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Books and References

Statistische und numerische o N i
Methoden der Datenanalyse Gerhard Bohm
GlnterZech

Statistische

J Dat |
@ V. Blobel, E.Lohrmann, 2012: “Statistische und numerische Methoden der L= fua, Sﬂ;?iieyfe

Datenanalyse”, https://www.desy.de/~sschmitt/blobel/ebuch.html

® M. Erdmann, T. Hebbeker, 2013: Exp.Phys.V: Mod. Meth. der Datenanalyse

® G. Bohm, G.Zech, 2017: “Introduction to Statistics and Data Analysis for
Physicists”, [DESY library]

Frederick James

Statistical Methods in
Experimental Physics
2nd Edition

® G. Cowan, 1998: “Statistical Data Analysis”
® F. James, 2nd edition, 2006: “Statistical Methods in Experimental Physics”

® Q. Behnke et al, 2013: “Data Analysis in High Energy Physics: A Practical
Guide to Statistical Methods”

® Goodfellow et al, 2016: “Deep Learning”
https://www.deeplearningbook.org/
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https://bib-pubdb1.desy.de/record/389738
https://www.deeplearningbook.org/

Links, Papers and Sources

https://www.desy.de/~amever/da desy24

Previous lectures:

® Statistical Methods in Data Analysis”, Introduction to the Terascale, March 2023: https://indico.desy.de/event/
33888 and https://www.desy.de/~ameyer/da_desy23/

® Statistical Methods in Data Analysis”, KSETA lecture, Feb 2022: https://www.desy.de/~ameyer/da_kseta_22/

® “Moderne Methoden der Datenanalyse”, Course lecture at KIT, SoSe 2017, slides (in German): https://
www.desy.de/~ameyer/kit/da_sosel7/index.html  Access to slides and material: (user: Students. pw: only)

Papers and articles:

® Robert Cousins: "Why isn’t every physicist a Bayesian ?”, Am.J.Phys. 65 (1995).

® Robert Cousins: “Lectures on Statistics in Theory: Prelude to Statistics in Practice” [arXiv]

® G.Cowan, Particle Data Group [pdg] 2020, chapter 40 [pdf] or full PDG book for download (80MB) [pdf]

® G.Cowan, K.Cranmer, E.Gross, O.Vitells: “Asymptotic formulae for likelihood-based tests of new physics” [arXiv]
® ATLAS and CMS Collaborations: “Procedure for the LHC Higgs boson search combination" [CDS]

® T.Junk: "Confidence level computation for combining searches with small statistics”, NIM, A 434 (1999) 435-443
® A.Read: “Presentation of search results: the CLg technique®, J.Phys.G: 28 (2002)

Many thanks for discussions, material and help go to:
® G. Quast (KIT), R. Wolf (KIT), O. Behnke (DESY), C. Autermann (Aachen)
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Motivation

IDIONT HAVE ANy |2l sTuDIES HAVE SHOWN el wow
ACCURATE NUMBERS |2 THAT ACCURATE 2l MANY
: i S0 I JUST MADE UP | £] NUMBERS ARENT ANY s oypres  EIGHTY-—
Use optimal statistical methods , THIS ONE. g Mookéggsgggtmmﬁg'“up*i 5| SHOWED ~ SEVEN.
. . . 2 ; £
to extract maximal information \ : { [ttt (
from the data : ) / g
— © &
%.J,“f.bl‘iﬁb é g - ,':3 J”
§ By e .

® Parameter estimation:

« What are the most likely “true” values, given the data ?
n.b. this is a very “Bayesian” question

® Hypothesis testing:
* Should an email go to the spam folder?
* Does a person carry a contagious disease?
» Are the data consistent with the prediction ?
® Confidence intervals:

* Uncertainty and significance
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The SCIG“tIfIC CyCIe Experiment: measure and test theory predictions

Hypothesis tests

Theory: predict measurement

% CMs '.5.I=IfTe\f_lL=:..1|b'|s=ﬂTeV.L=5.5-rh'
o
<
2
3,
3 -4
. . 2 Statistical analysis and
Experimental input to theory @ : )
o [mmae , data interpretation
@ 90 i@ 1 140 150
m,, (GeV)
Parameter estimation Confidence intervals
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x10°

