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SSB and thermal CFTs

• Naive expectation: at high temperature disordered states (high entropy) dominate!

• UV incomplete theories: we can witness intermediate symmetry breaking (Rochelle 
salt, Helium-3, etc…)

• However, there is no theorem at infinite volume for a UV complete QFT → CFT at 
finite temperature!

Most common phase diagram 
‘magnets lose their magnetization at high T’(SSB)
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(SSB)
Are there unitary, local, nontrivial CFTs which break a 

global symmetry at finite temperature?



An example: vector models

• Many quantum magnets are described by the 𝑂(𝑁) vector model

• The one-loop thermal mass is positive defined → no SSB!

• In general, no theorem says that the thermal mass should be positive! 



Biconical vector models

• These are 𝑂(𝑚) × 𝑂(𝑁 − 𝑚) vector models in 𝑑 = 4 − 𝜀

• Equal rank: no SSB

• Different rank: study at large N

→Biconical fixed point with 𝜆12 < 0 

→Vacuum: 𝜙1
2 = 0, 𝜙2

2 ≠ 0 ! We have SSB!



The candidate model

• Symmetry breaking:  𝑂 𝑛 × 𝑂 𝑝 → 𝑂(𝑛 − 1) × 𝑂(𝑝)

• Cannot hold until 𝜀 = 1, i.e., 𝑑 = 2 + 1 (no continuous symmetry breaking in 2d), 

but 𝑍2 × 𝑂 𝑝 → 𝑂(𝑝) is allowed!

The candidate is the 𝑍2 × 𝑂 𝑁  vector model 
at the biconical fixed point!



State of the art before 2409.10606

• A candidate for SSB at high temperature has been found

• It has only been studied for large 𝑁 and in fractional dimension

Could it be studied directly in 𝑑 = 2 + 1 ? 
Can we find at which 𝑁 the SSB arises?



Numerically solving the RG flow

• Solution: solve explicitly the RG flow equations near the biconical 
fixed point!

• RG ‘time’: 𝑡 = 𝑙𝑜𝑔
𝑘

Λ
, with 𝑘 RG scale, Λ UV cutoff

• Select a temperature + a vacuum and solve the flow for 𝑘 → 0



Running of the thermal mass

+ subleading in 𝑘

Qualitative picture neglecting denominators:

• 𝜆𝜒 > 0 for a bounded potential

• 𝜆𝜙𝜒 < 0 at the biconical fixed point

• For some N >
3𝜆𝜒

|𝜆𝜙𝜒|
 the flow can make 𝑚𝜒

2  decrease!



O(N) bath: symmetry restoration

Flow direction

Symmetry restoration at every 
temperature!

𝑚𝜙
2 > 0 for any T



𝑍2 symm: persistent breaking

Flow direction

Symmetry restoration

Persistent symmetry breaking

⋆

𝑂(𝑁)

𝑍2

𝑂 𝑁 , 𝑍2

𝑂 𝑁 𝑍2

⋆



Phase diagram
Critical rank value: 
pesistent breaking 
starting  from the 

𝑂(15) × 𝑍2 model 

(SSB)



Take-home message

• In nature, we witness intermediate SSB. These systems are not described 
by UV complete models.

• In a thermal CFT, all temperatures are equal, so SSB either doesn’t exist or 
it exists at all temperatures.

• Theoretically, it is possible to witness SSB at high T in 𝑍2 × 𝑂 𝑁  models for 
𝑁 large enough.

   → ‘Ising-like’ magnets in a ‘𝑂 𝑁  bath’
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