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Outline

= Motivation
« Computational model

- Numerical problem formulation
 Numerical examples

- Spherical cavity (lossless / lossy)

Properties of the system matrix

- 1.3 GHz structure (single cavity)

Evaluation of promising preconditioner and related linear solvers

 Summary / Outlook
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Motivation

» Eigenanalysis of Cavities
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« Computational model
- Numerical problem formulation
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Computational Model
* Numerical Eigenanalysis for Resonant Structures

- Algebraic problem definition

AN x=ABzx

- Generally available solver types

Critical step:

Subspace expansion

<

6

 Jacobi-Davidson with fixed-point iteration
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Computational Model

= Jacobi-Davidson method

- Important properties
* Direct solution difficult because of dense matrix in correction equation.

* |terative solution not immediately applicable because vectors Ax
with Ax € R{(Vp)  } are not mapped back onto R{(Vg) | } again.

- Preconditioning
* The JD - preconditioner
PC ={I - M tvg[(M~tvp) vl tviim—1
=Mt — M vl vy vl tvE
retains the property AZ € R{(Vy)  } for any preconditioner A7 1.

‘ Simplestcase: M~ 1=1 <« PC=1- va =P
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Computational Model

Edge basis elements

= Numerical formulation -
- Implementa‘uon {» Element matrix calculation )

fktA2[i Tnteger, §_Integer] :=
Integrate[ {curlW[:].curlW[F]} »jacobi,

a”ij — /// ]_/Mr cu r|wz el rle dQ ful, 0, 1}, fu?, 0, 1 -ul}, fu3, 0, 1-ul - u?}]:
Q math? = Array[fkth2, {nEdges, nEdges}]:

TableForm[Flatten[math?]]

b’l,j p— /// 8r u_j\z . u_}j dQ v u Matrix B
Q {» Element matrix calculation «}

fktB2[i_ Tnteger, §_Integer] :=
Integrate[ {(W[Z].W[i]) »Jjacobi, {ful, 0, 1%,
fu?, 0, 1-ul}, fui, 0, 1-ul -u2}];
matB? = Array[fktB2?, {nEdges, nEdges1]:
TableForm[Flatten[matE2]]

contribution of
‘ element-matrices

Mathematica ready availabe

<

S5
oK.
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Computational Model
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= Numerical formulation
- Function definition

FEMOG: lowest order approximation
(edge elements, Nédélec)

Space | Basis functions Assoc. § %
1 L:’l bi {i} 5 wﬁ%
Sl L | sies {if} S oF
S Vs | ¢idi(Pi — ¢5), {ig} T 8%
) hih; b {ijk} 228
t [ | ove, - o,V (i) 536
Az | 36,0kV i — V(dih; b1, {ijk} 58s
39k6iV 05 — V(Didid) {ijk} 288
§ Az | 49;0k(d; — ¢k)Vdi — V(¢idjdr(dj — d)), {ijk} 3L 22
3 116i(S — $)Vé; — V(djdndi(dr — ¢i)). | {ih} gL ge3
= 1665 (6 — 6;)V 0k — V(okdids (60 — 0;)), | {ijh} 52852
40001V di — V(did;drdr), {ijkl} [
191161V 5 — V(9itr; $ih). {ijkt} S5tz
! 191019, Vo — V(bich; 1) {ijki} T @alg
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Computational Model
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= Numerical formulation

- Function definition

FEM12: higher order approximation

Space | Basis functions Assoc. § %
1 L:’l bi {i} 5 K
S| 49 {ij} s 6k
S Vs | ¢idi(Pi — ¢5), {ig} T 8%
) hih; b {ijk} 228
t [ A | 6ive; — 4,V (i) 536
Az | 36;0KV i — V(0ih; b1); {ijk} 58s
39k6iV 05 — V(Didid) {ijk} 288
§ Az | 49;0k(d; — ¢k)Vdi — V(¢idjdr(dj — d)), {ijk} 3L 22
3 116i(S — $)Vé; — V(djdndi(dr — ¢i)). | {ih} gL ge3
= 1665 (6 — 6;)V 0k — V(okdids (60 — 0;)), | {ijh} 52852
40001V di — V(did;drdr), {ijkl} [
191161V 5 — V(9itr; $ih). {ijkt} S5tz
! 191019, Vo — V(bich; 1) {ijki} T @alg
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Computational Model
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= Numerical formulation