The scientific cycle
1a0f- single dice
oy .. . . . 120}
® Prediction (trivial for ideally cubic dice): ;
100f-
« Same probability for each number: 1/6 (expectation value) sof
® Experiment 60}
» Variance (spread) — statististical uncertainty a0
 Bias (distortion) — systematic uncertainty (unless corrected) 5
0
® Simulation requires good random number generators ! L -
Fraction of 6 vs number of throws
© 1=
= 0.9 =—
'§ 0.8 E—
; 0.7 E—
g 0.6 =
s 0.5 E—
0.4 =
0.3E—
0.2 =—
0.1E—
O: , ,,13 AR R s | A 1,,,,,15 a3 ,,,,,,8 Example:dice.C
source: wikipedia 10 10* 10 10

Number of throws
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Central Limit Theorem

In the limit of large n:

the probability distribution of
the sum of n independent
random numbers follows a
Gaussian distribution.

N.B.: the sum is a Gaussian
distribution even if the
original variables are not
Gaussian distributed

source: wikipedia
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Relative uncertainty of the mean decreases as 1/\n

Introduction to the Terascale, 18—-22 March 2024



Central Limit Theorem

DESY

Be w the sum of n random numbers x;
(with variance 0:2)

In the limit of large n, the probability
density function (PDF), follows a
Gaussian distribution

e with variance V.

In case, o; = o for all /, then
« the mean

* and the standard deviation
(see previous page)

Andreas B. Meyer Statistical Methods in Data Analysis

w = ZX,‘
j =
1 B (w—(tg))2
f(w) = e 20w
N 27T Oy
n
Viw) = o3, = ) o
1=1
(w) = n(x)
Ow = VN O
Erdmann/Hebbeker, p.53
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http://lib-www.lanl.gov/la-pubs/00326866.pdf

The Monte-Carlo method

® Simple formulation of problems
® Precision only depends on CPU time

* Statistical uncertainty is proportional to: 1/\/5

* Other numeric integration methods, e.g. trapezoid
integration in n intervals and d dimensions:
1/n2/d

MC better ford > 4 Stanislaw Ulam, John von Neurﬁann, Manhattan project
® In particle physics:

» Simulation of physics events (generators) and detectors Convolution (“folding”) of all detector effects
(simulation by Geant) 00

 Design and plan experiments, develop analyses, f/(:l?/) — / t(:l:, :I:’)f(ac)da:
taking into account all resolution and efficiency effects — 00

MC method: reformulate series of convolutions by sum of random distributions

Examples: calc_pi.C animate_pi.py
DESY Andreas B. Meyer Statistical Methods in Data Analysis Introduction to the Terascale, 18—22 March 2024 13
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proton

Higgs boson discovery at the LHC (2012)

antiproton

CMS Preliminary
]

>30-_ ] > 35:""I“"I"“I""I""I""I""I""I""_
8 - t Data Js=7TeV:L=00f" 1 ) - fs=7Tev _[ Ldt=0.05f" Apr24, 2011 .
B m.=126 GeV . © 30 -
Vo Oz zz - g F ]
w F Bl z+x - o 25 ATLAS Preliminary |
-— - = - *) ]
- B - - H—ZZ '—4l channel
g et C 7 20:_ [ Signal (m, =125 GeV)
L - - C I Background 22" ]
15 [ ] 15— I Background Z+jets, tt ]
» - C —4— Data ]
n ] 10— —
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@ Statistical distribution of randomly distributed events
 counting experiments generally follow Poisson distributions

« gradual appearance of the signal above background
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Exclusion limits

“Brazilian-flag” figures

® 4th of July 2012: announcement of the discovery of a new boson
® Exclusion of signals between 131(128) GeV and 523(600) GeV

