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1

Introduction

The Forces. This course is about the theory of fundamental interactions. The terms
“force” and “interaction” will be used interchangeably. At present, we know of four
fundamental forces:

Gravity: Gravity acts on all masses. It is the only relevant force on large scales
(planetary systems, galaxies, the universe as a whole).

Electromagnetism (electricity and magnetism).
The weak nuclear force (subatomic).

The strong nuclear force (subatomic).

All physical phenomena can ultimately be reduced to these four forces. The chemical
elements, the light of the sun, the colors, all materials, life, everything can be brought
down to the interplay between these four forces and the particles they act on. This is a
truly amazing fact of physics.

The Standard Model. The last three of these four forces are described by the Standard
Model of Particle Physics. Gravity is an outsider. It is extremely weak compared to the
other forces, and plays no role at microscopic scales. The Standard Model of particle
physics is the main subject of this lecture course. Some of its properties are:

The Standard Model describes all forces and interactions between all elementary
particles. Except gravity, which is however completely negligible at the microscopic
scales of particle physics (except at enormous mass densities, for example near black
holes, or shortly after the big bang, that will not be relevant for us).

Although called a “model”, it is as fully a mathematical theory as there ever has
been in the history of science.

It is an incredibly successful theory that agrees with essentially all experimental data
with extraordinary precision, across a huge range of scales.

It was essentially completed by the 1980s, combining the results and achieving the
goals of many centuries of physics. The theory completes the vision of the Greeks to
reduce nature to its fundamental constituents. As far as all our experiments can see,
all particles described by the Standard Model are indivisible and truly elementary.

It is formulated in terms of relativistic quantum field theory, whose formulation began
in the 1930s, and has been continuously developed since then.

The Standard Model was fully completed by the experimental discoveries of the top
quark at Fermilab in 1996 and of the Higgs boson at CERN in 2012.

Just as electrodynamics depends on the electron mass and the strength of the
electromagnetic coupling, the Standard Model depends on

— the masses of the quarks, leptons, and gauge bosons, and

— the coupling strengths of the electromagnetic, weak, and strong interactions.



Given these inputs, the Standard Model describes all known particle experiments!
In its domain, it remains unchallenged.

e Despite all its success, the Standard Model does not solve all problems. There are
still puzzles to solve!

Course Goals. The goals for this course are the following:
e We want to understand the way in which the Standard Model is formulated.

e We want to learn to understand (or estimate) some predictions of the theory, both
to see how it works, and to understand the tests of the theory.

e We want to understand why it is now widely accepted that the Standard Model
actually describes nature.

e We want to take a peek at what lies beyond the Standard Model.

Prerequisites. The level of this course is basic. The only required knowledge is intro-
ductory quantum mechanics (including spin), and some elementary classical mechanics
and electrodynamics.

1.1 The Framework of the Standard Model

To understand the physical world, we need three kinds of knowledge:
e The particles everything is made of,
e The interactions (forces) among those particles,
e The rules for calculating the resulting world.

In classical mechanics, for any force F', the motion follows from Newton’s law F' = ma.
The force could have various origins, for example gravity,

GNmM
or the Coulomb force K4Q
q
F = 2 (1.2)

In quantum theory on the other hand, the dynamics are governed by the Schrodinger
equation ”
Hiy =i 5 (1.3)
The Schrédinger equation replaces Newton’s law, and holds for any Hamiltonian H. The
Standard Model describes also massless particles that travel at the speed of light. Hence
the description necessarily has to be relativistic! In relativistic theories, it is often useful to
use Lagrangians, which are Lorentz scalars, rather than Hamiltonians, which are energies,
that is components of a four-vector, and therefore behave non-trivially under Lorentz
transformations.
The formalism to compute “the motion” (that is, cross sections, decay rates, etc.) in a
relativistic quantum field theory is to start with the appropriate Lagrangian, and extract



Feynman rules from this Lagrangian to write matrix elements / amplitudes. The squared
matrix elements then yield transition probabilities, as is standard in quantum theory.

The combination of quantum theory with special relativity leads to quantum field theory.
Intuitively, one can understand this as follows: Suppose there are various interacting
particles. When one of these particles gets pushed, it will exert forces on the other particles.
But the resulting interaction forces cannot produce instantaneous changes in their motions,
since no signal can travel faster than the speed of light. Instead, the particle is the source of
various fields that carry energy (and perhaps other quantities) through space. Eventually,
those fields interact with the other particles. Because of quantum theory, the energy (and
other quantities) is quantized, that is it is carried by discrete energy quanta. These quanta
are identified as particles transmitting the force. Therefore, in a quantum field theory,
elementary interactions are interpreted in terms of exchanges of particles.

The Standard Model is a gauge theory. Gauge theories are a special class of quantum
field theory. They are based on an invariance principle that necessarily implies certain
interactions among the particles. The interaction strength is proportional to a charge.
This is familiar from electrodynamics: The charge e measures both the charge of the
particles and the interaction strength.

Based on the above description, the basic view of particle interactions is as follows:
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An electron emits a photon and recoils. The photon is absorbed by another electron (or
other charged particle), which changes its motion in consequence. Such diagrams are
useful pictures of what is happening. But they are more! Every such Feynman diagram
can be converted to a mathematical expression for a matrix element / amplitude for a
certain process. The rules for this conversion are called Feynman rules. The diagram /
matrix element above gives Coulomb’s law (in the non-relativistic limit).

1.2 The Forces

As stated at the very beginning, we know of four fundamental forces. Let us describe them
in some more detail:

Gravity: Gravity is an attractive force between all masses. At the classical level, it is
fully described by general relativity. No satisfactory quantum theory of gravity exists
today (string theory is one approach). This is not a big problem in most cases, as the
gravitational force is extremely weak compared to all other forces, and is therefore
negligible for most of particle physics. Gravity is not part of the Standard Model.

Electromagnetism: The electric and magnetic interactions between all electrically
charged particles and light are described by electromagnetism. This force is re-
sponsible for almost all physical processes of everyday matter (solids being solid,
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heat, electrical conductivity, etc.). Electrodynamics is classically described by
Maxwell’s equations. The quantum theory is called quantum electrodynamics (QED).
It was developed in the 1930s and 40s, and was awarded with the Nobel Prize in 1965
for Tomonaga, Schwinger, and Feynman. QED served as the model and template
for all subsequent quantum field theories!

Weak force: The weak force is one of the two nuclear forces. It is an interaction between
subatomic particles that is responsible for radioactive decay. Its range is limited to
subatomic distances (less than the proton diameter of ~1fm). It is much weaker
than the electromagnetic force and the strong force. Correspondingly, the timescale
for weak interactions is 10° times larger than for electromagnetic interactions (10713 s
vs. 107195). The weak force plays a critical role for energy creation in the sun, and
for the generation of heavy elements in stars.

We do have a well-tested theory of the weak force (a quantum theory, there is no
useful classical limit in this case!), and the weak and electromagnetic interactions
are unified in the electroweak theory. The 1979 Nobel prize was awarded to Glashow,
Salam, and Weinberg for the formulation of this theory.

Strong force: The strong force is another nuclear (subatomic) force that holds atomic
nuclei (made of protons and neutrons) together, in spite of the electric repulsion of
the protons. It is much stronger than the electromagnetic force. The elementary
particles that experience the strong interaction are called quarks. The charge that
is carried by the quarks and that responds to the strong force is called color (even
though it has nothing to do with everyday colors). Quarks form color-neutral bound
states that are held together by the strong force, just as electrons, protons, and
neutrons form electrically neutral atoms. The quark bound states are called hadrons
(protons, neutrons, pions, kaons, ...). Just as the residual electromagnetic field
around neutral atoms causes them to form molecules, there is a residual strong force
(color) field around hadrons, which is the nuclear force that lets protons and neutrons
form nuclei.

The theory of the strong force is called quantum chromodynamics (QCD), a non-
Abelian gauge theory.

The success of past unifications (electricity and magnetism into Maxwell’s theory of
electromagnetism, electromagnetism and the weak force into the electroweak theory) has
prompted people to try to unify the electroweak theory with QCD to a “grand unified
theory”. Some approaches and candidates do exist, but none of them has been established
as a real theory of nature to date.

The Standard Model is a combination of the electroweak theory and QCD.

1.3 The Particles

The particles that compose the world fall in two categories
e Matter particles (quarks and leptons), and
e Gauge bosons (these are the particles that transmit the forces in gauge theories).

All matter particles are fermions with spin 1/2. By definition, all matter particles that
carry color charge are quarks. All other matter particles are called leptons. So far, we



know of six different kinds of quarks (six quark “flavors”), and six different kinds of leptons
(six lepton “flavors”).

Quarks. The six quarks are called (for no particular reason except history): up, down,
strange, charm, bottom, top, or u,d, s, c,b,t for short. They naturally fall into pairs called
doublets (we will later see why) that are called families or generations:

W € 6 13

The quarks in the top row have electric charge 2/3 e, the quarks in the bottom row have
charge —1/3 e, where e is the absolute value of the electron’s charge (which equals —e).

FEach quark flavor comes in three different colors. Quarks carry another quantum
number called baryon number B. All quarks have B = 1/3. Baryon number is conserved
(experimentally). Because of the strong force, all colored particles are normally bound
inside colorless hadrons. Still, quarks exist as individual particles! Their masses cannot be
calculated or derived theoretically, they have to be measured experimentally, and are put
in a s parameters of the theory. As quarks only occur in bound states, measuring their
masses is a subtle analysis. Their masses are:

my = 2.16 MeV | me = 1.27 GeV my = 173 GeV (1.6)
mq = 4.67MeV , ms = 93 MeV , my, = 4.18 GeV .

Leptons. Also the leptons are arranged in three families:

ERNCNC]

The leptons in the bottom row are the charged leptons: The electron e, the muon p, and
the tau lepton 7. All of them have electric charge —e. Each charged lepton comes with its
own neutrino: The electron neutrino v, the muon neutrino v, and the tau neutrino v..
All neutrinos are electrically neutral, that is have zero electric charge. As far as we know,
the charged leptons e, 1, 7 do not undergo transitions into each other.

As for quarks, the lepton masses have to be measured experimentally. The neutrino
masses are not measured, but we know that at least two of them are non-zero, albeit
extremely small. From cosmological arguments, we know that their sum must be smaller
than ~0.2eV. The masses of the charged leptons are

me=511keV,  m, =1057MeV,  m, = L.777GeV . (1.9)

Gauge Bosons. All force-carrying particles (quanta of the force fields) are bosons (with
integer spin). Since the QFT of the Standard Model is a gauge theory, they are called
gauge bosons.

e The electromagnetic force is mediated by photons.
e The weak force is mediated by W= and Z° bosons.
e The strong (color) force is mediated by gluons.

e Gravity is mediated by gravitons.



The following table summarizes the properties of the various gauge bosons:

Gauge boson Interacts with Mass Spin
Graviton (gravity) all particles massless 2
Photon (EM force) all electrically charged particles massless 1
W, Z0 (weak force) quarks, leptons, W=, Z° bosons heavy 1
Gluons (strong force) all colored particles (quarks and gluons) massless 1

In a standard gauge theory, all gauge bosons are massless. Most of the Standard Model
gauge bosons are indeed massless, but the weak gauge bosons W* and Z° are massive.
This is explained by the Higgs mechanism in the context of the electroweak theory.

e Photons are familiar.
e Individual gravitons interact too weakly to be detected.

e The gluons were predicted to exist, and were observed first at the electron-positron
collider PETRA in Hamburg in 1979.

e The W and Z° bosons were predicted by the theory, and were observed at the proton-
antiproton collider at CERN in 1983, with the expected properties (mw = 80.4 GeV,
mz = 91.2 GeV).

Higgs Boson. To make a consistent theory of particle masses and interactions, one
more class of particles is needed: The spin zero (or scalar) Higgs boson. The electroweak
theory requires one electrically neutral Higgs boson, but more could exist. The Higgs
boson was discovered experimentally in 2012 at the CERN LHC.

The prediction and subsequent discoveries of gluons, the W* and Z° bosons, and of the
Higgs boson, all with the expected properties, is part of the incredible success of the
Standard Model.

Antiparticles. Lastly, each particle has an antiparticle, with the opposite values of
electric charge, color charge, and flavor charge (weak charge) than the corresponding
particle, but with the same mass and the same spin. Some particles are their own
antiparticle (e.g. the photon). We denote antiparticles either by an inverted charge label
(for example the positron et is the antiparticle of the electron e™), or by a bar (e.g.
proton p <> antiproton p). Antiparticles are nothing special, they are just particles with
specific properties.

1.4 Natural Units

We will mostly use a unit system called natural units, in which as many natural quantities
as possible are set to unity. This will make formulas simpler and more readable. In natural
units, i =1 and ¢ = 1. Then energy (mc?), momentum (mc), and mass (m) will all have
dimension of mass, and will usually be stated in GeV (1GeV = 1.6 - 1071°J). To convert
any quantity back to SI units, one just has to multiply by the appropriate factors of A and
¢, where

h=6.6-10"2GeVs, c=3-10"cm/s. (1.10)
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Hence, for example

1s=3-10"cm,

1 1
1fermi = 107" cm = 10 cm - 3 1071%s/cm = 3 10725

1
=3 10735 (6.6 - 1072 GeVs) ™"

1
= 5 100 GeV!' =5GeV!,
1GeV™2 = (6.6-10"%s)* = (6.6 - 1072 - 310" cm)”

=(20-10"® cm)® =400 - 107 cm? = 0.4 - 107% cm?.

2 Lagrangians, Conserved Currents, Interactions

(1.11)

(1.12)

(1.13)

We want to get to the mathematical formulation of the Standard Model. In this course,
we want to describe the theory without going into the details of quantum field theory
and difficult computations. Many results can be determined quite simply to a good
approximation, which is fully sufficient to understand the physics. Nevertheless, before we
can formulate the Standard Model, we need to collect some theoretical concepts in this

and the next few sections.

2.1 Relativistic Notation

We will denote four-vectors by
a' = (a%;a',a’,a*) = (a’; @),
for example, the spacetime coordinate vector is
ot = (2% 2t 2%, 2%) = (h2,y,2) = (),

and the momentum four-vector is

=" p" % p°) = (E;pe,py, :) = (E;p).

Four-vector indices are raised and lowered with the metric tensor

1 0 0 O

{0 -1 0 0
Guv = 00 -1 ol

0 O 0 -1

that is

0 1 2 _g3).

a, = (ao; a1, as,a3) = gua” = (a’; —a , —a”,

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

We use the Einstein summation convention: Repeated indices are implicitly summed over:

3

v — v
Gl = guwa .
© 12
v=0

11
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The Lorentz-invariant scalar product between two four-vectors a* and b* is given by
ab = a'g, b’ = a’t’ —a'bt' — a®’v* — v’ ="’ —a - b. (2.7)

Partial derivatives with respect to spacetime coordinates are collected in the covariant
vector

0 o 0 0 0
/L_W_<atvaxuayuaz>_(807v)a (28)
such that 5
b= = (0% — 2.

0 = 5o = (5-9). (29)

and a0

a
(9#(1“ = E + Va . (210)

Finally, by definition,

0O = — == — == ——— =0y =V =0"0,. (2.11)

2.2 Lagrangians

Lagrangians are central objects in field theory. We will first recall the role of Lagrangians
in classical mechanics and electrodynamics, and only then consider Lagrangians for more
general field theories.

Classical Mechanics. In classical mechanics, the Lagrangian L is a function of the
phase space variables (positions and velocities). It is given by L =T — V| where T is the
kinetic energy, and V' is the potential energy. The action functional

t1
S = Ldt (2.12)
to
takes a path in phase space as its argument. Extremizing (minimizing) the action S
produces the Euler-Lagrange equation for the phase space variables, which are equivalent
to Newton’s laws of motion.

Electrodynamics. To write the Lagrangian for classical electrodynamics, we first have
to recall some definitions. The dynamical quantities are the electric and magnetic fields E
and B, which are sourced by the charge density p and the current density J. The fields
E and B are not independent. It is useful to write them in terms of the potentials V' and
A (which are also fields) as

A
E:—VV—aat, B=VxA. (2.13)
In components, these equations read
E'=0'A"-0"A", B =¢€"%9,A;, (2.14)

where € is the totally anti-symmetric tensor. The potentials, as well as the charge and
current densities, can be combined into Lorentz four-vectors:

A= (V,A), v =(p,J). (2.15)
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One then defines the (anti-symmetric) field strength tensor
P = 0rAY — 9 AP (2.16)
such that
F%"=9°A" - 9'A" = —F" Fi=0'A7 — A" = 9k pr (2.17)
that is
0 —-E' —-E? —-F?
+E* 0 -B® +B?

PR = +E?2 +B3 0 —-B! (2.18)
+E3 —-B? +BY 0
Notice that under the transformation
AF— AP+ 01, (2.19)
the field strength tensor transforms as
Fr — Fly 4+ 010" — 070" = FM | (2.20)

that is the field strength tensor is invariant. This is the first example of a gauge transfor-
mation.

In a field theory such as electrodynamics, the dynamical variables are no longer discrete
positions and velocities (or momenta), but rather fields that permeate all of space. The
Lagrangian L is therefore a function of the field configuration. It is given by an integral
over all of space,

L= /L(a:) &Pz (2.21)

where £(x) is a function of the field variables at position @ called the Lagrangian density.
The action is again given by the integral of L over time,

t1 t1
S :/ At L = dt/dgmﬁ(t,m). (2.22)
to to

In many cases, the boundary conditions are such that one can integrate from the infinite
past to the infinite future, such that the integral runs over all of spacetime:

S = /dtL - /dt P Lt ) = /d%,c(w) . (2.23)
The Lagrangian density for electrodynamics reads
LZ;(EQ—BQ)—pVJrJ-A. (2.24)
In terms of the field strength tensor, this reads (Problem 1.2)
L=— i F,F" — J,A". (2.25)

Extremizing the action S = [ £(z)d*z by variation produces the Euler-Lagrange field
equations, which for this Lagrangian become Maxwell’s equations (Problem 1.3). We
conclude that all physics of electromagnetism is contained in the Lagrangian density L,
which is written in terms of the fields and potentials. The first term —1/4 F),, F'*” is the
kinetic term, it is quadratic in the fields and contains derivatives. The second term —.J, A*
is an interaction term that couples the dynamical potential A to the external source J.

13



Particle Physics. Theories of particle physics are always defined in terms of a La-
grangian density. Since one mostly deals with the density £, and only rarely with the
integrated form L, one typically calls £ simply “the Lagrangian”. Starting with the La-
grangian (density) £, and using the rules of quantum field theory, all physical observables
of particle physics can be calculated.

The Lagrangian is written in terms of the elementary fields, whose quanta are the
fundamental particles. For electrodynamics, the photon is the quantum of the electromag-
netic field, represented by A, and the electron is the quantum of a fermion field ¢ (we
will learn about such fields later).

The kinetic parts of the Lagrangian £ are completely determined by the field content,
they only depend on the spins of the various fields/particles. The potential /interaction
parts of L specify the forces. The Lagrangian is a single function that determines the
dynamics of the theory. It must be a scalar in every relevant space. In particular, in
a relativistically invariant theory, £ must be Lorentz invariant, which ensures that all
predictions computed from £ will also be Lorentz invariant.

Real Scalar Field. Above, we wrote the Lagrangian for the electromagnetic field A.
We will also need the Lagrangian for a scalar field ¢. Such a field can be thought of as
arising from some source, but as in electrodynamics, one can also consider ¢ just by itself,
without sources. The Lagrangian for a real scalar field is simply

1
L= (0,00"6 — m*¢?). (2.26)
The Euler-Lagrange equation of motion that follows from this Lagrangian is (Problem 1.1)

9,0 +m*p =0, (2.27)

where m is the mass of the field (and of the associated particle). This is as expected:
The energy condition of a relativistic particle is £? = m? + p?. And in quantum theory,
E =10y and p = —iV, which implies

E? —p*= -0, +V*=-09,0". (2.28)

Hence the equation of motion is consistent with the relativistic energy condition:
(E* —p*—m?)p=0. (2.29)
Here, it is clear that 9,0 is the kinetic term (~p?), and m?¢? is a mass term. The

Lagrangian has no interaction term: The field ¢ in this case is non-interacting.

2.3 Conserved Currents

Another important concept in field theory is that of a conserved current, which is always
associated with a conservation law.

Quantum Mechanics. As a warm-up, consider ordinary quantum mechanics. Start
with the Schrodinger equation

2mi 8;: + V3 =0. (2.30)

14



Multiply the Schrodinger equation by iy*, and add the complex conjugate to get
—2ma)*Oph — 2mapOp)* 4+ i*VAh — iV = 0. (2.31)

Dividing by —2m, this simplifies to

oyl
ol v<— (9" — vy )) (2.32)
Now if we identify
p=vf (2.33)
as a density, and '
1 * *
J==- (v Ve — V) (2.34)
as a current, the above equation becomes the continuity equation
dp
= 2.
5% +VJ =0. (2.35)

To check whether this makes sense, consider a free particle with wave function
= Cexp(ip-x — iwt). (2.36)

Then p = |C \2 is the probability density, and J = pp/m is the probability current density.
Integrating the continuity equation, and assuming a closed system (such that boundary
terms vanish), one finds the conservation law

8/pd3w——/VJd3w—O, (2.37)
ot
which says that the total probability is preserved.

Complex Scalar. Now consider two free real scalar fields ¢; and ¢,, with identical
masses m. The Lagrangian is

1 1
£=3 (010" 1 —m?¢?) + 5 (020" ¢ — m?¢3) . (2.38)
Now define the complex field
¢1 + 1dg . 01— 192
= , . 2.39
’ V2 N (2:39)
In terms of this complex field, the Lagrangian reads
L=0,0"0"p—m*¢*p, (2.40)

which, accordingly, is the Lagrangian of a complex field with mass m.
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Global Symmetry. Now comes an important observation: Nothing fixed the particular
“direction” of ¢ within the two-dimensional space spanned by ¢; and ¢5. We could as well
have used fields that are rotated by some constant angle a:

Py = ¢y cosa + ¢y sina, ¢y = —¢sina+ ¢ycosa, (2.41)
and define the complex field
P1 +igh
V2

Clearly, £ is not affected by this transformation:
L(p, ") = L(¢,9™). (2.43)

This means that the physics is invariant under arbitrary rotations in the two-dimensional
field space spanned by ¢; and ¢,.

We can extract very instructive implications from this example. Whenever a system is
invariant under some transformation of the coordinates and/or fields, interesting results
emerge. Consider a rotation by an infinitesimal angle a. One can then expand the
exponentials, and finds

¢/:(1_1a)¢:¢+5¢7 5¢:_1a¢7
" = (14 ia)e* = o™ + 9", d¢" = +iag". (2.44)

The change in £ under such an infinitesimal transformation is of course zero. But we will
see that this zero can be written in a very useful way.

¢/ — — e—ioqu7 ¢/* — gbll\;ilgbé — eia¢* ) (242)

Conserved Current. Consider an arbitrary Lagrangian L£(¢,0,¢) that depends on
some field ¢ and its derivative 0,¢. For any infinitesimal transformation

o= o+00, QF = Q" 4+ 09", (2.45)
the variation of L is
E
8£ oL
=4 ) ool 9, ——— ). .
624 <¢ (m)) o(0n ) +o o). 2a)

Here we assumed that ¢ is complex. If it is real, the terms with ¢* are simply absent.
Collecting terms, the above can be re-written as

oL oL .
% 8“@@@)“‘““”

oL o
(‘5¢ 50,9 T a@@))' (247

The term in parentheses in the first line is exactly the Euler—Lagrange equation, so the
first line is zero by the equations of motion for ¢ (and ¢*). Now, if the transformation is a
symmetry, that is if the Lagrangian £ is invariant under the transformation, then

55—5¢<

0=0L=10 <5¢ + (6 — gb*)) . (2.48)

9(09)
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This has the form of a conservation law! We can identify the conserved current

oL
9(0u9)
where we have factored out a parameter —«. Every infinitesimal transformation will come

with an infinitesimal (real) parameter, which we call o, as in the example of the complex
scalar above. Then d¢ ~ «, and d¢* ~ . By construction, the current S* satisfies

—aS* =56 + (¢ — ¢, (2.49)

9,5" =0. (2.50)

Conserved Charge. What we have shown probably looks familiar: It is Noether’s
theorem. Invariance under a transformation implies a conserved charge. In components,
the invariance reads

0=0,5" = 8;0 +VS. (2.51)
Defining the charge
Q= /So(sc) &P | (2.52)
one finds 50
= / 8,80(z) d*z = — / VS &z . (2.53)

The last expression is the flow through the surface of spacetime. Assuming a closed system,
this flow is zero, and hence

Q
o
The charge () therefore is conserved, and Sy is the associated charge density. Since @) is
conserved, it is a good quantity to identify states (“quantum number”). This result is
completely general. Familiar examples of symmetries and associated conserved charges in
classical and quantum mechanics are:

0. (2.54)

Symmetry <> Conserved Charge

rotational invariance < angular momentum (2.55)
translational invariance < (linear) momentum

time translation invariance <>  energy

Complex Scalar Example. Coming back to our example of the free complex scalar
field with its two real components, the infinitesimal symmetry transformation was

0p = —iag, (2.56)
hence the conserved current is
S = (600" — 6"00) . (2.57)
We note that the current changes sign when ¢ is complex conjugated:
¢ Q" = S, — =S, (2.58)

In particular, the charge density Sy and therefore the conserved charge () changes sign.
Splitting the two degrees of freedom of the complex field ¢ into ¢ and ¢*, we see that ¢
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and ¢* have the same mass, same spin, but opposite charge. The component ¢* therefore
describes the anti-particle of ¢ (and vice versa). We conclude that a complex scalar field
automatically describes both particles and the corresponding anti-particles. We will see
later that relativistic field theories inevitably include particles and the corresponding
anti-particles.

Quantum Anomalies. The analysis of conserved currents so far was classical. When
passing to quantum field theory, it can happen that quantum corrections lead to 9,S* # 0
even though 9,5* = 0 classically. Such violations of a classical invariance by quantum
corrections are called anomalies.

Requiring the absence of anomalies can be a guiding principle to determining the “right”
quantum theory. In particular, all gauge anomalies (quantum violations of gauge symmetry)
must vanish. Otherwise the quantum gauge theory contains unphysical negative-norm
states. The presence of symmetries (that remain symmetries at the quantum level) in a
theory can imply that certain anomalies vanish.

String theory became exciting in 1984 because it was shown to be anomaly-free
in ten spacetime dimensions (by Michael Green and John H. Schwarz), and therefore
possibly a consistent quantum theory of gravity. No such theory had been found before.
This discovery and the subsequent outburst of string theory research is called the “first
superstring revolution”.

2.4 Interactions

So far, we have only considered free fields. Now we add interactions. Recall the Lagrangian
for a free scalar field ¢,

Liee = 5 (0,0 0”6 — m*¢?), (2.59)

DN | —

Consider adding to this a term
£int - §bp(33', t) ) L= »Cfree + £int 5 (260)

where p(,t) is some function of the spacetime coordinates. Then, by the Euler-Lagrange
equations, the wave equation for ¢ gets a term,

9,0" +mPp=p. (2.61)
By analogy with electrodynamics, we can think of p as a source for the field ¢. In

electrodynamics, V- E = p, and E = —VV — 0, A, so in the static case, —V?V = p.

Point Charge. To understand the effect of the new term, consider a time-independent
point source,

p=g6&(x). (2.62)

Here, §3(x) is the Dirac delta function, and g is the strength (magnitude) of the souce.
We want to solve the equation for ¢. Since p is not time dependent, we only consider
time-independent ¢. Then (2.61) becomes

(=V2+mHop =g (x). (2.63)

18



We can solve this equation by Fourier transform. Recall the Fourier transformation from

o(@) to o(k),

¢(m> _ (27T1)3/2 /d3k7 eikzmé(k)’ q;(k:) = (271‘1)3/2 /d3x e_ik-m¢(w) ‘

To transform (2.63), we need the Fourier transform of the delta function:

5 (k) = (273)3/2 /d3xe’ik'w(53(w) = (273)3/2 S (273)3/2 : (2.64)
The Fourier transform of (2.63) then becomes
4 mt)olk) = = alk) = (2;)3 e (2.65)
Transforming back, we obtain the solution for ¢(x),
o) = 2 /d% e (2.66)
(2m)3 k2 +m?

The integral can be done by parametrizing k in spherical coordinates with the pole axis
pointing in the direction of &, such that k- x = kr cos(f), with k = |k| and r = |z|. Then

d’k = k*sin(0) dk do df = —k* dk d¢ d(cos 0) (2.67)
and the integral becomes

9 o kQ dk 2n ! ikr cos 6
(@) = (2m)3 Jo k%2 +m? /o d9 /4 ¢ d{cos 6)
— 9 21 oo 1 k2 dk (eikr o efikr)
C@2n) ir Joo k k2 +m?
g 1o kde

U L 9.
(2m)? ir J-w k2 +m? (2.68)

The integral can be done by residues: We can close the contour in the upper half plane,
where the semicircle at infinity gives no contribution. The contour encloses a single pole
at k = im. The integral then becomes

g 1 . im g e

e — I

(2m)2 ir ™ %im At 7

¢(x) = (2.69)
[To read off the residue, write the denominator as k? + m? = (k — im)(k + im).] Because
of the exponential factor, for particles of mass m, the field is significant in a range of
r ~ 1/m around the source.

General static source. Since the equation (2.61) for ¢ is linear, the point-source
solution (2.69) directly generalizes to a general time-independent source field p;(x). Namely,

_ !
e mlz—x|

b@) = [ pu(a) (2.70)

|z — |
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Interaction. Let us see how one source would interact with another through its force
field. The interaction Hamiltonian between the force field ¢ and another source po() is

H = —/dS:U o(x) pa(x) . (2.71)

Plugging in the general solution (2.70), we find

e—m\m—m’|

1
Hipp = — o /d3x d*x’ p1(x)pa(')
m |

x—x|

(2.72)

The interaction between two sources (charged particles) is therefore given by the potential

1 e—m’/‘
Vi) ==--—. (2.73)

Due to the exponential falloff, the interaction range is ~1/m (in natural units), where m
is the mass of ¢.

Interpretation. The general interpretation is the following: The field ¢ acts as a force
carrier that is sourced by the particles it interacts with (p in the interaction term), just
as the electromagnetic field acts on and is sourced by electrically charged particles. In
quantum theory, the energy transferred by the field ¢ is quantized, and the energy quanta
form the (force) particles. This is the general quantum field theory picture: All interactions
are due to the exchange of field quanta. The concepts of force and interaction are used
interchangeably.

Remark: Propagator. In the equation for His (2.72), the interaction is written in
position space (with coordinates x). In particle physics, matrix elements (transition
amplitudes) are mostly written in momentum space. Looking at the expression (2.66) for
the point-sourced field ¢, we see that the denominator in momentum space is k?+m?2. Had
we included a possible time-dependence of ¢, the denominator would be —kZ + k? + m? =
m? — k?, where k* = k,k*. This factor is very general: Whenever a particle of mass m and
four-momentum £k is exchanged in an interaction, this exchange is represented by a factor

1/(k* —m?). (2.74)

This is called a propagator, and appears frequently in matrix elements. The full propagator
also has a phase factor and a numerator that depends on the spin of the exchanged particle.

Meson theory. The interaction studied above is a model for the strong force among
nucleons, proposed by Hideki Yukawa in 1934. Yukawa’s theory predicts the existence of
a new particle, the quantum of the force field ¢, which is sourced by nucleons. He called
these particles mesons, and the field ¢ the meson field, from the greek word “mesos”,
which means “intermediate”. The reason was that the predicted mass of these mesons was
between that of the electron and the proton. 13 years later, in 1947, mesons were indeed
discovered experimentally, as short-lived subatomic particles that are produced in nucleon
collisions. For his prediction, Yukawa was awarded the Nobel Prize in 1949. Today, we
know that mesons are bound states of one quark and one antiquark, and there are various
different kinds (pions, rho mesons, eta mesons, Kaons, etc). They are indeed the primary
force carriers that hold atomic nuclei together.
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Feynman rules. For understanding the Standard Model (and quantum field / gauge
theory in general), and especially for computing its predictions, we will need the Feynman
rules for the Standard Model. These are used to compute matrix elements (transition
amplitudes). To understand the general structure of the model, the interactions between
fermions and bosons are the most important. Let us summarize the basic arguments, all
of which were motivated in the discussion so far.

Consider the electromagnetic interaction. The interaction term in the Lagrangian is

Lint = —J A" = Qupy, b A* (2.75)

Here, @ is the electric charge (for electrons, Q) = —e), ¥ and ¢ are final and initial electron
states, and 7, is a spin factor that makes the combination @fyuw a relativistically covariant
four-vector. A* is the electromagnetic vector potential (photon field).

Suppose we want to describe an interaction where an electron with momentum p emits
a photon of momentum k, thereby changing its momentum to p’ = p — k.

