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The Setting

Goal: Solve interacting 4d QFT analytically

Most symmetric setting: N = 4 SYM

Integrability: Quantum Spectral Curve captures spectrum of
local (and non-local) operators at finite coupling

[1, 2]

Open problem: Extend integrability approach to higher-point correlators

State of the Art: Expansion in string worldsheet excitations
via Hexagon form factors

[3]

Very powerful for large-charge operators
Applies to n-point correlators of arbitrary operators [4, 5]
Also applies at subleading orders in 1/Nc [6]
Small/finite charges:
Re-summations cannot be performed in practice
Singularities (related to wrapping) are difficult to handle [7]
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Program

Want: Correlators expressed in Q-functions (associated to operators by QSC)

Natural framework: Separation of Variables (SoV) [8]
Wave functions factorize into-single particle Q-functions
Correlators simplify drastically [9, 10]

SoV approach for structure constants (three-point functions):
So far limited to bosonic rank-one sectors su(2) and sl(2) [11, 12, 13]

At finite coupling: All psu(2, 2|4) states must be included.
Requires:

Generalization to higher rank
Inclusion of fermions/supersymmetry
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Program

Want: Correlators expressed in Q-functions (associated to operators by QSC)

Natural framework: Separation of Variables (SoV) [8]
Wave functions factorize into-single particle Q-functions
Correlators simplify drastically [9, 10]

SoV approach for structure constants (three-point functions):
So far limited to bosonic rank-one sectors su(2) and sl(2) [11, 12, 13]

At finite coupling: All psu(2, 2|4) states must be included.
Requires:

Generalization to higher rank ← This paper!
Inclusion of fermions/supersymmetry
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Object

 

  

O1 : |Ψ⟩ , O2 : ⟨W L2
ω,κ | , O3 : ⟨W L3

ω | ,

Cℓ =
⟨W ℓ

ω,κ ⊗W L−ℓ
ω |Ψ⟩

||Ψ|| .
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Result

Cℓ = Nℓ ×
Wω Aℓ,κ√

B

Correlator of arbitrary states (1 non-BPS, 2 BPS) in the su(4) sector

B = det
(α,j,k),(β,a,b)

⟨Q[a]
j uβ−1Qk[b]⟩L,α ,

Wω = det
α,β

⟨ω−iuuβ−1Q12⟩L,α ,

Aℓ,κ = det
(γ,j),(δ,a)

⟨κ−iuuδ−1Q[a]
j ⟩ℓ,γ .

⟨ f ⟩ℓ,α =
∮ du

(−2π)α

e2πu(α−1)

(u + i/2)ℓ(u − i/2)ℓ
f (u) ,
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Features

Twists: su(4) completely broken to u(1)3 → All degeneracy is lifted

N = 4 SYM recovered when twists zj → 0

ZN orbifold structure constants: z1 = e2πin1/N , z2 = e2πin2/N [14]

Left-Right Symmetry: Cℓ = 0 unless (t+ − t−)|Ψ⟩ = 0 → manifest!

Derivation:

Use Functional Separation of Variables (FSoV) [15, 16, 17]
to build inner products ⟨ΨA|ΨB⟩ → ∥Ψ∥2 ∝ det⟨Q[a]

j uβ−1Qk[b]⟩L,α = B

Similar: ⟨W L
ω |Ψ⟩ ∝ det⟨ω−iuuβ−1Q12⟩L,α = Wω

Localization: ⟨W ℓ
ω,κ ⊗W L−ℓ

ω | = ⟨WL
ω |Pκ(t), with Pκ(t) polynomial in t’s

Match with Hexagons: At the level of building blocks: [3, 18]
Gaudin norms: ⟨u|u⟩ ∝ B and ⟨v|w⟩ ∝ Wω=1
Hexagon amplitude: Aℓ ∝ Aℓ,κ
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Outlook

This work: General correlator in higher rank su(4) sector (one excited state)

Directions:
Include fermions/supersymmetry to get full psu(2, 2|4)
Unify with earlier hexagon/Q-function connections at loops [19, 20]
Promote to loops: Q-functions from QSC
Analytic continuation in spin, light-ray operators [21]
Twists/angles zj, ω, κ play the same role as the angles
in the cusped Maldacena–Wilson loop [22, 10]
→ Indeed, our result has the same functional form!
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Thank you!
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