I T T T TTTTTTTTIT T T T T T TTT T T T T T T ™TT T T T T T T T ™T7TTT T T
= 10f  cwms Prelimi —=— Observed 5 = 10 —
G Tty Moo 2 © ATLAS 2011-2012 Wlew
5 [ Vs=8TeV,L=53fb" |~ Expected (95%)| | - = . B
c sEe = A [Ldt=46481" Di:" .
- 5 (=8 TeV: JLdt=5859 1" e
§ <_>l B ----Bkg. Expected
a T N e
2 »
o
(o))
107F g "
- ] 107 (a) CLS Limits —
L R NN EE NS FE T ETR Tl I R Y L I SR S S S N | " L PR SR TR TR T ST SR SN ST ST S S S Y S W
100 _ 200 300 400 500 110 150 200 300 400 500
Higgs boson mass (GeV) m, [GeV]
H

By the end of this lecture: understand what exactly is shown in these figures
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Local p-value

® Probability, that the measured distribution is due to a
fluctuation of the background: p(mn = 125.8 GeV) = 10-1"
(corresponds to a significance of ~6.70)

CMS ATLAS
()] 1 T V I I I I LMAAAE RARA | Q_O 5 LI I L L B IR B L L L I I B O L B
c_:; 10'E" "V ‘ = 10k — Ops 2012 ATLAS Preliminary
> 10:2 ; & 10°% — Gbe 2011 H— 220 41
Q10°F = e Exp 2011 Vs=7 TeV:[Ldt =4.6 fb”
— 10.4 -,: 10 — gbs gomglmatt_lon . :
< 105k | ; xp Combination  {s=8 TeV: [Ldt =20.7 fb
o 10° i = == , ;0
107 ’ ©
-8 ; . ' AR, 30
18‘9 = sF T N
10 — Observed | \ E 5
11%_11 ----Expected |/ 50
1 0_12 ‘ : CMS Preliminar;./ h
1018 H—>2Z — 41 + 212r 360
10" Vs=7TeV,L=5.1fb"
15 : P Vs=8TeV,L=19.61b" 23 5
I : 3 s 7
]8'16 I' H E Il Il Il : Il Il Il Il Il 10'13 | ‘ | ‘ “-\“‘\ 1| ‘ I | ‘ 111 \:.:‘ I ‘ I ©
100 200 300 400 [G {/CiOC 110 120 130 140 150 160 1 7% 180
m e my [GeV]
H H
By the end of this lecture: understand what exactly is shown in these figures — Hypothesis Testing
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Uncertainties



Error and uncertainty

(Uncertainty)

} ===

Strictly speaking, a correct measurement can not have errors
Any measurement has uncertainties. In practice, the term “error” is often used
Uncertainties can be statistical or systematic

DESY. Andreas B. Meyer Statistical Methods in Data Analysis Introduction to the Terascale, 18-22 March 2024
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Statistical and systematic uncertainties

Spread Bias

Systematic uncertainty: uncertainty in the size of the bias

DESY. Andreas B. Meyer Statistical Methods in Data Analysis Introduction to the Terascale, 18-22 March 2024 19



Statistical uncertainties

® Spread of a single measurement for reasons that are
practically (e.g. cube) and/or principally (QM) untraceable

 => Variance: distribution around mean

® Repeated measurements are independent (uncorrelated)

® Statistical uncertainties are theoretically well understood

« Error propagation

\ For lack of time | will not say

much about these aspects

« (Correlations

DESY Andreas B. Meyer Statistical Methods in Data Analysis

Introduction to the Terascale, 18—-22 March 2024
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Systematic uncertainties

® Bias (distortion) of measurement

™,
® Examples: (( I
| \_J
* Reading errors ﬂ%
 Noise T

« Miscalibration %

« Band-wagon effects, AN
l.e. prejudice about result

"l already wrote the paper. That's
why it's so hard to get the right data."