The factor at the electron-electron-photon (eey) vertex is the interaction term in the
Lagrangian with the initial and final states (wave functions) removed. In this case, the
factor that remains is —ev,. To first approximation, the matrix element for any process
can be constructed by

e writing the appropriate interaction factor for each vertex,

e putting a propagator factor 1/(k* — m?) for any internal particle line of four-
momentum k and mass m,

e impose momentum conservation at every vertex.

The precise rules for arbitrary processes are a bit more complicated, but a good semi-
quantitative understanding of the Standard Model and its tests and predictions can be
obtained with these approximate rules. This is basically the Born approximation for
transition amplitudes M in quantum theory: M ~ (f|V]é) for initial state i, potential V',
and final state f.

3 Gauge Invariance

Gauge invariance is one of the most important concepts of the Standard Model of particle
physics. It is a symmetry principle that determines from the beginning how particles have
to interact to make the theory consistent. For example, it explains why the electromagnetic
interaction is due to a massless spin-one particle, the photon, that is being exchanged
between electrically charged particles. More generally, if given types of matter particles
exist and are to interact, gauge invariance predicts the existence of further particles that
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mediate this interaction (by particle exchange), and it determines the properties of these
particles as well as the precise form of the interaction terms in the Lagrangian.

This is very different from the historical situation where forces and interactions had to
be postulated in a clever way to match experimental observations. Theories where the
interactions are determined by gauge invariance are called gauge theories or Yang—Mills
theories (after Chen Ning Yang and Robert Mills), and the force-carrying particles (quanta
of the interaction field) are called gauge bosons. The theories for the electroweak and the
strong interactions are of this type. The existence of the respective gauge bosons (W*,
Z° bosons and gluons) was predicted by gauge theory, and indeed they were all found
experimentally. All their measured properties agree with the theoretical predictions.

We will first look at gauge invariance in classical electrodynamics, and then in quantum
theory. Afterwards, we move on to Abelian gauge theory. Finally, we will look at
non-Abelian gauge theory, which is the case of interest for the Standard Model.

3.1 Gauge Invariance in Electrodynamics

In classical electrodynamics, the electric and magnetic fields E and B are expressed in
terms of the vector potential A and scalar potential V' as

B=VxA, E=-VV-0A/ot. (3.1)
If we transform the potentials A and V' simultaneously as
A— A=A+ Vy, V=V =V —-0x/ot, (3.2)

where x is an arbitrary (differentiable) scalar, then the equations (3.1) for the fields are
unchanged, or invariant. If we combine A and V into the four-vector A* = (V; A), then
the transformation (3.2) can be written in the uniform way

AP s A = AF iy (3.3)

These transformations are called gauge transformations. They have been known since the
1800s, but were largely viewed as a curiosity for a long time.

The uniform notation (3.3) emphasizes the correlation between the transformations for
A and V. Turning the argument around, one could say that the electric and magnetic
fields have to be related in the very specific way (3.1) in order to be invariant under gauge
transformations. This is closer to the point of view we will adopt in the following.

3.2 Gauge Invariance in Quantum Mechanics

In quantum theory, gauge invariance takes a different form, which leads to the modern
viewpoint. Observable quantities depend on wave functions ¢ through probabilities |2/1|2.
Hence it is reasonable to demand that the theory is invariant under an overall phase
change of the wavefunction,

Y= =e P, (3.4)
where « is a constant. This is called a global gauge transformation (since the change of
phase is the same everywhere in space).

One would imagine that it should also be possible to change the phase of v differently
at different points in space and time without affecting the theory (since the probabilities
|1p|2 would still be unchanged by this). That is, the theory should be invariant under

Y(x,t) — V(e t) = e X@D (2 1) . (3.5)
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This is called a local gauge transformation.
Now consider the Schrodinger equation for a free particle described by the wavefunc-
tion v,
.0 1 _,
1a¢(w,t) = —%V U(x,t). (3.6)
If ¢ satisfies the Schrodinger equation, then the locally transformed v’ for a general x(x, t)
will not satisfy it, since the derivatives of x do not cancel! The Schréodinger equation is
therefore not invariant under local gauge transformations.
For electrically charged particles in the presence of an electromagnetic field, we know
that the Schrodinger equation is modified to

(10 + eV ) = 27171 (—iV + eA)%0, (3.7)

where e is the absolute value of the charge of the electron. But if we now apply the
local gauge transformations for the wave function and for the electromagnetic potentials
simultaneously,

U@, t) = Y (x,t) = e (a, 1),
A(x,t) — Al(z,t) = Az, t) + L Vx(z,t),
V(x,t) = V(x,t) =V(xe,t) — %&x(a}, t), (3.8)

then the modified Schrodinger equation (3.7) is unchanged, that is ‘nvariant under this
transformation.

What happened? At first, the Schrodinger equation was (unexpectedly) not invariant
under local gauge transformations, but once we add the electromagnetic field and properly
transform it along with ), invariance under local gauge transformations is achieved. We
can turn the logic around and say that requiring local gauge invariance enforces both
the presence of the field A* = (V, A), and the very specific way it enters the Schrodinger
equation. Since A* is a four-vector, it is a vector field, and its quanta (the photons) are
vector particles, that is particles of spin one. Note that we made no use of any particular
properties of 1 except that it satisfies the Schrodinger equation. Hence the effect applies
to all particles in the same way: Whenever a particle is electrically charged, its interaction
with photons is fixed by gauge invariance. The only quantity that remains undetermined
is the charge (e in the above equations), it remains an input to the theory that has to be
measured experimentally.

To summarize, the existence and specific form of electromagnetic interactions has in a
certain sense been derived from requiring invariance under local gauge transformations. As
we shall see, this principle generalizes to other interactions. Whenever a particle carries a
certain charge, and the theory is invariant under certain “phase” transformations (generally
called gauge transformations), then specific interaction fields of spin one (called gauge
fields) must exist with their associated quanta (called gauge bosons), and the interaction
Lagrangian is fixed, up to the numerical values of the charges.

3.3 Covariant Derivatives

We can rewrite the Schrodinger equation for a particle in an electromagnetic field in a form
that makes its invariance under local gauge transformations very transparent. This form
of the equation will generalize to other gauge theories. Define the differential operators

D=-V—-ieA and D° =0, —ieV . (3.9)
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Then the Schrodinger equation (3.7) becomes
iD%) = 27171 (iD)%y. (3.10)
Now let us see how D1 changes when we apply a local gauge transformation:
D'y = (-V —ieA) = (=V —ieA —i(Vy))e X
=e X (=V —ieA)) = e X(Dy). (3.11)
Similarly,
DY = (0, —ieV' ) = (& —ieV + i((?tx))e_ixw
= e (0, —ieV ) = e X(D%). (3.12)
We see that both D and D) transform in the same way as the wavefunction v itself.

The four-vector
D' = (D% D) (3.13)

is called the covariant derivative. Remarkably, any equation for 1 written in terms of
the covariant derivative will automatically be gauge invariant! When D# gets applied
repeatedly, the result will still transform as a wave function: Since D*1) transforms like a
wave function, also D,D" does, etc.

This principle is very general: We can apply it for any interaction that is due to a
“charge”, not only the electromagnetic one. Let us say we want our theory to be invariant
under some transformation

b = U, (3.14)
where U is some operator acting on the wavefunction ¢. We want to define an operator
DF = 0" —igA", (3.15)

where ¢ is a constant, and A* represents the interacting field that has to be added to
make the theory invariant, but we do not know how A* transforms. What we want to
impose is that D1 transforms in the same way as 1, that is

D™ =U(D"p) & (0" —igA"™)Uy = U(O* — igA* ). (3.16)
Solving this equation for A, we get

—ig AU = —0"(UY) + Ud"p — igU Afap
= (MUY — igU A . (3.17)

Since we want this equality to be true for any state v, it has to hold at the operator level,
that is we can drop the ¢. Multiplying by U~! from the right, one finds

A = UAT — ; @YU, (3.18)
This is the transformation rule that A* has to follow for D#* = 9* —igA* to be a covariant
derivative. Here, U was an arbitrary transformation operator acting on the state ¢. If
U is a phase, U = e X, then UA*U~! = A* and we recover the known result for the
electrodynamic field, with ¢ = —e. In general, ¢ is the charge that couples to the gauge
field A*. U could be (and will be) a matrix operator acting on an internal state space.
Then also A* will be a matrix operator, and the ordering of factors in (3.18) matters.
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4 Some Group Theory

Before we get to the non-Abelian gauge theories of the Standard Model, let us review
some group theory. This will serve two purposes: Firstly, all matter particles are spin 1/2
fermions, so we will need the theory of spinors later on. Secondly, the electroweak gauge
group is SU(2) x U(1), and the gauge group of QCD (the strong interactions) is SU(3),
which is a generalization of SU(2). So we will need some basics about the representations
of these groups to understand the Standard Model.

This review will be mostly mathematical and a bit technical. Don’t be intimidated
by this! When we continue with the physics part later on, we will for the most part only
need the simplest examples of the concepts introduced in the following.

4.1 Groups

Groups. Let us recall the basic definition of a group. A group (G,-) is a set G of
elements and a composition rule

GxG—G, (9,h)—g-h=gh (4.1)
which satisfies

e Ifghe G, thenalsog-heq.
e The composition is associative: (g-h)-u=g-(h-u) for all g,h,u € G.
e There is an identity element 1 € GG, such that g-1=1-g =g for all g € G.

e For every g € G, there is a unique inverse g~ € G, such that g- g =g~ 1 - g = 1.

An example is the group of permutations of n elements, called S, (a discrete group).
Another is the set of complex phase factors U() = e for real 6, called U(1) (a continuous

group).

Groups as Transformations. In physics in general, and in particle physics in particular,
groups appear mainly because

e Physical quantities behave in a specific way under some transformations,

e Physical systems may be invariant under certain transformations of (some or all)
their constituents.

Some examples are

e Vectors in classical mechanics and electrodynamics transform in a specific (the

well-known) way under rotations, represented by the rotation group SO(3): v — Ruv,
R € S0O(3).

e Quantum states are invariant under multiplication by a phase factor: ¥ — e'%), all
phase factors form the group U(1) > e,

e Spinors transform in representations of the spin group SU(2).

In all these examples, the groups are continuous, which means that the elements depend
on continuous parameters that can take infinitely many different values. Discrete groups
also play a role in physics (for example rotations of lattices by discrete angles), but will
not be important for us.
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4.2 Lie Groups and Algebras

Lie Groups. Continuous groups whose elements are differentiable functions of their
continuous parameters (such that the group is at the same time a differentiable manifold)
are called Lie groups. This is the case for all continuous transformation groups that we
consider. The simplest example is U(1), where U(0) = e € U(1) is clearly a differentiable
function of 6.

Exponential Map and Lie Algebras. It can be shown that for all Lie groups G, every
element g € G' can be written in the form

g=exp(iX), X=3Y" 06T (4.2)

The quantities T; are called the generators of the Lie group, and for a Lie group that
depends on n parameters (an n-dimensional Lie group), there are n such generators.
The generators form an algebra called the Lie algebra of the Lie group. Expanding the
exponential map

g=exp(iX)=1+i> 6T+ 0O(6;), (4.3)

one sees that the generators T}, define group elements 1+ ieT}, that are infinitesimally close
to the identity 1 € G.

More on Lie Algebras. The Lie algebra g is the tangent space of the Lie group G
at the identity element 1 € G. The exponential map exp : g — G maps itX € g to the
integral curve in G whose derivative at ¢t = 0 equals iX, that is 0/0, exp(itX)|,_, = iX.
When the group is represented by matrices, then the exponential map is equivalently
defined by its Taylor series expansion:

i' (4.4)

exp(iX) Z

A Lie algebra g can be defined abstractly, and independently of its corresponding Lie
group, as a vector space with a bilinear product [.,.] : g X g — g that obeys the two
properties

Antisymmetry: [X,Y] = —[Y, X],
Jacobi identity: [X,[Y,Z]|+[Y,[Z, X]| + [Z,[X,Y]] =0, (4.5)

for all XY, Z € g. The basis elements of the vector space are called generators, and are
typically denoted by T,. The product is fully defined by the structure constants f,;,°¢ via

[Ta, Tb] = 1 fab cs (46)

where {T,} is a basis of generators.

Example. Let usillustrate these concepts with an example. Arguably the most important
transformation group for quantum theory is SU(2), defined by

SU(2) = {U € Mat(2,C) | UUT = UTU = 1,det(U) = 1}. (4.7)
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A general element of this group can be written as

U= (g ‘f) . o+ 8P =1. (4.8)

This shows that SU(2) is clearly a Lie group. One verifies easily that infinitesimal group
elements 1 4 ieT}, are generated by the three matrices

1/0 1 1(0 —i 1(1 0
T1_2<1 0)’ T2_2<i o)’ T3_2<0 —1>' (4.9)
These are the generators of the Lie algebra su(2), and are recognized as the familiar
Pauli matrices, T, = o1/2. The factor of 1/2 is a convention that is chosen such that

exp(2nTy) = —1.
The generators satisfy the commutation relations of angular momentum:

[Tau Tb] - jga,bcirc ) (410)

so the structure constants are fu,¢ = fape = €ape (the totally antisymmetric tensor). One
can verify that the commutator (4.10) satisfies the Jacobi identity.

4.3 Representations

Representations. (Lie) groups and algebras are abstract objects that can be defined
purely in terms of their algebraic properties. In practice, they take concrete realizations in
terms of matrices. Such realizations are called representations. A representation of a Lie
group G is a map R from G to the space of n X n complex matrices:

R : G — Mat(n,C), R(g)R(h) = R(gh) . (4.11)

The condition on the right must hold for all elements g, h € G. It says that R must be a
homomorphism that preserves the product structure of the group.

Similarly, a representation of a Lie algebra g is defined as a map p from g to the space
of n X n complex matrices that preserve the algebra product (commutator):

pig—Mat(n,C).  [p(X),p(¥)] = p([X,Y]), (4.12)

for all X|Y € g.

The representations of a Lie group G and its Lie algebra g are related in the obvious
way: Given a representation R of G, the tangent space of R(G) at the identity defines
a representation p of the corresponding Lie algebra. Similarly, a representation p of g
induces a representation R of G by exponentiation. In other words:

exp(iX) =g &  exp(ip(X)) = R(g). (4.13)

Fundamental and Adjoint Representations. Because representations are bijective
homomorphisms, every group can be defined by giving one of its representations. This
is typically the case for Lie groups. For example, the group SU(n) can be defined as the
space of unitary n x n complex matrices with unit determinant, as we did for SU(2) above.
For SU(n), this realization is called the fundamental representation. As we saw above, the
generators of su(2) in the fundamental representation are the Pauli matrices: T, = 0,/2.
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Every Lie algebra g with n generators is also an n-dimensional vector space. We can
construct a representation of g in terms of n x n matrices p(X) that act on the vector
space g by the commutator [X,.] with X:

pX):g—g, YepX)Y=[XY] (4.14)
This is called the adjoint representation. In terms of the generators, it becomes
p(To) - Ty = [To, T = ifw" T. . (4.15)

In the generator basis, the generators vectors have entries (7,); = d4;, so the above equation
becomes

P(T)'s = [p(T)]'5(Th) = ifw“(T) = ifar'- (4.16)
Writing everything in lower indices, and using the fact that f.. is totally antisymmetric
(this is true for all Lie algebras we consider), one finds

[T59),, = [p(To)lye = —ifabe - (4.17)

At the level of the group, the adjoint representation acts by conjugation:

R(g) : G — G, h s R(g)(h) = ghg™*. (4.18)

Example: su(2). To have a concrete example, let us look again at su(2). As we saw
above, the fundamental generators are T1""d = ¢, /2, where ; are the Pauli matrices. They
satisfy the commutation relations

[To, Tb] = icae T, (4.19)
and hence the adjoint generators T2 have matrix elements
[T2V] = —ieae - (4.20)
Let us check this explicitly:
[Ty, Tz] = iT5, [Th, T3] = —iTh, (4.21)

and similar relations hold for 75 and T3. The adjoint generators are therefore:

(00 0 {0 0 i (0 -0
=100 —i|, =0 00|, T™=|i 0 0]. (4.22)
0 i 0 —i 0 0 0 0 0

Example: su(3). Another example that is important for the Standard Model is SU(3),
the group of 3 x 3 unitary matrices. For completeness and reference, we list some of its
properties here. The Lie algebra su(3) of this group has eight generators T, = \,/2 with

010 0 —i 0 1 0 0
M=|10 0], =i 0 of, =0 -1 0],
000 0 0 0 0 0 0
001 0 0 —i 000
M=[0 0 0], =100 0], X=[0 0 1],
100 i 0 0 010
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00 O 1 10 0
Ar=10 0 —if, M=—]|0 1 0 (4.23)
0 i 0 3\0 0 —2
Its structure constants, defined by
[)‘m )‘b] =2 fabc>\c (424)
are
f123 = ]-7
Jass = fors = \/5/2,
fiar = fs16 = foas = fos1 = faus = fozr = 1/2, (4.25)

and all other values fu. follow from the total antisymmetry.

4.4 Quantum Theory

Unitary Representations. In quantum theory, states are represented by elements
of a Hilbert space. All (measurable) observables are expressed in terms of projections
(p|1h) of states onto other states, that is in terms of the inner product (.|.) on the Hilbert
space. Any transformation |1) — [V) = Ult)) that is supposed to be a symmetry of the
quantum system therefore has to preserve the inner product. Because a general projection
transforms as

(@lv) = (o [v") = (slUTU ), (4.26)

this means that any symmetry U has to obey U'U = 1, or in other words Ut = U™,
which means that the transformation must be unitary. In particular, this implies that
every symmetry group must be represented on quantum states by a unitary representation
(a representation whose matrices are unitary).

Internal Rotations. The states may depend on continuous parameters (such as the
position in space, or the momentum), but may also have discrete degrees of freedom. In
such cases, a general state is represented as a vector, whose entries are the amplitudes
for the various possible discrete values. A familiar example is spin: We can distinguish
spin-up and spin-down states, and a general state is a superposition of the two:

m=(s). w=() w=(;). (a.27

Consider more generally a quantum system that can be in one of two discrete states. The
two states span a (complex) two-dimensional state space, and a general state is represented
as a two-dimensional vector in this space, as in (4.27). Assume further that the system is
symmetric under rotations in this space. By the above argument, any symmetry must be
represented by unitary matrices. In the case of a two-state system, the relevant matrices
are unitary 2 X 2 matrices, and such matrices form the group SU(2). If a system has three
discrete states, the relevant group would be SU(3).

4.5 SO(3) and SU(2) and Spin

We will close this review of group theory by recalling the relevance of SU(2) for spin and
rotations in quantum systems.
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Rotations. Rotations in space are represented by matrices R € SO(3), where SO(3) is
the group of orthogonal matrices. As we said above, any quantum system must transform in
a unitary representation U of SO(3) under spatial rotations R, such that |[¢)) — U(R)|¢).
Any rotation by an angle of 27w equals the identity operation, R(27) = 1. Using the

property
URVU(R)=URR) = UMRUQ) =UR-1)=U(R), (4.28)

one finds that also U(R(27)) = U(1) = 1, therefore every state will be mapped to back to
itself under full 27 rotations.

And of course any reasonable quantum system must be invariant under rotations by
an angle of 2. But quantum states |1) are only well-defined up to arbitrary complex
prefactors, so one could also allow transformations that map states to themselves up to a
constant prefactor.

SU(2) and Spin. This is where SU(2) comes into the game: SU(2) is a double cover of
SO(3), which means that there is a mapping (a group homomorphism) f : SU(2) — SO(3)
that is two-to-one: If f(U) = R, then also f(—U) = R. In particular, both 1 € SU(2) and
—1 € SU(2) are identified with 1 € SO(3). And because the mapping is continuous, a full
rotation in space is represented by —1 € SU(2).

So a state [¢) transforming under SU(2) under rotations gets mapped to —[¢) under
rotations by a full angle 27r. And this is admissible, since [¢)) and —|i)) represent the same
state. The upshot is that to represent spatial rotations on quantum states, we can also
consider unitary representations of SU(2)!

And this is indeed what happens for spin.

Spin 1/2. A spin-1/2 system is represented by a two-component vector [¢)) that trans-
forms in the fundamental representation of SU(2) under spatial rotations. The fundamental
generators for SU(2) are the Pauli matrices, T; = 0;/2. So for a rotation by a:

) = exp(ia-0/2) [¢) . (4.29)

Spin One. For a spin-one system, states are represented by three-component vectors
|1) that transform in a three-dimensional representation of SU(2). That three-dimensional
representation is the adjoint representation of SU(2), whose generators we stated above
in (4.22). So for a rotation by a:

[¥) = exp(ia - T*Y)[) (4.30)

Upon closer inspection, the generators dej are exactly the fundamental generators of
ordinary SO(3) rotations! So the adjoint representation of SU(2) equals the fundamental
representation of SO(3), and spin-one states transform as regular vectors under spatial
rotations.

5 Non-Abelian Gauge Theory

After having gone through a review of group theory, we are ready to move on to non-Abelian
gauge theory.
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5.1 Strong Isospin
Strong isospin
e is an approximate symmetry,
e had an important conceptual impact historically.

e There is also weak isospin, which is a more fundamental symmetry. Here, we consider
strong isospin to get familiar with the concept.

Nucleons. Strong isospin is a symmetry between the two types of nucleons: Protons
and neutrons. They have almost identical masses:

Mproton = 939.57 MeV | Myeutron = 938.27 MeV . (5.1)

The difference in masses is only ~0.1%. The proton carries electric charge, the neutron
is electrically neutral. Apart from that, they are very similar particles, especially from
the point of view of the strong interaction. At nuclear scales, the strength of their EM
interaction is only about ~1% of their strong interaction.

Consider the proton p and the neutron n as two states of the same object, the nucleon
N. Imagine a 2d state space, the strong isospin space:

f

”n

e Assume that forces that describe nucleon interactions (the strong force) are invariant
under rotations in this space. This can only be approximately true due to the EM
interactions, but we will neglect those for now.

e The EM charge is merely a label that distinguishes the p from the n state.

e Similar to spin, write general states as

2 *
N=(P) = Probabilitiess P,— PP
n |N| pp* + nn*

(5.2)

For properly normalized states: pp* + nn* = |N|*> = 1.

e Invariance under rotations in 2d complex strong isospin space is equivalent to
invariance under

N—UN, UeSU?). (5.3)

Such unitary rotations preserve total probability (normalization). In other words, N
forms an SU(2) doublet (fundamental representation of SU(2)).
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e The standard basis of SU(2) is given by the generators 7;/2, where 7; are the Pauli
matrices. We will call the Pauli matrices o; when they act on spinors, and 7; when
they act on some other space, like here.

The generator 73 is diagonal, hence the states p and n have definite eigenvalues
+1/2. Analogous to regular spin, we say that p has (strong) isospin +1/2, and n
has (strong) isospin —1/2.

Pions. Besides p and n, do more particles form strong isospin multiplets, that is transform
in representations of strong isospin SU(2)? Yes! For example pions. There are three
species of pions: 7, 7, and 7°. The 7* has electric charge +1, the 7° is neutral. Their

masses are:
m* =139.57TMeV,  m° = 134.96 MeV . (5.4)

Again, the three pion states have very similar strong interactions. The differences in their
masses and interactions are ~1% EM-size effects. The three pions form an isospin-one

state
™

™= |m|, (5.5)
3

which means that 7 transforms in the spin-one, or adjoint, representation of SU(2). This
representation works as follows: First, one transforms 7 to a 2 x 2 matrix via

Tap = Ty = Tap - T . (5.6)
Then, the generators of strong isospin SU(2) act on this state by commutation:

z:dj = [7_17 ]
= Tr=Tyr=[r"nx == igldkm Tk, (5.7)
The eigenvalue of a state under 7% is called I3 (“strong isospin”). Experimentally, we know

that the electric charge eigenstates 7+, 7° have strong isospin I3 = =1, I9 = 0. Writing
T3 as a 3 x 3 matrix in the basis of (5.7), it reads

0 i 0
T5=|-i 0 0f. (5.8)
0 00

This matrix indeed has eigenvalues {1,0, —1}, with eigenstates

= (m +im)/V2 ™ =m;3. (5.9)

+ 70 and the isospin-one

This shows the relationship between the charge eigenstates m
multiplet (5.5).
The pions 7= have opposite charges (electric and I3), but are otherwise identical: 7~

is the antiparticle of 7+ and vice versa. 7° is its own antiparticle.

Symmetry. If strong isospin is a symmetry, also interactions must respect it. What is
the most general symmetric Lagrangian for nucleon-pion interaction? Assume that the
number of nucleons is preserved (but not the number of pions). We can build a Lagrangian
out of the following operators:
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p creates a proton / destroys an antiproton

P destroys a proton / creates an antiproton

nf creates a neutron / destroys an antineutron
n destroys a neutron / creates an antineutron
+

creates a 7" / destroys a 7w~
(7t)t =7~ creates a 7~ / destroys a 7"
7r creates/destroys a 7°

The most general nucleon-number preserving Lagrangian that also preserves I3 then is
Lint = Gpn DT+ gup n'pm" + g p'p7° + g ' nar’ (5.10)

where g,, are coupling constants. Here, each term stands for a three-point interaction. For
example, the first term stands for a process where a neutron n emits a pion 7—, turning
into a proton p:

T

n

Even though it preserves I3, the Lagrangian L;,; is not invariant under rotations in strong
isospin space for general values of the couplings g,,. For example, when we rotate p and
n, then p’p and nfn mix with each other, and therefore Gpp and gy, must be related.

How can we write Ly in a way that it is automatically — “manifestly” — invariant?
The answer is, we have to make use of representation theory. We need to form a singlet (a
trivial representation) of strong isospin SU(2) out of a fundamental N, an anti-fundamental
NT = (p',n'), and an adjoint 7. This is exactly what the Pauli matrices 7%, do! They carry
one adjoint index ¢, and one fundamental /anti-fundamental index pair a, b. By contracting
them with N, Nt,

NTFN = (N7l N®, (5.11)
the fundamental index of N and the anti-fundamental index of NT are transformed into
an adjoint index 7. Contracting this index with the adjoint index of 7, we can form a
scalar that is invariant under strong isospin SU(2) rotations. The most general invariant
Lagrangian therefore is

Lii=gNTN -7 =g(N)7,N° ;. (5.12)

e (01 (0 ), (10
TEEML o)™ 0) T 0 1

B < s M — i7r2> B 70 \/§7T_>

More explicitly,

T + im9 —13 V2t =0 (5-13)

hence the interaction Lagrangian becomes

70 V2
e ens (£ )9
=9(pr%0+\/5an#_ +V2nipat —nTmro). (5.14)

We see that all parameters gpp, Gnn, gpn, and gn, are related to the single coupling g.
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Remark. As mentioned, strong isospin is not an exact symmetry, but this example
illustrates the idea of invariance under internal “rotations”. Later, we will look at weak
isospin, which is a true symmetry of the strong, weak, and electromagnetic interactions,
and where the adjoint (isospin one) particle consists of the W bosons instead of pions.

5.2 Non-Abelian Gauge Theories

In the Abelian case, we considered states 1) that are invariant under phase transformations
Y +— eXe), and local phase invariance implied the existence of and precise interaction with
the gauge field A*, identified as the electromagnetic field. This is the essence of gauge
theory.

Non-Abelian Transformations. For the example of strong isospin, general transfor-
mations are of the form

Nw—UN, N= (i) : U=¢e*72e8U(2). (5.15)

Here, invariance under phase transformations are generalized to invariance under SU(2)
transformations. This transformation is non-Abelian, since applying two successive trans-
formations in different orders gives different results:

UVeSU®@): UVN#AVUN <« [UV]#£0. (5.16)

The non-commutativity is directly related to the non-trivial commutation relations of the
Pauli matrices: o -

[7%,79] = 2i k¥ (5.17)
One could equally well consider particles transforming in representations of other groups
and demand invariance. Besides SU(2), another group that is important for the Standard

Model is SU(3). States ¢ = (a1, az, ag) that transform in the fundamental representation
of SU(3) transform as

a1
g~ Mg, q=|a|, M=*M?esSU@3), (5.18)
as

where A = (A,...,\s) are the eight SU(3) generators, and o = (v, ..., ag) are the
corresponding eight transformation parameters. Quarks, the constituents of nucleons,
indeed have such an SU(3) degree of freedom called color.

Non-Abelian Gauge Theory. By promoting such non-Abelian symmetries to local sym-

metries, one obtains non-Abelian gauge theory. Consider a general state ¥ = (11, ..., 1,)
that transforms in a matrix representation of a general gauge group G:
U _ -
Y= Uy, Y= 11U, U=ecvT =T cq. (5.19)
V3

Here, to simplify the notation we do not distinguish between the abstract group G and
its concrete representation: U is an element of GG in a matrix representation. The gauge
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group G will always be a Lie group, and T' = (13,...,T,) are the generators of the
corresponding Lie algebra, where d is the dimension of the gauge group (and its associated
algebra).

When we promote the transformations (5.19) to local symmetries, they are called gauge
transformations, and the spacetime-dependent transformation parameters

w=w(t;x) (5.20)

are called gauge parameters. Asin Abelian gauge theory, free particles by themselves cannot
be gauge invariant, since the derivatives in the Schrodinger equation (or its relativistic
equivalent) produce extra terms when acting on the gauge parameters w(t; x). We again
have to construct a covariant derivative

D* = 9" — igA* (5.21)

to achieve invariance. Here, g is a coupling constant, and A* is a field that transforms in
the adjoint representation of the gauge group. That is, A* takes values in the Lie algebra
g associated to the gauge Lie group G. It can therefore be expanded in the fundamental
generators 1%:

AF = ART? Al e C, T €g. (5.22)
Earlier, we constructed the transformation rule of a gauge field A* for a general (in general
non-commutative) transformation U:

AP s A = AU — L oruy Ut (5.23)
g
This transformation rule guarantees that the covariant derivative
D¥ap s (DHap) = U D" (5.24)

transforms in the same way as the state 1) — U1t under general gauge transformations
U. We can find the infinitesimal form of the transformation (5.23) as follows: Write the

. . s, : a . .
transformation U in terms of generators, U = e T = %" and expand to linear order in

Wy
A — (1 4iw - TYAP(1 —iw - T) — ; i(0'w) - T + O(w?)
= AF +iw - [T, A*] + ; (O'w) - T + O(w?) (5.25)
Further expanding A* in terms of generators, this becomes
AT = APT® + iw, [T, T A} + ; (0"w,)T* 4+ O(w?)
= APT 4 iw,if* T AY + ; (0"w,)T* + O(w?)
= | = e + ; (0"0)| T + O(w?)
= [AZ + foe AW, + ; (8“wa)}T“ + O(w?). (5.26)
The infinitesimal change of the components A# therefore is
Al = Al 4+ 5AY SAF = fbe Allw, + ; (0*w,) (5.27)

This shows that there is a consistent transformation for A# that makes the theory gauge
invariant, by writing the Lagrangian in terms of the covariant derivative D*.

35



5.3 Quarks and Leptons

No theoretical principle predicts what internal spaces particles transform in. The invariance
of the theory under such transformations is simply observed. The complete set of spaces
needed for the Standard Model is U(1), SU(2) (the electroweak spaces), and SU(3) (the

color space).

Weak Isospin. In the Standard Model, both quarks and leptons can be put in SU(2)
doublets of a weak isospin space:

quarks leptons

I R B O B O

and the theory is invariant under local weak isospin SU(2) transformations. The weak
isospin SU(2) gauge transformations are

U=¢e*7/2e8U(2), (5.29)
with the local (space-time dependent) gauge parameters
e=c(t;x). (5.30)
The covariant derivative D* and gauge field A* therefore are

D = ' —igyAr, A= % W = %Wﬁ, (5.31)
where gy is the coupling constant, and the components of A* are the weak gauge bosons
WE. According to our general formula (5.27), the gauge bosons transform as

1
VVZ-M — Wi'u + (SWZM y 5WZL = é‘ijf&k + — (auai) s (532)

g2

where €;1; = fjri = f7%; are the structure constants of su(2).

Color. In addition, quark states transform in an SU(3) triplet (fundamental representa-
tion) in color space:
r
¢=g|, a€{duscbt} (5.33)
b

Again, the theory is invariant under local color SU(3) transformations. The story for SU(2)
repeats with different labels: The color SU(3) gauge transformations are

U = M2 € SU(3), (5.34)

with the SU(3) generators A = (\1,..., Ag) and the local (space-time dependent) gauge
parameters

a=at;z). (5.35)
The covariant derivative D* and gauge field A* in this case are
: A Aa

DH = 0! —ig3 A", Al = 5 G' = 5 GH, (5.36)
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where g3 is the coupling constant, and the components of A* are the gluons (strong gauge
bosons) G*. According to the general formula (5.27), the gluons transform as

1
Gl s G+ 0GE, OGP = f,Gla, + o (0"a), (5.37)

where f%, are the structure constants of su(3).

Covariant Derivative of the SM. By adding several terms to 0,, we can make a
covariant derivative D, that guarantees invariance under gauge transformations in several
spaces (simultaneously or separately). The full covariant derivative of the Standard Model
is

Y i )\a
D = 9" —igy 5 B" ~ ig, % W —igs 5 Gl (5.38)
Here,

e Y is a generator of U(1): hypercharge,

1

e 5 7; are generators of SU(2): weak isospin,

e ;)\, are generators of SU(3): color.

