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S-matrix of gauge theory beyond Feynman diagrams?
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Scattering amplitudes A = ⟨IN∣S∣OUT⟩: dσ ∝ ∣A∣2

▸ Computing efficiently necessary in practice

▸ Understanding beyond perturbation theory mathematically important
[Millenium Prize]
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Strategy: Focus on the simplest interacting 4D gauge theory

SU(N) maximally supersymmetric Yang-Mills (MSYM) theory
in planar limit, N →∞ with λ = g2YMN fixed.

▸ Integrable structure ⇒ Exact physical quantities in g2 = λ/(4π)2!

Celebrated example: The cusp anomalous dimension [Beisert,Eden,Staudacher]

Γcusp = 4g2 [
1

1 +K
]
11
= 4g2 [1 −K +K2 + . . .]

11 ←matrix component

Kij = 2j(−1)ij+j
∞

∫
0

dt

t

Ji(2gt)Jj(2gt)
et − 1

, i, j = 1,2, . . . Ji(x) ∶ Bessel fn

governing operators with very large spin. [Korchemsky]

Can we hope for similar progress with amplitudes?
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Present and future of solving the simplest gauge theory

Amplitudes with n = 4,5 particles already known to all loops! For n ≥ 6:

In this talk: New, “origin” limit at finite coupling for any n
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Outline

Intro: N = 4 SYM Amplitudes

The (Six-particle) Origin of Intriguing Observations

Higher-point Origins
Origin limits: Classification with cluster algebras
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Maximally Hellicity Violating (MHV) Gluon Amplitudes

Gluons are massless → helicity h = S⃗ ⋅ p̂ = ±1 good quantum number.

Simplest choice: MHV, A
(L)
n (1+, . . . , i−, . . . , j−, . . . , n+)

In planar N = 4 SYM, they are

▸ remarkably, dual to null polygonal Wilson loops.
[Alday,Maldacena][Drummond,Korchemsky,Sokatchev][Brandhuber,Heslop,Travaglini]

x1

x2

x3

xn

An

k1

k2

k3

kn
ki ≡ xi+1 − xi ≡ xi+1,i ,

An = ABDS
6 expR6(ui,j)

ui,j =
x2i,j+1x

2
j,i+1

x2i,jx
2
j+1,i+1

,

▸ hence dual conformal invariant (in appropriate normalization)
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The Origin of the Six-Gluon Amplitude

E6 (and E7) computed most efficiently in general kinematics & at fixed
order in the coupling via Amplitude Bootstrap.
[Recent SAGEX Review, Chapter 5: GP]

Natural to scan space of kinematics for all-loop patterns and
simplifications.

Here: Focus on limit when ui → 0: “origin”

x1

x2

x3

x6

x5

x4

u1 ≡ u1,4 =
x213 x

2
46

x214 x
2
36

, x213 = s12 → 0 plus i→ i + 2
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An Original Discovery

In the origin limit ui → 0, from perturbative results up to 7 loops, observed
that six-particle amplitude takes the form, [Caron-Huot,Dixon,Dulat,McLeod,Hippel,GP]

R6= −
Γoct − Γcusp

24
ln2 (u1u2u3) −

Γhex − Γcusp

24

3

∑
i=1

ln2 ( ui
ui+1
) +C0 .

▸ Exponentiation: R6 contains only O(ln2 ui), O(ln0 ui) terms!

▸ Γoct = 4g2 −
8π2g4

3
+ 128π4g6

45
− 1088π6g8

315
+O(g10) ,

▸ Γoct →
2

π2
ln cosh (2πg) ! [Basso, Dixon, GP]

▸ Same quantity appears in lightlike limit of “simplest 4-point
correlator” of MSYM. [Coronado][Kostov,Petkova,Serban][Belitsky,Korchemsky]

Why? How about Γhex,C0?
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The Origin of the Six-particle Amplitude at Finite Coupling

Resumming expansion around well-understood collinear limit, arrive at
exact expression,

in terms of tilted Beisert-Eden-Staudacher kernel K(α)