® Systematic uncertainties are (in principle) traceable

® Repeated measurements are usually correlated
(unless underlying assumptions or analysis approach are changed)

® In practice, no general method for quantification

DESY Andreas B. Meyer Statistical Methods in Data Analysis Introduction to the Terascale, 18-22 March 2024

21



Systematic uncertainties

® Explicit: purely experimental uncertainties
« Often due to statistical uncertainties of ancillary measurements, e.g. calibrations
 More data would help, but are often not available

® Implicit: due to assumptions of the measurement setup or analysis
1. Continuous parameters, e.g. QCD scale uncertainties

2. Discrete values only: no unambiguous interpolation between assumptions

® Systematic uncertainties also follow the central limit theorem,

® The shape of a single uncertainty is usually irrelevant for the total uncertainty of the measurement (CLT)

® “Unknown unknowns”: it is never excluded that some sources of uncertainty remain undetected

® Known uncertainties are often deliberately overestimated (“conservative”)

Accurate estimate of systematics requires care and courage

DESY Andreas B. Meyer Statistical Methods in Data Analysis Introduction to the Terascale, 18-22 March 2024
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11=1F L —"
Blind analysis AL sAFETY
AN NOUNCEMENT
: - Do NoT JUMP ON
® Do not be guided by prejudice BANDWAGON. S
$ coME
* Never delete the primary data, all results are to be doubted “1‘_’2’;"2';;';, ‘-,ng E -
_ CLIMB ON WITH CARE. '
* Take all effects into account

* Publish all results. About ~5% of the results should be off by more than 20!

® Blinding policy
* Produce control distributions for data and MC w/o looking at the final result.
* Implement the actual measurement using MC “pseudo” data, and optimise the analysis
* Document the analysis and present the result for pre-approval

* Unblind during peer-review

@® N.B.: worse than blind — unblind — publish is:
» Blind analysis — surprise@unblinding — study surprise until surprise is gone — publish unsurprising result

« Find middle ground, try to avoid bias, but be pragmatic

DESY Andreas B. Meyer Statistical Methods in Data Analysis Introduction to the Terascale, 18—-22 March 2024 23



Probability



Probability

® S = full set of all events
® A, B subsets of events in S

® P(A) = probability that A takes place

® Kolmogorov-Axioms (1931):
- 1. P(A)>0

“and”

.+ 2. IfAandBdisjoint,ie.if AN B =0
P(AUB)=P(A)+ P(B)

. 3. P(S)=1

DESY Andreas B. Meyer

Statistical Methods in Data Analysis

positive

additive

“Aor B’

normalised

Venn-Diagramm

Cowan, p.2

Introduction to the Terascale, 18—-22 March 2024

25



Probability

® Derived properties: 0<P(A) <1
P(AUA) =1

PA)=1—- P(A)

® Moreover: “A or B”, for overlapping subsets:

P(AU B) = P(A) + P(B) —

® Definition of conditional probability: g
P(AN B)
P(B)

® A and B are said to be “independent” if:

P(A|B) =

“and”

P(ANB) = P(A) - P(B)

DESY Andreas B. Meyer Statistical Methods in Data Analysis

Venn-Diagramm

“and”

P(AN B)

“Probability of A under the condition that B”
Or in short: “probability of A given B”

<=> P(A|B) — P(A) Cowan, p.2

Introduction to the Terascale, 18—-22 March 2024
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Probability

*t PA)=§ P(B)= ®

o \ (

P(B | A) — Venn-Diagramm

® [
P(A‘B) — P(A 2 B) “Probability of A under the condition that B”
P(B) Or in short: “probability of A given B”
® A and B are said to be “independent” if:
“and”
P(ANnB)= P(A)- P(B) <=> P(A|B) = P(A) oo

DESY Andreas B. Meyer Statistical Methods in Data Analysis Introduction to the Terascale, 18-22 March 2024



Probability

*t PA)=§ P(B)= ®
These are equal

I |

P(B | A) — Venn-Diagramm

" PAB)=

® [
P(A‘B) — P(A 2 B) “Probability of A under the condition that B”
P(B) Or in short: “probability of A given B”
® A and B are said to be “independent” if:
“and”
P(ANnB)= P(A)- P(B) <=> P(A|B) = P(A) oo

DESY Andreas B. Meyer Statistical Methods in Data Analysis Introduction to the Terascale, 18-22 March 2024



BayeS’ Theorem Thomas Bayes, 1763

“Likelihood” “Prior”

N

P(A|B) = P(B|A) - —=

/NN

“Evidence”

Probability that theory “A” Conditional probability
is correct, given data “B” to measure data “B”
have been measured assuming that
theory “A" is correct