The full space that D* acts on is a representation of the product group U(1)xSU(2) xSU(3),
which is the full gauge group of the Standard Model. The hypercharge generator Y acts
trivially (as a unit matrix) in the SU(2) x SU(3) space. Similarly, 7; acts trivially in
U(1) x SU(3), and A, acts trivially in U(1) x SU(2).

Some comments:

e The three parameters g, g2, and g3 are arbitrary real numbers that have to be fixed
by comparison to experiment.

e Various states (particles) have various charges (eigenvalues) under the generators
Y, 7;, and A,. These charges serve as state labels that identify the various particles
(quarks and leptons).

e As for (Abelian) electrodynamics, the three terms in D* mean that several spin-one
gauge bosons must exist: One B* three W/}, and eight G*. All these are confirmed
experimentally.

e No one knows why the gauge group is U(1) x SU(2) x SU(3) and not some other
group.

e The equation for D* is the main equation of the Standard Model: It tells about the
internal spaces, the gauge bosons that must exist, and their interactions, all based
on the postulate of gauge invariance.

6 Relativistic Fermions

The elementary fields/particles of matter, the quarks and leptons, are all spin-1/2 fermions.
To describe them, it is necessary to generalize the Schrodinger equation to include the
spin degrees of freedom. Also, the theory should be relativistically invariant: Special
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relativity dictates that the laws of physics must be the same in all inertial systems. In
mathematical terms, this means that all physical equations must be invariant, that is
should not change their form, when we apply Lorentz transformations that relate one
inertial frame to another. This leads to the Dirac equation. The formulation will provide
a concise notation that is useful for computations within the Standard Model.

6.1 The Dirac Equation

At the time of Dirac, physicists were looking for a relativistically invariant equation that
describes the electron, including its spin. The Schrodinger equation

—i0ip = — 2; Vi (6.1)

is linear in the time derivative, but quadratic in the spatial derivatives. Lorentz rotations
mix spatial directions with the time direction, therefore time and spatial derivatives have
to appear with identical degrees in a relativistically invariant equation.

Klein—Gordon Equation. A first guess would be to start with the relativistically
invariant equation
E? =p*+m? (6.2)

and replace E/ and p by their quantum mechanical operators acting on a state ¢:
—0}¢ = (-V?*+m?)o & (0,0" +m*)p=0. (6.3)

But this results in a problem: A quantum mechanical state ¢ that satisfies the Schrodinger
equation describes a probability density

p=9¢"¢ (6.4)
that obeys the continuity equation
0
ap—i—V-J:O (6.5)
with the probability current
i
J == 5 (60— 0V ). (6.6)

Writing the continuity equation in the form

(5.:9) () =0. (6.7)

it is clear that it cannot be relativistically invariant. To make it relativistically invariant,
(p; J) would have to be a relativistic four-vector. To complete J to a four-vector, the
probability density p has to take the form

i
= — ("0, — PO, " 6.8
so that the full probability density four-current is relativistically covariant:

T = (500 — gare") (6.9)

2m
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and the continuity equation becomes
o, J"=0. (6.10)

Everything is consistent with relativity now. But there is a problem: Because the
equation (6.3) is of second order in time, the initial values of both ¢ and 0,¢ may be freely
chosen, and p = J° may become negative! That should be impossible for a probability
density. So we cannot get a relativistically invariant generalization of the Schrodinger
equation that is of second order in the time derivative.

The equation (6.3) is still relevant in quantum field theory, it is called the Klein—
Gordon equation. When interpreted as a probability amplitude, its wave function ¢ (or the
probability density ¢*¢) does not obey the laws of relativity. And the relativistic density
p ~ (¢*0p — p0,¢*) can become negative and therefore cannot be a probability. But p
can be interpreted as a charge density, for which negative values are admissible. The
Klein—Gordon equation therefore can describe relativistic spinless particles with positive,
negative, and zero charge, for example pions.

Dirac’s Ansatz. As we saw above, a relativistically invariant equation for a probability
amplitude cannot be quadratic in time derivatives. Dirac was looking for an equation that
was linear in the time derivative, and therefore, by relativistic invariance, had to be linear
in spatial derivatives. He wrote down the most general such equation that is also linear in
the state 1):

N 0 0 0
1&2/1 = [—1(041 9 + s 922 + az 3:163) —|—ﬁm]1p. (6.11)

The coefficients «; and [ are constrained by physics requirements. Using the relation
E? = p2 +m? and replacing £ and p by their quantum-mechanical operators, any solution
1 should satisfy the Klein—Gordon equation (6.3),

—0) = (=V?*+m*). (6.12)

We will see later that this is not in contradiction to what we discussed above. Moving all
terms in (6.11) to the same side, the equation takes the form D = 0, which implies that
also D*) = 0. Multiplying this out, assuming that «; and § are constant, and sorting
terms, this becomes

02 , O

— =Y =|—q; 7
ot? ' Ozt?

g 9 . . _
_g(azag + o) O O —im(oufB + Bay) 8xi+ﬁ m* (. (6.13)

Requiring that this is compatible with the relativistic energy relation (6.12) gives the
following constraints:

i+ ajo; =0 (i #j),
Oéi/B + 6051' = 07
al =3 =1. (6.14)

These relations cannot be satisfied by numbers. But Dirac had just worked on Heisenberg’s
new matrix mechanics, and immediately realized that «; and S had to be matrices.
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Massless Fermions. For massless fermions, the term with 3 is absent, and the conditions
on q; are
o707 -+ Q0 = {Oéi, Oéj} = 2(574 , (615)

where

{a,b} = ab+ ba (6.16)

is the anticommutator. These are exactly the anticommutation relations of the Pauli

matrices, so one can set
o, = —0;, (617)

where the minus sign is a convention. Then Dirac’s ansatz (6.11) becomes the massless
Dirac equation

0
oxrt

O =o-po,  p=i (6.18)

and 1 is a two-component spinor.

Massive Fermions. With a non-zero mass m, the first guess would be to find a 2 x 2
matrix J that satisfies the conditions (6.14) together with a; = —o;. A complete basis
for all 2 x 2 matrices is formed by the Pauli matrices o; together with the unit matrix.
The second condition ;3 + Ba; = 0 together with a? = 1 shows that 8 cannot have a;
components. Setting § = 1, the unit matrix, also fails. Hence the conditions cannot be
satisfied with 2 x 2 matrices.

It turns out that to satisfy the conditions (6.14), the matrices oy, 5 have to be at least
4 x 4 in size. A particular solution to the constraints is

O

where each matrix entry stands for a 2 x 2 submatrix. So for example,

(6.20)

a1 =

_ o O O
O = O O
o O = O
o O O =

Gamma Matrices. The choice of 4 x 4 matrices for oy, 8 is not unique. We will multiply
Dirac’s ansatz (6.11) by / from the left:

o = (—ifa -V +m), (6.21)
and rename the coefficient matrices as
V=8, =P (6.22)
These gamma matrices can be combined into a four-vector,
7 =0"%). (6.23)
The massive Dirac equation then can be written in the compact form
(iv"0, —m)yp =0, (6.24)
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where ¢ now is a four-component spinor. The conditions (6.14) on «; and [ are equivalent
to the relations
Y+ = {7 =29 (6.25)

for the gamma matrices. Here, g*” are the components of the metric tensor

10 0 0
o -1 0 o0
910 0 -1 0

0 0 0 -1

(6.26)

The relations (6.25) for the gamma matrices are the defining relations for a Clifford algebra.
The particular solution for «; and [ (6.19) give the standard representation, also called
Dirac representation, for the gamma matrices:

0 __ 10 i 0 0;

where again each entry stands for a 2 x 2 submatrix.

Relativistic Invariance. We have been calling v* a four-vector, suggesting that it
transforms as a vector under Lorentz transformations, such that 4#9, is a Lorentz scalar.
This cannot be correct if the gamma matrices are constant. What we really want is that
the Dirac equation (6.24)

(iv*0, —m)yp =0 (6.28)

is relativistically invariant, meaning that it does not change its form when we apply a
Lorentz transformation. We know how 0, transforms under Lorentz transformations (as a
covariant vector), but we do not yet know how 4 and 1 should transform.

If 4#0, is to be invariant, v* has to transform as a contravariant four-vector. Because
Lorentz transformations are 4 x 4 matrices A € SO(1,3) that preserve the metric tensor
g"”, the transformed set 7'* will still satisfy the Clifford algebra relations. Now, it is a
theorem that, if two sets of matrices v* and v* satisfy the Clifford algebra, they must be
related by a similarity transformation

= Agtyt Ag . (6.29)

With y#0,, = v#9,,, the Dirac equation can be re-written as

(iA5'y" A0, — m)(a)

0
& Agl(iy"0, —m)Agi(a’) =0, (6.30)

where in the second step we have used that Ag is constant and /151/15 = 1. Now if we
identify Agv as the transformed spinor 1)/,

V' = Ast), (6.31)
then the Dirac equation becomes
A5 (0, — ) () =0 & ("0, — /() =0, (6.32)

which is of the same form as the original equation, with the same gamma matrices v*, but
with Lorentz-transformed coordinate x’, derivative 9, and spinor v'.
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What have we shown? We have shown that the Dirac equation (with constant gamma
matrices) is relativistically invariant provided that the spinor state ¢ transforms according
to (6.31), where Ag is the transformation (4 x 4 matrix) acting in spinor space that
corresponds to the applied Lorentz transformation A; via

V= (AL = A5 As . (6.33)

Lorentz Transformations. In order to understand the spinors ¢ better, we have to
note some facts about representations of the Lorentz group. The Lorentz group SO(1, 3)
comprises all transformations of space-time that relate different inertial frames. On
contravariant four-vectors, like z#, Lorentz transformations act by multiplication with a
matrix A € SO(1, 3) that preserves the metric tensor g,,, such that z# — (Ap)*,z". For
example, a boost in the 2! direction takes the form

coshf sinhfg 0 0 0O -1 00

_ | sinhB cosh 0 0O ~.|-1 0 00
Av=1|"" o 10| T ®=ilg o 0ol

0 0 01 0 0 00

where the matrix on the right is the infinitesimal generator. A rotation in the (z!,2?)
plane is represented by

1 0 0 0 00 0 O
A, = 0 cosf@ sinf O o i 00 -1 0
0 —sinf cosf 0 3 01 0 0
0 0 0 00 0 0

1
We can arrange all generators of SO(1,3) (boosts and rotations) in a 4 x 4 matrix:

0 K, Ky Kj
-K; 0 Js  —=Jy
-Ky —J; 0 Ju |
-Ks Jy, —-J 0

o = (6.34)

where each entry is again a 4 x 4 matrix, for example L? = J;. The matrices L* then
satisfy the Lorentz algebra

(L7, D7) = i(g"P LM — g LM — gh*L"" + ¢"" L"), (6.35)

The generators for the matrices Ag that represent Lorentz transformations on four-
component (Dirac) spinors, and that we derived from the gamma matrices via (6.33), are
given by ‘
1 v
=0 (6.36)
where we use the same notation as in (6.34): For fixed values of y and v, S is a 4 x 4
matrix. One can check that these generators indeed satisfy the Lorentz algebra (6.35) for
any set of gamma matrices that satisfy the Clifford algebra relations (6.25).
Now, it is a fact that all finite-dimensional representations of the Lorentz group are
non-unitary.> All unitary representations of the Lorentz group are infinite dimensional,

s

!The reason is that the Lorentz group is non-compact. It can be understood by noting that the Lie
algebra of the Lorentz group is su(2) @ su(2), and therefore representations of the Lorentz group can be
built from the representations of su(2), which are familiar from non-relativistic spin (Pauli matrices).
Those representations are unitary, but the mapping from pairs of SU(2) representations to SO(1,3)
representations is complex, which spoils the unitarity.
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which means that states that transform in such a representation must have infinitely many
(a continuum of) degrees of freedom. This implies that relativistic quantum states must
be quantum fields with a continuum of degrees of freedom. In this sense, one can say that
relativistic invariance necessitates quantum field theory.

Coming back to our representation S* (6.36), one can indeed check that not all
the matrices S* are hermitian (neither are all the L*). For example, in the Dirac
representation for the gamma matrices, 4° is hermitian, but 4 are anti-hermitian:

O)T=+", () =—4". (6.37)

This means that 1Ty, contrary to naive intuition, is not a Lorentz scalar, since under
Lorentz transformations:

Py s T AL Age) (6.38)

which is not equal to ¥, since Ag is not unitary, and therefore Ag # Ag'. In order to
write Lorentz scalars, we introduce the combination

P =1Ty0. (6.39)

It can be shown from the properties of the gamma matrices and the definition Ag =
exp(if,,,S*) that
ALy = 445", (6.40)

and therefore )
(G0 (6.41)

is a Lorentz scalar. Similarly, one can show that 1)y transforms as a Lorentz vector,
that is

Py e (AL, 977y (6.42)
under Lorentz transformations.
For more details on representations of the Lorentz group and spinors, see for example
Chapter 10 of Matthew Schwartz’ excellent book “Quantum Field Theory and the Standard
Model”.

6.2 Conserved Current
We can construct a conserved current from . Starting with the Dirac equation
(iv"0, —m)p =0, (6.43)
we take its adjoint (hermitian conjugate):
—i0, Ty —mypt =0, (6.44)
and then multiply with 7 from the right, noting that
710 = =12 =9%" and " =1", (6.45)
to obtain
0 = i0,1Ty 9" +mayply”
=10, 7" + mab . (6.46)
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This equation is also sometimes written in the form
zz(wﬁ +m) =0 (6.47)

to resemble the Dirac equation for ¢) more closely. Here, it is understood that the derivative
operator gﬂ acts to the left. Now we multiply the original Dirac equation (6.43) by ¢
from the left, and the conjugate equation (6.46) by 1 from the right, and sum the two
equations. The mass terms cancel, and what remains is

0 = Py 0,0 + (87" = 0u (") . (6.48)
Hence, we found a current that is conserved:
J =9, Ot =0, (6.49)

Recall from the beginning of this section that the conserved current following from the
Klein—Gordon equation could not be interpreted as a continuity equation for a probability
density, because the time component of the conserved current was not positive definite.
Hence the Klein—-Gordon equation could not describe the probability amplitude of a
relativistic particle. This problem is solved by the Dirac equation: The time component of
the current is

3= =9 =p, (6.50)
which is positive definite. It satisfies the continuity equation
8tp = —V?L’Y?ﬁ, Y= (717 727 ’73) ) (651)

and its integral over all of space is preserved:

Q:/pd%, 8,0 =0. (6.52)

The current component p therefore has a consistent interpretation as a probability density
for a fermion. The conserved charge @) is the total particle number, and the spatial
components of j# describe the particle number flow.

6.3 Free Particle Solutions

After this mostly abstract treatment, we can get more familiar with the Dirac equation by
looking at its solutions.

Wave Equation. The Dirac equation is a wave equation for massive relativistic particles
with spin. The fact that it is a wave equation can be seen as follows: Multiply the Dirac
equation

(iv*0, —m)yp =0 (6.53)

from the left with (iy”0, +m) to find
(77" 0u0y +m*) = 0. (6.54)

Since 0,0, is symmetric in @ and v, we can replace also v#v" by their symmetric combina-
tion,

1
YiyY — 3 {4 =g", (6.55)
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which, by the Clifford algebra, equals the metric tensor. So our equation becomes
(0,0" +m*)h = 0. (6.56)

This looks exactly like the Klein—Gordon equation, but now applied to the four-component
spinor 9. The differential operator is proportional to the identity matrix, therefore each
component of 1) satisfies the Klein-Gordon equation. It is a wave equation, hence its
solutions, and therefore also the solutions to the Dirac equation, can be expanded in plane
waves.

Plane-Wave States. We have seen that solutions to the Dirac equation can be expanded
in plane-wave states. These take the form

Y = u(p) e Pre" (6.57)

where u(p) is a four-component spinor that may depend on p, but not on x. Plugging this
plane-wave state into the Dirac equation directly gives an equation for the spinor u(p):

(Ypu —m)u(p) =0. (6.58)

Here, p* can take any value that is compatible with £? = p? + m?2. In particular, nothing
prevents us from choosing £ = py < 0 negative. Because a particle with momentum p* is
indistinguishable from an antiparticle with momentum —p#, we re-interpret particles with
momentum p* and F < 0 as antiparticles with momentum —p* and £ > 0. In other words,
when expanding a state in terms of plane waves, instead of summing over all momenta
p*, we sum only over momenta with £ > 0, but count particles and antiparticles for each
value of p#. For antiparticles, we rename the spinor u(p) to v(p). Since the mass does not
change sign, v(p) satisfies the equation

(v*pu+m)v(p) =0. (6.59)

6.4 Particles and Antiparticles

Four Particle States. We saw that spinors described by the Dirac equation have four
components. Spin 1/2 particles have two components, so what is the meaning of these four
components? The answer is that the Dirac equation automatically describes both particles
and antiparticles. To understand this, let us again look at the free-particle solutions. As we
saw earlier, the Dirac equation (iy*d, —m)i = 0 for a plane-wave state ¢ = u(p)e™P»*"
becomes an equation for the four-component spinor u(p):

(7*Pu —m)u(p) = 0. (6.60)
For a particle at rest, p = 0, this becomes

(VB -m)u=0. (6.61)

N (é _01> , (6.62)

Recall that in the Dirac basis,



and therefore

E—m 0 0 0
0 E—m 0 0
0 0 E+m 0 u=0. (6.63)
0 0 0 E+4+m
This means that £ = m for two of the solutions, and £ = —m for the two other solutions.
More explicitly, we set u; to be the ¢’th unit vector:
1
(ui); =65 eg  w = 0 (6.64)
1) 1] -5 0 .
0
we find the four solutions
E=+m: P12 = Ui e
E=—-—m: ’QZ)374 = U34 e+m . (665)

Two of these solutions have negative energies. This leads to a problem: For non-zero
momentum, the energies of these states becomes —y/m? + p?, which is not bounded from
below. In particular, a particle could radiate away an infinity of energy by increasing its
momentum. Physical energies are always bounded from below. So what are these states
with £ = —m? The resolution is that these states represent antiparticles with positive
energies.

CPT Inversion. To understand this fully requires quantum field theory, but we can
also get an intuitive understanding with more basic methods. The energy is the eigenvalue
of the Hamiltonian, which is the generator of time translations. In other words, the energy
is the eigenvalue of the time-shift operator i9;. Now if we reverse the orientation of the
time coordinate,

t—t =—t, (6.66)

the time-shift operator, and therefore also the energy switches sign. Therefore, a negative-
energy particle can be re-interpreted as a positive-energy particle for which time runs
backwards: A negative-energy particle moving forwards in time is equivalent to a positive-
energy particle moving backwards in time. A particle “moving backwards in time” makes
no sense physically, it is merely a theoretical construct. There is no experimental evidence
whatsoever of anything actually moving backwards in time. Now, a particle moving in
some direction as we go back in time is equivalent to a particle moving in the opposite
direction as we go forwards in time. Since moving backwards in time makes little sense,
we compensate the time inversion by also inverting all spatial directions @, which inverts
the momentum p of our particle. In order to preserve the physics, we need to do one
further transformation. A particle with some charge ¢ moving with a velocity v produces
a measurable current j = qv. When we invert the velocity (momentum), we need to invert
also the charge to preserve the current. This is true for all types of charges.
All in all, we have applied a CPT transformation to our particle states, where

C (charge conjugation) : q— —q
P (parity) : pP— —Dp (x — —x)
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T (time reversal) : E——-FE (t — —t). (6.67)

As far as we know, the combined CPT transformation is an exact symmetry, not only of one-
particle states, but of all of nature. Since all charges q are inverted, the transformation turns
particles into anti-particles (and vice versa). This actually defines antiparticles: Under a
CPT transformation, every particle turns into its anti-particle. Particle/antiparticle pairs
have identical mass and spin, but opposite charges.

Interpretation. This is the Feynman-Stickelberg interpretation: The negative-energy
states 13 4 are re-interpreted as positive-energy antiparticles (that move forward in time).
In view of this interpretation, it is sometimes convenient to invert the overall sign of p*
for these states, such that py > 0 for all states. One often rewrites the states 134 as

pH——pH

Y34 = uza(p) e P P34 = vo1(p) et Per" (6.68)

where py > 0 is positive in the right-hand expression, and
Ul<Eap) = U4<—E, _p> ) U?(Eap) = U3(—E, _p) . (669)

History. The inevitability of negative-energy states and their interpretation as (positive-
energy) antiparticles led Dirac in 1931 to predict the existence of the electron’s antiparticle,
the positron. The positron was experimentally confirmed by Anderson (in cosmic ray
measurements) in 1932, and this was one of the triumphs of quantum field theory at the
time.

6.5 Chirality, Helicity, and Spin

Two further important concepts for elementary particles are chirality and helicity. Both
are related to each other, and to spin.

Chirality. For the following discussion, it is useful to not consider the Dirac representa-
tion of the gamma matrices that we used above, but a slightly different representation
called the Weyl representation, given by:

0 __ 0 1 i 0 g;
y _<1 NE = o, 0] (6.70)

Again, every entry is a 2 x 2 submatrix. The matrices +* are the same as in the Dirac repre-
sentation, only 7° is different. In this basis, the generators S* of Lorentz transformations
are block-diagonal:

i

SMV — Z [,VM,,YV] — <(>; 2) , (671)

s, _ (exp((i0; — B;)50:) 0
) = elfnrS = ( 0 2 exp((19z + 61)%0'0) (I

Here, 0; and §3;, i = 1,2, 3 parametrize the three rotations and the three boosts that make
up the Lorentz group. One can see that the first two components of ¥ only transform among
each other, and similarly the last two components. This means that the four-dimensional
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representation S* is reducible, it consists of two two-dimensional representations (that are
irreducible). One can further see that the two blocks of S* are independent fundamental
representations of su(2): 6 = if; — 8; and 0; = i0; + f3; are 3 + 3 independent parameters.
This means that the Lorentz algebra so(1, 3) of the Lorentz group SO(1,3) is a direct sum
of two copies of the Lie algebra su(2):

s0(1,3) = su(2) ®su(2). (6.72)
The decomposition can be seen explicitly by combining the boost generators K; and the
rotation generators J; into

1 1

z =g
which separately satisfy the commutation relations of su(2),
[T+, J;L] =iy, (i J; ] =iy, [T, Ji]=0. (6.74)
The finite-dimensional unitary representations of su(2) are labeled by half integers

j:{O,%,l,%,Z...}, (6.75)
and therefore the finite-dimensional unitary representations of the Lorentz algebra are
labeled by pairs of half-integers (ji,j2). The Weyl representation (6.71) is the (3,0) &
(0, %) representation, since it consists of two independent spin-1/2 representations of the
spin group SU(2). The spinor v is correspondingly called a Weyl spinor. Because the

representation is block-diagonal, the spinor ¢ decomposes into two two-component spinors,

)= @;) : (6.76)

that transform separately under Lorentz transformations: ¢y, transforms in the (1/2,0)
representation and is called a left-handed spinor, ¥ in the (0,1/2) representation and
is called a right-handed spinor. The handedness of a spinor is called its chirality. The
fact that any four-component spinor ¢, and hence any fermion, can be separated into
left-handed and right-handed parts v¢;, and g is one of the most important technical
points in the structure of the Standard Model.

Equations of Motion. Let us look at the equations of motion for a free spinor. In the
Weyl basis, the Dirac equation becomes

-m  ic%0,\ (Yn\ _
5 =) ()

o' = (0¢,0), o' = (09, —0), op:=1. (6.78)

where

For plane-wave states 1) = ue™ " this implies

o'pur = (E — o - p)r = miy,, (6.79)
o'pur = (E + o - p)r = myr . (6.80)

One can see that the mass term mixes left-handed and right-handed spinor states.
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Massless Case: Helicity. In the massless case, left-handed and right-handed states
do not mix with each other, and they are eigenstates of the helicity operator

~ o -

h=""P (6.81)

|p|

This operator measures the spin projection on the direction of motion (momentum), called
helicity. In the massless case, the energy is £ = £|p|, and therefore the eigenvalues of
h are +1. Hence the left-handed and right-handed chirality eigenstates are also helicity
eigenstates, with opposite eigenvalues. We therefore have the following:

chirality helicity

L -1
massless particles, £ = +|pl|:
’ R +1 (6.82)
massless antiparticles, £ = —|p]: E J_ri

Massive Case. In the massive case, the equations of motion mix left-handed and
right-handed fields with each other. But the helicity operator still commutes with the
Hamiltonian, hence helicity is conserved, and it can make sense to consider helicity
eigenstates. But these are no longer the chirality eigenstates 11, and ¥r. Also, the helicity
of a massive particle can be changed by a Lorentz transformation by going to the rest
frame and rotating. So helicity is not a good quantum label for massive particles.

Projection Operators. We have defined the left-handed and right-handed chirality
states using the Weyl representation for the gamma matrices. Depending on the context /
type of particles considered, other representations (like the Dirac representation) are more
useful. We can define left-handed and right-handed chirality states independently of the
basis by using the matrix

' i
5 = iy ln 2y = i

75 = (‘01 2) : (6.84)

and therefore left-handed and right-handed spinors are eigenstates of v° with eigenvalues
F1. We can define projection operators that project onto left-handed and right-handed
states:

Euar YV Y. (6.83)

In the Weyl basis,

1 — 75 1 + '75
Pr = . 6.85
L P=— (6:85)

The fact that these are projection operators follows from the identities

P =

PP=P,, P2=Py, P,+Py=1, PPr=0. (6.86)

In the Weyl representation,

A I () -
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and therefore

n)=(5) m()= ()

Independently of the gamma matrix representation, the eigenstates of P, and Py are
chirality eigenstates that transform in the (3,0) and the (0, 3) representations of the
Lorentz group. Hence the projectors P, and Pr can always be used to separate spinors
into their left-handed and right-handed parts.

Parity. The concept of chirality is related to parity. As we saw above, the parity
operation inverts all spatial directions, € — —a, but leaves the time direction unchanged.
Under this operation, momenta switch sign: p — —p. Recall from above that the equations
of motion for a free massless particle were

(E+o-pYr=0, (E—-o-plYr=0. (6.89)

Clearly the parity operation flips the signs in these two equations, and therefore interchanges
the meaning of left-handed and right-handed states. Hence parity interchanges the (%, 0)
and (0, %) representations of the Lorentz group:

P: (%, 0) — (0, %) , ¢L — wR' (690)

Summary. To summarize, we have seen that the left-handed and right-handed chirality
states ¢, and g

e do not mix under Lorentz transformations: They transform in separate irreducible
representations,

e cach have two components, which are the two spin states of the spin 1/2 particle
(e.g. the electron),

e are helicity eigenstates (only) in the massless limit.
Let us summarize the three spin-related quantities considered above:

Spin is a vector quantity, i.e. it has a direction. It is the eigenvalue of the spin operator
S = o /2 (for fermions). One also calls the spin s the number (scalar) that defines
the eigenvalue s(s + 1) of S2. For example, fermions have s = 1/2 and are therefore
called spin 1/2 particles.

Helicity is the projection of the spin on the direction of motion. Helicity eigenstates exist
for any spin. The two helicity eigenstates of the photon (which is a massless spin-1
particle) are what we call circularly polarized light.

Chirality is a concept that only exists for spinors. More precisely, it only exists for
representations (ji, jo) of the Lorentz group with j; # js. Something is chiral if it is
not symmetric under spatial reflections (e. g. DNA molecules), that is under the parity
transformation. The parity transformation interchanges the (ji, jo) with the (j2, j1)
representation, and therefore exchanges left-handed spinors ¢, and right-handed

spinors ..
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6.6 The Dirac Lagrangian

Field theories are typically described in terms of Lagrangians. Quarks and leptons are
spin-1/2 fermions and therefore obey the Dirac equation of motion. The Lagrangian that
gives rise to the Dirac equation is

£ = @9, — m)y (6.91)

Even without knowing the Dirac equation, this Lagrangian is very constrained: Starting
with a spinor ¢, the only CPT-invariant Lorentz scalars that one can write are 12 and
@’y“@tw. So the only degree of freedom is the relative coefficient between the two terms.
Now, we have seen earlier that the Dirac equation implies that each component of
satisfies the Klein—Gordon equation, which is equivalent to the relativistic energy condition
E? = p? + m?2. Imposing this condition thus fixes the relative coefficient in the Lagrangian.
This in fact provides an alternative way of deriving the Dirac equation.

6.7 Chirality in Field Theory

Which of spin, helicity, or chirality is important depends on the physical context. For free
massless spinors, the spin eigenstates are also helicity and chirality eigenstates. We call
theories that are symmetric under parity transformations non-chiral. In such cases, it is
mostly unnecessary to separately consider the chirality eigenstates. Theories that are not
parity-symmetric are called chiral theories. In such theories, it is important to distinguish
left-handed and right-handed states.

We can see how left-handed and right-handed states may interact by looking at typical
terms that can appear in a Lagrangian.

Mass Terms. For example, mass terms have the form myn). we can expand such terms
into left-handed and right-handed parts by using the chirality projection operators P, and
PRI

b = (P + PR)v = PP + PR PRy . (6.92)

We note that
Yo = (PL)'y = TP =1 Py = Pr,  Yr = 4P (6.93)
The mass term hence becomes
U = YriL + Yrir (6.94)

A mass term therefore flips the chirality of a particle. This is consistent with the fact that
the mass term in the equations of motion mixes left-handed and right-handed spinors.
Still, ¢r, and ¥r appear symmetrically, hence mass terms are non-chiral.

Currents. How about interactions? Standard interactions between matter particles and
gauge bosons occur through currents. We saw earlier that fermion currents are of the form
Yy*1p. Again, this can be expanded into left-handed and right-handed parts. Using the
projection operators, current terms can be written as

Yy'p = (P, + Pr)V(Pr + Pr)t (6.95)
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From the definition of 7°, it follows that {7, 7*} = 0. Therefore,
Pt =9"Pr,  PrY"=7"P. (6.96)

Using the projection operator property P, Pr = PrFP, = 0, we see that only the mixed
terms survive, and the current hence becomes

VY = P PRy Puap + o Pyt Prap
= YLy Yr, + YrY* YR - (6.97)

This means that currents preserve the chirality, and all interactions of the form 1)y*) are
parity-symmetric. This is for example the case in electrodynamics, where the interaction
term is

VYA = Ay = Au(u L + Py Ur) (6.98)

Electrodynamis therefore is non-chiral, that is it is symmetric under the parity operation
that swaps left-handed and right-handed spinors.

Chiral Currents. What happens when only the left-handed part of a current appears
in an interaction? In this case, one has

ULy, = Y PRy Py = Yy Py = ;¢7“(1 — ) (6.99)

Let us see how the two terms transform under parity transformations. Parity inverts
all spatial directions, and exchanges left-handed and right-handed spinors. In the Weyl
representation, one can easily see that this means

Parity: Ut ) = 7 P(t; —x),
U(t;x) = Uit e)y” — it —a)y 0" =t —))°. (6.100)

This transformation rule is in fact independent of the representation. The first term in
the current therefore transforms as

Pyt ®) = Py Yt —a) = P () et — ). (6.101)
Recall that , 4
0 =7, G = (6:102)
Therefore, - B _ _
Yy — Py, VY'Y — =Py, (6.103)

which is the transformation rule of a vector, and hence 1)y#) is a true Lorentz vector. For
the second term in the current, we need to use that {v°,v*} = 0, which follows from the
definition +° = i7%y!y2+3. One finds

DY = Py = =0 = =P (). (6.104)

Compared to (6.101), we find an additional sign. Hence, 1)y#~%1) transforms like a vector,
but picks up an extra sign under parity transformations. It is therefore a pseudovector, also
called azial vector. The left-handed current (6.99) is therefore also called V-A current.
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Weak Interactions. Interactions with such V-A currents indeed appear in the weak
interactions, hence the weak interaction is chiral. This shows that the Standard Model
treats left-handed and right-handed fermions differently, and nature is not invariant
under the parity transformation. In particular, there are left-handed neutrinos, but no
right-handed neutrinos have ever been observed.

6.8 Coupling to the Photon

We have studied in detail the theory of a free spin-1/2 fermion. How do such particles
(like the electron) interact with photons?

Covariant Dirac Equation. The photon is a gauge boson, and its interactions follow
from gauge theory. As we learned earlier, to obtain a gauge-invariant theory, we have to
use the covariant derivative. Under gauge transformations, spinors transform just like

scalars, that is .
Y — e Y. (6.105)

Therefore, we have to use the same covariant derivative as for scalars,
D, =0, +ieA,, (6.106)

where e is the charge of the fermion (e.g. electron). Replacing the ordinary derivative in
the Dirac Lagrangian with the covariant derivative, one finds

L= @ZJ(WMDM —m)y = &(iy“@u — ey A, —m)y. (6.107)
Correspondingly, the Dirac equation becomes
0= ({iy"D,—m)y = (iy"0, — ey A, —m). (6.108)

The term —ei/jvuAM@D provides the interaction between the spin 1/2 fermion and the
electromagnetic field in the form of the vector potential A,,.