- Function definition

FEMZ20: higher order approximation

Space | Basis functions Assoc. § %
1 L:’l Gi {i} 5 wﬁ%
5 Vo | bid, {ij} S oF
S Vs | ¢idi(Pi — ¢5), {ig} T 8%
) hih; b {ijk} 228
t [ A [ ove; - oV @) 536
Az | 36,6k i — V(did;br). {ijk} 58s
39k6.V0; — V(did;dn) {ijk} 288
§ Az | 49;0k(d; — ¢k)Vdi — V(¢idjdr(dj — d)), {ijk} 3L 22
3 116i(S — $)Vé; — V(djdndi(dr — ¢i)). | {ih} gL ge3
= 1665 (6 — 6;)V 0k — V(okdids (60 — 0;)), | {ijh} 52852
40001V di — V(did;drdr), {ijkl} [
191161V 5 — V(9itr; $ih). {ijkt} S5tz
! 116:0, Vo — V($i¢; 1) {ijki} TS
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* Numerical examples
- Spherical cavity (lossless / lossy)
Properties of the system matrix
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Numerical Examples

= Spherical Resonators

Vacuum Vacuum

132 DOF 292 DOF

Grid:

32 elements
80 faces
66 edges Copper
Loss-less resonator 19 nodes Lossy resonator
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Numerical Examples

» Properties of the Matrix Pencil

- Eigenvalue distribution

1.0f ' '
(- - T T Tt T = :
/ ! 1/ [ 0.5F
VA'e =N B x| :
N o e o e o = == J 0.0 H-8-0-00— 000N AE AN aRs 20 & & & & i
-0.5F
/ /
A N |
— = = sB" x 10f)
S S 0 5 10 15 20 25 20
N~~~ N o - . - ' '
A A B [
0.5
0.0 H & il & L L
[ Az =\Bzx ]
0.5} ]
Choose scaling such that A- =1~ 7% : . - - -
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Numerical Examples

» Properties of the Matrix Pencil Az = \Bu

- Population pattern for the loss-less case

1 | 100 132
. T P TE— . o
1 ‘."ﬁi;l L T '-_:-:!.I-_.-_- _.-""r =" Lt -'-':'lelll-."_ ..-""r = 1 1 1k
5!3.: : i ”)::EE;':. !!';;;:-I.f-'..':i_:;':'I
L AL Ax
50 |, JRIEn =0 | 50
100 | “H100 100 | “H100
132 Fp 132 122 |-» 132
132
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Numerical Examples

» Properties of the System Matrix

-~
- Population pattern for the loss-less case M
132
1 e 1 ..
o N M., indefinite
A
5O | 17°
tof - [
0.5 :
100 J “ 100 0.0 e * P - -
. -0.5
122 | 132 L I
132 -0.5 0.0 0.5 1.0 1.5
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Numerical Examples

DARMSTADT
* Properties of the System Matrix (A—\ Bz =r
- Population pattern for the loss-less case M
100 132
1 — 1 ..
_s;“? M,, negative definite
5O | 17°
1.0
0.5
100 ::-: 100 0.0 #—ee—wu» —_ -
-0.5
132 |-n 132 -1.3£| . . o . . . L . |
100 132 -0.5 -0.4 -0.3 -0.2 -0.1 0.0
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Numerical Examples UNIVERSITAT
* Properties of the System Matrix (A— X\, B)z=r
- Population pattern for the loss-less case M
| i ,;{'P M,; positive definite

::|:'...
B0 {=0 .
1:| [T
0.5
100 :_ 100 - -—_—————— L 3
-0.5
122 |5 132 -1.0F . . ! .
132 0.0 0.1 0.2 0.3 0.4
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Numerical Examples

* Properties of the System Matrix (A— X\ B)z=r

- Population pattern for the loss-less case M

132

ot

M,, positive definite

1%\’%’*‘{ ,==:==""'*“ ._u.:=="'1

i ..::_l:'; |!'l'-" %1 Ty |_'"'-"
R '

