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Connection Operators Flatness and Interaction Range
We want to construct the most general long-range inte- Q] P F QP P Including the boost, bilocal and rotation connection into
grable spin chain transforming under an arbitrary sym- k- W (1) we get a covariant derivative of the form
metry algebra g by deformations of an ordinary short- : /LN 2% D =d—iB[O] . —i[0.|017T. .—i®%, . [ .. (2
range (e.g. nearest-neighbor) chain [1, 2]. For applica- ' | Boost Charges Bﬂocal Charges o ’ Qi T =11Cr| Qa1 mon L (2
tions to supersymmetric gauge theory cf. [3] and related Boost charges B[Qn] are iInhomogeneous versions of the | Bilocal charges [QM: Q.| are corpposﬂmns of two local Parallel transport with respect to this derivative yields
works. Start with a g-invariant short-range spin chain homogeneous 1ntegra.ble. charges. rljhe. actlog of th§ ho- ch.arge operators acting on two dlffe.rent positions O.f the seneral long-range charges. To reflect gauge/string prop-
whose integrability is expressed by an infinite tower of mogeneous operator is simply multiplied by its position | spin chain. The commutator of a bilocal charge with a erties, one has to choose a A-parameterized path in mod-
conserved charge operators k on the spin chain. The commutator of a boost charge | local charge yields a local operator. Both parts of the uli sp’ace (IT(\),T(\), [(\)} and order the charges’ in-
B|Q.,] with a charge Q,,, yields a homogeneous operator | bilocal structure commute with the local charge as long . ’ . L
0) A(0) N oL - i i b other teraction range on the spin chain with respect to the per-
2.7, 0] = 0. mdependent of K: as they are well separated 1rom each other: turbative expansion in this coupling constant:
We focus on charge operators which act locally and ho- On, Q| = o (k) 0 () Q,(\) = QW + A0V + X202 L O(N%).  (3)
mogeneously on the spin chain. T L R B 9| 9Onl, O] = — — ~ 0 , , ,
I — Vol Remarkably this can be achieved by fixing the connec-
Qr(J) . . . .
tion /' and imposing flatness. The connection (2) 1s flat
- . B[Qn], Qm| = W (D? = 0) if
Generating Equation - — — — Qn (k) Qn(f)
P Gkt vy = hom + = '~ ~ local 0=dI+ Ty AT
The basic idea 1s to deform the vector of integrable 0, (5) b b
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charges O = (Q», Qs, ... ) by parallel transport : Boost operators modify the one-magnon charge eigen-

values Bilocal charges modify the two-magnon scattering ma-

0, with D:=d— =. (1) trix S = S(u, v) by the dressing phase 0(u, v)

Qnlu) = gn(ux 3)lu) — gn(z(ut3))|u) Flatness guarantees an expansion of the form (3) to be in-
Here =(£) denotes a connection to be specified. This u) + S|v) — |u) + 210 (u,v) S|v) dependent of the path in moduli space along which one
detormation 1mplies that the algebra among the charge by deformation of the rapidity in form of the rapidity | deforms. The four types of connection operators gen-
operators does not change map x(u). They have no impact on the dispersion relation g, (). erate the whole long-range moduli space found for the
closed g = gl(/N) spin chain [4].
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In particular, integrability of commuting charges : 5,
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Deformed Bethe Equations

The short-range Bethe equations as well as the charge eigenvalues are modified through the N M |

deformations induced by (1). While local similarity transformations are compatible with the T ekt Z.) — H uk:uj J_r7f

boundary conditions, rotation, boost and bilocal deformations twist the boundary conditions. The ; N ‘(5\@/\” r(up—5 )" j=1 wRTH T \ ; Iy

result 1s a set of long-range asymptotic Bethe equations as they appear 1in gauge/string dualities. (“k+§)L _ H U —Uj+1 7k . (“k+§)L _ H Uk —Ui+t  2i0(uy,uj)
Boost deformations B|Q,,| and rotations I, ,, introduce the rapidity map x(ug ) into the Bethe (uk—%)L joq MR —t Z, . x(uk—%)L oy Uk U

equations. Bilocal deformations |Q,,|Q,,| yield the dressing phase 6(ug, ;). The validity of j#k m (urt+35)" I we =+ 20 (uy u;) / i#k

these long-range systems 1s limited to the asymptotic region where the underlying spin chains do Q/ (g, — % )L o i Wk —1

not exceed the interaction range of the operators. jF#k