Quadratic Equation. Something interesting happens when we compare this equation
for a fermion to the Klein-Gordon equation for a scalar ¢ coupled to the photon field A,

((i@u —eA,)? — m2>¢ =0. (6.109)
Multiplying (6.108) with (iy*D,, +m) gives
0= (iv"D, +m)(iy" D, — m)y = (¥"4*iD,iD, + m*)y. (6.110)

In the first term, we can split both factors 4#+" and iD,iD, into their symmetric and
antisymmetric parts:

12 1 12 1 12
v =S 0

1 1
iD"iD" = o {iD",iD"} + 5 [iD",1D"]. (6.111)
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In the contraction v#+“iD,iD),,, the cross terms vanish, leaving us with

1 1
0= (4 7" HiDy, 1D} + 7 [ ][iD,, 1D,] — m2)w (6.112)

If the covariant derivatives D, were ordinary derivatives d,, the second term would vanish
and we would recover the Klein-Gordon equation in the same form as for a scalar (6.109).
But here, the second term becomes

iD,,iD,] = [i0, — eA,,,i0, — €A,
= —e([i0,, A + [A,,10,])
= —ei(0,4, — 0,A,) = —eiF,, (6.113)
where we recognize the field strength tensor (cf. Problem 1.2)
F,=90,A,—0,A,. (6.114)
Recalling that

i

{,yliy,yV} = 29W7 4 [7u77V] = Slﬂ/a (6115)

we find

0 (iD#iD“ —eSME,, — m2)¢

= (10, — eAu)? — eS"™ Fl — m?) 1. (6.116)

Magnetic Moment. Compared to the equation (6.109) for a scalar, we find the extra
term —eS* F),,. What is this extra term? In the Weyl representation, the generators S*”

take the form
__ifoi 0 i L gefox 0
Soi = 5 (O _0i> , SY = 5 € 0 o) (6.117)

The components of the field strength tensor are
Foy=—-E =E',  F;=—e;B". (6.118)
Hence the extra term expands to (using that e, = 26F)
—eS™F,, = —2eS" Fy; — eSYFy;

:e<(B+BE)~0' (B_?E)-a>' (6.119)

The term B - o represents a magnetic dipole term. (The term iE is also a magnetic dipole
term, in a boosted frame). In the non-relativistic limit, the equation (6.116) indeed becomes
the Schrodinger—Pauli equation that describes spin-1/2 particles in electromagnetic fields.
In the conventional normalization, the magnetic moment p. (coefficient of B - 0/2) is
fe = 2up, with the Bohr magneton pug = e/(2m). Historically, the Pauli equation was
inspired by experimental data for the electron. Here, we see that this equation inevitably
follows for all spin 1/2 particles from the Dirac equation plus gauge theory principles. We
therefore have a testable prediction: All charged fermions should have a magnetic dipole
moment of size u = 2¢/(2m). Experimentally, the magnetic moment of the electron is
indeed ~2.002up. The factor 2.002 is a quantum effect that is beautifully matched by
quantum field theory corrections (see below).
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Quantum Electrodynamics. By promoting the derivative in the Dirac Lagrangian to
the gauge covariant derivative, we have obtained the interaction between light and matter
in the form of the interaction term —ez}y“A#w. The only further term that we have to add
is the kinetic term for the electromagnetic field. We found earlier (cf. Problem 1.2) that this
has the form —1/4 F,, F*”. Adding this term to the covariant Dirac Lagrangian (6.107),
we get

1 . .
L= — 1 F,F* 4 iy D) — map

1 — _ _
= = 7 Fu P 4+ 070, — Ay — mipyp. (6.120)

This is the full Lagrangian of electrodynamics. The quantization of this Lagrangian
provides a complete theoretical description of the interaction between light and electrons.
It was awarded with the 1965 Nobel prize (Richard Feynman, Julian Schwinger, Shin’ichiro
Tomonaga).

QED Precision. This theory is incredibly accurate: Experimental measurements and
theoretical predictions agree to extreme precision. The most prominent example is the
magnetic dipole moment p. of the electron. We saw above that the Dirac Lagrangian

predicts
e

fte = JeliB , pB = ge =2, (6.121)

~ 2m,
with the g-factor g.. Quantum effects lead to a correction of the g-factor, and therefore
to the magnetic moment. The magnetic moment is one of the best measured physical
quantities, it is known experimentally up to a relative uncertainty of ~1072. On the
theoretical side, the first QED correction to g. comes from the Feynman one-loop diagram

(6.122)

Further corrections come from further diagrams with more loops. Adding all diagrams
with up to four loops (the current computational limit) gives a prediction for g, in terms
of the fine structure constant o = e%/(47) ~ 1/137.036. The latter is not computable, so
it must be measured and is an input to the theory.

The most precise experimental value of « is again determined from measuring the
g-factor and fitting it to the theoretical value expressed in terms of . Hence to non-
trivially check the theoretical prediction, one needs two independent measurements of the
g-factor. Comparing the two independent values of a obtained from the two measurements
gives identical values up to a relative uncertainty of 1078, The uncertainty comes from
our current limits on the computational as well as the experimental side. The precise
agreement makes QED the best confirmed quantum theory ever devised.
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6.9 *Photon Polarizations and Helicity

This is a side note explaining in some detail why the helicity eigenstates of the photon are
identified with circularly polarized light. It is not essential for the remainder of these notes,
and can therefore safely be skipped.

The electromagnetic field is described by the vector potential A,, which is a massless
spin-1 field. Let us first consider how many degrees of freedom (physically independent
components) the field A, has. We will see that the four components of A, are reduced
to three independent components by the equations of motion. One of those is a gauge
degree of freedom, which leaves us with two physically independent degrees of freedom.
The Lagrangian for a free field A, is

1
L=—--F F, =0,A,—0,A,. (6.122)

4
The equations of motion that follow from this Lagrangian are
OA, — 0,0,A” =0. (6.123)

where OJ = 0,0". These are the Maxwell equations. Separating space and time components,
the equations of motion expand to

V4, +0,VA =0, 04, -9;(0,A)—VA)=0. (6.124)
Importantly, the Lagrangian (6.122) is invariant under the gauge transformations
Ay () = Au(x) + 0,0(x) (6.125)

for any function a(x): Two field configurations A, that differ by the derivative of a scalar
are physically equivalent. We can use the freedom of re-defining A, via (6.125) to impose
constraints on the components of A,. This procedure is called gauge-fizing. For the
three-vector A, the transformation (6.125) implies

VA~ VA +Va. (6.126)
Hence we can always pick a(z) so that
VA=0. (6.127)

This is known as the Coulomb gauge. In this gauge, the equation of motion for Ay becomes

V2A4)=0. (6.128)

Once we fix the Coulomb gauge, are there further gauge transformations that preserve this
gauge? We could still apply gauge transformations with any « for which V2« = 0. This is
the same constraint that A, satisfies. Within this class of functions, one can always find
a(z) for which 0, = —Ay. Applying a further gauge transformation with this o gives

Ay=0. (6.129)

Imposing this constraint in addition to the Coulomb gauge exhausts all gauge freedom,
i.e. it completely fixes the gauge. The equation of motion for the spatial components A;
then becomes

0A; =0. (6.130)
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Expanding in plane waves (by Fourier transformation),

Au(r) = / (;lf)z,eu(p)ew", (6.131)

with polarization vectors €, (p), we find the constraints

pup =0 (equations of motion),
p-e=0 (gauge choice) ,
g0=0 (gauge choice) . (6.132)

In particular, the second constraint implies that only polarizations transverse to the
momentum p are physical. Without loss of generality, we consider the momentum

P =(E,0,0,E), (6.133)

so that the particle moves along the z-direction. We see that the constraints (6.132) only
have two independent solutions, and hence the field A, has only two physically independent
components. A basis of solutions is

el =(0,1,0,0), eh =(0,0,1,0). (6.134)
Using the expressions for the electric and magnetic fields
E =Re(—VV —0A/0t), B =Re(VxA), (6.135)
one finds that plane-wave solutions
A, (x) = eulp)e (6.136)

with the above polarizations yield linearly polarized light. Another common basis are the
circular polarizations

(0,1,—1,0), eR

(0,1, +i,0). (6.137)

1 1
e = — —
V2 V2
Plane waves with these polarizations yield circularly polarized light. Let us see how they
are related to helicity. The helicity operator is

. S.
h=2"P (6.138)
|p|
where S is the spin operator. Photons have spin one, which means that they transform
in the 3 x 3 matrix representation of the spin group SU(2). This is called the vector or
adjoint representation of SU(2). The generators in this representation are simply the SO(3)
rotation generators J;, that is S = J. Since p = (0,0, ), the helicity operator is

A 0 —i 0
h=J=|i 0 0]. (6.139)
00 0

One now easily sees that the circular polarization vectors are at the same time the two
helicity eigenstates:
h€L = —€L, hER = +€R. (6140)

o7



7 The Standard Model Lagrangian

We are now ready to go into the formulation of the Standard Model. In the preceding
sections, we have learned

e the rules of spinors and the Dirac equation, which are needed for spin-1/2 fermions
(i.e. all matter particles),

e the idea of internal symmetry as a symmetry group that acts on multiplets of
particles,

e the basic principles of gauge theory, which tell us to begin with a free-particle
Lagrangian and rewrite it with a covariant derivative to find the interactions between
matter particles and gauge bosons (force-carrying particles).

These are all the ingredients we need to write down and understand all terms in the
Standard Model Lagrangian. Before we do that, let us briefly recall the basic meaning
and features of Lagrangians, in particular how they give rise to the Feynman diagrams
that describe particle interactions.

7.1 Lagrangians and Feynman Diagrams

Lagrangians. The dynamics of a local field theory are encoded in its action

S = /L(t) dt L(t) = /E(t;x) d*x (7.1)

where L is the Lagrangian. More accurately, L is the Lagrangian, and £ is the Lagrangian
density. For simplicity, £ is often simply just called the Lagrangian. The Lagrangian
(density) L is a local function of all fields and their derivatives, as well as all parameters
of the theory. It is typically a polynomial consisting of various terms that describe the
propagation and interaction of field quanta (particles). To understand this completely
requires a course in quantum field theory. But we can still outline the basic qualitative
picture without going into all the QFT details.

The most direct way to understand how the Lagrangian is connected to probability
amplitudes is via the path integral. In quantum mechanics, the probability to find a system
in a final state |ip) at time ¢, assuming that it was in some initial state |¢;) at an earlier
time ty is given by the transition amplitude

(Wple™ T |y) | (7.2)

where T' = t — ty, and we assumed that the Hamiltonian H is time-independent. Inserting
two complete bases of position states 1 = [dq|q)(g|, one finds as a central object the
propagator A

(arle™ 1) - (7.3)

In the quantum mechanical description of a particle, this propagator is the transition
probability amplitude for the particle to travel from position g; at time t; to position ¢p
at time t. Now, Feynman famously showed in 1948 that the propagator can be expressed
as the path integral

(qele T qr) = / Dge/5ld — / Dy e/ [AHLa®.a0) (7.4)
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Here, [ Dq is the integral over all paths q(t) between q(tg) = ¢ and ¢(t) = gr, and S[q]
is the action of the theory evaluated on the path ¢. This path integral expression for
the propagator can be obtained by discretizing 7' = N -t into small time intervals dt,
and taking the 6t — 0 limit. The path integral expression shows that all paths leading
from point ¢; to point ¢p contribute to the amplitude with equal magnitude, only with
different phase factors. In the classical limit, where the action S is much larger than A,
the classical path that extremizes S strongly dominates, as all other paths are suppressed
by interference. But in the quantum regime, where S ~ h, virtually all paths become
important. The intuitive picture is that the quantum system explores all possible histories
between the two states at times ty ant ¢.

The path integral generalizes to quantum field theory: The transition amplitude from
an initial field configuration ¢(tg,x) = ¢1(x) at time ¢y to a final field configuration
o(t,x) = ¢p(x) at time t is given by

(o(t,2)|e T b (ty, ) = / D et/ = / Dg e/t ['L(@0), (7.5)

where now [ D¢ is the integral over all field configurations ¢(¢, x) with boundary conditions
given by the initial and final field configurations: ¢(ty, ) = ¢1(x) and ¢(t, ) = ¢p(x),
and the action S is the integral over the Lagrangian density £. Again, the system explores
all possible histories between the initial and final states, and all these possible histories
contribute to the total transition amplitude.

Feynman Diagrams. How the path integral translates to probabilities for all kinds of
processes via Feynman rules is the subject of quantum field theory. It goes beyond the
scope of this course, but we can outline the general schematics: For a free-field Lagrangian
Liree, it is a theorem (Wick’s theorem) that the amplitude between a number of incoming
field quanta and a number of outgoing field quanta is given by the sum of all ways of
connecting the incoming and outgoing quanta pairwise with propagator factors. For
example, with two incoming and two outgoing particles, the amplitude is the sum

3 4 2oy
N\
(D3, palp1, p2) = ~+ N (7.6)
1 2 1 Z

In the free theory, summing over these propagator connections exhausts all possible
histories of the system. The free Lagrangian Lgee contains the kinetic terms (9,¢0"¢ for
scalars, iz[w“@uw for fermions) and the mass terms (m2¢? for scalars, mi) for fermions),
and these are accounted for by the propagators in (7.6). The propagators for scalars and
fermions are

_ 54(2?1 - p2)

6 (p — “p, +
(alon) = =5 (alvn) = B = 2) (B )

i (7.7)

The delta functions imply that the amplitude is only non-zero if the set of incoming
momenta equals the set of outgoing momenta.

Besides the free part L., the Lagrangian of any interacting theory £ = Lgee + Ling
has an interaction part L;,; that is composed of terms that are at least cubic in the fields.
For example, we saw that the Lagrangian of quantum electrodynamics contains a term

e APy, (7.8)
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which is an interaction between the fermion 1) (the electron) and a gauge boson A, (the
electromagnetic field / photon). In quantum field theory, all fields in the Lagrangian
become creation or annihilation operators. For example, ) becomes an operator that
creates a quantum of the electron field, and 1) becomes the corresponding annihilation
operator. The interaction term (7.8) therefore absorbs a fermion (via the annihilation
operator 1), emits a fermion (via the creation operator 1), and absorbs or emits a photon
— since the photon is its own antiparticle, the operator A, is both creation and annihilation
operator for the photon field. Graphically, this can be depicted as:

¥ ¥ A
/M
eAanty ~  eff o7 % (7.9)
v Ay t

In the amplitude (7.5)
/D¢ ei/hfd4it(£free+£int) ’ (710)

the interaction part can be Taylor-expanded:

lfdzl:‘““—l—l—l/dﬂfﬁmt—F </dx£1nt) + ... (711)

Each term in the interaction Lagrangian comes with a coefficient called the coupling, and
the Taylor expansion (7.11) makes sense as long as this coupling constant is small. For
electrodynamics, the coupling constant is e, the charge of the electron. The various powers
of Liy in the Taylor expansion (7.11) imply that any number of interaction terms (at
least cubic in the fields) can be inserted into the possible histories of the system. As in
the free case of propagator connections (7.6), the possible histories can be represented
graphically in terms of Feynman diagrams. Each interaction term becomes an interaction
vertez as in (7.9), and all interaction vertices are connected by propagators (from the free
part Leeo). Each Feynman diagram then consists of any number of interaction vertices
connected by propagators in any way possible. Each such diagram represents one possible
history of the system. The total transition amplitude between two states is therefore
given by the sum of all possible Feynman diagrams (histories) between these two states.
For example, to describe electron-electron scattering, we have to compute the transition
amplitude between two two-electron states, which expands as follows:

\V4

(U3, 4|01, 1) = + \ =+

(7.12)

—
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Since each interaction vertex is weighted by the (small) coupling constant, terms with
more vertices are suppressed by small numerical prefactors. Hence the terms with the
fewest possible number of vertices are the dominant terms.

Summary of Free Lagrangians. To close this general discussion of Lagrangians, let
us recall the Lagrangians for the various types of free particles:

e For a real spin-zero field of mass m, the Lagrangian is

L=~ (0,006 — m*¢?) . (7.13)

DN | —

For a complex spin-zero field of mass m, the Lagrangian is

£ = (8,0)(0"6) — m?"0 (7.14)

For a spin 1/2 fermion field of mass m, the Lagrangian is

L= P(iy"0, —m)ip. (7.15)

For an Abelian vector field B,, of mass m, we use the field strength tensor

F. =0,B,—-0,B,. (7.16)
The Lagrangian then is
1 v 1 2 W
LI_Z o +§m B, B", (7.17)

A non-Abelian vector field W} carries an additional internal index a. In the case
of non-Abelian gauge fields (such as the gluons of QCD), this index is an adjoint
index of the gauge group: The gauge field takes values in the Lie algebra of the
gauge group, and hence can be expanded in the generators T'* of the gauge group as
WH = WHT*. In this case, the field strength tensor gets an additional term:

WH = OMWY — "WH 4 g fP W/ WY (7.18)

where ¢ is the coupling constant, and f,% are the structure constants of the Lie
algebra. The Lagrangian for a field of mass m is a generalization of the Abelian case:

1 1% a 1 a
L=— 1 WEwe, + 3 m*WEw; . (7.19)

Because of the extra term in the field strength tensor that is quadratic in the field
W, the Lagrangian contains cubic and quartic terms, which means that the gauge
field is self-interacting. This term is inevitable to make the theory gauge and Lorentz
invariant, which shows that a non-Abelian gauge field is necessarily self-interacting.

This closes our general discussion of Lagrangians. Let us now take a look at the gauge
group of the Standard Model.
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7.2 The Gauge Group

The basic principle of gauge theory tells us that we have to start with the Lagrangian of
free fermions (and/or possibly scalars), and promote the ordinary derivatives in the kinetic
terms to covariant derivatives of the respective gauge groups. There is no principle that
prescribes what the correct gauge groups are, these have to be inferred from experimental
data. As discussed earlier, the gauge group of the Standard Model is the product group

U(1) x SU(2) x SU(3). (7.20)
Let us look at the individual factors in turn:

e The U(1) group is the group of rotations in the complex plane (by phase factors)
that the Standard Model is invariant under. This U(1) invariance is not directly
the U(1) invariance of electromagnetism, but is related to it. The gauge boson
required by invariance under U(1) transformations will be called B,,. The symbol
A, will be reserved for the photon field. The precise relation between this U(1) and
electromagnetism as well as the relation between B, and A, will be described later.

e The second factor in the gauge group is an SU(2) group, and invariance under its
transformations is responsible for the weak interactions. The invariance under the
weak SU(2) works analogously to the strong isospin invariance explained earlier. For
this reason, the weak SU(2) gauge transformations of the Standard Model are also
called weak isospin transformations. The associated gauge bosons required for the
invariance of the theory are the weak gauge bosons W}. As for all gauge fields, the
index p is required for the field to transform in the same way as the partial derivative
under Lorentz transformations, which means that it has to be a spin-one field (this
is true for all gauge fields).

There is one gauge boson for each of the three generators of SU(2), hence ¢ = 1,2, 3.
As in the case of strong isospin, the vector (W} W4 Wi forms an adjoint multiplet
(triplet) of the weak isospin SU(2). In other words, the gauge boson W* has weak
isospin one (a doublet would have weak isospin 1/2). Keep in mind that weak
isospin is unrelated to Lorentz spin! Weak isospin SU(2) transformations are internal
transformations, they act on an internal structure of the particles. Lorentz spin on the
other hand is also an internal property of the particle, but it is an angular momentum
that transforms if and only if we apply an external spacetime transformation.

As in the case of strong isospin, we pick a basis of particle states that are eigenstates
of the third weak isospin generator 7%. The eigenvalue of any particle under
this generator is called the weak isospin charge of that particle. In the adjoint
representation, the generators are 3 x 3 matrices, and the eigenvalues of T° are %1
and 0. The eigenstates are

W = (=W £iW,)/V2',  W°=Ws. (7.21)

As their names suggest, the states W have weak isospin charges 41, while W° has
weak isospin charge 0. As in the case of strong isospin, the W boson weak isospin
eigenstates are at the same time the states with definite electromagnetic charge. The
states WW* have electromagnetic charges &1 (in units of the electron’s charge), while
WY has electromagnetic charge 0.
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Note that one must distinguish various types of charges: Electromagnetic charge,
U(1) charge, weak isospin SU(2) charge, and “color” SU(3) charge. Every type of
particle has a unique set of charges that, taken together, fully describe its internal
(non-spacetime) properties.

e The third gauge group factor is SU(3), which gives another, independent set of
internal transformations that are responsible for the strong nuclear interactions.
Invariance under these transformations again require the existence of the associated
gauge bosons. They are called gluons and are labeled G¥, where a = 1,2, ..., 8, since
there is one Gauge boson for each of the eight generators of SU(3). The theory of
gluon interactions is called quantum chromodynamics (QCD).

The force that arises due to interactions with gluons is called the strong force
or sometimes also color force, and it gives rise to the strong nuclear interactions.
The associated internal charge that each particle carries and that determines its
interaction with gluons is called the color charge. Since SU(3) is non-Abelian, its
gauge bosons (the gluons) are necessarily self-interacting, which means that the
gluons themselves carry color charge. (Just as the weak gauge bosons W¥ carry
weak isospin charge.)

The strong force and the color charge have nothing to do with everyday color. The
name “color” is used because some of the properties of color interactions are similar
to properties of everyday color. For example, protons and neutrons each consist
of three particles (quarks) that carry three different color charges in such a way
that both protons and neutrons have no color charge (are color neutral). This is
reminiscent of white light being composed of three primary colors.

7.3 Quark and Lepton States

Next, we have to specify how the various matter particles (quarks and leptons) transform
under the different gauge group factors. In other words, we need to know in which
representations of the three different gauge group factors the various matter particles
transform, that is how they behave when acted upon by the gauge group generators. This
determines the form of the new interaction terms that arise in the Lagrangian when the
ordinary derivative is promoted to the covariant derivative.

Weak Representations. How particles behave under the weak SU(2) transformations
is familiar from the theory of Lorentz (spacetime) spin, since particles with different spin
also transform in different representations of SU(2). Remember that the SU(2) of spacetime
spin is different from the weak SU(2): They are mathematically the same groups, but
their physical transformations are completely independent from each other! To distinguish
the two transformations groups, we could denote them as SU(2)spi, and SU(2)w. Coming
back to the different representations of SU(2)pm: Particles with spin zero are singlets,
they transform trivially (i.e. do not transform) under SU(2)gpm. Particles with spin 1/2
transform as doublets (1, ) in the fundamental representation of SU(2)spi,. Particles with
spin one form triplets, they transform in the adjoint representation of SU(2)pi. In the
basis where the third generator T3 = J, is diagonal, the three entries of the triplet have
charges (eigenvalues) J, = (+1,—1,0).

For the weak isospin SU(2)w, we have already seen an example of a triplet: The weak
gauge bosons W;. How all of the observed particles making up our world transform in
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the weak SU(2)w is an experimental question, it has to be determined by measurements.
All known quarks and leptons are observed to be either weak SU(2)w singlets or parts of
weak isospin doublets. The way in which the various particles are assigned to weak isospin
singlets and doublets is a subtle and important aspect of the Standard Model.

Weak Multiplets: Leptons. We will start by looking at the leptons. Consider the
electron state, given by a four-component Dirac spinor .. We have learned previously
that every Dirac spinor can be separated into left-handed and right-handed chirality
components, using the projectors P, and Pgr. Hence we can define

eR = PRwe ’ e, = PL¢e ) (722)

such that
Ve = e[ + eg . (7.23)

Similar separations into left-handed and right-handed parts are made for all other fermions.
The superscript “—” indicates the (negative) electric charge. Remarkably, the right-handed
and left-handed states transform differently under the weak isospin SU(2)! Right-handed
electrons are weak isospin singlets:

er = (SU(2) singlet) . (7.24)

But left-handed electrons are components of weak isospin doublets

L= (;f)L = (”6 ;) . (7.25)

The doublet partner of the left-handed electron e is the left-handed electron neutrino
Ve1,. Note that the L on the left-hand side of (7.25) stands for lepton (doublet), whereas
the subscript L stands for left-handed. When L points “up” in weak isospin SU(2)w
space, it represents the electron neutrino v, when it points down, it represents the
left-handed electron ep . Since the third generator of SU(2)yw in the doublet representation
(fundamental representation) is

3
570 11 0
r-T-3(0 %) (7.26)

the electron neutrino L; = v, carries weak isospin charge +1/2, while the electron
Lo = e carries weak isospin charge —1/2.

Weak isospin SU(2)w transformations rotate left-handed electrons into electron neu-
trinos and vice versa. The W gauge bosons are su(2)w algebra-valued, in particular the
combinations W= act as raising and lowering operators that connect the two components
of the lepton state L, just as angular momentum raising and lowering operators connect the
spin-up and spin-down states. Physically, this means that W bosons can turn left-handed
electrons into electron neutrinos and vice versa! This matches with their charges. For
example, the W has weak isospin charge +1 and electric charge +1, and can therefore
lift the electron state with charges (—1/2, —1) to the electron neutrino state with charges
(+1/2,0).

The right-handed electron state ey is a singlet and therefore not affected by weak
SU(2) rotations. Remarkably, right-handed neutrino states have never been observed. To
our knowledge, they do not exist. Recall that left-handed and right-handed components of
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any Dirac fermion ¢ are only coupled to each other through the mass terms. Neutrinos
have no (or at most an extremely tiny) mass, so it is consistent to only have left-handed
but no right-handed neutrinos. We therefore often drop the subscript “L” for “left-handed”
and just write v, instead of v, 1.

Weak Multiplets: Quarks. Next, we consider the up and down quarks, represented by
four-component spinors u and d. Again, we split them into left-handed and right-handed
components

uL:PLu, UR:PRU, dL:PLd, dR:PRd. (727)

As for the leptons, the left-handed quark parts are combined in a weak isospin quark

doublet
-— u — ur,

that transforms in the fundamental representation of weak isospin SU(2) The right-handed

parts
ur, dr (7.29)

are weak isospin SU(2) singlets. So, as for the leptons, the left-handed up quark wy, has
weak isospin charge +1/2, while the left-handed down quark dj, has weak isospin charge
—1/2. The right-handed quarks have no weak isospin charge. Hence again the W* bosons
can convert left-handed up quarks into left-handed down quarks and vice versa.

Beta Decay. We will discuss some physical implications of the weak interactions later,
but can already make one remark: We noted that W bosons can convert up quarks to
down quarks and electrons to neutrinos (and vice versa). This is how [-decay works!
Neutrons have quark content (u,d,d). By emitting a W~ one of the down quarks can
turn into an up quark, turning the neutron (u, d, d) into a proton (u,d,w). The W~ then
decays into an electron and an anti-neutrino:

S decay : (7.30)

Here, the right-handed anti-neutrino 7, g is the anti-particle of the left-handed neutrino
Ve = Ve1,. It is part of the anti-lepton doublet

L:= (eﬂj) = (%;R> : (7.31)

The second component L, is the right-handed positron ex, which is the anti-particle
of the left-handed electron. It has weak isospin +1/2, whereas 7, r has weak isospin
—1/2. The anti-particles not only have opposite charges as the corresponding particles,
but also opposite chirality. We can understand this by recalling that any particle turns
into its anti-particle under a CPT transformation (by definition). In particular, this
involves a parity transformation (P), which, as we saw earlier, exchanges left-handed and
right-handed chirality states.
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Parity. Because the left-handed and right-handed components of the quark and lepton
states transform in different multiplets of the weak isospin gauge group, parity symmetry
is clearly broken: The Standard Model is a chiral theory. This is in accordance with
experimental data (we will see that in more detail later), so nature is not invariant under
parity transformations. In the Standard Model, this fact is beautifully accounted for by
putting the particles in the respective multiplets. But of course this does not fundamentally
explain why parity symmetry is broken. Understanding why parity symmetry is broken at
a deeper level is still desirable and remains a goal of particle physics.

Color: Quarks. Next, let us turn to the color gauge group SU(3). Besides the weak
gauge group SU(2), quarks also transform non-trivially under color SU(3) transforma-
tions. Just as the fundamental SU(2) representation is a doublet, the fundamental SU(3)
representation is a triplet. Both the up and the down quark form fundamental triplet
representations, so they carry an additional index « that can take values a € {1,2,3} and
that makes both u and d three-dimensional vectors in “color space”. The three components
are also called r, g, and b, for “red”, “green”, and “blue”. So the quark states really are

QL,a = (Zi’a> ) UR, o » dR,a ) (732)

with a € {1,2,3}, or equivalently o € {r,g,b}. The color group SU(3) has 8 generators.
Two of these can be simultaneously diagonalized. In other words, the maximal Abelian
subalgebra of the Lie algebra su(3) is two-dimensional. In the standard basis, the two
diagonal generators are

1 0 0 10 0

A1 A 1

?3:70—10, 58:701 0 |. (7.33)
0 0 0 2V3 \g 0 —2

The color charge of any vector in the three-dimensional color space therefore has two
components, which are the eigenvalues under A3/2 and Ag/2. The basis vectors

1 0 0
r:=1{0], g=11], b:=10 (7.34)
0 0 1

have charges

(1 1 (1 1 (o1 .
=) v (aag) o-lom) o

All leptons (electrons and neutrinos) are color singlets, which means they transform
trivially (not at all) under the color SU(3) group, and hence they do not carry a color
index a.

Gauge-invariant combinations of states have to be colorless, that is they have to have
“white” color (0, 0). In other words, they must form color singlets, i. e. trivial representations
of the color group. Also, there are no solitary quarks, they always form bound states that
are colorless. This phenomenon is called confinement. For example, protons and neutrons
each consist of three quarks, one red, one green, and one blue, such that the total nucleon
charge is ¢, + ¢z + g = (0,0).
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For every quark, there is a corresponding anti-quark with opposite charges and opposite
chirality. The anti-up and anti-down quark states therefore are

- UR.a B -
Qr = ( JR’ ) . tLa, dia- (7.36)
R
The anti-quarks transform in the anti-fundamental representation of SU(3), with generators

ngnti—fund - _(Tf?md)* - _AZ/Q’ (737)

where T 4 = A\a/2 are the fundamental generators under which the up and down quarks
transform. The color index of the anti-quarks takes values “anti-red”, “anti-green”, or
“anti-blue”, that is a € {r, g, B}. The charges of the three basis anti-quarks are opposites
of the corresponding quark charges (because the relevant generators are T2 ., = —\3/2
and Ty funa = —As/2):

N S e A R

In particular, this means that colorless objects can also be composed from a quark and
the corresponding anti-quark. Such particles are called mesons. For example, a meson
may contain a red quark and an anti-red anti-quark, whose color charges add up to zero.

Color: Gluons. Gluons are responsible for the strong interactions. They are the gauge
bosons G* of the color gauge group factor SU(3), and therefore they transform in the
adjoint representation of the color group, which means that they can be expanded in the
generators \,/2 of the color group SU(3):

a

Gh = G" AQ . (7.39)

The color group has 8 generators, hence there are 8 different gluons. We have seen that
quarks and leptons can emit and absorb weak gauge bosons W*# and thereby change their
weak isospin charge. Similarly, quarks can emit and absorb gluons and thereby change
their color charge. For example, a red quark may turn into a green quark by emitting a
red/anti-green gluon:
g
Gry
(7.40)

Uy

Further Families. In all of the above discussion, we have only considered one family of
leptons: (e, €), and one family of quarks: (u,d). It is by now well established that there
are two more families of both leptons and quarks. The two further lepton families are the
muon with the muon neutrino (v, 1) and the tau with the tau neutrino (v, 7). On the
quark side, the second family (c, s) consists of the charm and the strange quark, and the
top and bottom quarks form the third family (¢, ).

Remarkably, all of the discussion above exactly replicates for the two further families
of particles. The second and third families fall into exactly the same weak and strong
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multiplets as the first family, with the same weak and strong charges. In particular,
all three families interact via the same set of weak and strong gauge bosons. The only
distinction between the families are the different masses of the various particles.

A further remarkable fact is that the known universe is made entirely of particles of
the first family: Electrons, up quarks, and down quarks. (Neutrinos are a bit special since
they interact only extremely weakly with all other matter). All the heavier particles of the
second and third families are only created at accelerators, or in cosmic ray collisions. They
have very short lifetimes of <107%s, and quickly decay into particles of the first family. No
fundamental reason for the existence of the second and third families has yet been found.

In the following lectures, we will mostly restrict the discussion to the first family of
particles. Since the other families behave identically (except for their masses), the theory
is easily generalized to include the second and third families.

