadening due to
the motion of the target electrons. FigBeshows the Doppler broadening of the Compton line
from measurement22fl] and as predicted by the Compton scattering model at an arfidlé7

for 412 keV photons incident on aluminium and germanium. réhe a good agreement between
simulations and measurements for both media.

1if not changed by the user, solid and liquid compounds arsidered by default to be a metal in FLUKA if they
consist to more than 50% (atoms) of metallic elements.
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Figure 3. Total Compton scattering cross sections as a functionefrittial photon energf computed
with the present Compton scattering model, using crossosetzabulations from EPDL9718], and using
the KN cross section. Cross section for carbon, iron anddeaghown.

The present model describes binding effects and electrdiomio the frame of closed shell
atoms for orbital electrons and in the picture of a free ebecgas for conduction band electrons.
Chemical bonds lead to modifications of the binding energieb momentum distributions of the
valence orbitals with respect to an independent atom mdddk can lead to inaccuracies of the
model for photon energies close to the binding energiesebtter shell electrons.
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Figure 4. Compton scattering cross sections differential in thegnef the scattered photd# at selected
initial photon energiesH = 20, 100, 1000 keV) for carbon and lead. The cross sectionscan@uted with
the present Compton scattering model, using a fit to talmnatf the incoherent scattering functisfy, Z)
from EPDL97 [L8], and using the KN cross section.

3 Modelling of two-quanta e"e~ annihilation

3.1 Outline of the physics background

Energetic positrons in media, such as originating fromtpasiemitters £ 1 MeV), generally slow
down to thermal energies (characteristic enef@y2) - kT = 0.04 eV) due to Coulomb interaction
before they annihilate. This is reflected in energy losssestions which are significantly larger
than annihilation cross sections at higher (non-thermadygies. For the small fraction of annihi-
lationsin flight, the momentum of the electron can be usually neglected camdpa the generally
much larger positron momentum. The integral and diffeedrtioss sections for two-quanta an-
nihilation in flight of a freee™ e~ pair with the electron at rest can be found for instancelsj.|
Annihilationin flight is readily considered by many MC cod&%], including FLUKA. Other types
of annihilation, such as one-quantum, no-quantum and-teata annihilation, do occur. How-
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Figure5. Compton scattering cross sections differential in thegnef the scattered photd#l at an angle
of 167 for 412 keV photons incident on aluminium and germanium. dgxpental data from Cooper et
al. [24] are presented together with predictions of the Comptotiexttag model which were convolved with
a Gaussian with a full-width at half-maximum (FWHM) of 0.968/ to imitate the detector resolution of
the data 24].

ever, they are far less likely. An analytical estimationha tost probable of these processes, the
one-quantum annihilation, is given by Jurg$].

The two-quanta annihilation proceasrestis of particular interest for applications, such as
PET, where other annihilation processes contribute merefprm of background to the mea-
surement. Foe"e annihilationsat rest i.e. with thermalized positrons, the momentum of the
annihilatione™e™ pair is generally determined by the motion of the bound edectinteractions of
slow positrons with atoms, molecules, and ionic latticesaircomplicated nature. The time scale
of a thermal positron approaching an atom or molecule is nhargfer than the electron cloud re-
laxation time. Long-range interactions can be approxieatidescribed by the polarization of the
atom or molecule and dipole-charge interactic®id.[ For short-range interactions (at distanees
Bohr radius) to the contrast, no simple multipole expan&guossible any longer, and the potential
of the atomic nuclei, positronium atom formatid28[ 29], and the annihilation reaction have to be
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taken into account. A detailed consideration of these msE®involves the quantum mechanical
calculations of many-body interactions of the positrortwtiite atomic or molecular electrons in or-
der to describ&™ e~ correlation effects30, 31] and phenomena, such as positron trapping effects
in lattices, which alter positron lifetimes and eventudhg probability of annihilation in different
sites of the atom or molecul@,[9].