,

R6= −
Γ0 − Γπ/4

24
ln2 (u1u2u3) −

Γπ/3 − Γπ/4

24

3

∑
i=1

ln2 ( ui
ui+1
) +C0 ,

Γα = 4g2 [
1

1 +K(α)
]
11

= 4g2 [1 −K(α) +K2(α) + . . .]
11

,

K(α) = 2 cosα [ cosαK○○ sinαK○●
sinαK●○ cosαK●●

] , K○○ = K2n+1,2m+1 ,
K○● = K2n+1,2m etc,

[Basso, Dixon,GP]

Kij = 2j(−1)ij+j
∞

∫
0

dt

t

Ji(2gt)Jj(2gt)
et − 1

,

C0 =
ζ2
4
Γπ/4 +D(π/4) −D(π/3) −

1

2
D(0) , D(α) ≡ ln det [1 +K(α)] .
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The Origin of the Six-particle Amplitude at Finite Coupling

Resumming expansion around well-understood collinear limit, arrive at
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Comparison: Finite-coupling numerics & weak/strong coupling analytics

Γoct = Γ0 , Γcusp = Γπ/4 , Γhex = Γπ/3
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Questions seeking answers

▸ Physical significance of α?

▸ Other physical quantities Γα describes for various values of α?

Rn =∑
α

Γ̃α(g) × PΣn
α ,

with Γ̃α = Γα − Γπ/4 and with the sum running over

α = π

2
− πp

3
− πk

3(n − 4)
,

with k = 1, . . . , n − 5 and p = 0,1,2. [Basso,Dixon,Liu,GP]

1. n-gluon generalizations of origin limits → cluster algebras

2. Amplitude kinematic dependence, PΣn
α → pert. data & bootstrap

3. Values of α → thermodynamic Bethe ansatz (TBA)
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Classifying n-gluon origin limits O(n)

O(6) ∶ ui ≡ ui+1,i+4 → 0 , i = 1,2,3.

However, in general n(n − 5)/2 dual conformal cross ratios, but only
3(n − 5) independent kinematic variables ⇒ Cannot set all ui,j → 0!

∃ well-defined notion of region of positive kinematics, where
amplitudes believed to be singularity-free.
[Arkani-Hamed,Bourjaily,Cachazo,Goncharov,Postnikov,Trnka][Arkani-Hamed,Lam,Spradlin]

⇒ Look at boundary of this region, as first place for potential origin-
type divergent behavior! Completely captured by cluster algebras.

GP — Origin limits of N = 4 SYM amplitudes at finite coupling Higher-point Origins 12/14



Cluster Algebras [Fomin,Zelevinsky’01A][Fock,Goncharov]

They consist of

▸ A set of variables xi, the cluster (X -)coordinates
▸ Grouped into overlapping subsets {x1, . . . , xd} of rank d, the clusters

▸ Constructed recursively from initial cluster via mutations, encoded
d-dimensional matrix B with elements bij .

Mutation associated to coordinate xk:

xi → x′i =
⎧⎪⎪⎨⎪⎪⎩

1/xi k = i ,
xi(1 + x−sgn(bki)k )−bki k ≠ i ,

In new cluster, B → B′ with

b′ij =
⎧⎪⎪⎨⎪⎪⎩

−bij for i = k or j = k
bij +max (0,−bik) bkj + bikmax (0, bkj) otherwise .

,

Exchange graph: Clusters=vertices, mutations=edges
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Example: The six-particle positive region
Described by Gr(4,6) ≃ A3 cluster algebra

Initial cluster {x1, x2, x3}
Origin limit clusters

Positive region maps to interior
of exchange graph/polytope,
described by ∞ > xi > 0.

u1 = x2x3

(1+x1+x1x2)(1+x2+x2x3)
, u2 = x1x2

1+x1+x1x2
, u3 = 1

1+x2+x2x3
.

In initial cluster, b12 = b23 = −b21 = −b32 = 1 ⇒

x′1 = x1 (1 + x2) , x′2 =
1

x2
, x′3 =

x2x3
1 + x2

.
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