7.4 The Quark and Lepton Lagrangian

Now that we have reviewed the Standard Model gauge group, and have learned in which
representations of the various gauge group factors each particle transforms, we are ready
to state the Lagrangian for quarks and leptons. Quarks and leptons are fermions, so we
have to take the kinetic energy term of the Dirac Lagrangian, and replace the ordinary
derivative 0, with the covariant derivative D,

VYO — Yy Dyt) . (7.41)

Here, 1 can be any fermion state. We will collectively denote the fermion states of the
Standard Model by f. For the first family of leptons and quarks, f can be any of

fe{Ller,Qu,ur,dr}, (7.42)

and we have to sum over terms of the form (7.41) for each possible f. Recall that the
covariant derivative of the Standard Model has one term for each local gauge symmetry
factor: ,
Y T A"
D, =0,—in 5 B, —ig, 5 Wiy — igs Y Gap - (7.43)

Here, B,,, W;,,, and G, are the spin-one gauge fields required to maintain invariance under
local U(1), SU(2), and SU(3) gauge transformations, respectively. Y/2 is the generator
of U(1) gauge transformations, 7°/2, and \%/2 are the generators of SU(2) and SU(3)
gauge transformations. As usual, the repeated indices ¢ and a are summed over. Gauge
invariance determines the form of each term in D, but not its overall strength, which is
represented by the coupling constants g1, g2, and g3. These have to be measured to match
with experiment.

In order to write the Lagrangian in a compact form, we can make use of the following
fact: Whenever the gauge boson terms in D, act on fermion states that form singlets of
the respective gauge group factor, they give zero, by definition. Hence the gauge boson
terms only give non-zero contributions when they act on fundamental multiplets of the
respective gauge group factor. For example, 7W; is a 2 x 2 matrix in SU(2) space, so it
gives a non-zero result when acting on the fundamental doublets L and Qr,, but it gives
zero when acting on the singlets er, ur, and dg. Similarly, A®G, is a 3 x 3 matrix in color
space, so it acts non-trivially on the quark states Q1,, ug, and dg, but it gives zero when
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acting on the color-neutral leptons L and eg. With this convention, we can write the
Standard Model Lagrangian for quarks and leptons of the first family in the compact form

Lierm = Z f_lfyuD,uf (744)
f:L7eR7
Qu,ur,dr
To include the second and third families, we have to simply add two more terms of the
same form, where the lepton and quark contents (e, ve, d, u) are replaced by (p, v, s, ¢) and
(1,v7,b,t), respectively. Starting from this Lagrangian, all quark and lepton interactions
can be calculated. All presently known experimental information on these interactions is
consistent with the predictions from L.

8 The Electroweak Theory

The Lagrangian L., contains a lot of physical information. To extract this information
and its connection to experimental observations, we study it piece by piece. The U(1)
and SU(2) terms have the same form for leptons and quarks. Here, we first focus on the
leptons.

8.1 Leptons: U(1) and SU(2) Terms

U(1) Terms. The U(1) interaction terms for the first family of leptons are
= .Y _ . .Y
Elli;glt?ms = Li" (—191 7L Bu> L + erin” (—191 7R Bu> eR - (8.1)

Here, U(1) has only a single generator Y, which is just a number, called the (weak)
hypercharge. However, this number may have different values for different fermions, which
is why we introduced different labels Y;, and Yy for the different terms. Since ¢:Y1, B,
is just a number in SU(2) space, we can commute it past Ly*. The current Ly*L then
expands to

LML = iny* v, + eryPer, . (8.2)

The Lagrangian can hence be written as
Egg&ms = % (YL(DLfy“VL + eryter) + YRéRfy“eR> B, . (8.3)

Before we can interpret this, we have to take a look at the SU(2) part as well.

SU(2) Terms. The term 7°W; is a 2 X 2 matrix that only has a non-trivial action on
the left-handed doublet L:

leptons

s A O (—igg % Wi )L. (8.4)

Expanding the 2 x 2 matrix gives
SU(2) _ @ _ _ m Wgu Wlﬂ — iWQ# v,
‘Cleptons 2 (VL eL) v <W1u + iW2,LL _W?W er : (85)
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Going to the charge eigenstates W* = (=W, +iW,)/v/2 and W° = W, this becomes

SU@) 92 (~ -\ u wo —\V2WH\ (1
‘Cleptons T 9 (VL 6L) Y (_\/#W_ _WS er
= % <77L7“VLWS — V2 el W,
—V2e W, —enelWy) (8.6)
The full lepton Lagrangian is the sum of U(1) and SU(2) terms:
Eleptons = Ellilg)g)ns + Llscggzls ’ (87)

and it fully describes all interactions involving leptons (except for Higgs interactions, which
will be explained later).

8.2 Neutral Currents

Let us see how the lepton interactions match with what we know from observations. We
first focus on the neutral current terms, which are all terms involving the electrically
neutral B, or WB. The reason is that the electromagnetic interaction is also mediated
by an electrically neutral field, the photon field A,. We know that the electromagnetic
interactions of the electron are captured by an interaction term

—eAquefy“we = —eA,(epy"er, + er'er) , (8.8)

where —e is the charge of the electron. Several terms in our Lagrangian Liepions are of this
form. They somehow have to combine to recover the electromagnetic interaction. But first
we note that there are also terms in Lieptons that couple the neutrino current vyy*u1, to
neutral gauge bosons, namely

‘Clyel/)lgons = (921 YLBM + % WS) DL’}/MI/L . (89)
But we know that neutrinos do not interact with the electromagnetic field A,. So unless we
set g1 = g2 = 0 (which makes the theory useless), we must assume that the electromagnetic
field A, is a combination of B, and WB that is orthogonal to the combination in front of
the neutrino current. In other words, we want to define a new basis in the (B,, W) field
space, such that one of the new basis fields A, has no coupling to the neutrino current,

and can therefore be identified as the electromagnetic field. Orthonormality of the old
fields (B, W?) and the new fields (A, Z) requires that the two sets are related by an SO(2)

rotation,
Ay\ [ cosbw sinbw) [ B,
<Zu> - (— sin Oy cos 9W> (WS ' (8.10)

The rotation angle is called the electroweak mizing angle Ovw. Identifying the combination
that couples to the neutrino current v,y*vy, as Z,,, comparing coefficients and normalizing
gives

G1YL

VIiY? + g3

g2

sin Ow = — cos by = ———— .
VIIYE + g3

(8.11)
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Let us see what this implies for the electron interactions. Collecting all terms in Lieptons
that contain electron currents, we find

ﬁlégpetons = <921 YLB“ — % WB) éLv“eL + <921 YRB;L> éRfy“eR . (812)

The old fields B,, and WB are expressed in terms of the new fields A, and Z, through the

inverse transformation
B,\ ([cosbw —sinbyw) (A,
<WB> - (sin Ow  cosbw ) <Zu ' (8.13)

Inserting this into (8.12) and collecting terms gives

éve 9192Y1, _ 9192YR
‘Cle’;)tons Ay ( epYe, + ——— eR”y“eR) (8.14)
95 + g%YLQ 2,/g5 + 1Yy

————c e, + —F—— R erY"er
2\/92 + g%Y2 2y/63 + giYy

To match this with the known electromagnetic interaction (8.8), we must identify both
coefficients in the first line with the electric charge —e of the electron, that is

e 9192YL  _ 912YR (8.15)
g+ Y 2493+ giYy
In particular, this fixes
Yr = 2V, (8.16)

Since Y, always appears with coefficient g1, we can without loss of generality set
Y, =-1, (8.17)

since any rescaling of Y1, can be absorbed by a re-definition of ¢g;. Then

e= 192 (8.18)

NCEY

and we have indeed recovered the known electromagnetic interaction of the electron, with a
neutral (not electromagnetically interacting) neutrino! What we have also found is another
neutral gauge boson Z, that interacts both with electrons and with neutrinos. Before we
study those interactions, let us take another look at the coupling constants. With the
fixed values of Yg and Y7, we have

. ) g2
sin by = —— , cos by = —— , (8.19)
Vi + 93 Vi + g3
such that . .
— ’ — . 8.20
S cos Ow 92 sin Ow ( )

So the previously unknown couplings ¢; and g» have been replaced by the known electron
charge e and the unknown electroweak mizing angle 6. The mixing angle 6w has to be
determined by comparison to measurements. Its experimental value is sin? fyw =~ 0.23. The
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relations between the couplings and the mixing angle can be visualized in the following
triangle:

(8.21)

Let us re-examine the couplings of the neutrino and the electron to the new field Z. The
neutrino term (8.9) becomes

Ef/’yy . \/ g%+g%
2

leptons —

Z, M, = Z,iyt . (8.22)

2 cos 9W
Hence the interaction vertex between Z, and the neutrino current p,y*v;, comes with
a factor go/(2cosfyw). We can think of this factor as the “electroweak charge” of the
neutrino. For the electron current, the coupling to Z,, with our values for Yz and Y,
becomes

91_92

Ele'ye ( SL/}/ e, + — GR*)/ GR) .
eptons
2\/92 + g7 \/92 + g7

We can re-write the prefactors in terms of e and 6w, using the identity

e
VI A+ = . (8.24)

cos Oy sin Ow

(8.23)

Then:
2 _ 2
91 =92 _ € (_ |- ) )
2/g2 + g2 cosbwsinby g T OW )
gt e
L — (+sin?Ow) - (8.25)

/g2 + g2 ~ cos Oy sin Oy

We have written these couplings in a suggestive form: They can be unified to

¢ (Tgf — Qf SiIl2 Qw) s (826)

sin Ow cos Ow
where T3y is the eigenvalue of the diagonal generator T3 = 73/2, and @) is the electric
charge of the respective fermion f (in units of ). Recall that in our convention, 73 = 0
for the right-handed SU(2) singlets. In fact, one can check that the expression (8.26) also
reproduces the correct coupling for the neutrinos. Moreover, since the couplings of the
left-handed and right-handed quarks to the U(1) and SU(2) gauge bosons look exactly
the same as for the leptons, their couplings to the rotated gauge fields A, and Z, work
out in exactly the same way. Here, one has to take into account that the values for Y,
and Yg can be different for the quarks than for the leptons. For generic eigenvalues T3y
and hypercharges Yy, the coupling to A, (identified as the electromagnetic charge) works
out to

Y,
eQs, with Q= Ts;+ ?f : (8.27)
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and the coupling to Z,, works out to (8.26). Hence, the expression (8.26) gives the unified
electroweak charge for all fermions.

Summarizing all terms, the full electroweak Lagrangian for the coupling of all quarks
and leptons of the first family to the neutral bosons A, and Z, has the compact form

Eneutral — A 3 m ; 7 — Too ) 20 8.8
EW f—;R <6 WS + Sin Oy €08 vy p,f( 37 — @y sin W)f ,( )
QL,uR,dRr

where Q)5 = T5¢ + Y;/2, and keep in mind that T5; = 0 for all right-handed fermions.

Let us summarize what we have accomplished. The electroweak theory contains the
known electromagnetic interaction, and predicts an additional photon-like particle Z,, called
the Z-boson that interacts with any fermion f having non-zero electric charge @ or weak
isospin T3s. The strength of this interaction is not small. In fact, 1/(sin Oy cosfw) > 1,
so the Z, interaction is stronger than the photon interaction! If the theory is correct, then
why were the Z-boson and its interactions not discovered long ago? The only possible
explanation is that the Z-boson is massive. The larger its mass my, the more energy
is needed to produce it, and the smaller are its effects at low energies: Whenever a 7,
particle is exchanged between two fermions, the process is suppressed by a factor ~ 1/m2
from the Z propagator:

(8.29)

We will see later that the Z-boson can acquire a mass through the Higgs mechanism.
Indeed, its mass can be predicted, and the Z-boson was detected in 1983 at exactly the
expected mass of my ~ 91.2GeV. In comparison, the proton mass is 938 MeV, so the
Z-boson is ~100 times more heavy than the proton.

8.3 Charged Currents

We have analyzed all U(1) and SU(2) interaction terms with the neutral bosons B, and
Wg. All these terms are diagonal in the fermions, that is the interaction does not change
the fermion involved in the interaction (v, — 11, e, — er, er — er). What is left are the
non-diagonal SU(2) terms. These are interactions with the charged bosons W=*. These act
as raising and lowering operators on the fermion doublets. For the leptons, these terms
are

Lineed — — j% <I;L7“€LW: + éLfy“VLW;) : (8.30)
Note that only left-handed electrons ey, are involved in the interaction with W=*, that is
only ey, can make a transition to a neutrino by emitting a W~ or absorbing a W*. The
right-handed part eg does not interact with W= at all. This is the parity violation of the
weak interactions. Recall that

vHe — M 1—
DL’}/‘MQL = ﬂ’y“PLe = vre vy Yse (PL = 75) .

5 5 (8.31)
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So the interaction is with a sum of vector (y#) and axial vector (y#7s) currents. It is
therefore called a V-A charged current interaction. The best known interaction of this
kind is the neutron beta decay mentioned earlier. There are terms of exactly the same
form for the quarks:
Lohreed \% (" d Wy + iy unlVy, ). (8.32)
Hence a down quark d can turn into an up quark u by emitting a W~ that in turn decays
into an electron and an anti-neutrino. This way a neutron (with quark content udd) can
turn into a proton (with quark content uud).
Just as for the neutral current, the interactions with charged W= are of comparable
strength as the electromagnetic interactions:

92\ e? 2 2
= ~ 2e (sin Ow =~ O.23> . 8.33
(\/5) 2 Sil’l2 9W W ( )
In contrast, we observe that the weak interactions are several magnitudes smaller than
the electromagnetic interactions. As for the Z-boson, the resolution is that the charged
bosons W# must be massive. This reduces the strength of the transition rates (e.g. beta
decay) due to the mass in the denominator of the propagator. The W* bosons were
discovered experimentally in 1983 at CERN, confirming this prediction. Their mass is
mw =~ 80.4 GeV, so they are a bit lighter than the Z-boson.

8.4 Quark Terms and Further Families

Quarks. As mentioned above, the U(1) and SU(2) interaction terms for quarks take
exactly the same form as for leptons. Hence all the conclusions for leptons similarly
hold for quarks. They couple to the same gauge bosons A,, Z,, and W;t as the leptons.
The coupling to the neutral Z, occurs with the same universal strength (electroweak

charge) (8.26)
e

m (Tgf — Qf Sin2 Qw) (834)
for all (left-handed and right-handed) quarks.

In addition, quarks are the only particles that couple non-trivially to the SU(3) gauge
bosons (gluons). That is, the \*G,, term in the covariant derivative D, only gives a
non-zero contribution when acting on a quark state ¢. The matrices \* have size 3 x 3,
hence quark states carry a “color” index « that runs from 1 to 3. The SU(3) terms then
read

. CAG
EQCD = Z QQY‘)/M (—193 7/8 Gau) dp

q=u,d

B <~ -y
= 20 GV NGt (8.35)

q=u,d

For the electroweak theory, we wrote out the matrices 7°W; to recover the known electro-
magnetic interactions, and to identify the charged weak bosons W and the neutral boson
Z. Here, the GG, are eight gluons that are all electrically neutral. They interact with the
quarks in a way that is somewhat similar to a photon interaction. The major difference is
that, since the generators A® are not all diagonal, quarks can arbitrarily change their “color”
by emitting or absorbing gluons. Since the color structure is hard to observe directly,
because quarks and gluons are confined in hadrons, we do not study the structure of these
terms as explicitly as the electroweak terms.
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Fermion Wave Functions. One point that might be confusing is that the fermion
states ¢, e, etc. have non-trivial structure in several spaces. For example, consider a quark
state q. As is familiar from quantum mechanics, the total quark wave function is a product
of factors

q = Tspace Xspin ¢U(l) QﬁSU(2) €color . (836)

Each factor is parametrized by some labels, indices, and/or coordinates, and describes the
wave function in the respective space. When we act for example with an SU(2) generator
on ¢, then only the gy factor is affected, all other factors are left invariant. Similarly,
when we perform a spacetime transformation (e.g. a rotation), then only 7 and y are
affected, and the wave functions ¢, ¢, and £ in the internal spaces are left invariant.
Orthonormality of the wave function holds for each factor separately. Hence for example
in the product §r¢W;q, all wave function factors except 1 give a trivial factor 1.

The Second and Third Families. So far, we have restricted ourselves to the first
families of leptons (v,,e) and quarks (u,d). As mentioned earlier, the physics exactly
replicates for the other two families, so in all of the above, we can replace (v, €), (u,d) by
(v, 1), (¢, s) or by (vr,7), (t,b) to recover the interactions of the second and third families.
The only differences between the three families are the different masses of the respective
particles.

8.5 The Fermion Gauge Boson Lagrangian

We can now bring together all interaction terms of quarks and leptons with photons,
electroweak bosons W* and Z, and gluons. All interactions of quarks and leptons arise
from these terms.

L = e 22 Q") Ay

f=ve,e,u,d
g2 oW 2
Tsr — 0 Z
cos Ow f:g;u]? ( 3 — @y sin W)f 1
92 | (5. ~p g + 0 (G AH Jo ~H -
+ 53 [(VeL’Y er, + ury dL>WM + <€L’Y Ver, + dp,y UL>WM
gs _ a
+§ Z Qa'yu/\aBQB Ga,u- (837)
q=u,d

Here, the neutral current Z,, term expands to

]E’}/'LL (Tgf — Qf sin2 Qw) qu =

[ frt (Tsp — Qg sin Ow ) f + fry" (—Qp sin® Ow ) fr | Z, . (8.38)

The respective interaction terms for the second and third families are obtained by replacing
(Ve,e,u,d) = (v, pt,¢,s) or (v, 7,t,b). What remains is to specify the charges of the
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various fermions:

Particle T3 Y Q=T+ % SU(3)

Ve, Uy, Vr —I—% 1 0 0
eL, L, L — 3 —1 0
€R, UR, TR 0 -2 —1 0
: - (8.39)
uLaCLatL "‘5 1 +§ ]
dL)'SLabL _% 3 _% U
UR,CR,tR 0 +% +% O
dR,SR,bR 0 —% —% O

Here, the box [ means that the particle transforms in the fundamental representation of
SU(3), while a zero means that it is a singlet of the respective group. The various coupling
constants have approximate values

(& (&

g = , go = — : sin? fy ~ 0.23,
cos O sin Oy
e 1 g3 1
o= — & == R
47 137 Y 4 T 100
2 2
g3 1 93(mZ)
=t — =" ~0.12. 8.40
= Ra aslma) Ar (8.40)

The values of the couplings «, ay, as, and as depend on the energy scale of the interaction.
This phenomenon is due to the influence of spontaneously created particle-antiparticle
pairs on the respective interaction, which is an effect that depends on the energy scale.
This is called running of the coupling and is described by the renormalization group in
quantum field theory. The values of «a, a1, and ay given above are for interactions in the
range of a few GeV or below, and they vary very slowly. For the strong coupling as, the
value is given at the Z-boson mass my ~ 91.2 GeV. It varies slowly above this scale, but it
increases at lower energies, reaching ~0.3 at about 1GeV, and grows quickly to ag > 1
below 1 GeV, causing quarks to bind into hadrons.

8.6 Historical Note

Now that we have learned how the electroweak theory unifies electromagnetic and weak
interactions, one may ask: How did this theory come to be? Beta decay was discovered
around 1900, and was the first hint for the weak interactions. At first, beta decay was
observed as the mutation of an atomic nucleus due to emission of an electron. In the
next ~30 years, it became clear that the energy spectrum of the emitted electron was
not consistent with energy conservation. In 1933, in a famous letter to the ETH Ziirich,
Wolfgang Pauli proposed the existence of an extremely light neutral particle (now called
neutrino) that is emitted along with the electron but could not be observed at the time.
The neutrino was indeed detected experimentally in 1956 (Nobel Prize Frederick Reines
1995).

The first theoretical description of beta decay was by Enrico Fermi through Fermi’s
interaction, also in 1933. He proposed a four-fermion contact interaction between the
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neutron (which was only discovered one year earlier), the proton, the electron, and the
neutrino:
P e

Gy (8.41)

n Ve,

Fermi’s interaction already put the neutron and proton into a doublet, and the interaction
Hamiltonian was given in terms of raising and lowering operators acting on this doublet.
The strength of the interaction is parametrized by the Fermi coupling constant Gg. In
modern terms, it is given by

Gr _ 9 116610 Gev-? (8.42)

2 &mi T ’ '
where myy is the mass of the W= boson. Fermi’s theory described the weak interaction
remarkably well. But the interaction probability grows as the square of the energy,
o ~ GLE?. Since it grows without bound, the theory is invalid at energies > 100 GeV.
The four-fermion interaction therefore had to be replaced by a more complete theory. The
runaway of the interaction probability is avoided if the interaction is due to the exchange
of a particle of mass ~100 GeV — the W* boson.

In 1956, it was discovered experimentally (by Chien-Shiung Wu) that the weak interac-
tion violates parity symmetry (Nobel Prize 1957 to Tsung-Dao Lee and Chen-Ning Yang
for the theory of parity violation and proposal of the experiment). This result prompted a
search to relate the weak and electromagnetic interactions. The electroweak theory was
proposed by Sheldon Glashow, Abdus Salam, and Steven Weinberg in 1968 (Nobel Prize
1979). In their theory, the photon and the W= as well as the new Z boson, including
their masses, arise from the spontaneous symmetry breaking of U(1) x SU(2), which will
be discussed in the next section. The W= and Z bosons were detected experimentally in
1983 at the CERN Super Proton Synchrotron (Nobel Prize Carlo Rubbia and Simon van
der Meer 1984).

8.7 Masses?

So far, we have treated all fermions and gauge bosons as massless. Although everything
we said about the interactions of quarks and leptons with electroweak gauge bosons and
gluons is correct, all fermions are in fact massive, and also the W* and Z bosons are
massive.

Could we just add mass terms to the Lagrangian “by hand”? That will not work! Any
mass term would break gauge invariance. For fermions, mass terms would be of the form
mi1), but we know that

mp = map(Py + Pr)v
= my PLPL + mi Pr Pri

= m(&R@bL + &L%{) : (8.43)

However, the left-handed fermions transform in SU(2) doublets, while the right-handed
fermions are SU(2) singlets. Hence ¥r1y, and ¥ are not SU(2) singlets and would not
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give an SU(2)-invariant Lagrangian. Similarly, mass terms for the gauge bosons, e. g.

1
3 m3B,B" (8.44)

are clearly not gauge invariant. The only way to preserve gauge invariance of the Lagrangian
is to set the masses of all fermions and gauge bosons to zero. If mass terms are put in by
hand, gauge invariance is lost, and the theory produces unphysical infinities.

There is a way to solve this problem, which is the Higgs mechanism. In the resulting
Lagrangian, the U(1) and SU(2) gauge invariance is broken, but in a subtle way that
preserves the good effects of the gauge symmetry.

9 Masses and the Higgs Mechanism

In the following, we will develop the mechanism that consistently gives masses to the weak
gauge bosons as well as all fermions. The fundamental assumption is that the universe is
filled with a spin-zero field called the Higgs field. Its essential properties are that it is a
doublet in the weak SU(2) space, and also carries a non-zero U(1) hypercharge, but is a
singlet under the color SU(3). The gauge bosons and fermions interact with the Higgs
field, and in its presence, they acquire a mass. Because the Higgs field carries non-trivial
U(1) and SU(2) quantum numbers, a universe-filling “background” Higgs field effectively
breaks these gauge symmetries. The symmetry is present in the Lagrangian, but is broken
by the vacuum state. This situation is called spontaneous symmetry breaking. Several
examples of spontaneous symmetry breaking were the subject of the exercise problems.
Here, we briefly recapitulate these examples, which will prepare us to understand the
Higgs mechanism in the Standard Model at the end of this section.

9.1 Spontaneous Symmetry Breaking

We start with the simplest example. Consider a Lagrangian for a scalar field ¢,
1 1 55 1. 4
L=T-V, T=50000, V=_12¢+ ' (9.1)

Here, © and A are external parameters of the potential V. We require A > 0, since
otherwise the potential would not be bounded from below. The theory has a symmetry: It
is invariant under ¢ — —¢.

To find the spectrum of the theory, one starts by finding the minimum of the potential.
The field configuration that minimizes V is the classical ground state of the system. Then
one expands the fields around this ground state to determine the possible excitations.
This is familiar from quantum mechanical perturbation theory. In field theory, one calls
the ground state the vacuum, and the excitations are the particles. Their masses are
determined by the form of the potential near the classical minimum, by comparison with
the Lagrangian of a free massive scalar field.

For p? > 0, the vacuum is ¢ = 0. In that case, we identify —u?$?/2 as a mass term,
hence ¢ is a massive field with mass mg = p. The A¢* terms represents an interaction of
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the field ¢ with itself. If on the other hand p? < 0, the potential takes the form

%

(9.2)

o

+V
N
¢ = +v, WZV?Fi (9.3)

Since the configuration ¢ = £wv is constant, it also minimizes the kinetic energy 7T of the
system, and is therefore a valid ground state, or vacuum. The value v is also called the
vacuum expectation value of the system. A variation of this is also what happens to the
Higgs field, as we will see.

To find the particle spectrum, we study the theory near the vacuum, that is we set

Its minima are at

¢(x) = v +n(z), (9:4)

with n(x) small. We could have equally set ¢ = —v + 1, but the physics would be the
same, since the theory is invariant under ¢ — —¢. Writing £ in terms of n(x) gives

1

1
L= 3 ,mot'n — ()\v2772 + dvn® + 1

)\774) + constant . (9.5)
The 7% term has the correct sign, so it can be interpreted as a mass term. The Lagrangian
describes a real scalar field n(x) with mass

ml =2 v = =24, (9.6)
We identify the mass as the curvature of the potential at its minimum. There are two
interaction terms: A cubic one of strength Av, and a quartic one of strength \/4.

If the theory is solved exactly, the two descriptions (one in terms of ¢, the other in
terms of 1) must be equivalent. But in a perturbative description, one has to perturb
around the ground state (vacuum), otherwise the perturbative expansion does not converge.
And choosing one of the two possible vacua (¢ = +v here) breaks the symmetry of the
theory, in the sense that for small excitations n(x) around ¢ = v, the original symmetry is
no longer present. A memory of the original symmetry is preserved in the 7% term, but
not in an obvious way. This situation is called spontaneous symmetry breaking, and it
frequently occurs in physical systems.

9.2 Breaking of a Continuous Symmetry

Now consider a complex scalar field ¢ = (¢1 + i) /v/2, with Lagrangian

L= (9,0)"(0"¢) — (10" ¢+ \(679)") (9.7)
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This theory is invariant under a continuous family of global U(1) transformations
b= ¢ =eXop. (9.8)

For 2 > 0, the potential (and total energy) are minimized by ¢ = 0. In this case, the
theory describes a massive complex field with mass mi = 12, and with a quartic interaction
of strength . For p? < 0, the potential has the form

(9.9)

This potential is often called the “Mexican hat” potential. The minimum of the potential
(and total energy) is along a circle of radius

Frgr=1,  vi= (9.10)

Because of the U(1) symmetry, all points on the minimizing circle are equivalent. To do

perturbation theory, we arbitrarily, but without loss of generality, choose ¢1 = v, ¢ = 0,

and write ¢ as

v+n(x) +ip(x)
\/5 )

with 7 and p real. With this substitution, we find again that the Lagrangian can be

interpreted in terms of particles and their interactions:

¢ = (9.11)

1 1
L= B (0.m%) + B (aup)2 +1°n* = Mo(np* +1n°)
A A A
- 5 772P2 - Z ?74 - Z ,04 + constant . (9,12)

There are two real scalar fields, n and p. The n* term is a mass term for . We can read
of the mass as

ml = —24°. (9.13)

There is no p? term, so we must conclude that p is massless! This massless field is called
a Goldstone boson. There is a general theorem that says whenever a continuous global
symmetry (as the U(1) in this case) is spontaneously broken (that is the Lagrangian is
still invariant, but the choice of vacuum breaks the symmetry), then the spectrum around
the vacuum will contain a massless field, called the Goldstone boson.

It is intuitively clear why the massless boson arises: The minimum of the energy lies
along a circle in field space (or along some other curve for a more generic symmetry).
Perturbations around the vacuum in the radial direction (or more generally in a perpen-
dicular direction to the minimum) must be pushed up the potential, and the curvature
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of the potential at the minimum is identified with the mass of the perturbation. But
when we perturb along the direction of the minimum, the potential is flat, so its curvature
vanishes and the associated perturbation is massless: It only costs kinetic energy to push
the system along the mimimum, but no potential energy.

9.3 Abelian Higgs Mechanism

Now we get closer to the kind of spontaneous symmetry breaking that occurs in the
Standard Model. Above, we considered a global continuous symmetry. Now we promote
this to a local gauge symmetry. The spontaneous breaking of this local gauge symmetry
will lead to a mass for the (previously massless) gauge boson. As is by now familiar,
invariance under a field transformation

¢(z) = ¢'(2) = X Vg(a), (9.14)

with a local parameter y(z) requires the introduction of a covariant derivative with a
vector (spin one) field A,,,

Oy — D, =0, —1igA, . (9.15)
The gauge field A, transforms as
1
A= A=A, — p Lx (). (9.16)
The gauge-invariant Lagrangian is
* 1 v * *
L=(Duo)' (D"6) = L FuF™ =V, V=y2¢6 + M¢"9)".  (917)

Here, iF w M is the kinetic term for the gauge field. It will not play a role in the analysis.
For ;2 > 0, this Lagrangian describes a scalar particle with mass p that interacts with
the electromagnetic field A, with charge g. As always in standard gauge theory, A, is
massless.

The potential V is the same as in the previous case. Hence when p? < 0, the total
energy is again minimized for non-zero constant ¢:

¢=\})§, v:\/_A“Q. (9.18)

The field ¢ is complex, but we can use the gauge transformations ¢(z) — eX®@g¢(z) to
rotate ¢ to real values everywhere. Hence we can expand ¢ around the vacuum as

v+ h(z)
r)=—7==,
o) =2
with a real field h(z). We could not make ¢ real everywhere in the previous case, because

there the theory was only invariant under global phase rotations, not local ones. Writing
the Lagrangian in terms of h(x) instead of ¢(z), one finds

(9.19)

1 1 1
L =5 (0uh)(@"h) = N*h? = 2 Fu I + 5 g*0* A, A
A 1
+ g*vhA, A" — \vh?® — 1 ht + 3 g*h*A, A" (9.20)
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As before, the real field h(z) (it was called 7 in the previous example) is massive, with a

mass
mp = 2 \? = =24 = my = V2 v =/ —2p2 . (9.21)
Surprisingly, also the gauge field acquires a mass! Its squared mass is the coefficient of
A, A" /2, hence
ma = gu. (9.22)

The mass term arises from the term in (D,¢)"(D"¢) that is quadratic in A,. The terms
in the second line of the Lagrangian are various interaction terms between h and A,,.

In the unbroken phase of the theory (u? > 0), the gauge boson is massless, and therefore
has two spin degrees of fredom. In the broken phase (u? < 0), it becomes massive, and
therefore has three spin degrees of freedom. What happened here is that the massless
Goldstone boson p of the previous case has become the third degree of freedom of the
gauge boson A,,. This phenomenon is also referred to as the Goldstone boson being “eaten”
by the gauge boson. The effect can be seen more explicitly by doing the computation
without the simplifying gauge transformation step, i.e. by setting

v+ h(z) +ip(z)
V2

with h(x) and p(z) real. Then one would find a term ~A,0"p in £, which would mean that
the gauge field can turn into a p field as it propagates. This means that the fields A, and p
are not diagonalized. Properly diagonalizing them amounts to a gauge transformation
that then eliminates p altogether. Note that before and after the symmetry breaking, the
total number of field components is 4: Before the breaking, the complex scalar field and
the gauge field each have 2 components. After the breaking, the real scalar h has one
component, and the massive gauge field has 3 components.

The phenomenon we have just studied is called the Higgs mechanism: Spontaneously
breaking a gauge symmetry leads to a non-zero vacuum value for ¢ that in turn makes
the gauge boson massive. The extra degree of freedom of a massive vector boson is what
used to be the Goldstone boson. What is left of the scalar field ¢(x) are real scalar
excitations h(x) around the vacuum value v. The particle h is called the Higgs boson.
Note that the mass of the gauge boson is fixed if ¢ and v are known, but the mass of the
Higgs boson in addition depends on the possibly unknown parameter A.

b = (9.23)

9.4 The Higgs Mechanism in the Standard Model

To get to the Higgs mechanism in the Standard Model, we only need one more bit of
complexity. In the Standard Model, the Higgs field forms a doublet of the weak isospin

SU(2)w:
o= (%) (9.21)

where ¢ and ¢° are each complex fields,

ot = P1 + i _ ¢3 + iy
V2 V2
whose complex phases are rotated by the U(1) gauge symmetry of the Standard Model.
The Lagrangian has to be a U(1) x SU(2)w singlet. Such a singlet is formed by

o= (V) (&) (?;Z) — (@)t + ()6 (9.26)

¢ (9.25)
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In terms of the real components,

_ Pt g it

s : (9.27)
The form of the Lagrangian for ¢ is analogous to the previous cases,
Ly = (0,0)"(0"0) =V, (9.28)
with the same potential
V=120l + A\glo)”. (9.29)
Again, for y? < 0 the potential is minimized when
2 2
ey — O R
i) 5 v - (9.30)

There are many ways to satisfy this condition: The field ¢ has four real components, and
this is only one (real) condition, hence it is satisfied in a three-dimensional subspace. But
since the theory is invariant under arbitrary SU(2)w transformations

g =Up, U=eu/2e8U(2), (9.31)

all points in this space are equivalent. We pick

¢0:::»;?<2> ; (9.32)

that is ¢1 = ¢o = ¢4 = 0, ¢3 = v, and expand ¢(z) around this vacuum as

b(x) = \/15 (U +%(x>> | (9.33)

As in the previous example of the Abelian Higgs mechanism, the p?¢'¢ term in the
potential leads to a mass term for the Higgs boson h, with mass

mi = 2\* = —2p° (9.34)

Similarly as in the Abelian Higgs mechanism, we can always bring ¢ to this form by
applying an SU(2)w transformation (to set the first component ¢t = 0), followed by
an U(1) phase rotation to make the second component ¢° real. In other words, we
“gauged away” three field components. And for doing so, we have to use three gauge
degrees of freedom, so we have broken three gauge symmetries. By the Goldstone theorem,
there should be three massless Goldstone bosons. But because the symmetries are gauge
symmetries, instead three gauge bosons should become massive, and thereby absorb the
three Goldstone degrees of freedom. This is exactly what we need to give masses to the
electroweak gauge bosons Z,, and Wj

Before we study the properties of the Lagrangian with the vacuum ¢, we note that
the lower component ¢° of the Higgs field has to be electrically neutral. Otherwise, the
vacuum would be charged, which is not what we observe. For example, a charged vacuum
could absorb and emit photons. Because of the relation

Q:R+§ (9.35)
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between electric charge, weak isospin, and hypercharge, and because ¢°, as the lower
component of a weak isospin SU(2)w doublet, has T35 = —1/2, we must assign

Vg =1 (9.36)

for the Higgs doublet ¢.

