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Introduction
Problem statement

Problem statement: we have to solve a nonlinear eigenvalue problem (NEP)
where
• the problem is large and sparse;
• the number of eigenvalues is large;
• prior information about eigenvalues is available;
• in several applications, one is only interested in a few eigenvalues within a

certain range.
Figure: Chain of cavities (from [1])

Available methods:
• Iterative methods: Jacobi-Davidson [2], Arnoldi, Lanczos, etc.
• Contour integral methods: Beyn methods [3], resolvent sampling based Rayleigh-

Ritz method (RSRR) [4], etc.
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Introduction
Iterative methods (Jacobi-Davidson)

Lossless accelerator cavity: eigenvalues are on real axis

frequency

choose an initial guess

expand the search space ...

until an approximate solution is
found

the solution becomes the new initial
guess

continue expanding the search
space ...
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Introduction
Iterative methods (Jacobi-Davidson)

Lossy accelerator cavity: eigenvalues are in the complex plane

frequency

da
m

pi
ng

choose an initial guess

expand the search space ...

until an approximate solution is found

choose another initial guess

continue expanding the search space ...

find another approximate solution

if we choose an unsuitable initial guess

the algorithm will converge to ...

an already determined eigenvalue!!!!!
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Introduction
Contour integral methods

An accurate computation of eigenpairs inside a region enclosed by a non-self-
intersecting curve.

da
m

pi
ng

frequency

choose a region to look for
eigenvalues

the region can be of any shape, e.g
rectangle, circle/ellipse.

most computation is spent to solve
linear equation systems at different
interpolation points, which can be
parallelized.
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Formulation
Contour integral methods

To solve P(z)x = 0 most of the standard eigenvalue algorithms exploit a projection
procedure in order to extract approximate eigenvectors from a given subspace.

Construct an approx-
imate eigenspace Q obtain matrix Q

Project the original
NEP to a reduced NEP

using Rayleigh-Ritz procedure:
PQ(z) = QHP(z)Q

Solve the reduced NEP
solve PQ(z)g = 0
for eigenvalues z and eigenvectors g

Compute eigenpairs
of the original NEP

same eigenvalues as for the reduced problem;
eigenvectors x = Qg
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Formulation
Contour integral methods

z1

z2

z3

z4
z5

z6

z7

z8

z9
z10

z11

z12

V

P
−1(z1) P

−1(z2) P
−1(z3) P

−1(z4) P
−1(z5) P

−1(z6) P
−1(z7) P

−1(z8) P
−1(z9) P

−1(z10)

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

= = = = = = = = = =

( )

The evaluation of Q requires the
computation of

1
2πi

∮
Γ

P(z)−1Vdz (1)

where P(zn) is the matrix system at
an integration point zn and V is a
random matrix.
The most expensive operation is to
compute

X = P−1(zi )V (2)
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Results
Lossless Tesla Cavity
9 Monopole Modes in the 1st Passband
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Results
Lossless Tesla Cavity
36 Dipole Modes in the 1st and 2nd Passband
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Results
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Results
Lossless Tesla Cavity
Comparison between Different Linear Solvers
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Conclusion

• Good agreement between NES4AC and CEM3Dr.

• NES4AC requires memory twice as much as CEM3Dr.

• NES4AC is efficient for computing multiple modes.

• Direct solver is more robust but requires more memory than iterative solver.

• The accuracy of the solution significantly depends on the number of interpola-
tion points and the tolerance of the linear solvers.
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Thank you for your attention
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Appendix
Iterative methods (Jacobi-Davidson)

Lossless accelerator cavity: eigenvalues are on real axis

frequencyinitial guess

• choose an initial guess

• expand the search space ...

• until an approximate solution is
found

• the solution becomes the new initial
guess

• continue expanding the search
space ...
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Appendix
Contour integral methods

Some basic spectral theory

The resolvent P(z)−1 reveals the existence of eigenvalues, indicates where
eigenvalues are located, and show how sensitive these eigenvalues are to per-
tubation.
As explained in [3], from Keldysh’s theorem, we know that the resolvent function
P(z)−1 can be written (for simple eigenvalues λi ) as

P(z)−1 =
∑

i

viwH
i

1
z − λi

+ R(z) (3)

where
• vi and wi are suitably scaled right and left eigenvectors, respectively, cor-

responding to the (simple) eigenvalue λi

• R(z) and P(z) are analytic functions
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Appendix
Contour integral methods