B0 480
1:| [fr T T T T
0.5
100 :_ J-‘]jj :l.:l-—_—_-—l-'—-—l—ﬂ—.—l—l-
-0.5
1 ?E " 1 TE - 1 :l : |||||||||||||||||||||||||||
0.0 0.1 0.2 0.3 0.4 0.5
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Numerical Examples UNIVERSITAT
* Properties of the System Matrix (A— X\, B)z=r

- Population pattern for the loss-less case M

M positive definite

50 |y ~H=0
1.0
e
100 :- "_133 :l.:l-—_——m-l—-l-.—--—l-
—05F
122 |4 132 -10F e . .
0.0 0.1 0.2 0.3 0.4 0.5
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Numerical Examples

» Properties of the System Matrix

- Population pattern for the loss-less case

1 50 100 132
1 L. 1 '\-q‘:: g
e M indefinite
::i_:-.‘n' ‘- in -:_I:_'."-\. .
R TG el
':j :?."\. - -:.;_- )
Ll B e
50 |-
1.0 F
0.5
100 :- 00 a8+ ST
-0.5}
132 |- _13: PR ST SR TR S (R T T T N S T SN S SR SR SR |
132 -0.8 -i0.4 -0.2 a.a 0.2 0.4
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Numerical Examples

DARMSTADT
* Properties of the System Matrix (A—\ Bz =r
- Population pattern for the loss-less case M
100 132
1 1
af;FJ N h_,ﬂ;;j,"’ M indefinite
’i i
=*‘={
i :F :}"‘
B0 H &0
1ofF
0.5
133.::-: “H1o0 CI.:IE-—--—-—IH_-—H — c—
05|
132 132 -1.0 - . L . A .
-0.5 0.0 0.5 1.0 1.5 2.0
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Numerical Examples
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» Properties of the System Matrix

- Population pattern for the loss-less case

1 | 100 132
T T o
T P e T
LT e
i i
M "u --.'--. -I-".IE T
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Numerical Examples

» Properties of the System Matrix
- Population pattern for the loss-less case
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Numerical Examples
= Spherical Resonators
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Numerical Examples

» Properties of the Matrix Pencil

- Eigenvalue distribution

500000¢
- T T Tt = ¢
/ ! | 400000} e®
VA'e =N B x| o
I J 300000 ®
N e ——— /
200000 o°
[ 4
A’ N\ , 100000
— rx= — sB x bt
S S C 100000 200¢00 300000 400000 500000
NV —~~ ~~~ oooosl S T s
A A B '
0.0005;
e
0.0004; e °
— 0.0003} L °
[ Arxr=ABzx ] - . W e
0.0002; Y
® ®
Soece ° *
0.0001} % Se° %
Choose scaling such that Ar=1 0.0000s 0 0@ £ . . . | . |
0 5 10 15 20 25 30 35
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» Properties of the Matrix Pencil

- Eigenvalue distribution
00008}
/S "I 0.0005! $
: A, L = )\’ Bl T 0.0004| e °
S / 0.0003! ° 5!
0.0002 ¢ e
BN o ot e
A’ N / 0.0001/ .."l': Y ¢
— = 2 sB™ x 0.0000se 0@ & _
S S B 5 10 15 20 25 30 35
A" /\' B' 0.00005} ~
0.00004! .
0.00003} ° e
Ar=ABz 0.00002; ¢
. . .
0.00001!
®
- — 0.00000'® , | |
Choose scaling such that A, = 1 : 1 ; ; ; :
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* Properties of the Matrix Pencil A —\Ba

- Population pattern for the lossy case

1 1 1
1040 1040 1040
2040 2040 2040
282 282 282
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» Properties of the System Matrix

- Population pattern for the lossy case

100

200 282

1

100

50000 |
40000 |
30000 f
20000 |
10000 |

0.0000

0.0000

5.=10

0 10000

20000

20000

40 000

50000

15F

10 F
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0.000000 b=

-0.5
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Numerical Examples

* Properties of the System Matrix (A— X\ B)z=r

- Population pattern for the lossy case M

1 100 200 282
Ly TR L

asgoo | T T TR e
20000 | -®
25000 | .®
20000 | o*
15000 | -"
10000 a "
5000 | *

0 Im . . . . . . .
0 5000 10000 15000 20000 25000 20000 25000

100

8. =107 |

4 =107 | .

