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Conformal Manifold

A conformal manifold MCFT is a family of CFT’s parametrized
by couplings {ζ i}. For each value of the couplings a different
point on the manifold is a different CFT.

S → S +
∑

i

ζ i
∫

dDxOi

where Oi are exactly marginal operators.
CFT

ζ

This manifold admits a Riemannian structure:
▶ Zamolodchikov Metric
▶ Curvature tensor



Defect

A conformal defect of dimension d in a D dimensional CFT
breaking
▶ conformal symmetry:

SO(D + 1,1) → SO(d + 1,1)× SO(D − d)

▶ global-symmetry: G → G′

x∥ x⊥

SO(D − d)
SO(d + 1, 1)

O

O



Defect Conformal Manifold

▶ Deforming a defect by exactly marginal operators Oi
where ∆Oi = d , correlation functions of any operator ϕa〈〈

ϕa1 · · ·ϕan

〉〉
→
〈〈

e−
∫
ζ i Oi dd xϕa1 · · ·ϕan

〉〉
▶
〈〈
· · ·
〉〉

: defect correlation function normalized by the
expectation value of the defect.

▶ If the defect breaks G → G′, the conservation equation is

∂µJµa = Oi(x∥)δiaδD−d(x⊥)
generators of G

generators broken by the defect

When a defect breaks a global symmetry, the resulting de-
fect conformal manifold is the symmetry breaking coset.



Geometric Structure
Similar to the ambient conformal manifold, one can define
▶ Zamolodchikov Metric [Zamolodchikov]

gij =
〈〈

Oi(∞)Oj(0)
〉〉
= COδij , Oi(∞) ≡ lim

x∥→∞
|x∥|2dOi(x∥)

▶ Curvature tensor [Kutasov]

Rijkl =
1
2
(∂j∂kgil − ∂i∂kgjl − ∂j∂lgik + ∂i∂lgjk )

▶ Take the first term for instance

∂j∂k gil =
(
∂j∂k

〈〈
e−

∫
ζ i Oi dd xOi(∞)Ol(0)

〉〉) ∣∣∣
ζ i=0

=

∫∫
ddx1ddx2

〈〈
Oj(x1)Ok (x2)Oi(∞)Ol(0)

〉〉
The curvature tensor a sum of double integrals of 4-pt
functions ⇒ integrals over cross-ratios. [Friedan, Konechny]



Example I: Maldacena-Wilson loop in N = 4 SYM

The 1/2 BPS Wilson loop

W = TrPe
∫
(iA0+Φ6)dt

The breaking of global symmetry (R-symmetry) gives 5 exactly
marginal defect operators Φi .

The defect conformal manifold is S5 = SO(6)/SO(5).

▶ Zamolodchikov Metric: gij =
〈〈
Φi(0)Φj(1)

〉〉
= CΦδij

with CΦ twice the bremsstrahlung function [Drukker, Forini],

[Correa, Henn, Maldacena, Sever], [Fiol, Garolera, Lewkowycz]

CΦ =

{
λ

8π2 − λ2

192π2 + λ3

3072π2 − λ4

46080π2 + O(λ5), λ≪ 1
√
λ

2π2 − 3
4π2 + 3

16π2
√
λ
+ 3

16π2λ
+ O(λ−3/2), λ≫ 1



Curvature Tensor

Curvature Tensor: [Friedan, Konechny]

Rijkl = −RV
∫ +∞

−∞
dη log |η|

[ 〈〈
Φi(1)Φj(η)Φk (∞)Φl(0)

〉〉
c

+
〈〈
Φi(0)Φj(1 − η)Φk (∞)Φl(1)

〉〉
c

]
(∗)

▶ 4-pt function:
〈〈
Φi(0)Φj(η)Φk (1)Φl(∞)

〉〉
=

C2
Φ

η2

(
δikδjlh2(η) + δilδjkh1(η) + δijδklh0(η)

)
Plugging into (∗)

Rijkl = 2(gikgjl − gilgjk )

∫ 1

0

dη
η2 log(η) (h2 + h1 − 2h0)

Introduce H = h2 + h1 − 2h0 .



Integral Identity

Generally, for a sphere with radius r we have

Rijkl = (gikgjl − gilgjk )/r2

From the Zamolodchikov Metric, we expect r =
√

CΦ.

So the key point is to check

2
∫ 1

0

dη
η2 log(η)H(η) =

1
CΦ



Strong Coupling Expansion
Expanding in power series: H(η) =

∑∞
n=1 λ

− n
2 H(n)(η)

For the first orders: [Giombi, Roiban, Tseytlin], [Liendo, Meneghelli, Mitev],

[Ferrero, Meneghelli]

Basis of H(n)(η):

n = 1 : { log(η), log(1 − η)}
n = 2 : { log2(η), log(η) log(1 − η), log(1 − η)2, Li2(η)}
n = 3 : { log3(η), log2(η) log(1 − η), log(η) log2(1 − η), log(1 − η)3,

Li2(η) log(η), Li2(η) log(1 − η), Li3(χ), Li3(
η

η − 1
)}

n = 4 : { log4(η), Li2(η) log
2(η), Li3(η) log(η), Li4(η), · · · }

The integrand involves terms of the form

r(x) loga x logb(1 − x) Lin(y(x)) , y(x) ∈
{

x , 1 − x ,
x

x − 1

}
where r(x) is a rational function with poles at x = 0 and x = 1.