We said that the choice of vacuum breaks three gauge symmetries. The original gauge
group U(1) x SU(2) has four dimensions, so the vacuum must preserve one symmetry.
Which one is it? Clearly, the vacuum ¢, does not preserve any SU(2)w symmetry. Also,
because Yy # 0, it also does not preserve the U(1) symmetry. However, if we act with the
electric charge operator,

Qo = (Ts +Y/2)¢o = (=1/2+1/2)¢p = 0, (9.37)

we find that it annihilates ¢g and therefore the vacuum is invariant under a transformation

Py — 9@ (9.38)

The generator @) of this particular U(1)’ transformation is a particular linear combination
of the original U(1) and SU(2)w gauge transformations. Of course, this U(1)" has to be
the U(1) of electromagnetism, as we identified its generator as the electric charge. Hence
we found that the vacuum is invariant under electromagnetic U(1) transformations, which
means that of the original four gauge bosons, the one combination that remains massless
must be the photon field A,,.

Let us see what the choice of vacuum ¢ = ¢, implies for the Lagrangian. We know
that we must replace the ordinary derivative 0, by the covariant derivative

.Y . T
D, =0,—1ig 5 B, —igs ) W,. (9.39)
Then the Lagrangian acquires extra terms
.Y .7 .Y . T
¢T <—191 9 B, —igs o Wi > <—191 9 B, —igs o Wi >¢ (9.40)

Setting Y = Yy = 1, inserting the explicit 2 x 2 Pauli matrices for 7%, and setting ¢ = ¢y,
this becomes

2

1 ‘ ( G B+ g2Ws,  go(Why, — iWw)) (0>

8 \g2(Wi, +iWs,) 1B, — g2Ws, v
1 1 2
= g Uzg§(<W1“)2 + (W2u>2) + g U2 (ng,u — QQW&M) . (941)

We can immediately recognize the first term as mass terms for the gauge bosons W,

and Wy, with a common mass
v

mw = 5 gz (9.42)

Passing to the charge eigenstates W=, the first term reads m%\,VV“+ W=# which is the
common way to write a mass term for a charged field. So we conclude that the charged
bosons W¥ indeed acquire a mass my through the Higgs mechanism!

The second term is not diagonal in the fields, so we have to perform a rotation in
the space of (B,,, W3,) fields to find the fields with definite masses. In fact, we already
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know what the rotation must be, since what appears in the second term is exactly the
combination that we called Z,,

7 ngu - 92W3u
= —— .

VIt + 93
Hence the second term reads

1 W,
§m%ZuZ“, my = 5 \/6i + 93 (9.44)

where we have recognized the mass of the Z,, boson. The electromagnetic gauge boson A,
remains massless, as expected. Using the relation

g2

(9.43)

cos by = — , (9.45)
Vi + g5
we find the identity
W _ cos Ow . (9.46)
mz

This is an important identity: Once the electroweak mixing angle 6y is measured in some
way, the ratio of the Z, and Wf masses is a clear prediction of the Standard Model. And
it perfectly matches with experimental data: The experimental ratio cos Oywmz/mw equals
unity with an uncertainty of ~0.1%.

9.5 Fermion Masses

Now that we have introduced the Higgs field ¢, it is possible to write gauge invariant
interaction terms between the Higgs doublet and the fermions.

Leptons. For example, for the leptons one can introduce a term
L3 = ge(Loer + ero'L) . (9.47)

Here, the SU(2)w indices of L and ¢ are contracted: L = (vo, er) is a row vector, and
¢ is a column vector — their product is an SU(2)w singlet. The factor eg is an SU(2)w
singlet by itself, so the whole first term is an SU(2)w singlet. The factor eg has to be
present because of Lorentz invariance: The spin structures of L and eg combine to form
a Lorentz scalar. The second term in the Lagrangian is the hermitian conjugate of the
first, so the same symmetry considerations apply. The overall coefficient g, is the coupling
constant of the interaction, it is arbitrary at this point. To find the consequences of this
term, we replace ¢ by its vacuum value and the Higgs particle h:

¢ — \/15 (v 3 h) : (9.48)

e ev — — e — —
‘Cﬁlt = f/? (eLeR + 6ReL) + 5? (€L€R + €R€L)h . (9.49)

This gives

Recalling that (eLer + eérer,) = ee, the first term has exactly the form of a mass term
meee for the electron, and we can identify the electron mass as

_ 9

V2
85

(9.50)
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Hence the coupling of the electron to the Higgs doublet ¢ introduces a mass term for the
electron, without breaking the gauge invariance of the theory!

The second term in Lf;ft says that there is an electron-Higgs interaction vertex in the
theory, of coupling strength g./v/2 = me/v:

e €+ e

(9.51)
|
f
| A

Hence we find that an electron can emit or absorb a Higgs particle h. Similarly, a Higgs
particle can decay into an electron-anti-electron pair (e~,e™). This interaction vertex
is used to compute the probability of producing a Higgs particle in particle collisions.
Writing g. in terms of m,, the interaction Lagrangian becomes

e

¢
‘Cinet

= meee + M Geh. (9.52)
v

Note that the coupling strength between the fermion (electron) and the Higgs particle is
proportional to the mass of the fermion.

Importantly, the interaction Lagrangian Lﬁft produces no mass term for the neutrino
Ver,, and moreover it is not possible to write an interaction term that does produce such a
mass term. The reason is that, by assumption, the theory does not contain a right-handed
neutrino veg, so one cannot produce a mass term ve.gler,. This in particular implies that
the neutrino does not interact with the Higgs particle h. If there was a right-handed
neutrino v.g, it would be hard to detect, since it would have T3 = 0 and ) = 0, so it
would couple to none of the electroweak gauge bosons W#i, Z,, or A,. We will come back
to the neutrino mass question and the possible existence of v g later on.

Quarks. The same mechanism that works for the leptons equally works for the quarks.
In the case of quarks, there is a right-handed partner to both components of the left-
handed doublet Qy, so, unlike in the electron/neutrino case, we can produce mass terms
for both the up and the down quark. The mass of the down quark (and the corresponding
interaction with the Higgs particle h) is produced in exactly the same way as for the
electron. For the up quark, we use the fact that from any SU(2) doublet (a )", one can
construct another “conjugate” SU(2) doublet (—b* a*)" (this other doublet is equivalent
to the anti-fundamental representation). We can therefore use the conjugate Higgs doublet

_ 0%
Qe 1= —iTa) = < (;b_ > ; ¢ =T, (9.53)
In terms of the vacuum v and the Higgs particle h, this becomes
I [(—(v+h)
¢C—>\/5< 0 ) : (9.54)

Combining this with the quark doublet @, gives the SU(2)w singlet
Qrobe ~ ur(v+h). (9.55)
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Therefore, to give masses to both the up and the down quark, we add interaction terms

LI = gaQuédr + guQuoeur + hoc., (9.56)

where “h.c” stands for the hermitian conjugate of the first two terms. Writing ¢ and ¢,
in terms of v and A, one finds, exactly as for the leptons,

gﬂﬁ = ded + md ddh + myuu + M uuh , (9.57)
v v

where again the couplings g4 and g, have been eliminated in favor of the quark masses
mgq and m,, following the same steps as for the electron. We conclude that the Higgs
mechanism also succeeds in giving both the up and down quarks masses. As for the
electron, the values of the masses are not predicted by the theory, but are free parameters
(in the form of the couplings gq and g,). They have to be determined by measurements.

Further Families. All of the above analysis replicates for the other two families of
quarks and leptons, just as it did for the interactions between fermions and gauges bosons.
The masses of all fermions are free parameters of the Standard Model. They remain to
be explained by a more fundamental theory. Since the coupling of each fermion to the
Higgs particle h is proportional to its mass, the Higgs particle interacts most strongly
with the heaviest particles. By far the heaviest fermion is the top quark (173 GeV). The
second-heaviest fermion, the bottom quark at ~4 GeV, is already much lighter. Therefore,
the physics of the Higgs particle is dominated by its interaction with the top quark. For
example, the dominant process for Higgs production at the LHC is gluon fusion via a “top

triangle”:
G

e (9.58)
G

9.6 Summary of the Standard Model

Our description of the basic structure of the Standard Model is now complete. The basic
ingredients are

e Gauge invariance under the U(1) x SU(2) x SU(3) gauge group.

e Three families of quarks and gluons that interact with the three types of gauge
bosons (electroweak gauge bosons and gluons).

e The scalar Higgs field with a “Mexican hat” potential that lets the Higgs field acquire
a non-zero vacuum expectation value v. The Higgs vacuum v breaks the electroweak
U(1) x SU(2) gauge symmetry to a residual U(1), which is the electromagnetic gauge
symmetry. The three gauge bosons W* and Z acquire masses due to the three
broken gauge symmetries.

e Couplings between the Higgs field and all fermions (except neutrinos) lead to ()
mass terms for these fermions, and (i) couplings between these fermions and the
Higgs particle h. Through the covariant derivative D, in the Higgs kinetic energy,
the Higgs particle also couples to the massive gauge bosons W= and Z.
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Summing up all terms, the full Standard Model Lagrangian at this point reads (before
spontaneous symmetry breaking)

1 v 1 v 7 1 vV a
ESM: _EB# BW—§WZ-“ Wuy—iG'g Gl“’
+(9,0)'(0"¢) + A(v?670 — (610)%)
+ Z]?i”YuDuf
f=L,er,
QL,UR,dR
5 _ _ _
+ \f; (meLgbeR + maQrodr + myQrocur + h.c.) , (9.59)
Y Tt a
‘DH = 8# - lgl 5 BH - 192 5 Ww - lgg ? Ga“ . (960)

Here, we chose to express the couplings y?, ge, g4, and g, in terms of the Higgs vacuum
value v and the masses m., mq, and m,. As usual, the terms in the last two lines of the
Lagrangian replicate for the second and third families of fermions.

10 Scattering and Decay

Now that we have understood the basic structure of the Standard Model, we want to learn
how to compute its predictions, which can then be compared to measurements.

10.1 S-Matrix and Cross Sections

S-Matrix. Every Lagrangian quantum field theory provides the rules to compute matrix
elements (transition probability amplitudes) between different states. For particle physics
experiments (e. g. in particle colliders), one is interested in scattering between states that
consist of various incoming and outgoing particles. An important underlying assumption is
that all incoming and outgoing particles can be treated as free particles as long as they are
sufficiently far from the interaction region. The appropriate Hilbert space for such states
far from the interaction region therefore is the Fock space that is spanned by arbitrary
multi-particle states, which are defined as products of free one-particle states:

Hz@Hn, Hy=H,® - QH, =H". (10.1)
n=0

In a scattering event, the incoming state is typically a pure state consisting of two particles.
As the particles approach each other, they cease being free, but start interacting. Their
quantum mechanical interaction is completely described by the Lagrangian of the theory,
which dictates the time evolution of the combined state in the scattering region. After the
scattering, what emerges is in general a linear combination (superposition) of many different
free multi-particle states. One of these states is what will be measured in the detector.
The quantum operator that maps incoming free multi-particle states to superpositions of
outgoing free multi-particle states is the S-matriz or scattering matriz S,

S:H—H. (10.2)

The S-matrix is a central object in every quantum field theory. What one typically
computes are S-matriz elements

(f1514) (10.3)
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between fixed incoming states |i) and outgoing states |f). Such matrix elements can be
computed via Feynman rules and Feynman diagrams that follow from the Lagrangian.

Cross Sections. On the other hand, what one typically can measure in an experiment
are cross sections. Classically, the cross section of an object is the area of its profile in the
plane perpendicular to an incident beam. For example, think of Rutherford’s experiment,
where a beam of a-particles is directed at a gold foil, and picture the gold nuclei as balls
of radius r:

(10.4)

The classical cross section of a nucleus is its area: ¢ = 7r2. In terms of the beam properties,

number of scattered particles N

o= = ,
time x particle flux T

¢ = flux = number density in beam x beam velocity . (10.5)

Here, T is the total time duration of the experiment, NV is the number of particles that
got scattered, and @ is the incoming flux of particles. 7" and @ depend on the setup of the
experiment, but N depends on the microscopic interactions of the beam with the target.
It is also natural to measure the differential cross section do/df2, which gives the number
of scattered particles in a certain solid angle df2. Classically, this gives us information on
the shape of the object, or its potential.

In quantum theory, we can only know the probability for a particle to scatter or not.
Classically, the probability is P = N/Niye, where N is the number of particles that scatter,
and Nj, is the total number of incident particles. It is then natural to define the quantum
mechanical cross section as

1 1
=—P do = —dP 10.6
where P is now the quantum mechanical probability for a particle to scatter, and the flux
@ is now normalized as if the beam has just one particle. The differential quantities do and
dP depend on the kinematics of the final particles, such as their angles and energies. The
differential number of scattering events per unit time measured in a collider experiment is

dN
— =1 10.7
=L, (10.7

where L is the luminosity, which is defined by this equation. The luminosity is the rate of
scattering events that are measured per unit of cross section, and depends on the properties
of the beam and target. The integral of L over time is called the integrated luminosity,

dN
Lm:/Lﬁ: Gy (10.8)
g
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Figure 1: ATLAS 2019 four-lepton final state data. (Image: ATLAS Collabora-
tion, CERN)

The integrated luminosity is the total number of measured events per unit cross section,
and is an important measure for any scattering experiment: The higher the integrated
luminosity, the more data the experiment produces.

Cross sections are typically expressed in “barn” (b), where 1b = 1072 m2. The origin
of this term is that inducing nuclear fission by hitting 2*°U with neutrons is as easy as
hitting the broad side of a barn. The neutron-*U scattering cross section is around
1 barn. The luminosity L has dimension m~2s7!, or b=2s7!. The integrated luminosity
Liy has dimension m~2 or b~!. Typical accelerators achieve luminosities in the range of a
few b1

In practice, experimental data is often presented as the total number of events seen for
a given integrated luminosity. For example, Figure 1 shows the differential cross section for
final states with four leptons from colliding proton initial states, as measured by the ATLAS
experiment at the LHC. The data shown in the figure is differential in the Lorentz invariant
mass of the four leptons m2, = (p1 + ps + p3 + p4)2. Each data point shows the number
of events where the measured mass lies in the respective 2.5 GeV interval. As indicated
in the figure, the experiment has an integrated luminosity of Li, = [ Ldt = 139fb™! at
a center-of-mass energy of 13 TeV. To compare this data to theory, one would calculate
do/dmyg at the given energy (13 TeV) from quantum field theory, and multiply by the
luminosity. The four-lepton final state can come from various sources, whose theoretical
predictions are shown in the solid histogram. For example, the red histogram shows
the contribution to the cross section from a pair of intermediate Z bosons. The sum of
histograms agrees very well with the data if a 125 GeV Higgs boson is included in the
theory as a possible intermediate state (light blue).
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Computing Cross Sections. We want to relate the differential cross section measured
by experiments to the S-matrix elements computable from field theory. Let us focus on
the case where two particles collide, that is the initial state |i) is a two-particle state. We
thus consider differential cross sections for 2 — n processes:

n+2
pL+pe— D D (10.9)

J=3

In the rest frame of one of the colliding particles, the flux (for a single particle) is the
velocity of the incoming particle divided by the volume:
|v|
b=—. 10.10
: (10.10)
In a different frame, e. g. the center-of-mass frame, particles come in from both sides, and
the flux is determined from the difference between the particle’s velocities:

[v1 — vy
b — 10.11
- (10.11)
The cross section is therefore
1 Vv
do=—dP = ——— dP 10.12
T T T o1 — v (10.12)

In quantum theory, probabilities are given by squares of amplitudes. The normalized
differential probability dP therefore is

ap = B, (10.13)

(F11) Gle)

Here, dII is the region of phase space (final state momenta) that we are looking at. The
differential region dII is proportional to the differential momentum dp; of each final
state 7, and must integrate to 1. It therefore must be

noV
dir =] ok d’p; (10.14)
j=1

This integrates to [ dII = 1, because (for a one-dimensional integral)

dp 1
or_ - 10.1
5 =T (10.15)
where V is the total volume. This relation follows from
1
/dx:L, /5(x)dx:1 = (rx=0)=—,
L L L
_ dp ipx _ _ dp
o(x) = [ She = §(z=0) _/27T . (10.16)

The normalization factors (f|f) and (i|¢) in the denominator of (10.13) are necessary
because the one-particle states may not be normalized to (f|f) = (i[i) = 1. In fact,
such a normalization would not be Lorentz-invariant and hence impractical. Instead, in
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quantum field theory, one-particle states |p) of four-momentum p = (E;p) in a volume V'
are normalized such that
(plp) =2EV . (10.17)

For the initial state |i) = [p1)|p2) and final state | f) = [1}25|p;), we therefore find

n+2
(iliy = E.V)(2EV),  (fIf) =TI 2E;V). (10.18)
j=3
We will see that all volume factors V' will drop out at the end, such that the V' — oo limit
becomes trivial.
The only thing left is the S-matrix element (f|S]¢). These S-matrix elements are usually
computed perturbatively via Feynman diagrams. In a free theory without interactions,
the S-matrix is simply the identity operator 1. One typically splits off this part,

S=1+iT, (10.19)

where 7T is called the transfer matriz and describes deviations from the free theory. The
factor of i is a convention, motivated by writing S as S = €' (even though 7T is not
exactly T) Since the S-matrix vanishes unless the initial and final states have the same
total four-momentum, it is helpful to factor out an overall momentum-conserving delta
function,

T =(@2n)'s"(SpM, o4 (Zp) =" (P! = P}), (10.20)

where P/ is the sum of all the inital particles’ momenta, and P} is the sum of all the final
particles” momenta. We therefore have

(f1S]i) = 65 +1(2m)"6* (Zp) (fI M) . (10.21)

b2

The non-trivial part of the S-matrix is M. In quantum field theory, “matrix elements
usually means (f|M]i). The case where initial and final state are identical is special and
needs to be treated differently. Here we focus on the case where the final and initial states
are different, |f) # |i), which is the interesting part that goes into the differential cross
section. For this part, the identity operator contributes nothing, d;; = 0. For the cross
section, we need the absolute square of the second term. It looks worrisome to take the
square of a delta function,

§4(Zp) §4(Zp) = 6*(0) 64 (Xp). (10.22)

However, this is actually simple to resolve, as long as we work with a finite volume V. We
only take the V' — oo limit at the end (it will be trivial by then). In one dimension, the
delta function satisfies

. 1 L
21 é(p) = /elpx dr = 0(p=0)= %/dx =5 (10.23)

In three spatial dimensions, this generalizes to

N TR R - B 7
FP(p=0)= o /d "= o @ (10.24)

Adding time as the fourth dimension, we get

54(]9:0):(2;)4/(1493: v

(2m)"

(10.25)
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The absolute square of the matrix element for |f) # |i) therefore is
[(f1S]0)1* = (2m)° 64(0) 6" (Zp)|M|” = (2m)" TV 6*(Zp)| M[”, (10.26)

where |M|* := |(f|M|i)|°. Putting everything together, we find for the differential
probability (10.13)
[ERI
(F11)Gle)
_ <2w>4TV54<2p>!M|2’ﬁ2< LV o )
QEV)2EV)  i\2EV (2n)p “ P
T M

== L Ilips, 10.27
V (2E1)<2E2) LIPS ( )

where dIlps is the Lorentz-invariant phase space differential

1 dp,
Ay ps = (27)'6%(Zp) ( J ) (10.28)
tﬁ];t:£~ 2E] (27T)3
states j

For the differential cross section, we therefore find

1% IM|?
do=————dP = ATy ps . 10.29
T vy — v, (2E1)(2Ey) vy — vof P (10-29)

All factors of V' and T have dropped out, so it is now trivial to take the limit V' — oo and
T — co. Recall that v = p/E = p/po.

Decay Rates. Consider an unstable particle, that is a particle that can decay into two
(or more) other particles. Let dP be the differential probability that the one-particle state
decays into a given multi-particle state during a time period T'. The differential decay rate

dI" then is 1
dl’ = T dP . (10.30)

From a quantum field theory viewpoint, a decay is a 1 — n scattering process. Following
the same steps as for the differential cross section, the decay rate for a state |p;) can be
written as

IM|?

dlI' =
2k,

AT ps - (10.31)

Note that a decay rate can never be Lorentz-invariant. The above is the decay rate in
the rest frame of the particle. If the particle is moving at relativistic speeds, it will decay
much slower due to time dilation. The decay rate in a boosted frame can be calculated
with special relativity.

10.2 Lifetime and Decay Width

Lifetime. We want to consider the lifetime of an unstable particle that is at rest. The
wave function of a single-particle state should be of the form

Y(t) = (0)e L, (10.32)
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If the energy E is purely real, then |1)(t)|> = |1(0)|?, so there is no transition to another
state, and hence no decay, which is not satisfactory. Instead, we expect

() =9 (0)[ e/, (10.33)

where 7 is the mean lifetime of the particle described by the state 1. After one lifetime,
the probability that the particle has not decayed is 1/e. The above formula suggests to
consider a complex energy

E=FE,—il/2, (10.34)
with Ey and I real. By comparing with the definition of the lifetime 7, we find
r=lt (10.35)
=-. :

This means that I" is the decay rate of the particle (which justifies the symbol).

Decay Width. What does a complex energy mean? To see one important implication,
let us Fourier transform the time variable to energy modes,

7 1Et
vE) \/ﬁ / v(®)
I E=Eolt=It/2 gy (10.36)

K

Now we consider the case that the particle came into existence at time ¢ = 0, for example
due to the collision of two other particles, or by emission. We hence assume that ¢(¢) = 0
for t < 0. The integral then becomes

I(E) m/

The integral is easy to evaluate. The contribution from ¢ = co vanishes. What remains is

. —ith(0) 1

(BBt g (10.37)

E) = : 10.38

VB V2or E—Ey+il/2 ( )
The probability to find the state at energy E therefore is
N 0)|? 1

p(2) = () = A (10.39)

2t (E— E))’+1?/4°

This shows that an unstable state does not have a definite energy, but rather exists in a
range of energies E, spread about a central value Ey:

(10.40)




It is clear that P(FE) falls to half its maximal value when F — Ey = £I'/2. The width
of the energy distribution around FEj is therefore I'. For this reason, I is also called the
decay width. The terms “decay width” and “decay rate” are used interchangeably.

The energy distribution makes perfect sense from a quantum theory viewpoint: A
central element of quantum theory is Heisenberg’s uncertainty principle, which for the
dual variables energy E and time ¢ reads

h

where o and o; are the standard deviations of energy and time. As is well-known, the
uncertainty principle is saturated (the uncertainty is minimized) for a Gaussian normal
distribution: A Gaussian distribution f(F) in energy of width AE corresponds (via
Fourier transformation) to a Gaussian distribution f(t) in time of width At = h/AE. The
distribution (10.40) is similar to a Gauss distribution near its peak (though the tails are
flatter). We can identify its width as the uncertainty in energy, AF = I'. Similarly, we
can identify the width of the corresponding probability distribution in time as the average
lifetime 7 = At¢. And indeed the two are related by (reinstating the factor A which we

usually set to 1):

h h
AE =] =— = — 10.42
T At’ ( )

in agreement with the uncertainty principle.

The take-home message is that the width I" of the energy distribution of a particle
is inversely proportional to its lifetime 7. Here, energy equals mass, since we consider a
particle at rest. Short-lived particles have broad energy distributions. Conversely, the
more stable a particle, the more narrow its energy distribution. The energy distribution of
a perfectly stable particle is a delta function, i.e. the particle has a definite energy (and
therefore a definite mass).

10.3 Scattering Through a Resonance

Resonances. New physics often appears through the production of a new particle, that
then decays into other particles. For example, consider the process

A+B - R —- C+D. (10.43)

For example, A and B as well as C and D could be e*e™, or a quark pair, the intermediate
particle R could be a W or Z boson. To understand this process, we look at the amplitude

A+B—-C+D. (10.44)

In quantum field theory, this amplitude receives many contributions. If the theory contains
another particle R that couples to the initial and final particles through interaction terms

gasABR and  gecpCDR (10.45)

in the Lagrangian, then the leading-order contribution to this amplitude is given by
Feynman diagrams of the form

(10.46)
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where m is the mass of the intermediate particle R, and p* = pl + pj is the internal
four-momentum. Its Lorentz-invariant square is

s=p® = (Ex+ Ep)* — (pa +ps)° . (10.47)
Evaluating it in the center-of-mass frame where pp + pg = 0 gives
p? = E? = (Ex + Eg)* > (ma +mp)°. (10.48)

Consider first the case that the mass m of the intermediate particle is smaller than the
total mass ma +mp of the initial state. (For example, this would be the case if all particles
A, B,C, D, R are identical.) In this case, the propagator 1/(p* —m?) in (10.46) is always
finite, and the internal state is called “off-shell”, because it does not satisfy its mass-shell
condition p? = m?. Such a state is referred to as a “virtual particle”, because it cannot
exist as a freely propagating state, as real particles do.

However, if the internal mass m is bigger than the initial-state mass mx + mg, then
there exists physical initial momenta for which p*> = (pa + ps)® = m2. In this case, the
internal state becomes “on-shell”, which means that it exists as a real particle (that can
propagate). For such initial states, the propagator and therefore the amplitude becomes
infinite. An infinite amplitude is not physical and thus cannot be correct, so we must be
missing something!

What happens once m > ma + mp is that the intermediate state R becomes unstable:
Due to its large mass, it can decay into particles of lower masses, namely into a pair A, B.
The amplitude for this decay is given by the diagram

A
R
Mpap = JAB = gaB- (10.49)

B

Note that this amplitude is independent of the particles’ masses. But as long as m <
ma + mg, the momentum delta function 6*(pr — pa — pr) has no support and hence the
amplitude vanishes. Only when m > mj + mgp does the phase space open up and the
decay rate becomes non-zero.

We saw previously that unstable particles have complex energies. Let us see how this
comes about. The eigenvalues of any quantum operator crucially depend on the boundary
conditions. In quantum mechanics, we usually require the wave function to asymptote to
zero at spatial infinity. The energy operator (Hamiltonian) then has real eigenvalues. For
a decay process on the other hand, there must be a non-trivial outgoing wave function
at infinity. That wave function will be complex, and then also the energy eigenvalues
become complex. In quantum field theory, not only transition amplitudes receive quantum
corrections, but also eigenvalues, and in particular particle masses. Corrections to the mass
of a particle arise due to Feynman diagrams that correct the propagator of the respective
field. The simplest such diagram is

,A\
[ R (10.50)
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Such corrections lead to a renormalized mass mg, which is the mass that one actually
measures experimentally. The mass parameter m in the Lagrangian is called the bare
mass. And what one finds is that when m > ma + mg, the diagram above has a non-zero
imaginary part. In fact, the optical theorem states that the imaginary part of the mass
resulting from such “bubble” diagrams is always equal to —I'g /2, where Iy is the total
decay rate of R. One therefore has in general

m — mg —ilR/2, (10.51)

where mp is the renormalized mass. This is exactly the complex energy that we encountered
before, and we have sketched how it arises from quantum field theory.

The formula gag gcp/(p? — m?) for the amplitude remains correct, but m is replaced
by mgr — iI[r /2. The process gets particularly interesting when Iy < mg: In this case,
the intermediate state has a lifetime 7 = 1/Ir that is much bigger than the Compton
wavelength 1/mg. Hence the state R can be considered as a real intermediate particle that
is produced in the collision, physically lives for some time, and then decays. In this case,
the intermediate state R is called a resonance. In the resonance approximation I'g < mg,

we can approximate
(mg —ilw/2)" ~ m3% —implk (10.52)

and the amplitude becomes

gAB gcp
~ 10.53

where F' is the total center-of-mass energy. We see that now at £ = my the amplitude
is no longer divergent: The imaginary part in the denominator regulates the divergence.
The amplitude still has a maximum at £ = mg, but is no longer infinite. Near £ = mg,
we can further approximate

E* —mg = (E —mg)(E +mg) ~ 2mg(E — mg), (10.54)

and the amplitude becomes

1 JAB gcD
~ . 10.55
Mo ™ o B mn + iTh /2 (10:55)

Resonance Cross Section. Let us use this amplitude to compute the cross section of
the process. We earlier derived the general formula for the cross section:

M

do =
7 2E1 2E2"U1 — 'Ug’

1T 1ps . (10.56)

For the special case of 2 — 2 scattering, we can go to the center-of-mass frame. Using
momentum convervation, the four-momenta can be written as

b1 = (E17p>7 Pp3 = (E37p/)7

p2 = (E2,—p),  pa=(Ey,—p'), (10.57)
where p’ and p are related by energy conservation. The phase space differential then can
be simplified to (see also Problem 6.1)
Pl

1
1672 /s
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Here, s = (p —|—p2)2 = (Ey + E,)? is the square of the center-of-mass energy, df2 =
sin 6 df d¢ is the solid angle differential, and |p/| is determined by the conservation laws

54(]91 + P2 — p3 — pa):

1
1P| = == \/s2 — 2s(m3 + m3) + (m} —m3)* . (10.59)

2¢/s’
We can also simplify the denominator in the expression for do,

D1 y )

E1E2”U1 - U2‘ = E B, £ £,

= |p1E> — p2E1| = Vs |p|. (10.60)

The 2 — 2 cross section therefore simplifies to (in the center-of-mass frame)

(M [P
= —df. 10.61
6472s |p| ( )

do

Here |p| is given by the same formula as |p’| with (ms,my) — (mq,ms). We can now plug
in our formula for the amplitude Ms_,5 near a resonance. Noting that /s = E ~ mg
near the resonance, this gives

2
1 1 JAB gcD 1P|
do ~ = df
7% 64m2m? |2mg E —mn + iIv/2| |p|

~ (167)2m |p| (E—mg)® + [2/4

We can also compute the width g in the denominator, which is the decay rate of the
resonance R. The general decay rate formula derived earlier,

M

dl’ =
2E,

111 ps (10.63)

for a 1 — 2 process also simplifies: In the center-of-mass frame (where the initial particle
is at rest), the decay rate for the process R — C' + D becomes (see Problem 6.1):

Scplp'|

Scolp'|9én
Smmpg? ’

STmp?

I'v cp = IMg_copl® = (10.64)

Here, we used that the amplitude Mgr_cp ~ gcp, and Scp is a symmetry factor that
equals 1/2 if the particles C' and D are identical, and is 1 otherwise. Similarly, we find for
the decay process R — A + B:

. Sas|Plgip

I R—AB Y- 2
R

(10.65)
The total decay rate I'g of the particle R is the sum of decay rates of all decay channels of
the particle:

In=Y In.s. (10.66)
all possible
final states f

and it is this total decay rate that stands in the denominator of the cross section near the
resonance. The resonance R may have further decay channels besides AB and C'D, hence

98



we leave Iy in the denominator as it is. But we can eliminate gag and gcp in favor of
I'r_aB and IR_,cp, since the decay rates are the quantities that can be observed, whereas
the couplings could be effective couplings with no fundamental significance, for example if
the resonance R is a bound state of more fundamental components. Hence we re-write the

cross section as
1 1 IR A IR-cD

do ~ 10.67
4SxsSco |p|® (B —mg)” +I32/4 ( )
Performing the angular integrations, we obtain for the total cross section
m IR IR-cD
(E) ~ ; —AABIRCD (10.68)
SasScp|p|” (B —mg)” + I}3/4

This is called the Breit—Wigner distribution (after Gregory Breit and Eugene Wigner).
We have seen its functional form before, when we looked at the decay probability for an
unstable particle. Its graph is bell-shaped, similar to a Gaussian distribution,

AT (E)

(10.69)

The full width of the graph at half its maximal value, or “full-width-half-maximum?”
(FWHM) is I'g. For this reason, Iy is also called the resonance width. At the same
time, I'g is the decay rate (decay width) of the unstable particle R responsible for the
resonance.