Quantitative relation between correctness of a theory «» and observation of actual data

DESY Andreas B. Meyer Statistical Methods in Data Analysis Introduction to the Terascale, 18-22 March 2024
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Bayes’ Theorem

® Assume Covid infection rate has a prior probability of 1 permille (0.001)
P(A) = 0.001 — P(notA) =0.999 “Prior”
® Reliable Covid test (numbers invented)
« If the patient is infected, the test delivers a correct result in 90% of the cases (“correct positive”)
P(+|A) = 0.90 — P(-A) =0.10 (“false negative”)
* In case the patient is not infected, the test delivers a correct result in 99% of the cases (“correct negative”)
P(- |notA) = 0.99 — P(+|not A) = 0.01 (“false positive”)

® If the test is positive, what is the probability P(A|+) that the patient is really infected ? “Posterior”
P(+|A)P(A) P(+|A)P(A)
P(Al+) = = —
P(+) P(+]A)P(A) + P(+|A)P(A)
0.90 x 0.001
P(A|+) ~ 8.2%

™ 0.90 x 0.001 + 0.01 x 0.999

In practice, more tests with symptoms — larger prior

DESY Andreas B. Meyer Statistical Methods in Data Analysis Introduction to the Terascale, 18-22 March 2024
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Basic probability distributions Probability to find k events

in the first k trials
and not in the last n-k

® Be p the probability to observe a certain event
® What is the probability, to see k such events in n trials (e.g. find @ “6” in 2 out of 3 dice)

|

P(k;n) = (k> pE(1—p)"F

n n!
® Binomial coefficient ( > — - number of combinations to select k out of n elements.

El(n —k)!

® The probability to find 2 times a “6” in 3 attempts (p=1/6, n=3, k=2) is:

3! 1\° 1\~
B —2) (6> (1—6> = 0.069 o e Yooy

DESY Andreas B. Meyer Statistical Methods in Data Analysis Introduction to the Terascale, 18—-22 March 2024 31




Basic probability distributions

® Binomial distribution in the limit n — <, p — 0 and np = y < = fixed, i.e.
* p =p/nfornlarge, i.e. p<<1

k
« Only one parameter u ! P(k) — e M. ’u_

k!

® Examples for Poisson distributions:
« Probability that 4 (=k) out of 100 chips (=n) are produced with a defect, if the error rate is 2% (=p).

4
u=mn-p=100-0.02 = 2 P(4) =e? .

h ~9%

« At fixed event rate, the number of events observed in a time interval t (the distribution of differences in time
follows an exponential)

* The number of entries in a hIStogram Erdmann/Hebbeker p.37 / Blobel/Lohrmann Example 4.11

DESY Andreas B. Meyer Statistical Methods in Data Analysis Introduction to the Terascale, 18—-22 March 2024 32



Poisson distribution

=
e

Poission(n; )
=
Pl

=

=
=N

Poission(n; L)
=]
[

=

=
s

Poission(n; )
=
[l

=

Cowan, Fig 2.3

DESY

Andreas B. Meyer

Here is the 9% from the

previous slide (u=2, k=4)

[ T——

10 15 20
k
u=35
HHHH”HHHM
5 10 15 20
k
u=10_l
nnﬂﬂnﬂﬂﬂﬂﬂﬂnn,
5 10 15 20
k

Expectation value: |E[k] = u

Variance: |V k] = p

Standard deviation: o = \u

Statistical uncertainty is often estimated as k.
Assumption k = u. Not correct, as k can fluctuate from u

Statistical Methods in Data Analysis Introduction to the Terascale, 18—-22 March 2024
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1 . o a/2 xample: animate_Gaussfunctions.py
( 1o | 0.683 0.317 0.158 (e )2
1.650 | 0.90 0.10 0.05 Towards large n and o
1.960 | 0.95 0.0 0.025 binomial and Poisson-distributions
C 9% 1 0.9545 | 0.0455 | 0.0228 approach the Gauss-distribution
( 30 | 0.9973 | 0.0027 | 0.0013 )
50 3x 1077
Measurements: 2-sided interval: p-value = a
. Exclusion/discovery: 1-sided interval: p-value = a/2
4 T
(a.k.a. confidence intervals) N
o 34.1%4 34.1%
P(a:—,u <1-0) = 68.26% gq
P(a:—,u < 2-0) 95.45% 13.6%1
P(lz —p| <3-0) = 99.73%| 2. i