The angular correlation of the annihilation photons andrtkenission energies (Doppler
broadening) are sensitive to these underlying physicsegsas as they can modify notably the mo-
mentum distribution of the annihilating e~ pairs. In fact, angular correlation and energy spectra
can be used for the identification of different materialss{von annihilation spectroscopy}q] and
even for monitoring material parameters such as latticeaief evoked for instance by compres-
sion of the materiald, 32]. The sensitivity to modifications of atomic structure ipkned by the
fact that positrons annihilate predominantly with outezlsblectrons 83], that are valence or con-
duction band electrons, which are themselves only slididlynd and involved in chemical bonds.
Correlation effects between electrons and positrons gépeesult in increased orbital densities
of electrons around the positron. In descriptions baseddegendent particle models, correlation
effects can be accounted for by means of enhancement féatanslividual annihilation sites34).
Large relevance of correlation effects are observed ealbetir outer shell electrons3p).

3.2 Acodllinearity model

In spite of the complex underlying physics processes iralw positron annihilation in media,
it is experimentally found that the bulk of energy and anguliatributions is readily described
by the sum of two Gaussians with sigmas and weights depemdetite medium for atoms and
molecules of both simple and complex structur@g].[ Modifications for different media of the
Gaussian-alike central part of the angular and energy gpaot mostly only moderate, whereas
the high-momentum tails of the distributions (appreciabldogarithmic scale) exhibit a much
stronger variation. Highly precise experiments are desigio measure tails of large angular and
momenta distributions over five orders of magnitu@8][ However, these tails contribute with
a negligible amount to the total annihilation reaction ratel are consequently not relevant for
applications such as PET imaging techniques. These obissrvaupport the intent to describe the
bulk of the angular and energy spectra of two-quaritar annihilationat restapproximately by a
simplified semi-empirical approach.

In the FLUKA code, fast positrons are transported while @ering energy losses aimtflight
annihilation cross sections, as mentioned earlier, agugrib well-known formulas, see 1],
chapter 4, section 21). Below 1keV, positrons are no longarsported and their remaining ki-
netic energy is deposited on the spot. Then annihilatorstoccurs. For modelling of the angular
distribution and the correlated energy distribution of {ganta annihilation reactiors rest the
same electron momentum distributions as for Compton soajtare used (see secti@). The
momentum of thermal positrons is generally small compaoettie momentum of the shell elec-
trons and is set to zero (i.e. is neglected). It is importargtiess here that the chosen description
for the atomic electron momentum distributions neglects modifications of electronic orbitals
due to chemical bonds and the presence of the positron.athgtee correlations are introduced
by the means of empirical correction factors in the spirithef approaches discussed by Gupta and
Siegel B4] and Alatalo et al. 30]. The parameters for the empirical correction factors étaioed
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by matching energy and angular correlation spectra of datidn photons predicted by the model
to experimental data.

3.2.1 Empirical correction factorsfor selection of annihilation shell and momentum

A positronat restwill annihilate inevitably with one of the atomic or condiget band electrons
of the target medium. In the model, once an electron is sEldfcr annihilation (explained later)
the momentum of the electron is sampled from the correspgnaiomentum distribution of the
sub-shell or the free electron gas momentum distributinrgaise of a conduction band electron,
see R.11), (2.14) and @Q.15. To allow for a suppression of annihilations with high-nmemum
shell electrons, a momentum-dependent correction fa&fop) is used. Hence, the PDF of the
annihilation momentum of the" e~ pair for an electron shéﬂ,l,m is given in the model by

AL (p) =R (PRI (P) - (3.1)

We chose to introduce an empirical factor which matches #te df angular correlation and
Doppler broadening measurements of the hydrogen electem fijgures/ and9). The factor,
rescaled by the corresponding binding enefgy, is then applied to all sub-shells of all elements.
It is parametrized in the form of a double-Gaussian PDF

2 2
R (P) =Ny - (0.9-exp [—% (0.7-p|:n|> +0.1-exp [_:_2L (1-5'pFn|> ] ) , (3.2)

wherep is the electron momentum,
Fni = /2mMeEn (3.3)

andN, being the normalization factor. No momentum correctiondaé used for the conduc-
tion band electrons and their momentum is directly sampteth fthe free electron momentum
distribution @.15).