Spin and Color Sums. In all of the above, we have neglected spin degrees of freedom.
If the resonance has spin 7, we must sum over the 25 4+ 1 possible spin states of the
resonance, which adds an overall factor of 27 + 1. Moreover, if the initial particles A and B
have spins sj and sg, and we know their spin states, we have to use the partial width
I'r_,; for these specific spin states. More commonly, one does not know the initial spin
states, that is the incoming particles are described by a completely unpolarized density
matrix

1 s
spin — . 10.
pin = 51 3 bl (10.70)

m=—s

In this case, one has to average over the initial spin states by inserting

1 SA SB
(25 + 1)(255 £ 1) > (10.71)

MA=—8A MB=—S5B

By convention, the partial decay rate Ik, into some final state f is defined as the
sum over the decay rates into all possible spin configurations of f (because one does not
care about partial rates into specific spin polarizations). The sums over m, and mp are
therefore absorbed into the definition of I'r_,xg. Similarly, the cross section ¢ is summed
over final spin states, and this sum is absorbed into I'r_,cp. Similar arguments apply to
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color degrees of freedom: One has to sum over all possible internal color states, and the
cross section is averaged over initial and summed over final color states, with the state
sums over initial and final states being absorbed into the decay widths. The general form
of the resonance cross section therefore is

_ (27 + 1)er 7T IR5aBIR-ep
(28A + ].)CA(2SB + ].)CB SABSCD|p|2 (E — mR)2 -+ Fl:%/él: '

(10.72)

o(E)

Here, cg, ca, and cg are the color multiplicities of the internal state and the two initial
states. The color multiplicity of a quark is 3, for a gluon it is 8, and for color singlets it
is 1. The width I'g in the denominator is the total width (decay rate) of R, that is the
sum over decay rates into all possible final states. In the computation of the partial widths
I'r A and IR_,cp, all final spin and color states should be summed over, as described
above.

Example. As an example, consider the scattering of an electron e~ with a positron e,
where the outgoing state is another fermion anti-fermion pair ff:

e et = ff. (10.73)

When the center-of-mass energy E = /s’ is close to the mass of the Z-boson, the cross
section o(F) will show a peak that has the form of the Breit-Wigner distribution, where
the intermediate state (resonance) is the Z boson. In this case, sx = sg = 1/2, while
J = 1. All states involved are color singlets, that is ¢ = cg = cg = 1. The two particles
in the initial and final states are distinguishable, so Sag = Scp = 1. Finally, myz > m.,
and therefore |p|2 ~ m2 /4. The cross section near the resonance will therefore have the
form

o(B) AT Laoere Loy
2-2m% (F —my)” + [2/4

We see that the cross section as a measurable function of the center-of-mass energy F = /s’

contains a lot of information: The location of the resonance peak yields the mass my of the

Z-boson, the width of the distribution yields its total decay width/rate Iz, and the height
of the peak gives us information on the partial decay rates/widths in the numerator.

(10.74)

10.4 The W and Z Widths

In a hadron collider (such as the LHC), W+ and Z bosons are produced from collisions of
quarks, which are the constituents of all hadrons. The W* and Z bosons then decay into
all kinds of particles allowed by the Standard Model.

W Width. Let us compute the decay width for the W+ bosons. By looking at the
Standard Model Lagrangian, we find that the possible decays of the W' boson into
two-particle states are

Wt = etuy,, Wt = utu,, Wt =1ty
W — ud, W+ — cs. (10.75)

The decay into tb is excluded by energy conservation, because the top quark (my = 173 GeV)
is heavier than the W* (mw = 80.4 GeV). First consider the ev, decay channel. The
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coupling between W+, e* and v, is given by the following interaction term (vertex) in
the Lagrangian:

V, e W e

9

75 W ey Pre = = (10.76)

W w*

At leading order, the matrix element M for the transition W+ — et is given by this
interaction vertex, where the field operators are replaced by the wave functions of the
respective particles. Therefore,

M = \% Wiy Pre (10.77)
where W is the wave function of the W™ boson, € is the wave function of the positron e*,
and v, is the wave function of the electron neutrino.

For the decay rate, we have to sum |/\/l|2 over final spin states, and average over initial
spin states. Instead of doing the detailed computation, we will make a simple estimate.
Because of the projector P, onto left-handed spinors, only one spin state of each e™ and v,
interacts with W*. The W; has three polarization states, but we average over them.
So the sum and average over spin states just gives a trivial factor of one. The decay
rate must have dimension (1/time). Looking at the general formula (10.64) for I', this
implies that |M|* must have dimension (mass)?. The neutrino and electron masses are
extremely small compared to the W mass. Neglecting them, the only quantity that can
supply the mass dimension is myw. We do not know the numerical prefactor, but the naive
choice is to just replace the product of wave functions for given spin states by myy, that is
WJ Vv PLe — myy. Since summing and averaging over spin states gives a trivial factor

one, this would result in |./\/l|2 = g2m%;/2. The correct answer is

2,2
2 oMy
==

|-A/lW+—>e+zxe (1078)

so our estimate is off by a factor 2/3. We got pretty close with our naive approximation!
Using the general formula (10.64), we find for the decay rate

Setu. | P’
FW+—)€+I/6 e | |-/\/lW+—>e+ue

‘2 — @ gj
8rmiy

— ) 10.79
8t 3 ( )

Neglecting the electron and neutrino masses, we can identify |p’| &~ my /2. Therefore

I+ ety = = — My, %)

= . 10.
167 3 12 4 (10.80)

The computation did not depend on the final particles’ masses. For all decay channels,
the final state is a pair of spin 1/2 fermions. Hence the partial decay width for all decay
channels is the same. For the quark anti-quark final states, we also have to sum over all
color states. Since the W is a color singlet, also the final state must be a color singlet.
With three possible colors, a quark anti-quark pair can form three possible singlets: r7,
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¢g, and bb. Hence we have to count the quark final states with a factor of 3. Counting all
possible final states, we find for the total decay width

3
FW+:(1+1+1+3+3)Fw+_>e+1,e:ZangQQGeV. (1081)

An identical computation gives the same result for the charge conjugate W~: I- ~ 2 GeV.
This is indeed very close to the experimental value Iy = 2.085(42) GeV. The W* is a
rather narrow resonance, with 'y /mw =~ 1/40.

Note that the result depends on the number N. of possible colors for each quark, and
that the result matches experiment with N. = 3. Final quark and lepton states can clearly
be distinguished from each other, and one finds that a W= decays twice as often into
quarks as it does into leptons. So even though the measured process does not involve the
strong force directly, it confirms that leptons are colorless, and that the number of quark
colors must be three.

The Z Width. The width of the Z boson can be computed in a very similar way. In
this case, the possible decay channels within the first family are

Z —ete | Z = Vele , Z — i, Z — dd, (10.82)

and there are similar decay channels for the other two families. Essentially the only
difference compared to the W¥ decay is that one has to sum over left-handed and right-
handed fermions, and the squared coupling (g2/v/2’ )2 has to be replaced by the square of
the electroweak charge

( 9 (Tgf—Qfsin29W)>2. (10.83)

cos O
The total decay width works out to (see Problem 6.2)

Iy ~24GeV (10.84)

This is again very close to the experimental value I'; = 2.4952(23) GeV. The Z boson
is the most precisely measured resonance, see Figure 2. The Large Electron-Positron
Collider (LEP) at CERN (the predecessor of the LHC, in the same 27km tunnel), was
able to measure both the Z width and the Z mass my = 91.1875(21) GeV to an accuracy
of ~10 MeV. For the Z mass, this is a relative precision of ~0.002 %.

To get to this level of precision, the LEP group had to take into account all kinds of
environmental effects. For example, tidal forces from the moon distort the rock around
the accelerator, changing the 4.3 km radius of the accelerator by £0.15 mm; this changes
the beam energy by ~10 MeV, so the data has to be corrected accordingly! Another effect
is the TGV railway line, which leaks currents that return to earth via the nearby Versoix
river and the LEP ring: Each time a train passes by, a small current circulates the ring,
slightly changing the magnetic field, which again changes the beam energy by ~10 MeV.
These examples give an idea of the accuracy to which such experiments are performed.

Lifetimes. From the equation for the decay lifetime, we note that the Z and W lifetimes
are about 7w = 1/I'wy ~ 1/2GeV~!. In our natural units where i = ¢ = 1, we have
1GeV~! = 6.6 - 107 sec, hence the lifetime is 7w ~ 3 - 107?° sec. In its lifetime, a W=
can travel a distance of yery, where v = E/my is the Lorentz factor. Since E/my < 100
for any foreseeable machine, and ¢ = 3-10'% cm/sec, the distance a W can travel is
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Figure 2: The measured total cross section of processes ete™ — hadrons shows

a clear resonance peak. The peak is centered at the Z boson mass my = 91.2 GeV,
the width of the peak is the Z boson width I';. The figure shows data com-
bined from various experiments. (Image from https://cerncourier.com/a/
revisiting-the-b-revolution/)

<107'2cm. Detectors can resolve distances of ~1072 cm, so a W+ (and similarly a Z) will
always decay before it can be detected, and its presence can only be deduced from its
decay products.

Invisible Width and Neutrinos. One of the most important aspects of the Z width
is that any new particle that has a non-zero weak isospin or non-zero electric charge will
couple to the Z boson, and will therefore appear in Z decays. For example, if additional
families of particles would exist (besides the three known families), Z could decay into
their neutrinos. The partial decay rate into a vv pair is =160 MeV. Therefore every new
neutrino would increase the total decay rate I’y by ~160 MeV, which is clearly in conflict
with the measured width 1.

Charged particles leave clear signatures in detectors, but neutrinos are basically
impossible to detect. Nonetheless they contribute to the total width I'; of the Z resonance
cross section. The partial decay rates I'z_,,; and Iz 4+, into quarks (hadrons) and
leptons can be measured separately (from the height of the cross section at the resonance
peak). From this data, one can compute the invisible decay width

Fiva = FZ - Fz_>g+g— - I’Zﬁqq (1085)

Calling I'y” the expected invisible width for one family of neutrinos, the current experi-
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mental result from LEP is I}V /I'y” = 3.04(4), which clearly accounts for the three decays
Z = Vole, 4 — Uy, and Z — Uyv,, and rules out further families with light neutrinos
with a large confidence level. This result also tells us that heavy neutrinos cannot exist,
unless they are heavier than my/2 ~ 45.6 GeV.

This results seems unsurprising, given our current knowledge. But before LEP started
in 1987, the number of quark and lepton families was unknown. In fact, the upper bound
on the number of light neutrinos was very weak: There could have been as many as ~6000
different neutrinos. These would have completely washed out the Z resonance, which was
a realistic fear at the time. But it took only a few weeks of measurements and analysis in
1989 to determine that there are no more than three neutrinos. For an interesting tale of
the LEP Z boson measurements and the number of families, see [2].

11 More Aspects of the Standard Model

11.1 Measurements of Parameters

To test more predictions of the Standard Model, one must determine the numerical values
of its parameters: Masses of the gauge bosons and fermions, «, sin? Oy, the QCD coupling.

e The electromagnetic coupling o = €?/4m can be measured in many ways that do not
require particle physics.

e The electroweak mixing angle fyy appears in the electroweak neutral current coupling
(T3 — Q3sin? Oy ), and so many different 2 — 2 fermion cross sections depend on it.
The fact that all these cross sections are consistent with a unique value of Oy is a
strong consistency check of the Standard Model.

e The coupling g, = e/ sinfyw can also be measured from muon decay p~ — v e v,

via a W~ boson:
p o
—,—Qe’ (11.1)
W~ Ye

The decay rate of this process can be computed,

GQ 5 G 2
T (11.2)
19273 V2 8miy
where Gy is the Fermi coupling. The lifetime of the muon can be measured very
accurately,
1
Tu = - = 2196981 1(22) - 107 % sec. (11.3)
n
This gives (including quantum corrections to I,):
Gr = 1.166 378 7(6) - 107> GeV 2. (11.4)
Using go = ¢/sinfw, a = e¢*/4r = 1/137, and the definition of G, this can be
written as 37
mwy ~ — ~ T77GeV (11.5)
sin O

where we put in sin? fyw = 0.23 to get the numerical value. This was the historical
prediction of the W mass. To detect the W and Z bosons, the collider experiments
were designed to be most sensitive in this energy region.
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11.2 Higgs Production and Decay

A central ingredient of the Standard Model is the scalar “Higgs field”, whose non-zero
vacuum expectation value spontaneously breaks the electroweak gauge symmetry, thereby
explaining the masses of the W+ and Z bosons. At the same time, the Higgs field explains
how all fermions can acquire masses. In turn, the Higgs mechanism firmly predicts the
existence of a scalar “Higgs boson” h. Since the Standard Model is consistent with all
measured particle phenomena to extraordinary precision, it was firmly believed that the
Higgs particle must indeed exist, long before it was confirmed experimentally.

The Higgs boson is difficult to observe because its couplings to the other particles is small
(proportional to their masses), and also because its mass my, was largely unconstrained by
the theory: We saw that my depends on the parameter A\ in the Higgs potential, whose
value was unknown. Hence the search for the Higgs boson had to be carried out across a
large range of energies. The search was one of the main motivations to build the world’s
biggest and most complex experimental facility, the Large Hadron Collider (LHC) at
CERN.

The discovery of the Higgs boson was finally announced in 2012/13. All measurements
since then show that its interactions and decays are exactly as predicted by the Standard
Model. Current studies investigate whether it has all the predicted properties to even
higher precision, or whether the theory has to be modified. For example, some theories
predict the existence of multiple Higgs bosons.

Higgs Production. The dominant process for Higgs production at the LHC is gluon
fusion via a top loop:

G
—y—— (11.6)
G

The LHC collides protons. Each proton consists of three quarks, that are held together by
gluon exchange (the strong force). Two such gluons can produce a Higgs boson through
the above process. The particle in the loop could be any quark (any particle coupling
to both gluons and the Higgs), but because the coupling to the Higgs is proportional to
the particle’s mass, the top quark channel strongly dominates. Other Higgs production
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processes are

W/Z tusion: W -2

t/t fusion: ——> (11.7)

W/z
W/
W /Z Bremsstrahlung: -
B > p,
2
But these processes are all much more rare than the top-loop process.

By the time the Higgs particle was found, the total number of Higgs particles produced
was about one million. That sounds a lot, but the number of events that were actually
detected is much lower: The Higgs boson is observed through its decay products, and
isolating those events from all the other processes happening in the collision is difficult
(the raw event rate at the LHC is ~600 million per second).

Higgs Decay. The most obvious decays are into fermion anti-fermion pairs, and since
the Higgs coupling is proportional to the fermion mass, the most frequent decays are into
the heaviest fermions:

£ b

-
—— > _£_>,_< (11.8)
v o

The Higgs boson can also decay into two W or Z bosons, which will then further decay

into quarks or leptons (since the W and Z are too massive, at least one of them will be
off-shell):

(11.9)

A Higgs boson could also decay into two gluons, by reversing the gluon-fusion process that
dominates its production. By the same process, it can also decay to two photons:

) v
—_S (11.10)
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There are two more processes by which a Higgs boson can decay into two photons:

- W
W A A
A L
— > (11.11)
W I
) W r
The total decay rate of the 125 GeV Higgs boson splits into the following branching ratios

I ¢/ (a branching ratio is the ratio between a partial decay rate I}, s into a specific
final state f and the total decay rate I}, of the particle):

Final state f I, ;/I}°" Observed

bb 0.57 yes
W+Ww- 0.21 yes
2 gluons 0.09 no? (11.12)
7'+7'_ 0.06 yes
cc 0.03 no?
47 0.03 yes
2 photons 0.002 yes

The bb decay is so dominant because for fermionic decays I' ~ |/\/l|2 ~ m?, where m is
the mass of the final fermion, and for quarks there is an extra factor of three for the color
degree of freedom.

The most common decays are difficult to detect due to a lot of background “noise”
from other processes. Even though the branching ratio for the two-photon final state is
very small, this channel has a clear signature in the detector, and here the Higgs boson
was first seen. At the time of the discovery, the number of relevant events was about
0.002 - 1000 000 = 2000.

Any scalar particle can decay into two photons, so even though the peak in the two-
photon cross section was in the expected Higgs mass range at 125 GeV, it does not clearly
identify itself as a Higgs boson resonance. But the decays to WTW ™ and ZZ, as well as
to bb and 777 strongly confirm that the newly found particle is indeed the Higgs boson.
All of these decays are separately measurable. The W*W ™~ and ZZ decays confirm that
the Higgs field has a non-zero vacuum expectation value v # 0 that breaks the electroweak
symmetry (recall that the KWW~ vertex comes from the ¢'WTW ¢ term in the Higgs
field Lagrangian after symmetry breaking ¢ — v + h). The fermion channels bb and 77~
confirm that the Higgs coupling is proportional to the particles’ masses, and that the same
mechanism works both for quarks and for leptons.

After the discovery of the Higgs boson, the 2013 Nobel Prize was awarded to Francois
Englert and Peter Higgs, for the theoretical discovery of the Higgs mechanism.

11.3 Color Confinement, Jets, and Hadrons

Color Confinement. The strong force behaves very differently from the more familiar
electromagnetic force. The reason is that the force-carrying gluons themselves are color-
charged, unlike photons (the carriers of the electromagnetic force) which are electrically
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neutral. The EM field between two opposite charges spreads in all spatial directions as
the two charges separate:

A 10
(=

As a result, the EM force decreases as ~1/r* with the distance r between the two charges.
On the contrary, because gluons are charged, the color force field lines between two
color-charged objects (such as quarks) stick together and form a narrow “color flux tube”
that extends between the two charges:

ISS=c=c=4g 1

For this reason, the force between two color-charged objects is constant, that is independent
of their separation! For this reason, color-charged objects can never be separated, since
this would require an infinite amount of energy. This feature of the strong force is called
color confinement. 1t is not fully understood theoretically (in fact there is a $1 000 000
prize for its theoretical proof), but the above considerations are strongly supported by all
observations, as well as by numerical simulations (lattice gauge theory).

(11.13)

Jets. When two color-charged objects (quarks or gluons) are produced in a scattering
experiment, and move in different directions at a high energy (with large momentum), the
energy in the color flux tube increases until it reaches a level where quark anti-quark pair
production becomes energetically favorable. Such a pair can split the color flux tube in

two:
=

—_— =
@@= —® — 9

——— e ”

o o 2 (11.15)

This process repeats until most of the energy is absorbed in pair creations. Each high-
energy quark (or gluon) hence fragments into a bunch of color-neutral hadrons (particles
made of quarks and gluons) that all move in roughly the same direction. This process
is called hadronization. The resulting bunch of particles is called a jet and is what one
observes in particle detectors. Experimentally, a 10 GeV quark fragments into ~7 hadrons,
while a 100 GeV quark fragments into ~15 or so hadrons. Since the lightest hadrons are
pions, they form the majority in jets.

Hadrons. Since quarks and gluons can only occur in color-neutral combinations, they
always form bound states, called hadrons. There are several ways to form color-neutral
states. The most obvious is to combine one color with its anti-color, for example rT (red
anti-red). Such states are formed from two quarks, and are called mesons. The lightest of
these are pions, with quark content uw, dd, ud or ud.

Another possibility is to combine three quarks in the totally antisymmetric combination
8ijkqiq§q§ , where 7, j, k € {r,g,b}. Such states consisting of an odd number of quarks are
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called baryons. The lightest and most stable (and most familiar) of these are the proton
and the neutron. Of course, more complex states could be formed, such as qqqq, or qqqqq.
Such tetraquarks and pentaquarks have higher energies and are unstable, but some of them
have in fact been observed recently at the LHCb experiment at CERN.

Color singlets can also be formed from gluons. Such states are called glueballs. For
example, two gluons can be combined by symmetrically summing over all colors (this is
the singlet in the product 8 x 8 of two gluon color octet/adjoint representations). Such
states are also mesons. Glueballs have not been directly confirmed experimentally. They
mix with the ¢¢ mesons, and sometimes have the same quantum numbers. They hence
contribute to the total number of mesons states, which could be measurable.

Status of QCD. Experimentally, all predicted low-lying mesons g and baryons gqq are
observed (some dozens of states in total). Some extra meson states have been observed,
which have the quantum numbers expected for glueballs. No states have been observed
that were not predicted by the theory. All properties of mesons and baryons are consistent
with the quark picture of QCD.

On the theoretical side, the bound-state spectrum and all low-energy dynamics of
QCD (like hadronization of quarks) is basically impossible to compute analytically. The
reason is that the QCD coupling constant asz := g3 /47 is large (>1) at low energies, and
hence no perturbative expansion in terms of Feynman diagrams is possible. Only at high
energies >1GeV (as in high-energy collisions) does QCD become weakly-coupled (a3 < 1),
and perturbation theory gives reasonable answers. For the bound-state spectrum and
low-energy dynamics, one has to resort to numerical lattice simulations (lattice QCD).
Figure 3 shows the agreement between the experimentally measured hadron spectrum and
various lattice QCD computations.
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Figure 3: Hadron Spectrum from various lattice QCD computations (colored
symbols) versus experimental values (black lines). Figure from [3].
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11.4 Renormalization

General Idea. It was mentioned at several points that the coupling “constants” «,
i € {1,2,3} of the electromagnetic, weak, and strong interactions are not really constant,
but rather depend on the energy scale of the interaction process. We want to understand
this point a bit better. The basic mechanism is particle pair creation. Picture two electrons
interacting via photon exchange:

(11.16)

[
The higher the energy concentration, the higher is the probability that eTe™ pairs will
form. Any number of such pairs could form, and they will have an influence on the photon

exchange interaction between the two “probe” electrons. In terms of Feynman diagrams,
we have to include the following diagram:

(11.17)

This diagram is subleading in the coupling constant, but due to the propagators of the
virtual electrons in the loop, its contribution depends on the energy scale: When the
energy of the virtual photon is large, it will give a larger contribution than when the
energy is small.

The Amplitude. Let us first consider the simpler process of photon emission. The
leading and first subleading diagrams for this process are

k I

(11.18)

We will not go into the details of the computation, but summing over all possible interme-
diate states (momenta and spins), the two terms work out to

cu(k )y u(k)e, (14 1(¢%)) (11.19)

Here, u(k) and u(k") are the spinors of the incoming and outgoing electrons, and ¢, is
the polarization vector of the photon. I(¢?) is the loop correction, and is an integral that
depends on the four-momentum ¢ of the emitted photon,

() = 2 /OOW—M/OIdxx(l—x)log<1—W>, (11.20)

3m Jm2 p? T m?
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where m is the electron mass. The integrals stem from the integration over all (uncon-
strained) possible momenta running inside the virtual electron loop.

Notably, the first integral gives a logarithmic divergence ~ log(oco) from the upper
integration limit! This is one of the typical infinities that arise in quantum field theory.
For the moment, we regulate this infinity by replacing the oo in the upper integration
limit by some large but finite value A. The first term then gives

;log</12) . (11.21)

The second integral is finite and can be computed analytically. We are most interested in
the short-distance /large momentum-transfer behavior, where ¢* is large and space-like.
Hence we make the approximation —g?/m? > 1. In this case, we can approximate

log <1 — q%(l—x)) ~ log<_q2> : (11.22)

m2 m2

Using [ dzx(1 — x) = 1/6, the contribution I(¢?) becomes

a A2 a —q? a A2
() = ——log| — | = —log| — | = —log( —; | . 11.23
(@) = o og<m2> o og(m2> o og(_q2 (11.23)

The dependence on m? has dropped out, as expected for a high-energy limit. Attaching
the other electron current eu(p’)y,u(p) that absorbs the photon, we find for the 2 — 2
amplitude

k L’ L k'
M = %? ) + ?
L_HI’E’ f ?V '

= (1= om0 ) ) a0 ). (11.22)

So far we have summed the terms with zero and one fermion loop. We can in fact add all
terms where the virtual photon is dressed with any number of loops in a chain. Since all
intermediate photons will have the same momentum ¢, the loops factor, giving a geometric
series 1 — e+ ¢ — ¢ + ... that sums to 1/(1 + ¢). Therefore, the full coefficient should be

62

T Eroa(E) (11.25)

Running Coupling. After this computation, now comes the main physics point. So far,
we have been assuming that o = €?/4m &~ 1/137. But the value of « (or ) that we actually
measure in experiments necessarily includes all terms with any number of fermion loops,
so we should get the measured value 1/137 only after adding all these loop contributions.
And the answer of this computation depends on the transferred momentum ¢?! The
measurement of a has to be performed at a certain value of ¢* (that depends on the
experiment). Let us call the value of ¢? in the measurement —u?, so that o = 1/137 at
q*> = — 2. Now call the value of e that appears in the Lagrangian the bare coupling e, and
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ap = e2/4m. Then the physical amplitude is given by the sum of terms with any number
of loops,

e €o o
— + 660 + ... (11.26)
e €o Co
and the value of o measured at ¢> = —pu? is
Qo
a(p?) = = log(ﬁ—i) . (11.27)
At any other value of ¢2, we find
a(q’) 0 o (11.28)

T + g‘—;log(_A—;) 1 + 32 (log(ﬁ%) +10g(_’%>) |

Now we can use (11.27) to simplify the denominator:

alq?) = 0 = o) . (11.29)

st +inlog(2a) 14 lox(2)

Remarkably, the dependence on ag and on the momentum cutoff A has disappeared! Only
finite, physical quantities enter this equation: a(u?) is the measured value of the coupling
at some particular momentum —u?, and ¢? is another physical momentum. The coupling
a(q?) is called a running coupling constant.

Further Fermions. In our computation, we have corrected the photon propagator with
electron loops. Similar loops are contributed by muons, tau leptons, or quarks. The
correction terms have to be summed over all particles that can run in the loops. If all
fermions satisfy |¢?| > m?, the log term in the denominator should be multiplied by a
factor

4 1
ng+3(9)nu+3(9>nd, (11.30)

where ny is the number of charged leptons, n, is the number of up-type quarks with charge
2/3 e, nq is the number of down-type quarks with charge 1/3 e, and all quarks come with
a factor of three for color. Each term comes with a factor (charge)? since it couples to a
photon at each side of the loop.

If —¢? is not large enough, some heavy fermions might give a reduced contribution
because the fermion mass in the propagators will suppress the momentum integral. Hence
a full computation will give threshold effects as —¢? increases. If quarks and leptons only
occur in complete families, then N families contribute

4 1 SN
N{l+-4+<-)=—". 11.31
( +3+3) 3 ( )

Loops with W have to be included as well if |¢?| > m¥,. If a particle is much heavier
than the exchanged momentum, m? > |¢?|, then its effect on the running coupling drops
off as ~1/m?; this is called “decoupling” of the particle.
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Qualitative Picture. The sign between the two terms in the denominator of

2 O‘(NQ)
alq®) =
(@) 1+ Lg’f) log(f—;)

(11.32)

is very important: As |¢?| increases, the logarithm decreases, and hence a(q?) increases.
Conversely, a(q?) decreases as |¢?| decreases. Physically, this is a screening effect: Imagine
a negative charge at the origin. Close to this charge, fermion anti-fermion pairs will
spontaneously form. These pairs can be thought of as the loops that correct the photon
propagator. For each pair, the positively charged particle will be attracted by the negative
charge at the origin, whereas the negatively charged particle will be repelled:

g

E D ee >, (11.33)

0

This situation is similar to the classical situation of an electron inside a dielectric medium:
Through the polarized “molecules” (particle anti-particle pairs), the electric charge of
the electron gets partially screened (dielectric screening). For a probe particle at some
distance, the negative charge at the origin will be shielded by some net positive charge.
As the probe gets closer to the origin (smaller distance <+ larger momentum), it sees less
screening charge, and therefore a larger net negative charge, which lets a increase.

The asymptotic value of a at low energies is the familiar o = 1/137. At the scale of
the weak bosons W# and Z, about 90 GeV, the effective value is a(m%) ~ 1/127. So the
effect is not negligible.

11.5 Asymptotic Freedom.

Quark and Gluon Loops. A very similar effect occurs for QCD, but there is a new
feature with remarkable consequences. The gluon emission process is corrected by two
types of diagrams:

b 1

(11.34)

The quark loop in the second diagram gives the same contribution for each quark flavor,
since the quark-gluon coupling is flavor-independent. This diagram gives the same contri-
bution as the loop correction in the QED case, only, due to color factors, the coefficient
a(p?)/3m changes to as(u?)/6m for each flavor.

The third diagram provides the new feature. It has the same space-time structure as
the second diagram, but gives an important numerical factor. Since eight gluons contribute
(and only six quarks), and the color charge of a gluon is larger than that of a quark, the
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third diagram contributes more than the second. More importantly, its contribution has
the opposite sign. The reason is that gluons carry color charge. Qualitatively, this is easy
to understand: Consider for example a “red” quark ¢, at the origin. The quark can emit
a gluon, for example ¢, — ¢, + G5, Then a probe would not see the blue color charge
concentrated at the origin, but somewhat moved out into the surrounding gluon cloud.
Hence there is an anti-screening effect, because radiating gluons dilute the charge. This did
not happen with photons in QED, since photons have zero (electric) charge. The higher
the energy |¢%|, the more gluon radiation, and the more charge dilution occurs. In the
high-energy limit, the charge is completely diluted, and the point-like quark is effectively
colorless and therefore effectively free!

Asymptotic Freedom. This property is called asymptotic freedom, and it was first
observed experimentally in the scattering of electrons from quarks in hadrons, before the
strong force was explained by the QCD theory. But when it was later discovered that
asymptotic freedom comes out of the QCD theory, this was a major factor that led to the
acceptance of QCD as the correct theory of the strong force, and in particular of the idea
that quarks are real particles and not mere theoretical constructs.

The result of combining the quark and gluon loop diagrams is the replacement (com-
pared to the QED case)

aél:) o agi;ﬁ) (11 _ §"f> , (11.35)

where ny is the total number of quark flavors. The renormalization of the QCD coupling
constant is therefore given by

az(p?)
1 — U2 (33 — 2ny) log (44, )

127 —q>

as(q?) = (11.36)

There is a running of the coupling constant, as for QED. The formula is consistent with
decay and collider experiments at various energies. Unlike in QED, as long as 33 — 2n; is
positive (recall that presumably ny = 6), when |¢?| increases, the denominator increases,
and a3(q?) decreases. This is the behavior of asymptotic freedom: At large energies, the
coupling becomes small.

Confinement. At the other end of the spectrum, for small |¢?|, the two terms in the
denominator have opposite signs, so as becomes large. At some value —q¢? = AQQCD, the
denominator can vanish, so the QCD force apparently becomes infinitely strong. This is of
course unphysical, and shows that our approximations are not valid in this regime. Still,
the QCD coupling will become very large at this energy scale. Solving for Aqcp,

w2 127
log 5 = 5
Agep  as(p?)(33 — 2n)
o
A = — . 11.37
= QCD — H eXp( ()(3(,&2)(33 — an)) ( )

Suppose at some large p?, for example p = 10 GeV, that as ~ 0.2 (this is roughly correct)
and ng = 5 (the top quark is too heavy to contribute at this energy). Then we can infer
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from the above formula:

19

— -1 ~ 180 MeV . 11.
23/5> 0GeV ~ 180 MeV (11.38)

AQCD R exp <—
One can therefore expect that QCD becomes very strong at a scale of a few times Agcp.
In this strongly-coupled regime, all colored particles will form color-neutral bound states.
Hence all quarks and gluons have to become bound into colorless hadrons at this scale.
This is called color confinement, and is exactly what we observe (protons and neutrons
have energies of ~1 GeV).

Comparison of Couplings. We can sketch the values of the three couplings as functions
of the momentum transfer |¢?|:

«.

t

(11.39)

> / 2

7
We saw that « increases with |¢?|, and a3 decreases. The result for ay is similar to as:
The gauge boson loops dominate because the electroweak charge of the W bosons is larger
than that of the fermions. The result is the same as for as (11.36), with the number 33
replaced by a slightly smaller number.

As becomes clear from the preceding discussion, all forces associated with non-Abelian
gauge symmetries will be asymptotically free at high energies, but are strongly coupled at
low energies. Forces with larger gauge symmetry groups will be more strongly coupled than
forces with smaller gauge groups. Forces arising from an Abelian U(1) gauge symmetry
are weak at low energies, and therefore not confining. This is the reason that only the
electromagnetic force is weak and long-ranged at low energies, whereas the weak and
strong forces are very short-ranged due to their confining nature. The behavior sketched
above suggests that the three forces have similar strengths at large |¢?| than at the more
familiar, lower values of |¢?|.