Some basic spectral theory

da
m

pi
ng

frequency

Q = (q1, q2, ..., qk )
span{q1, q2, ..., qk} ⊇ span{v1, v2, ..., vn(Γ)}

P(z)−1 =
∑

i

vi w
H
i

1
z − λi

+ R(z)

Applying Cauchy’s integral formula

1
2πi

∮
Γ

f (z)P(z)−1dz =
n(Γ)∑
i=1

f (λi )vi w
H
i

In practice, we evaluate the integral

1
2πi

∮
Γ

f (z)P(z)−1V̂dz

Using interpolation, we obtain

1
2πi

∮
Γ

f (z)P(z)−1V̂dz =
nint∑
i=1

ξi f (zi )P(zi )
−1V̂

November 15, 2018 | TU Darmstadt | Fachbereich 18 | Institut für Theorie Elektromagnetischer Felder | Vinh Pham-Xuan | 25 / 22



Appendix
Contour integral methods

Some basic spectral theory

da
m

pi
ng

frequency

Q = (q1, q2, ..., qk )
span{q1, q2, ..., qk} ⊇ span{v1, v2, ..., vn(Γ)}

P(z)−1 =
∑

i

vi w
H
i

1
z − λi

+ R(z)

Applying Cauchy’s integral formula

1
2πi

∮
Γ

f (z)P(z)−1dz =
n(Γ)∑
i=1

f (λi )vi w
H
i

In practice, we evaluate the integral

1
2πi

∮
Γ

f (z)P(z)−1V̂dz

Using interpolation, we obtain

1
2πi

∮
Γ

f (z)P(z)−1V̂dz =
nint∑
i=1

ξi f (zi )P(zi )
−1V̂

November 15, 2018 | TU Darmstadt | Fachbereich 18 | Institut für Theorie Elektromagnetischer Felder | Vinh Pham-Xuan | 25 / 22



Appendix
Contour integral methods

Beyn1 (for a few eigenvalues)

Define the matrices A0 and A1 ∈ Cn×k

A0 =
1

2πi

∮
Γ

P(z)−1V̂dz (4)

A1 =
1

2πi

∮
Γ

zP(z)−1V̂dz (5)

Then A0 = VW H V̂ and A1 = VΛW H V̂ where

• Λ = diag(λ1, ...,λn(Γ))
• V =

[
v1 · · · vn(Γ)

]
• W =

[
w1 · · · wn(Γ)

]
V̂ is a random matrix V̂ ∈ Cn×L. L is smaller than n and equal or greater and k
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Appendix
Contour integral methods

Beyn1 (for a few eigenvalues)

Beyn’s method is based on the singular value decomposition of A0

A0 = V0Σ0W H
0 (6)

Beyn has shown that the matrix

B = V H
0 A1W H

0 Σ−1
0 (7)

is diagonalizable. Its eigenvalues are the eigenvalues of P inside the contour and
its eigenvectors lead to the corresponding eigenvectors of P.
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Appendix
Contour integral methods

Beyn2 (for many eigenvalues)

Define the matrices Ap ∈ Cn×k

Ap =
1

2πi

∮
Γ

zpP(z)−1V̂dz (8)

Then Ap = VΛpW H V̂ . The matrices B0 and B1 are defined as follows

B0 =

 A0 · · · AK−1
...

...
AK−1 · · · A2K−2

 ; B1 =

A1 · · · AK
...

...
AK · · · A2K−1

 (9)

November 15, 2018 | TU Darmstadt | Fachbereich 18 | Institut für Theorie Elektromagnetischer Felder | Vinh Pham-Xuan | 28 / 22



Appendix
Contour integral methods

Beyn2 (for many eigenvalues)

Performing the singular value decomposition of B0

B0 = V0Σ0W H
0 (10)

Beyn has shown that the matrix

D = V H
0 B1W H

0 Σ−1
0 (11)

is diagonalizable. Its eigenvalues are the eigenvalues of P inside the contour and
its eigenvectors lead to the corresponding eigenvectors of P.
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Appendix
Contour integral methods

Resolvent Sampling based Rayleigh-Ritz method

z1

z2

z3

z4
z5

z6

z7

z8

z9
z10

z11

z12

V

P
−1(z1) P

−1(z2) P
−1(z3) P

−1(z4) P
−1(z5) P

−1(z6) P
−1(z7) P

−1(z8) P
−1(z9) P

−1(z10)

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

= = = = = = = = = =

+ + + + + + + + +( )

The Beyn2 algorithm is robust and
accurate if a large L but a small K are
used.

However, for large-scale problems, a
small L is essential to reduce the
computational burden.