2107 F ;

%]
[dn]
(K]

=
m
=
o
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Numerical Examples

* Properties of the System Matrix (A— X\ B)z=r

- Population pattern for the lossy case M

1 100 200 282
=

0 1000 2000 2000 4000 5000

(4]

0.0 0.1 0.2 0.3 0.4

=
m
=
o
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» Properties of the System Matrix

~
- Population pattern for the lossy case M
2
1 41
E:l:l:l ] 1 1 1 1 1 '.‘-
2000 F
2000 | -
100 100 2000 ¢
1000 f
a . . . : L]
1000 2000 3000 4000 5000
_ T T 1 LI L LB ] Ii L] T T
200 200 2. =107" 2
1.5x% 1070 >
8 ¢ *
1.=10 ) : &’
5. x 107! :f'-.f .
292 292 b, .u.-ﬁ L . L
o000 005 0410 045 020 025 030 0.35
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» Properties of the System Matrix

- Population pattern for the lossy case

1 100 200 282
1 _|~‘ » . u 111
" 5000 [T W]
8000 ¥
T .h"'- 8 L ..-'.-:..- 4000
o AN e L R
e : 0 bm . : .
a 2000 2000 2000
4. =102 | ' N
=
3.« 1078 e
- -.
2 107" A afe =
~ "
1.=107" | 4
L ]
282 oL \ , .
1 0.0 0.1 0.4 1.5 0.8
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Numerical Examples

* Properties of the System Matrix (A— X\, B)z=r
- Population pattern for the lossy case M
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Numerical Examples

* Properties of the System Matrix (A— X\ B)z=r

- Population pattern for the lossy case M

1 100 200 282

Y

20000 |
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40000 |
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20000 | -
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0 20000 40000 0000 20000

100
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Numerical Examples

= Selection of an Efficient Preconditioner

- Two-Level Approach for higher-order field approximation

1 50 100 132

System matrix
M11 M12 . I _ bl
Msy Moo Zo bo
Preconditioner (left)
e — (Pll P12> (Mn M12) . (331)
ot Moo Py1  Poo Moy Moo )
_ (P P2 (b
132 Pay Pez ) \ b2
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Numerical Examples

= Selection of Available Preconditioner (PETSc)
- Block Jacobi

Mt 0
0 My,'

- Block Gauss-Seidel

I 0 I 0\ (M 0
0 My')\—4s I)\0 I

- Symmetric block Gauss-Seidel

M7t 0\ (I —Ap) (M 0 1 0\ (M7 0
0 I)\0 I 0 My ) \—4As I)\0 I
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 Numerical examples

- 1.3 GHz structure (single cavity)
Evaluation of promising preconditioner and related linear solvers

20.11.2018 TU Darmstadt | Fachbereich 18 | Institut Theorie Elektromagnetischer Felder | Wolfgang Ackermann 39

<

S5
e




o ;:v; TECHNISCHE
£l UNIVERSITAT
I - DARMSTADT

Numerical Examples

» Eigenanalysis of a single TESLA Cavity

- Concentration on the fundamental mode

- JD Eigenvalue Solver, subspace expansion
« SuperLU (direct solver for large sparse systems of linear equations)

« Symmetric block Gauss-Seidel (two level strategy)
- M, ,: Direct solver “Super LU” as preconditioner
- M,,: Diagonal preconditioner

<
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Numerical Examples

» Eigenanalysis of a single TESLA Cavity

- Jacobi-Davidson Eigenvalue-Solver Statistics
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Numerical Examples

» Eigenanalysis of a single TESLA Cavity

- Jacobi-Davidson Eigenvalue-Solver Statistics
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» Eigenanalysis of a single TESLA Cavity

- Jacobi-Davidson Eigenvalue-Solver Statistics
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Summary / Outlook

 Summary

- Implementation of a block preconditioner into a nonlinear
Jacobi-Davidson eigenvalue solver (PETSc index sets)

- Block structure is motivated by the hierarchical setup of the
underlying FEM basis functions

- Flexible selection of individual block solver from the
command line without recompiling the code (PETSc feature)

- Usage of block solver can reduce total memory consumption

= Qutlook

- Implementation of periodic boundary condition started
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