11.6 Quark Mixing Angles

Eigenstates. There is one ingredient to the Standard Model Lagrangian that we did not
incorporate yet. Notice that, with the Lagrangian that we have written so far, the heavy
down-type quarks (strange and bottom) are stable! They do not couple to any lighter
quarks, and hence have no decay channels. This is not in accordance with observations.
The reason for this situation is an implicit assumption that we made: We assumed that the
quark flavors that form the components of the left-handed SU(2)w doublets are identical
to the quark states of definite mass. In other words, we assumed that the eigenstates of
the electroweak Hamiltonian are at the same time eigenstates of the (massive) kinetic
Hamiltonian. We have no reason to make that assumption, and in fact it is wrong.
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Cabibbo Angle. First suppose that there are only two families of quarks. Denote by wu,
d, ¢, and s the mass eigenstates, that is the free states with definite energies. The charged
current we wrote earlier that couples to the W bosons can then be written as

Jh=(u ¢)yn (;l) = Uy Prd + 4" Pys (11.40)

where we have used row and column vectors in flavor space, and we have used the mass
eigenstates. But in fact the weak eigenstates (eigenstates of hypercharge Y and isospin
T3) could be different from the mass eigenstates (in fact they are). So in the current, we
should replace d and s by d’ and §’, where ¢ are the weak eigenstates. The new eigenstates
can be written as linear combinations of the old,

(9,0,

where V' is a 2 X 2 unitary matrix. Every such matrix can be written in terms of three
real angles 6, a, and v as

cosfe®  sinfe
V= (— sinfe™ cosf e_io‘> ' (11.42)

The angles v and « can be absorbed into the definitions of the quark states:

d — e d s —es’, s — e 10795 (11.43)
Then the transformation is
cos@ siné
V= (— sinf cos 0) ’ (11.44)

and the charged current that we should have used from the beginning becomes
_ d d
Jh = ( c) “H P, (s’) = (u c) Y PLV (s)
= uy"Prdcosf + uy' Pyssin @ — ey" PLdsin 0 + cy* Ppscos 6. (11.45)

There are two new terms, both multiplied by sin #, and the old terms are reduced by a
factor cos . The angle 0 is called the Cabibbo angle, its experimental value is 6 ~ 13°. If
0 was zero, the s quark would be stable. Now, with non-zero , it can decay to a u quark
by emitting a W™, via the second term in the current. The electroweak vertices are now

(11.46)
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In this computation, we only rotated the down-type quarks. This is in fact the most
general rotation: Had we also rotated the up-type quarks, the current would have been

Jh = (&) VA" PLVaow <‘j> . (11.47)

But the product of the two rotations VJdeown is again a rotation, so we can replace it by
a single rotation V' that only acts on the down-type quarks.

Next, let us check what happens to the neutral current that couples to the Z boson. It
has the form

Then = D (]?L’Y“[T?) — Qsin? Ow] fi + fay"[0 — Qsin® Ow]fR> : (11.48)

f=u,d,c,s

The down-type quarks that we rotate have identical charges T3 and (). In other words,
the square brackets are proportional to the identity matrix in (d s) space. Therefore the
rotation V' does not change the neutral current at all: The neutral current is diagonal
both in mass eigenstates and in weak eigenstates.

This observation has an important consequence: There is no interaction vertex of the
form sdX (where X could be any particle). Therefore, decays involving s — d, called
flavor-changing neutral currents are much less common than s — wu (charged) decays:
An s can only turn to a d through some non-trivial intermediate state. Flavor-changing
neutral currents are interesting since they are possible probes of new interactions.

CKM Matrix. We can generalize these results to all three quark families. Including all
quarks, the charged current becomes

d
Jh=(u ¢ t)y'RV|s|, (11.49)
b

where V' is now a 3 x 3 unitary matrix. Such a matrix in general has 9 real parameters.
We can re-define the phases of five quarks (an overall phase of all quarks does not change
anything), so 4 parameters remain. An orthogonal matrix describing real 3 x 3 rotations
has only 3 real parameters, so one parameter of V' could still be a complex phase.

The matrix V' is called the Cabibbo—Kobayashi-Maskawa (CKM) matrix. Its entries, or
rather their magnitudes, all have been measured, they are

Vida Vas Vb 0.974 0.225 0.0035
Viag = | Vea Vi Ve | = |0.225 0973 0.04 | . (11.50)
Via Vis Vib 0.009 0.04 0.999

One can see that transition from one family to the next (along the mass scale) are small,
and transitions between the lightest and the heaviest family are very small.

The real matrix Vp,,, accounts for three of the four parameters of the full CKM matrix
V. The fourth parameter is a complex phase. It can enter in various ways, as it can be
shifted around by re-defining the quark phases. The common way to include it is to split
the matrix V' into three subsequent Euler rotations,

V' = Vas(0as) - Vis(013) - Vi (612) (11.51)
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and to modify the rotation Vi3 by a complex phase e':

cos B3 0 sinfyze

Vis — 0 1 0 : (11.52)

—sinf3e? 0 cosbs

where 603 is a real angle, and § is the phase. ¢ is measured to be § = 1.20(8) radians,
which is large. This non-zero phase means that terms ~W,J) can be complex, which
means that the theory will not be invariant under time reversal! By CPT symmetry, time
reversal is equivalent to a CP transformation (charge conjugation and parity), hence the
non-zero phase ¢ is important for understanding CP violation, as we shall see below.
Due to the non-trivial CKM matrix, also b quarks can decay: One of the terms in the
current is
Y PLVonb (11.53)

hence the bottom quark can decay into a charm quark and a W boson (which in turn
decays into quark or lepton pairs):

C

(11.54)

W

Since Vg, =~ 0.04 is small, the bottom quark is relatively long-lived, considering its mass.
For its width, one finds
Iy
FT
so the b quark lives about 2.5 times longer than the tau lepton. This lifetime is long
enough to observe the bottom quark directly, by the separation of production and decay
vertices in the detector.

~ 0.4, (11.55)

Lepton Mixing. We could similarly rotate the weak lepton eigenstates relatively to the
lepton mass eigenstates. However, assuming that all neutrinos are massless, such a rotation
would make no difference. In the case of quarks, we chose to rotate the three down-type
quarks, but we could as well have rotated the up-type quarks instead. For leptons, this
would mean to rotate the neutrinos among each other. But we can anyhow not tell the
neutrinos apart by their mass. In other words, in the three-dimensional neutrino state
space, we can pick the neutrino mass eigenstates arbitrarily. By definition, we just use the
weak eigenstates as the mass eigenstates.

11.7 CP Violation

CP Symmetry. Many physical phenomena are invariant under parity transformations P
that invert all spatial coordinates, @ — —x. By now, we understand well that the Standard
Model is not parity invariant: The parity transformation exchanges left-handed and right-
handed spinors. The weak interactions couple left-handed and right-handed fermions
differently, so it manifestly breaks parity symmetry.
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However, we can combine parity with charge conjugation C, which turns all particles
into their anti-particles. C by itself is not a symmetry of the Standard Model, as the
weak interactions couple left-handed fermions differently than left-handed anti-fermions.
However, the combined CP transformation turns left-handed fermions into right-handed
anti-fermions, and these do appear symmetrically in the weak interaction Lagrangian, so
the weak interactions are symmetric under CP transformations. In the 1950’s, it was
proposed that CP-symmetry could be a true symmetry of fundamental physics.

CP Violation. In 1964, Cronin and Fitch observed that CP symmetry is broken
(violated) in the process of neutral kaon decay (neutral kaons K are mesons consisting of
a down and a strange quark). This was a completely unexpected surprise, and opened
the door to questions that are still central to particle physics and cosmology today. The
discovery was awarded with the 1980 Nobel Prize.

To understand how CP violation arises from the Standard Model, we recall that the
combination of charge conjugation, parity, and time reversal (CPT) is a true symmetry
for all quantum field theories. Hence a violation of CP is equivalent to a violation of time
reversal T. Quantum mechanically, time reversal transforms the Hamiltonian as

H—THT™ . (11.56)

Hence time reversal symmetry requires
H=THT . (11.57)

In quantum theory, the time reversal operator is an anti-unitary operator: T' = UK,
where U is unitary, and K is the complex conjugation operator. This can be understood
by considering the canonical commutator [z,p] = iA. Time reversal does not change
coordinates x, that is T2T~! = z, but it reverses momenta p, that is TpT ' = —p.
Therefore, T must be anti-unitary, that is 7i7—! = —i.

As a result, the Hamiltonian H can only be time-reversal invariant when it is real.
Conversely, a complex Hamiltonian cannot be time-reversal invariant, THT ! # H, and
therefore breaks CP symmetry. We saw above that the CKM matrix V' that enters the
charged current via

d
(@ ¢ t)y"RV s (11.58)
b

is indeed complex, due to the non-zero phase 6. Hence the Standard Model indeed
incorporates CP violation. Specifically, CP symmetry is violated by interactions between
charged quark currents and W+ bosons.

Neutral Kaon Decay. CP violation has been observed in decays of kaons and of b
quarks. There are two neutral kaon states, K° = (ds) and its anti-particle K° = (ds). It
is more useful to consider the CP eigenstates

Ks=K°+ K", K, =K°—K°. (11.59)
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The state Kg is even under CP transformations, while K, is odd. The most common
decay mode for neutral kaons is K — 7m to two pions. For example:

_/-/'s""/;[
K e wi .
5~+—© L (11.60)
w

The 7 final state is an even CP eigenstate. It could be 7%7°, or 7% 7, both are even under

CP transformations. Assuming that CP-symmetry is respected, the Kg state can decay
into 7w, but K, cannot. Since all other decay modes have much smaller widths, the K,
state has a much longer lifetime than the Kg state (the subscript L stands for “long-lived”).
This is indeed observed, showing that CP is at least approximately a symmetry.

To study a possible CP violation, one can compare two decay channels that are CP
conjugates of each other. The most common are the semi-leptonic decays

_ w? *
Ko S Ww<i
d _
U R
\4 §>W
_ -

< L
K Ve
0 -
d \\f\\ W
25T
If CP-symmetry is preserved, the two decays should occur with identical probabilities.
Measuring the decay rates for these two channels gives

(11.61)

F(KL — 7T_€+Ve) — F(KL — 7T+e—De)
F(KL — ’/T*€+I/e) -+ F(KL — 7T+67176)

= 0.00333(14) . (11.62)

Thus one observes indeed a small CP violation. The violation is small, but clearly non-zero.

11.8 Parameters of the Standard Model

With the quark mixing matrix, our formulation of the Standard Model is truly complete.
To conclude its description, we list its free parameters, whose values have to be measured
and used as an input to the model, in Table 1. There are 19 such parameters in total.
Instead of the electroweak couplings g; and g, one could also use the electron charge e
and the electroweak mixing angle Oy, via the relations

e e
= = . 11.63
I = os Ow 2= Ow ( )
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Description

Value

Electron, muon, tau masses
Up, charm, top quark masses
Down, strange, bottom quark masses

511keV, 105.7MeV, 1.777 GeV
2.16 MeV, 1.27GeV, 173 GeV
4.67MeV, 93 MeV, 4.18 GeV

012 CKM 12-mixing (Cabibbo) angle 13.1°
B3 CKM 23-mixing angle 2.4°
013 CKM 13-mixing angle 0.2°
) CKM phase 0.995
grorg U(1) gauge coupling 0.357 at = my
gy or g SU(2) gauge coupling 0.652 at u = my
g3 Or (g SU(3) gauge coupling 1.221 at = my
v Higgs vacuum expectation value 246 GeV
my Higgs mass 125.09(24) GeV
fqco QCD vacuum angle 0

Table 1: The 19 unfixed parameters of the Standard Model, whose values have

to be determined experimentally, and used as an input to the theory.

Instead of the Higgs field vacuum expectation value v and Higgs boson mass my,, one could
also use the two parameters A\ and p in the Higgs potential:

mi = —2u*, V= —— (11.64)
The masses of the W and Z bosons are given by
Vg2 mw
= —= = . 11.65
W 2 M= os Ow ( )
The only parameter we have not discussed yet is the QCD vacuum angle. It is the

parameter of a hypothetical term in the QCD Lagrangian that would be allowed by gauge
invariance, but is apparently absent.

12 Beyond the Standard Model

To round off this course, let us briefly touch on some subjects that go beyond the Standard
Model. The Standard Model is a very successful theory, whose predictions agree with
essentially all experimental particle physics data to high precision. Nevertheless, there
are some open questions and puzzles which indicate that the current formulation of the
Standard Model, as a theory of particle physics (excluding gravity), might not be complete.

12.1 Some Directions

In the following, we will consider some questions or puzzles the Standard Model leaves
open, and also some possible modifications or extensions of the Standard Model that could
address these questions.
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A More Fundamental Theory? Looking at the Standard Model, perhaps the most
obvious question is: What fixes the various parameters of the model? Is there some
underlying principle that explains the specific values we observe? Also, what fixes the
particle content? Why are there three families of quarks and leptons, not more (or fewer)?
Why is the gauge group U(1) x SU(2) x SU(3)? Stepping back even further, one could
ask: Why does the universe have 3 4+ 1 dimensions?

Some of these questions could be addressed by a more fundamental theory of particle
physics, from which the Standard Model would arise as an effective low-energy description.
The prevalent candidate for such a theory is string theory, which has almost no input
parameters, and which, at least at a qualitative level, provides mechanisms to determine
some properties and parameters of the Standard Model.

Existence of Matter. Some of the input to the Standard Model is constrained by
consistency conditions, for example from cosmology. For instance, one fundamental
question of cosmology is: Why is there more matter than anti-matter in the observed
universe? At first sight, the Standard Model treats matter and anti-matter symmetrically.
But in fact the theory does admit non-perturbative processes that break the matter
anti-matter symmetry, and favor the creation of matter over anti-matter under certain
conditions. Such processes can create an asymmetry in the matter anti-matter balance
in the early universe, such that the matter density is slightly larger than the anti-matter
density, by a relative factor of 1 + 1071 As the universe expanded and cooled, most of
the matter and anti-matter annihilated, leaving only the small imbalance as the remaining
matter in today’s universe.

The process of matter generation is called baryogenesis/leptogenesis. The point to make
for the Standard Model is that the processes that create the matter anti-matter asymmetry
crucially require that CP symmetry is broken. We have seen that the electroweak theory
indeed breaks CP symmetry, through the complex phase in the CKM matrix. But to
incorporate this complex phase, the matrix has to be at least three-dimensional. So within
the current models of particle physics and cosmology, the existence of matter requires that
there are at least three families of quarks and leptons.

Two very concrete puzzles raised by the Standard Model are the strong C'P problem and
the hierarchy problem.

Strong CP Problem. We have seen that the electroweak theory does not preserve
CP symmetry (due to the complex CKM matrix), and that the broken CP symmetry is
necessary to explain the matter content of the universe. But the theory of the strong force
(QCD), as it stands, preserves CP symmetry. This is puzzling for the following reason:
One could include a term

6)QCDG/LVGNWW ) Guu = Eul/paGPU (121)

in the QCD Lagrangian, where G is the dual of the QCD field strength tensor. Such a
term would not preserve CP symmetry. Since it is gauge-invariant and Lorentz-invariant,
nothing prevents its presence in the Lagrangian. In fact it is the only term compatible with
gauge and Lorentz symmetry that is not present in the Lagrangian. But for some unknown
reason, nature chose to set fgcp = 0. The current experimental bound is 6 < 10710
(from the vanishing of the neutron electric dipole moment). The parameter fgcp could
have taken any generic value. Among all possibilities, only the single value 0gcp = 0
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preserves CP symmetry, and this is the actual value 6gcp takes. Such a situation is
called a fine-tuning problem: 8qgcp is precisely tuned (to many digits) to a very specific
(non-generic) value.

One long-standing proposal for the resolution of the strong CP problem is Peccei-Quinn
theory (formulated in 1977), which explains the value gcp = 0 by introducing a new
complex scalar field a, with a coupling

~ aG,,G" . (12.2)

The resulting theory is invariant under a global U(1) symmetry, with the effective potential
for a given by the above interaction term. However, Peccei and Quinn showed that the
vacuum expectation value (VEV) of a is

an~0, (12.3)

such that the CP-violating terms GWG’“” cancel each other, naturally leading to the
observed effective value gcp = 0. The non-trivial VEV of a spontaneously breaks the
U(1) symmetry. The excitations of the field a around this vacuum lead to a new particle
called the axion. This new particle is not exactly massless, but astrophysical constraints
imply that its mass is very small,

m, < 107°eV. (12.4)

In fact, the axion is one candidate for the dark matter in the universe, since it is very light
and very weakly coupled.

Hierarchy Problem. The hierarchy problem is a problem of energy or mass scales:
When one includes quantum corrections to the mass of the Higgs boson, their contributions
will be large, and will raise the Higgs mass by many orders of magnitude, presumably all
the way to the next physically meaningful energy scale. Something similar would happen
to the W and Z masses, and also to the fermion masses. The only way to prevent this is an
incredible fine-tuning that leads to cancellations between almost all quantum corrections
and the bare mass (that stands in the Lagrangian).

The question can be rephrased to: Why is there such a huge gap between the energy
scale of the electroweak theory (~100GeV) and the next-higher physically relevant energy
scale. Staying within the Standard Model, this next-higher scale would be gravity, whose
energy scale is the Planck mass

Mp) = /he/G ~1.2-10" GeV, (12.5)

which is gigantic. Including possible beyond-the-standard-model physics, the next-higher
energy scale could also be the grand unification scale (see below), or the mass scale of
(hypothetical) heavy neutrinos, which are still much higher than the electroweak scale. The
huge gap between the energy scales is equivalent to the huge gap between the strengths
of the electroweak forces and the gravitational force: Defining the gravitational coupling
constant ag in a similar way as the other coupling constants, one finds

G 2 2
= Me _ Me o 175.107% (12.6)

ag =
he M3,

which is 43 orders of magnitude smaller than ay ~ 1/30.
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Supersymmetry. There are several candidate solutions of the hierarchy problem. One
is supersymmetry, which is a symmetry that relates bosons and fermions, and thereby
associates a fermionic superpartner to each boson, and conversely a bosonic superpartner
to each fermion. Due to the symmetry, the quantum corrections from fermion loops and
boson loops have the same magnitude, but opposite sign, and therefore cancel each other.
This would provide a mechanism to stabilize the tiny Higgs mass (compared to the gravity
scale) without any fine-tuning.

Extra Dimensions. Another possible resolution would be extra spacetime dimensions
that are compact (have small extent), which would allow gravity to be much stronger at
microscopic scales, but still be weak at everyday scales (as observed). The mechanism is
the following: The total gravitational flux through a closed surface C' surrounding a mass
m in d dimensions is

/Cg +dA = —Sq 2Gam, (12.7)

where S;_5 is the surface area of a (d — 2)-dimensional unit sphere, and G4 is Newton’s
constant in d dimensions, which is defined by this equation. Now imagine a d =4 +n
dimensional spacetime, where n dimensions are compactified in an n-dimensional volume
V,, = L"™. L is the size of the extra dimensions. At small distances » < L, the magnitude
of the gravitational field is the total flux divided by the surface area A, = Sy_or?2 of a
sphere of radius r,
. Sd,Qde . de

9l == ==
which is just the usual gravitational field of a point mass. But at distances r > L,
the flux has fewer dimensions to spread: The flux evenly distributes across a surface at
uniform distance r in four dimensions that covers the entire volume V,, of the compactified
dimensions. Such a surface has area 472V, = 47r?L", and therefore

Sn+2G4+nm o G4m

gl = 4rr2lr 2
We have equated the result with the familiar gravity law in four dimensions. The four-

dimensional Newton constant G4 is now effective, and related to the more fundamental
Newton constant in d dimensions via

(12.8)

(12.9)

% _ Sn+2
Gy AL’

(12.10)

To convert this to energies, note that G4 has dimension 1 /massQ, whereas G4, has
dimension 1/mass*™. In natural units, we therefore have

1 1

G4 = M2 ) G4+n = M2+n )
Pl4 Pl,d4+n

(12.11)

where Mpy 44, is the fundamental Planck mass in d = 4 + n dimensions, and Mp 4 is the
resulting effective Planck mass in four dimensions. We can therefore relate back the known
four-dimensional Mp;4 to a more fundamental value by extra dimensions of appropriate
size L. If we want the fundamental Planck mass Mpj 41, to be close to the weak scale, e. g.
Mpy 4+, = 1000 GeV, we need (neglecting the numerical constants)

M3, (10" GeV)

L" = ~
lgIZL—i-n (103 Ge\/')2+”

~ 2" 103279 (12.12)
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where we have used that 2GeV ~ 10 m~! in natural units. For some interesting values
of n, this gives

2.-108m n=1,

2mm n=2,

L=~ (12.13)
10 nm n=3,

40 fm n==06.

An extra dimension of 10® m would be noticeable astronomically, but extra dimensions of
sub-millimeter size are within experimental bounds. For comparison, the proton size is
~1fm.

Both supersymmetry and extra dimensions are natural in string theory. The upper
bound on the number of extra dimensions in superstring theory is n = 6.

Dark Matter. Based on astronomical observations of gravitational effects, for example
in galaxies, about 25 % of the mass-energy density of the universe consists of dark matter,
which does not emit any form of visible radiation. There seems to be no dark matter
candidate in the Standard Model. Even though this is not completely certain, it is
motivation enough to look for Standard Model extensions that include dark matter
candidates. Dark matter might consist at least partly of small black holes. Also some
form of quark matter is not entirely excluded. Other candidates are the axions of the
Peccei—Quinn theory, or heavy neutrinos.

Grand Unification. One way to address some of the questions raised above are grand
unified theories (GUTs). These assume that the weak and strong gauge groups U(1),
SU(2)w, and SU(3) are unified into a bigger gauge group. The smallest simple Lie group
that contains the Standard Model gauge groups is SU(5). Other candidates are SO(10), or
Eg. Such a larger gauge group would mean that there exist further gauge bosons, which can
convert quarks into leptons and vice versa. To make this consistent with our observations,
this larger symmetry group must be spontaneously broken to the U(1) x SU(2)w x SU(3)
that we observe.

We have seen that the three coupling constants “run” with the energy scale: The
non-Abelian gauge couplings decrease at higher energies, while the U(1) electromagnetic
coupling constant increases. If the gauge groups are unified in a single SU(5) group, then
there is only a single coupling constant, and not several different coupling constants, so
the couplings should approach the same value at some energy scale, called the GUT scale,
or grand unification energy Agur. Indeed, perturbative computations show that the three
coupling constants of the Standard Model nearly, but not quite, meet at the same point at
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an energy scale of Agur ~ 106 GeV:

<"

(12.14)

I}
I

1 046 Ga\/

10 10" 4¢P

If nature is indeed described by a GUT, then this would be the energy scale at which the
unified gauge symmetry is broken to the residual U(1) x SU(2)w x SU(3) that we observe.
All GUTs modify the running of the couplings by additional particles that can run in
the quantum loop corrections. In some GUTs, in particular the supersymmetric SU(5)
GUT, the couplings in fact meet at a single point much more accurately. This non-trivial
result could be a coincidence, but can also be taken as an indication that our world is
indeed supersymmetric at some high energy scale. This is especially encouraging since
supersymmetry can also solve the hierarchy problem by stabilizing the Higgs mass against
large quantum corrections.

12.2 Neutrino Masses

So far, we have treated neutrinos as massless particles. In the Standard Model, neutrinos
are the only massless fermions. The reason is that there are no right-handed neutrinos.

Dirac Mass. Recall that for all other fermions, we introduced interaction terms

9fLofr (12.15)

with the Higgs field ¢. Such terms become mass terms m fi, fr, when the Higgs field acquires
a vacuum expectation value. A mass term of this form is called a Dirac mass, since the
fermion spinor f is a Dirac spinor. Such mass terms evidently require the existence of a
right-handed component fg.

Right-Handed Neutrinos. Right-handed neutrinos have never been observed, so we
might assume that they do not exist. One should be careful though: If right-handed
SU(2)w singlet neutrinos do exist, they are difficult to produce and to detect, since they
would not interact with W= bosons (only SU(2)w doublets do), not with Z bosons or
photons (both T3 and @ would be zero), and not with gluons. If right-handed Dirac
neutrinos do exist (and we just have not observed them yet), a Dirac mass term would be
possible.
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Majorana Mass. But even if no right-handed neutrinos exist, there is another possibility
for a mass term, one that we did not discuss so far. Namely, neutrinos could be by Majorana
fermions, which are fermions that are their own anti-particles. This is only possible for
neutrinos, since all other fermions have non-zero charges and therefore cannot be their
own anti-particles. Majorana fermions are described by Majorana spinors, which are
four-component Dirac spinors v that satisfy an extra condition

W =, (12.16)
where ¢ is the charge-conjugate spinor, defined by
Y =0y, (12.17)
where C' is a 4 x 4 matrix that satisfies
CTC=1 and CH'C = —(y")*. (12.18)

This definition ensures that 1) satisfies the Dirac equation provided 1) does, and transforms
in the same way under Lorentz transformations as 1 does. Due to the Majorana condition
¢ = 1, Majorana spinors have only two degrees of freedom. They describe fermions
that are their own anti-particles. Recall that all Dirac spinors can be split into two
two-component (left-handed and right-handed) Weyl spinors,

_ (¥
P = (%) . (12.19)

For Majorana spinors, the Majorana condition implies that the right-handed component
equals the charge-conjugate of the left-handed component, and vice versa,

()@

A Majorana spinor can therefore describe a left-handed neutrino v, and its right-handed
anti-neutrino partner vg = v5. In particular, one can write a Lorentz-invariant mass term

muLvp (12.21)

that does not involve right-handed neutrinos or left-handed anti-neutrinos. At present, it
is experimentally not ruled out that neutrinos are indeed Majorana fermions.

We see that one can always write neutrino mass terms, whether right-handed neutrinos
exist or not. And in quantum field theory, any interaction term that can be written (i. e.
that is not forbidden by symmetries), will have to be added to the Lagrangian from quantum
corrections at higher orders in the perturbative expansion. Hence from a quantum field
theoretical viewpoint, there is no reason or principle that sets neutrino masses to zero.

Neutrino Oscillations. Suppose that some or all neutrinos get non-zero masses by
some mechanism. Then, as for quarks, there is no reason to assume that the weak lepton
eigenstates are the same as the mass eigenstates. For simplicity, consider only two families
of leptons. We label the weak eigenstates as v, and v,, and the mass eigenstates as v and
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vy. The weak eigenstates are some linear combinations of the mass eigenstates at time

t=0,
v, (0)\ [ cos(a) sin(a)) (11(0)
(Ve(0)> B <— sin(a) cos(a)) \12(0) )~ (12.22)
In a neutrino beam, the mass eigenstates v; are free particles with definite energies Ej,

hence their time evolution is .
vi(t) = e Fity,(0) . (12.23)

Therefore,
v, () = cos(a)vy (0)e 1 + sin(a)vy(0)e 2 (12.24)

Expanding v;(0) in terms of v,(0) and v,(0), this becomes
v, (t) = e 1 cos(a) (COS(OJ)VH(O) - sin(a)ye(O))
+ e 2l gin(a) (sin(oz)uu(O) + cos(a)ye(O))
- (e_iE11t cos?(a) + e 1F2t sinz(a))vﬂ(())
+ sin(a) cos(«) (e’iEQt - e’iElt) v6(0) . (12.25)

E, = /m?+p?, Ey = /m3+p? , (12.26)

where p is the momentum of the states, we see that E; # FE,. In this case, a state that
begins as a pure weak eigenstate v, at time ¢ = 0 has some v, mixed in. The probability
to find the state v, at time ¢ (for example via weak interactions) is

P(v, = ve) = |{ve(0)[1u ()

= sin*(a) cos*(a )’e

Since

~iBst _ j~iEit 2

81112(2@)

5 [1— cos((By — Ex)t)] . (12.27)
We see that the probability to find v, in a beam that initially was pure v, oscillates with
time. This effect is called neutrino oscillation.

Data and PMNS Matrix. The effect of neutrino oscillations has been measured by
several experiments, using neutrinos created in particle colliders, neutrinos from decaying
pions produced by cosmic rays in the atmosphere, and neutrinos emitted by the sun. The
data shows that

m3 —mi = 7.6(2)-107°eV?,
|m3 —m3| = 2.3(1) - 107? V2. (12.28)

So the three neutrinos have different masses, which means that at least two of them must
have non-zero masses!

The mixing of the neutrino flavors can be described by a matrix, similar to the CKM
matrix of the quark flavor mixing. For the leptons, the matrix is called the PMNS matriz,
after Pontecorvo-Maki-Nakagawa—Sakata. Parametrizing it in terms of three Euler angles
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6;; and a complex phase ¢ (like the CKM matrix), the experimental values for the angles
and the phase are

912 - 336(8)0 5 923 - 47(4)0 y 913 = 854(15)O, (5 = 234(43)0 . (1229)

The non-zero value of ¢ in particular shows that there is CP violation also in the lepton
sector.

The measurements of neutrino oscillations only give constraints on the differences
of squared masses, hence they do not rule out large but very similar masses. However,
cosmological data sets strong limits on the sum of all three masses. The lighter the
neutrinos, the less likely they get bound in galaxies in the early universe. Cosmic
microwave background and structure formation data implies that

> my, <0.2eV. (12.30)

The data on mass differences show that at least one mass is >0.05¢eV.

Seesaw Mechanism. Since the neutrino masses are non-zero experimentally, their
masses have to be included in the Standard Model in some way. If right-handed neutrinos
exist, it is natural to include a Dirac mass term

‘CD = —mDﬂl/ = —mp (DLVR + DRI/L) (1231)

to the Lagrangian, where the Dirac mass mp is the product of a Higgs coupling and the
Higgs vacuum expectation value. The observed neutrino masses imply that mp is many
orders of magnitude smaller than all other lepton masses. That is possible, but seems
unnatural.

Because neutrinos are electrically neutral and form their own anti-particles, we saw
above that they could be Majorana fermions. In this case, the right-handed neutrino and
its anti-partner would form a Majorana spinor (v, vg), and the left-handed neutrino and
its anti-partner would form another, independent Majorana spinor (v, vf). Hence one
can add a Majorana mass term Ly; for only the right-handed neutrino to the Lagrangian,

1
Lu=-3 M (Vs + 7rrfy) - (12.32)

Such a term is independent of the Dirac mass term. A similar Majorana mass term for the
left-handed neutrino is excluded because it would have non-zero hypercharge and hence
would not be gauge invariant. The right-handed neutrino is assumed to be an SU(2)w
isospin singlet, as all other right-handed fermions, and hence its Majorana mass term is
gauge invariant.

Using that 71, = v and vg = 1§, one can write the Dirac mass term as

1
Lo=-3 mD(DLI/R + 5V + D c.) (12.33)

The Dirac and Majorana mass terms then combine to
c :_1(; ) O mp) (VL) |y (12.34)
v,mass 9 L R mp M VR .C. .
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To find the mass eigenstates, we have to diagonalize the mass matrix, its eigenvalues will
be the measured neutrino masses m,,. The eigenvalues satisfy

0 = det (:nm anm ) = m2 — Mm, —m3. (12.35)
D - v

We know that the measured neutrino masses are small. Assuming that the Dirac mass mp
stems from a Higgs coupling, it is natural to expect that its value is comparable to the
Higgs expectation value v &~ 250 GeV. In this case, the small neutrino mass is obtained if
M > mp. Then the two eigenvalues are

lisht _ D h
Bt~ = vy ~ M . 12.36
m,, , m, ( )

light

For example, if mp ~ 100 GeV, then a neutrino mass of m,,

= 0.01eV requires

(100 GeV)?

_ 15
ol = 0P Gev. (12.37)

This is called the seesaw mechanism: As M goes up, m, goes down. It naturally leads to the
small neutrino masses that we observe, assuming that there is a physically natural energy
scale at ~10' GeV. This is near the grand unification scale Agyr, which is encouraging.
The neutrino states with m, ~ M are so heavy that we naturally do not observe them.

If the heavy neutrinos have zero hypercharge, zero weak isospin, and zero color charge,
they do not interact with any of the gauge bosons, and are called sterile neutrinos. Such
sterile neutrinos are another candidate for dark matter.

A Numerical Data

Unit conversion factors in natural units where i = ¢ = 1:

1GeV ! =6.6-10"sec=2-10""%m. (A1)
Coupling constants:
e 1 % 1
T T m T30
2
Gy 92 _1.1663787(6) 1075 GeV 2, (A.2)

B 4v/2'mi,

>1  at <1GeV
2 0.3 t ~1GeV
ag = EENS A ¢ : (A.3)
4 0.12 at myz =~ 91.2GeV

<1l at >91.2GeV

Higgs vacuum expectation value:

2
v="""W 250 GeV . (A4)
g2
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Particles and their masses:

Particles Masses

Ve, Uy, Vr m, < 1.2eV
e, u, 7 me=0511keV, m, = 105.7MeV, m, = 1.777 GeV

u, ¢, t my = 2.16 MeV, m, = 1.27GeV, m; = 173 GeV (A.5)
d, s, b mq = 4.67MeV, mg = 93 MeV, my, = 4.18 GeV

W=, Z, v mw=804GeV, my =91.2GeV, m, < 10718eV

h my = 125.09(24) GeV

Lifetimes / decay widths:

1
Tu= 7 =21969811(22) - 10~ % sec,
nw

Iy ~ 4 MeV . (A.6)
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