-30 =20 -10 ] lo 20 30

Introduction to the Terascale, 18—-22 March 2024 34
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Gauss - Poisson - Binomial

Binomial distribution

0.06F
0.05F
0.04F
0.03f-
0.02F

0.01F

Binomial
n, p

N

p— 0

0.06

0.05

30 35 40 45 50 55 60 65 70

DESY.

Andreas B. Meyer

=

1000

a

Normal distribution

RN RERE FNTRE SRR P EEE FETRE FREEE PR,

Poisson
1L

0.05f

H—)OO

30 35 40 45 50 55 60 65 70

au
W, ©

np
vnp(l—p)

Statistical Methods in Data Analysis

0.04f
0.03
0.02f

0.01f

0.05

Poisson distribution

30 35 40 45 50 55 60 65 70

Example: animate_basicDistributions.py

See also: Blobel/Lohrmann
Example 4.16

Introduction to the Terascale, 18—-22 March 2024
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Parameter estimation

® Probability density distributions (PDF) are defined by “truth” parameters a

® Measurements of distributions consist of random samples, i.e. n elements x1, x2... Xn

® The random sample contains information to determine the estimator 4

® The estimator & is also a random number

® In the limit of many identical experiments, the distribution of & should approach the PDF of a

® In a measurement, the estimator & should be:

DESY

consistent:
unbiased:
efficient:
robust:

Andreas B. Meyer

limh-~&=a

E(&d) =a alsoforn< ()
V(&) as small as possible
stable against wrong data

Statistical Methods in Data Analysis
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Goodness of fit

120

AU

100

80

60

40

20

® Which theory gives a better description of the data ?

DESY

Andreas B. Meyer
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Goodness of fit

® How well does a prediction fit the data ?

® Weighted sum of squares of the difference between Gaussian-distributed data y;with uncertainties o

and theory f(x)): N

s=x=3

i=1

® The estimator S follows a y2-distribution
(with n = N - k degrees of freedom):

21 2

(yi — f(ilfz'a {r})

oF;

2\ 2
Ja(X?) = ”
Ir'(3)
® Expectation vaIueI (X2 =n | = {x?/n) =1
® Variance: |V[X2] = 2n| Figure: chi2PDF.C

2

0.5—

04—

Many other goodness-of-fit tests, e.g. Kolmogorov Smirnov

DESY Andreas B. Meyer Statistical Methods in Data Analysis
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X2-Probability

® Probability to find a bigger value of x2
than the one actually measured:

X%rob :/ fn(v)dv
2

X2
=1- /0 fn(v)dv

» Useful to quantify agreement

® Probability of x2/nf > 1 is ~40%
(largely independent of ny)

Note: x2/nr> 1 is more acceptable if nr is small

Figures: chi2Prob.C

DESY Andreas B. Meyer Statistical Methods in Data Analysis

P-value

P-value
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Least Squares Method

® Fit of a function to the data: =120
linear function ax+b < b
(2 free parameters) 100|—

® Minimize sum of squares: - o

80— + 3

S EAY : [ :

2_ 1 7 — o

=y () ol o §

= ! ! I I

® X/ Naor = 17.6 / 8 401 o % S

(p-value: 2.4%) - ®
20_—

AU
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Least Squares Method

® Fit of a function to the data: =120
quadratic function ax2+bx+c < b
(3 free parameters) 100|—

® Minimize sum of squares - o

80— &

N o y 2 - + \%_)

1~ M — @

e () -

® xX*/Naof=9.1/7 40__\+\% ’ % ‘%

(p-value: 24%) B @
20_—

AU

Better p-value than with 2 parameters
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Least Squares Method

® Fit of a function to the data: =120
quadratic function ax3+bx2+cx+d =
(4 free parameters) 100|—

® Minimize sum of squares - o

80— &

N /. y 2 B ‘ 3

i — i - O

= () W

i=1 i B 2

® X*/ Ngor = 8.9/ 6 do— ‘:

(p-value: 17%) B @
20_—

o_ | | | | | | | | | | | | | | | | | | | | |

Rule of thumb:
Do not use more parameters than needed => 4 parameters already too many
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Least Squares Method

® Fit of data with 9 parameters:

® Minimize sum of squares

N

2 Xi; — s

=) (T
i=1 v

® X2/ Naor =01/ 0

2

120

A.U.