The unnormalized relative probabiliBE, for a given positron to annihilate with a certain sub-
shell electrom, | or conduction band electron is assumed to depend only orirtding energyEn
of the electron and is parametrized by a Gaussian of the form

2
Py = exp [—% (5—2') ] , (3.4)

whereg,- is a free parameter,- was determined by matching data of angular correlation mea-
surements for nitrogen (see figufeand set to 23 eV. To compui, for the case of annihilation
with conduction electrons, conduction electrons are assuimreside in a potential well made up
of a binding energy assumed to be 2eV and the average kinsige of an electron in a free
electron gastayg = 3/5EF. The total binding energi, of conduction band electrons used for
sampling is thus given by

Ecg =2eV+ 2/5- Er, (35)
with the Fermi energyEr = pZ/(2me). The normalized probability for the annihilation with a
certain target electron, |, mfor a given medium is

o

pe Wn,|7m'Pn7| 3.6

nlm— e ( . )
Yo v Wy gt - Py o
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wherewn m is the fractional frequency of the element with electrohm in a compound and
n,l, mruns over all electrons in the medium.

3.2.2 Kinematics of two-quantaete  annihilation

In the following all momenta and energies without supeptcaire given in the laboratory frame
while momenta and energies in the cms frame of the anningagi e pair are labelled with
‘cms’. Ane"e™ pair annihilates by emitting two quanta at an angle of°’li8@he cms frame which
are mutually polarized. The momentum of tiiee— pair is transferred to the photons leading to
a deviation from collinearity in the laboratory frame. Iretlaboratory frame the total initially
available energy is given by

Eep:_z Ei—Eg—Eq. (3.7)

1=€e,p

HereE = \/(me02)2+ (pic)2 is the initial energy of the annihilating electron or pamity with pi“
being the respective momentum four-vects.is the binding energy of the electron alfd = EX"

is the kinetic energy of the bound electron (i.e., the ha&estnergy)Eg andEy form the potential
well in which the electron resides. The positron is assuroduktat rest wittp, = 0 and residing
in a zero potential well. The available energy is assumecdetshared equally between the two
annihilation photons in the cms frame

1 1
ES,TS: E;rgs: 5\@: > (Pep) pgpa (3.8)

where pé‘p = (Eep/C, Pep), With pep = pe. The energy and momentum of the annihilation photons
in the laboratory frame is then obtained by a Lorentz trams&tion given by the boost four-vector
pkp. Binding and hole state energies are generally small cosdgarthe energy of the annihilation
photons. Hence, the approximation of subtractizggandEy in the cms frame should have little
effect on the angular distributions.

3.3 Evaluation of the Acollinearity model

Contrary to the Compton scattering model, where the seledi the participating target electron
is independent of its shell and binding energy, positronifalations occur predominantly with
the less tightly bound outer-shell electrons. Positronikalation is therefore more sensitive to
modifications of these orbitals with respect to the clodegllsatom picture. We found that a sim-
ple scaling factor of 1.4 between the annihilation momentlemsity and the unperturbed atomic
electron momentum density describes very roughly expetiahddoppler broadening data from
Iwata [36]. The same scaling factor was also obtained recently byreeal. B7].

Figure 6 shows angular correlation spectra of noble gases as prddisgt the present model
(section3.2) and from measurements. Noble gases consist of single ptemith closed shells
in which the orbitals are not modified by molecular bonds. €eguuently, assuming accurate mea-
surements, the differences between measurements andtyesliof the Acollinearity model can
be attributed to correlations not accounted for by the eigadicorrection factors, to insufficiencies
in their parametrization or to the limited accuracy of the it the Compton profiles.

For molecular compounds, the valence shell orbitals may bdifirad by chemical bonds.
These alterations are not considered by Compton profileshnadie computed for single atoms.

— 14—
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Figure 6. Simulated and measured@€ normalized angular correlation spectra for selected egfalses.
Spectra show the projected (one-dimensional) angle.