At tree level O(λ−1/2)

Decomposing H(1) with its basis [Giombi, Roiban, Tseytlin], [Liendo,

Meneghelli, Mitev], [Ferrero, Meneghelli]

H(1) =
−2η5 + 3η4 + 2η3 − 11η2 + 12η − 4

(η − 1)3 1

+
2
(
η4 − 2η3 + 4η − 2

)
η2

(η − 1)3 log(η)

−
2
(
η4 + η3 + η − 2

)
η

log(1 − η)

▶ The integral
2
∫ 1

0
dη
η2 log(η)H(1)(η) = 2π2

Matching results: The leading term of 1/CΦ is 2π2/
√
λ.



At 1-loop order O(λ−1)
[Liendo, Meneghelli, Mitev], [Ferrero, Meneghelli]

H(2) =
2
(
η4 + η3 − 3η2 + 4η − 2

)
(η − 1)2

1

+
−26η6 + 33η5 + 63η4 − 184η3 + 72η2 + 24η − 8

4(η − 1)3
log(η)

+
26η6 − 3η5 − 72η4 + 61η3 − 90η2 + 126η − 52

4(η − 1)2η
log(1 − η)

+
η2 (9η6 − 28η5 + 12η4 + 52η3 − 76η2 + 60η − 20

)
2(η − 1)4

log2(η)

+
−9η8 + 18η7 + 9η6 − 45η5 + 37η4 − 5η3 − 9η2 + 7η − 2

(η − 1)3η
log(η) log(1 − η)

+
9η6 + 10η5 − 8η4 + η2 + 16η − 18

2η2
log2(1 − η)

▶ The integral
2
∫ 1

0
dη
η2 log(η)H(2)(η) = 3π2

Matching results: The subleading term of 1/CΦ is 3π2/λ.



At 2-loop order O(λ−3/2)
[Liendo, Meneghelli, Mitev], [Ferrero, Meneghelli]

▶ H(3) =

▶ The integral 2
∫ 1

0
dη
η2 log(η)H(3)(η) = 15π2

4

Matching results: 1/CΦ at order O(λ−3/2) is 15π2

4λ3/2 .



At 3-loop order O(λ−2)
[Liendo, Meneghelli, Mitev], [Ferrero, Meneghelli]

▶ H(4) =

▶ The integral 2
∫ 1

0
dη
η2 log(η)H(4)(η) = 15π2

4

Matching results: 1/CΦ at order O(λ−2) is 15π2

4λ2 .

Overall, we see that

2
∫ 1

0
dη
η2 log(η)H(η) = 2π2

√
λ
+ 3π2

λ + 15π2

4λ
3
2
+ 15π2

4λ2 + O(λ−
5
2 ) = 1

CΦ



Example II: 1/2 BPS loop in ABJM

The 1/2 BPS Wilson loop W = TrPe
∫

iLdt [Drukker, Trancanelli]

L1 =

(
A(1)
τ + αᾱ(M1)

I
JCIC̄J iᾱψ̄1

+

−iαψ+
1 A(2)

τ + αᾱ(M1)
I
JC̄JCI

)

with M1 = diag(−1,1,1,1) and ᾱα = −2πi/k . Now the 3 pairs
of exactly marginal defect operators Oi , Ōı̄ are chiral.

Defect conformal manifold is CP3 = SU(4)/SU(3)×U(1).

▶ Zamolodchikov Metric: gi ȷ̄ =
〈〈

Oi(0)Ōȷ̄(1)
〉〉
= 4B1/2δi ȷ̄

with the bremsstrahlung function B1/2 =
√

2λ/4π + ...
[Lewkowycz, Maldacena], [Bianchi, Griguolo, Mauri, Penati, Preti, Seminara],

[Bianchi, Preti, Vescovi]



Curvature Tensor
▶ 4-pt functions [Bianchi, Bliard, Forini, Griguolo, Seminara]:

〈〈
Oi(x1)Ōȷ̄(x2)Ok (x3)Ōl̄(x4)

〉〉
=

gi ȷ̄gk l̄K1 − gi l̄gk ȷ̄K2

x2
12x2

34〈〈
Oi(x1)Ōȷ̄(x2)Ōk̄ (x3)Ol(x4)

