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1 Introduction

2 Theory

The Lagrangian for N “ 4 Super Yang Mills with g “ 0:

Lg“0 “ ´
1

4
F a
µνF

µνa
` iλ:aA σ̄

µ
Bµλ

Aa
´

1

4
BµX

:a
ABB

µXABa
` FAa

B F ˚BaA . (1)

The super-symmetry transformations of the fields up to constants.

δXABa
“ x1δ

rA
C ε

CλBsa ` x2ε
ABCDε:Cλ

:a
D (2)

δX:a
AB “ x2δ

C
rAε

:

Cλ
a
Bs ` x1εABCDε

CλDa (3)

X:a
AB “

1

2
εABCDX

CDa
ùñ x2 “ x˚1 (4)

δλAa “ y1

ˆ

FAa
B εB `

i

2
F a
µνσ

µσ̄νεA
˙

` y2BµX
ABaσµε:B (5)

δλ:aA “ y˚1

ˆ

F ˚BaA ε:B ´
i

2
F a
µνε

:

Aσ̄
νσµ

˙

` y˚2BµX
:a
ABε

Bσµ (6)

δF a
µν “ z1ε

AσνBµλ
:a
A ` z2Bµλ

Aaσνε
:

A ´ z1ε
AσµBνλ

:a
A ´ z2Bνλ

Aaσµε
:

A (7)

δFAa
B “ w1ε

AσµBµλ
:a
B ` w2Bµλ

Aaσµε:B (8)

δF ˚BaA “ w˚1Bµλ
Baσµε:A ` w

˚
2ε

BσµBµλ
:a
A (9)

To compute

δL “ BL
B pBµXABaq

BµδX
ABa

`
BL

B

´

BµX
:a
AB

¯BµδX
:a
AB

`
BL
BF a

µν

δF a
µν `

BL
B pBµλAaq

Bµδλ
Aa

`δλ:aA
BL
Bλ:aA

`
BL
BFAa

B

δFAa
B `

BL
BF ˚BaA

δF ˚BaA

(10)
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we need to compute

BL
B pBµXABaq

“ ´
1

4
B
µX:a

AB (11)

BL

B

´

BµX
:a
AB

¯ “ ´
1

4
B
µXABa (12)

BL
BF a

µν

“ ´
1

2
F µνa (13)

BL
B pBµλAaq

“ iλ:aA σ̄
µ (14)

BL
Bλ:aA

“ iσ̄µBµλ
Aa (15)

BL
BFAa

B

“ F ˚BaA (16)

BL
BF ˚BaA

“ FAa
B . (17)

3 δL

3.1 Terms with no XABa and no FAa
B

´
1

2
y˚1ε

:

Aσ̄
µσν σ̄ρBρλ

AaF a
µν ´

1

2
y1BµF

a
νρλ

:a
A σ̄

µσν σ̄ρεA

`z1F
µνaεAσνBµλ

:a
A ` z2F

µνa
Bµλ

Aaσνε
:

A

(18)

Using the identity

σ̄µσν σ̄ρ “ ´ηµν σ̄ρ ´ ηνρσ̄µ ` ηµρσ̄ν ` iεµνρκσ̄κ (19)

this reduces to

1

2
y˚1η

µνF a
µνε

:

Aσ̄
ρ
Bρλ

Aa
` y˚1F

a
µνε

:

Aσ̄
µ
B
νλAa ´

i

2
y˚1 ε

µνρκF a
µνε

:

Aσ̄
κ
Bρλ

Aa

`y1B
νF a

νρλ
:a
A σ̄

ρεA `
1

2
y1η

νρ
BµF

a
νρλ

:a
A σ̄

µεA ´
i

2
y1ε

µνρκ
BµF

a
νρλ

:a
A σ̄

κεA

`z1F
µνaεAσνBµλ

:a
A ` z2F

µνa
Bµλ

Aaσνε
:

A

(20)

where we have used the anti-symmetry of F a
µν to combine terms. This anti-symmetry

also implies that the terms with ηµνF a
µν are 0 since ηµν is 0 when µ ‰ ν. We also have

for each κ that εµνρκBµF
a
νρ vanishes by the Jacobi identity. Using the product rule we

may write

´
i

2
y˚1 ε

µνρκF a
µνε

:

Aσ̄
κ
Bρλ

Aa
“ ´

i

2
y˚1Bρ

´

εµνρκF a
µνε

:

Aσ̄
κλAa

¯

`
i

2
y˚1 ε

ρµνκ
BρF

a
µνε

:

Aσ̄
κλAa (21)
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where the first term is a total derivative which upon integration becomes a boundary
term at infinity hence does not change the action assuming suitable decay conditions
on the fields. Finally using the fact that ψσµξ: “ ´ξ:σ̄µψ for any Weyl spinors ψ, ξ we
may simplify this expression to

y˚1F
a
µνε

:

Aσ̄
µ
B
νλAa ` y1B

νF a
νρλ

:a
A σ̄

ρεA ´ z1F
µνa
Bµλ

:a
A σ̄νε

A
´ z2F

µνaε:Aσ̄νBµλ
Aa. (22)

The first and last terms clearly cancel if y˚1 “ z2 and up to a total derivative
´z1F

µνaBµλ
:a
A σ̄νε

A “ z1BµF
µνaλ:aA σ̄νε

A hence the middle terms cancel if y1 “ ´z1.

3.2 XABa terms

´
x1
2
B
µX:a

ABε
A
Bµλ

Ba
´
x2
4
εABCDBµX:a

ABε
:

CBµλ
:a
D

´
x2
2
B
µXABaε:ABµλ

:a
B ´

x1
4
εABCDB

µXABaεCBµλ
Da

`iy˚2BµX
:a
ABε

Bσµσ̄νBνλ
Aa
` iy2λ

:a
A σ̄

µσνε:BBµBνX
ABa

(23)

Using the relations

X:a
AB “

1

2
εABCDX

CDa (24)

and

XABa
“

1

2
εABCDX:a

CD (25)

this reduces to

´x1B
µX:a

ABε
A
Bµλ

Ba
´ x2B

µXABaε:ABµλ
:a
B

`iy˚2BµX
:a
ABε

Bσµσ̄νBνλ
Aa
` iy2λ

:a
A σ̄

µσνε:BBµBνX
ABa.

(26)

First let’s consider the term with y˚2 . Using the identity

σµσ̄ν ` σν σ̄µ “ ´2ηµνI (27)

we may write

iy˚2BµX
:a
ABε

Bσµσ̄νBνλ
Aa
“

1

2
iy˚2BµX

:a
ABε

Bσµσ̄νBνλ
Aa

´
1

2
iy˚2BµX

:a
ABε

Bσν σ̄µBνλ
Aa
´ iy˚2BµX

:a
ABε

B
B
µλAa.

(28)

Using our total derivative trick twice on the second term allows us to swap the derivatives
at the price of two minus signs, leading to a cancellation of the first two terms up to
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a total derivative. Using the anti-symmetry of X:a
AB we see that the remaining term

cancels with the first term in 26 provided that x1 “ iy˚2 . Similarly

iy2λ
:a
A σ̄

µσνε:BBµBνX
ABa

“
1

2
iy2λ

:a
A σ̄

µσνε:BBµBνX
ABa

´
1

2
iy2λ

:a
A σ̄

νσµε:BBµBνX
ABa

´iy2λ
:a
A ε

:

BB
µ
BµX

ABa
(29)

using the identity

σ̄µσν ` σ̄νσµ “ ´2ηµνI. (30)

Now the first two terms immediately cancel by the commutativity of the derivatives
and up to a total derivative the last term cancels with the second term in 26 using
anti-symmetry of XABa if iy2 “ ´x2 which is consistent with x2 “ x˚1 .

3.3 FAa
B terms

iy˚1F
˚Ba
A ε:Bσ̄

µ
Bµλ

Aa
` iy1BµF

Aa
B λ:aA σ̄

µεB ` w1F
˚Ba
A εAσµBµλ

:a
B ` w2F

˚Ba
A Bµλ

Aaσµε:B

`w˚1F
Aa
B Bµλ

Baσµε:A ` w
˚
2F

Aa
B εBσµBµλ

:a
A

(31)

Immediately there is a cancellation between the y˚1 term and the w2 term provided
w2 “ iy˚1 . Similarly after swapping the derivative and the spinors in the w˚2 term it
cancels with the y1 term provided w˚2 “ ´iy1 which is consistent. We are left with two
terms who appear not to cancel

w1F
˚Ba
A εAσµBµλ

:a
B ` w

˚
1F

Aa
B Bµλ

Baσµε:A (32)

4 Closure of the Super-symmetry Algebra on Shell

We will now show that the extended super-symmetry algebra relation

tQA
α , Q

:

9βB
u “ 2pσµqα 9βPµδ

A
B (33)

holds on shell where we have the equations of motion

B
2XABa

“ B
2X:a

AB “ 0 (34)

BµF
µνa
“ 0 (35)

FAa
B “ F ˚BaA “ 0 (36)

iσ̄µBµλ
Aa
“ iBµλ

:a
A σ̄

µ
“ 0. (37)
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