100

80

60

R J Tt | T | T 1

[
’
’

40

20

With enough parameters "can fit an elephant”

DESY Andreas B. Meyer

Statistical Methods in Data Analysis

Introduction to the Terascale, 18—-22 March 2024

¢/ UoI108s uemo) osje 89S

44



Parameter correlation

® Ansatz: f(x) = po + p1 x
(2 parameters)

® Result of the fit;

 Parameters and x2: see caption

 Covariance: ( 26.7 -5.07 )
-5.07 1.27

 Correlation: (1 -0.86 )
-0.86 1

“Covariance” “Correlation”

2
0'1 0192
2
0921 09

(1 ,0) 012
where p —
P 1 0102

120

A.U.

100

80

60

40

20

Parameters po und p1 are strongly anti-correlated

v2 [ ndf
Prob
p0

p1i

4.073/6
0.6668

31.44 + 5.165
5.125 +1.127

1 2 3 4 5 6

=> bigger po requires smaller p1, such that f(x) can still go through the data points

DESY Andreas B. Meyer Statistical Methods in Data Analysis
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“Covariance” “Correlation”
Parameter correlation o2 o1 Lop\ o1
9 where 0 =
021 Ojy p 1 0109
® Ansatz: f(x) = po + p1 (x-4) 120 ¥ I ndf 4.073/6
(2 parameters) 2 T Prob 0.6668
. pO 51.94 + 2.542
100 — p1 5.125 + 1.127
® Result of the fit: . P
« Parameters and x2: see caption 80:_ I %"
L O
60— %
« Covariance: ( 6.4 0.013) E 2
0.013 1.27 a0 I 5
« Correlation: ( 1 0.004 ) 20
0.004 1 B
0 I I I I L I I IR
1 2 3 4 5 6 7 8
A.U

Decorrelation often possible by appropriate transformation of coordinates (e.g. principle component analysis)
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“Covariance” “Correlation”
Parameter correlation (g% m) (1 p) h 012
whnhere —
021 O % p 1 0102
® 10 contour, corresponding to Ax2= 1, for the measured (estimated) parameters 6;and 6;
Qi T\ g
i :
A U
0; |~ T &
O; (;_g'
! I
o
Ol

Fixing one parameter (here 6)) leads to reduction of the uncertainty of parameter 6;

_ ] 2
Oinner — 1 — ,Oz-j "0y
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Summary

® The scientific cycle:
® Theoretical predictions are tested by experiment

® Experimentally determined model parameters are input to theoretical predictions (e.g. Standard Model)

® Measurements are random samples drawn from a true distribution described by a PDF.
® Statistical uncertainties (variance -> spread): well understood

® Systematic uncertainties (bias -> distortion): require care and courage

® Probability
® Bayes’ Theorem

® Binomial-, Poisson- and Gaussian distributions

® Parameter estimation

® x2-function, goodness of fit and decorrelation

DESY Andreas B. Meyer Statistical Methods in Data Analysis Introduction to the Terascale, 18-22 March 2024
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Menu

(% 10 cwms Preliminary —=— Observed -
@) L Vs=7TeV.L=5.1fb' |0 Expected (68%)]
Today B [ Vs=8TeV,L=53f" |- Expected (95%)|
® Statistical and systematic uncertainties S T :
® Probability b= g
® Parameter estimation g
1 1f
O -
Tomorrow § I
® Hypothesis testing op
® Confidence intervals i
® Profile likelihood ratio y
@ Outlook: classification and MVA 10°F E
C oo v v e b b b v b g 17
100 200 300 400 500

Higgs boson mass (GeV)

Higgs discovery: What does this figure really show ?
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