Nevertheless, the agreement of the model with experimelatal from simple and organic com-
pounds is satisfactory, as shown for example in figure

For metals, the central part of the angular correlation tspecis determined by positron
annihilations with conduction band electrons. In contrém tails of the distributions are generally
dominated by annihilations with core electrons. Fig8rghows some examples of comparisons
of simulated and measured angular correlation spectra &alsr Both magnesium and calcium
exhibit a clear separation between a ‘central bulk’-parthef spectra produced by annihilations
with conduction band electrons and a ‘tail’-part producgdbnihilations with the core electrons.
For gold, annihilations are predicted by the model to ocaly aith a probability of about 10%
with conduction electrons. Consequently, a strong dividietween ‘central bulk’ and ‘tail’-part
can not be observed. While the shape of the ‘central bulkc@imduction band electrons) and also
the ‘tail’-part (by core electrons) are generally well reguced for all tested metals, the relative
fraction of annihilations on each of the parts is not alwayagreement with the experimental data
(see for instance calcium in figu&. The relative fraction of annihilations on the conductimand
and core electrons is determined by relati8i and @.5).

In addition to the angular correlation spectrum of hydrogéown in figure?, figure9 presents
the Doppler broadening spectra for hydrogen of measurenagat model predictions.

The model was primarily designed to reproduce the ‘bulktpéthe angular and energy spec-
tra. But as seen in figurH), which shows a comparison of Doppler broadening spectra fnodel
predictions and experimental da@8] with a logarithmic ordinate extending to low probabilgje
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Figure 8. Simulated and measure8d) normalized angular correlation spectra for selected lme&pectra
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the model does not behave badly for such low probabilitiése Gomparison supports the presump-
tion that the model scheme could be used in principle as weltédict contributions to the tails of
the spectra from the high-momentum core electrons downsmree orders of magnitude, as used
for instance by positron annihilation spectroscopy.
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4 Conclusions

Two models describing Compton scattering and acollingarittwo-quantae™e~ annihilations
in matter based on electron momentum distributions wereldped and integrated in the MC
code FLUKA. The validation of both models shows a satisfactgreement with experimental
data. The Compton scattering model provides a detailed arahpeter-free description of shell
structure effects in a simple formalism while accounting ¢ébanges of photon polarization in
a natural way. The Acollinearity model uses electron mommentlistributions together with a
semi-empirical description af" e~ correlation effects for determining the annihilation $fzeid
momentum. Both models allow for fast MC samplihdgzor normal FLUKA simulations, where
electrons, positrons and photons are transported in médiajsage of these models contributes
with a negligible increase to the total simulation time. Tmmpton scattering model is activated
by default if accurate simulations are requested in theeotiffLUKA version. The Acollinearity
model will be active by default starting from the next FLUKArgion. Activation of both models
can be controlled by the user via the FLUKA input card ‘EMFRAYA4].

2The average sampling time for Compton scattering of a 511gt@fon in lead is about-20~° s/event. The average
sampling time for the annihilation of a positron in water imat 7- 10~ s/event. Evaluation of the required CPU times
needed for sampling are given for a processor of type: Rjeteon(R) CPU X5677@3.47GHz.
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A Lorentz and gauge transformations of polarized photons

The state of a polarized photon, modelled as a point partislédentified by its spacetime
positionx*, its momentum vectok! = (k,k), and its polarization state" = (&g, €) which fulfill
the conditions

kyeH=0 and g =1 (A1)

in all Lorentz frames. With a Lorentz transformatidna polarized photon can be transformed to
the rest frame of the electron with the electron momentuntovg®’ = (mecC,0). It can be shown
that an arbitrary Lorentz transformation results in a poddation about the momentum vector in
the space of polarization. Details are given for instand@%

Being in the rest frame of the electragt! is defined apart from a gauge transformatidf] [

eH =M L AKH (A.2)

where A is a complex numberg# describes the same polarization state which still fulfitie t
conditions A.1), as photons are massless particles Wjtk" = 0. When choosing a gauge in
which the polarization vectors have only spatial companéfatxial gauge’ or ‘transverse gauge’
with € = 0) we have additionallyp, g+ = puE’“ — 0, whereg’" is the polarization vector after a
scattering process. Such a gauge transformati@g te €, = 0 is given by

__ &
A=—22. (A.3)
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