〉〉
=

gi ȷ̄gl k̄H1 − gi k̄gl ȷ̄H2

x2
12x2

34

Plugging into (∗)
Rij k̄ l̄ = (gi l̄gj k̄ − gi k̄gj l̄)R1, Ri ȷ̄k l̄ = (gi l̄gk ȷ̄ + gi ȷ̄gk l̄)R2

where

R1 =

∫ 1

0

dχ
χ2

[
log

χ

1 − χ
(K1 + K2) + 2 logχ(H1 + H2)

]
R2 =

∫ 1

0

dχ
χ2 [log(1 − χ)(2H1 − 2H2 − K1) + logχ(2H2 + K2)]



Strong coupling expansion at tree level

▶ At tree level
▶ Explicit expressions

H1 =ϵ

(
−χ2 logχ+

(
χ2 − 4

χ
+ 3
)
log(1 − χ) + χ− 4

)
H2 =ϵ

(
χ2(3 − 4χ) logχ+ (χ− 1)(4χ2 + χ+ 1) log(1 − χ) + 4χ2 − χ

)
K1 =ϵ

(
− χ2

(1 − χ)2 logχ+
χ− 4
χ

log(1 − χ)− 3χ2 − 7χ+ 4
(1 − χ)2

)
K2 =ϵ

(
log(1 − χ) +

χ2(χ+ 3)
(1 − χ)3 logχ−

χ
(
3χ2 − 2χ− 1

)
(1 − χ)3

)

▶ ϵ = 1/(2π
√

2λ).
▶ The integrals R1 = 0, R2 = π/

√
2λ ≈ 1/4B1/2.

▶ Higher order?



Example III: 1/3 BPS loop in ABJM

▶ Another 1/2 BPS Wilson loop where

L4 =

(
A(1)
τ + αᾱ(M4)

I
JCIC̄J iᾱψ̄4

−
−iαψ−

4 A(2)
τ + αᾱ(M4)

I
JC̄JCI

)

with M4 = diag(−1,−1,−1,1).
• Other 3 pairs of exactly marginal defect operators Oa, ¯O

a.
▶ The simplest 1/3 BPS Wilson loop

L′ =

(
L1 0
0 L4

)

▶ Permutation operator σ =

(
0 1
1 0

)
⇒ σL′σ−1 =

(
L4 0
0 L1

)



Exactly marginal operators of 1/3 BPS loops

The 10 broken R-symmetry generators

J2
1 J1

2 J3
1 J1

3 J4
1 J1

4 J4
2 J2

4 J4
3 J3

4

give 5 pairs of exactly marginal operators

O2 =

(
O2 0
0 0

)
O3 =

(
O3 0
0 0

)
O =

(
O4 0
0 Ō1

)
O2 =

(
0 0
0 O2

)
O3 =

(
0 0
0 O3

)
and their conjugates.

Defect conformal manifold is SU(4)/SU(2)×U(1)×U(1)?



Geometric Properties
▶ Metric

gi ȷ̄ = 2B1/2δi ȷ̄, g33̄ = 4B1/2, gab̄ = 2B1/2δab̄

▶ A naive prediction of non-vanishing components of
curvature tensor

Ri ȷ̄k l̄ =
1

2B1/2
(gi l̄gk ȷ̄ + gi ȷ̄gk l̄)

R33̄33̄ =
1

2B1/2
g33̄g33̄

Rab̄cd̄ =
1

2B1/2
(gad̄gcb̄ + gab̄gcd̄)

Ri 3̄3̄l =
1

4B1/2
gi l̄g33̄, Ra3̄3d̄ =

1
4B1/2

gad̄g33̄

and their permutations.



Coset manifold SU(4)/SU(2)×U(1)×U(1)

▶ Components in directions within single CP3 match the
prediction.

▶ Four unusual components and their permutations

R11̄44̄, R22̄55̄, R12̄45̄, R21̄54̄

▶ How to address them?
▶ Integrated four-point functions?∫∫

dx1dx2
〈〈

O2(x1)Ō2(x2) O2(0)¯O
2
(∞)

〉〉
▶ Two-point functions?〈〈

O2(x1)Ō2(x2)
〉〉
+
〈〈

O2(x1)¯O
2
(x2)

〉〉



Other examples

▶ At weak coupling in SYM up to 2-loop order
[Cavaglia, Gromov, Julius, Preti]

▶ 1/2 BPS surface operator in 6d N = (2,0) theory
[Drukker, Giombi, Tseytlin, Zhou]

S4 = SO(5)/SO(4)

Defect conformal manifold is the symmetry breaking coset

MdCFT = G/G′



Outlook

1. MdCFT = G/G′ ⇒ MdCFT ⊃ G/G′ ?

2. Generalization:
i) More examples

▶ in 2d CFT
ii) A manifold comprised of

▶ Defect marginal & non-marginal operators
▶ Bulk & defect marginal operators

3. Similar constraints for higher point functions
4. · · ·

Thank you!