Decrease L and increase K make the
algorithm unstable and inaccurate.

RSRR reduce the number of columns of
V .

Let Q ∈ Cn×k be an orthogonal basis of search space, then the original NEP can be con-
verted to the following reduced NEP

PQ(z)g = 0
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Appendix
Contour integral methods

Resolvent Sampling based Rayleigh-Ritz method

(1) Initialization: Fix the contour Γ, the number N and the sampling points zi . Fix
the number L and generate a n × L random matrix U

(2) Compute P(zi )−1U for i = 0, 1, ... , N − 1

(3) Form S as follows
S =

[
P(z0)−1U, P(z1)−1U, · · · , P(zN−1)−1U

]
∈ Cn×N·L (12)

(4) Generate the matrix Q via the truncated singular value decomposition S ≈
QΣV H .

(5) Compute PQ(z) = QHP(z)Q, and solve the projected NEP PQ(λ)g = 0 using
the SS-FULL algorithm to obtain n(Γ) eigenapairs (gj ,λj ).

(6) Compute the eigenpairs of the original NEP via the eigenpairs of the reduced
NEP.
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Appendix
Nonlinear Eigenvalue Solver for Accelerator Cavities
(NES4AC)

CST cavity design, FEM discretization

CEM3D [5] generate matrices P(zi )

NES4AC Solve nonlinear eigenvalue problem
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Appendix
Nonlinear Eigenvalue Solver for Accelerator Cavities
(NES4AC)

=

Parallell level 1:
multiple contours

Parallel level 2: 
compute nodes in 
parallel (implemented 
in codes)

Parallel level 3: 
parallelize computation 
at each node 
(implemented in the
 codes)

P(λ)x=v
or x=P(z)-1v
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z1

z2

z3
z4

z5z6
z7

z8

z9

z10

z11
z12 z13

z14
z15

z16

V

∮
Γ

P
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z3
z4z5z6

z7
z8

z9

z10
z11

z12 z13 z14
z15

z16

V

subcomm 1
z1, A1, B1

z2, A2, B2

z3, A3, B3

z4, A4, B4

subcomm 2
z5, A5, B5

z6, A6, B6

z7, A7, B7

z8, A8, B8

subcomm 3
z9, A9, B9

z10, A10, B10

z11, A11, B11

z12, A12, B12

subcomm 4
z13, A13, B13

z14, A14, B14

z15, A15, B15

z16, A16, B16

∮
Γ

P−1(z)V dz
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z16, A16, B16

P−1(z4)V

P−1(z3)V

P−1(z2)V

P−1(z1)V

P−1(z8)V

P−1(z7)V

P−1(z6)V

P−1(z5)V
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∮
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Appendix
Nonlinear Eigenvalue Solver for Accelerator Cavities
(NES4AC)

NES4AC highlights:

• extends the functionality of CEM3D [5].

• parallelized and developed in C++.

• based on PETSc (Portable, Extensible Toolkit for Scientific Computation) v3.3.0
and LAPACK.

• adopts the parallel scheme of the contour integral method from SLEPc (Scal-
able Library for Eigenvalue Problem Computations).

• uses the superLU_DIST for the computation of LU decompositions.

• including three contour integral algorithms for eigenvalue solution: Beyn1 (for
a few eigenvalues), Beyn2 (for many eigenvalues) and RSRR.

• with two types of closed contour: ellipse and rectangle.
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Appendix
Target frequency in CEM3D

The combination of Maxwell-Ampère equation and the Maxwell-Faraday equation
results in the double-curl equation

∇× 1
µ
∇× ~E + jωσ~E = εω2~E (13)

Applying the Galerkin’s approach to discretize (??) results in an eigenvalue problem

A3Dx + jωµ0C3Dx = ω2µ0ε0B3Dx (14)
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Appendix
Target frequency in CEM3D

where

A3D
ij =

∫∫∫
Ω

1
µr
∇× ~wi · ∇ × ~wjdΩ (15)

B3D
ij =

∫∫∫
Ω

εr ~wi · ~wjdΩ (16)

C3D
ij =

∫∫∫
Ω

σ~wi · ~wjdΩ (17)
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Appendix
Target frequency in CEM3D

Equation 14 can be rewritten as follows

(A3D + jωµ0C3D)x = (
ω

c0
)2B3Dx (18)

s(A3D + jωµ0C3D)x = s2(
ω

c0
)2 B3D

s
x (19)

ACEM3Dx = λBCEM3Dx (20)

where

s =
c0

2πfτ
(21)
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