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Abstract

A super-symmetry transformation is constructed for the A/ = 4 gauge multiplet
and the 4 auxiliary fields present in the NV = 4 Super Yang-Mills theory. In the
special case where the gauge coupling constant g is set to 0 we check that this
symmetry is in fact a symmetry of the action. The appropriate closure of the
extended super-symmetry algebra will then be shown on one of the fields.
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1 Introduction

The Lagrangian for the theory can be constructed by first considering the N = 1 La-
grangians for a chiral multiplet and a gauge multiplet, since the field content of the
N = 4 theory can be decomposed into 3 chiral and 1 gauge N' = 1 multiplets. The
Lagrangians for such theories can be found in [1]. The next step is to impose SU(4)r
symmetry by writing the Lagrangian in terms of appropriate representations of SU(4)g,
in this case A, X482, A, and F#% where the index a runs over the adjoint repre-
sentation of the gauge group A% contains the four fermions in the theory, F4® the 4
auxiliary fields and X5 contains the 3 complex scalar fields. X45% is anti-symmetric
and additionally satisfies a self-duality condition:

1
XAB = §€ABCDXCDG. (1)

We can now write down the Lagrangian for the theory with g = 0:

1
Lo = = Fi " + ixlagro, Ao — —a Xla onxABe 4 phapBa, (2)

2 Super-Symmetry transformations

One is very restricted when trying to write down super-symmetry transformations for
these fields. By considering dimensional analysis, representation theory and by addi-
tionally requiring the transformations reduce to the ' = 1 transformations given in [1],
the only transformations that exist up to constants are

sXABe — gy 5[’4 C\Bla 1 xgeABCDéTC)\B (3)

5XI&; = T90 A€C)\ + fL‘pSABCDSC)\Da (4)
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SAE = (F*Ba £ — §F5V6AO' J“) +yio, X 1bLePor (6)

oF;, = 21 crl,é )\ + 290, /\AaaygA — 21€ aué )\T“ 22@)\‘4“0“5; (7)
SF5 = wieda" N8 + wyd N A0tel, (8)

O3B = wio APttt + wielor o, Nf (9)

where the spinor indices have been suppressed and we already have

a 1 a
XLB = §EABCDXCD = 1y = xj. (10)



3 Computing 0L

To compute
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We now organise the resulting terms into collections of terms that must mutually cancel.

3.1 Terms with no X45% and no F}¢

The terms are
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Using the identity

g"0"5" = =G’ — 0Pt + " + i G, (20)



this reduces to

1 /)
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where we have used the anti-symmetry of Fj, to combine terms. This anti-symmetry
also implies that the terms with p*”F, are 0 since n*” is 0 when p # v. We also have
for each x that ¢*"*0,Fy;, vanishes by the Jacobi identity. Using the product rule we
may write

_5% e’“’p”‘Fa 5A0”6 A = ——yla (e““”"‘F“ 5A0”/\Aa> + 2y1 e"’“”’“é’ Fa *”)\Aa (22)

where the first term is a total derivative which upon integration becomes a boundary
term at infinity hence does not change the action assuming suitable decay conditions
on the fields. Finally using the fact that o"¢t = —£7a#4) for any Weyl spinors 1, £ we
may simplify this expression to

yi o el ot oV A + g 0V Fo N5t — 2 PP a0 N G,e? — 2ol 5, 0,0 (23)
The first and last terms clearly Cancel if yf = 2z, and up to a total derivative

—z F*eo, Mo Wo,et = 210, F wva )t 5,6 hence the middle terms cancel if y; = —z;.

3.2 X4B¢ terms

['he terms are
x 1~ \Ba T2 ABCD
St 8“XE§,5 0" — —426 © (';’“XL%STC%/\T“
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+iyr 0, X 1 eBota’ 0,04 + iy, \iarovel 0,0, X AP,
Using the relations

1

X'y = € aBcpX P (25)
and
1
XABa _ §€ABCDXgaD (26)

this reduces to
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First let’s consider the term with y5. Using the identity
olo” + oot = =201 (28)

we may write
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1zy28 XTeBovato, A — iyzo, X eBoraie,

Using our total derivative trick twice on the second term allows us to swap the derivatives
at the price of two minus signs, leading to a cancellation of the first two terms up to
a total derivative. Using the anti-symmetry of XI&, we see that the remaining term
cancels with the first term in 27 provided that z; = y;. Similarly

1 1
iy \iatoel,0,0, X485 = §iy2)\ ‘ot ely,0,X AP — 22y Aiavotel o0, X A8 (30)
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using the identity
al'a” + "ot = 20" 1. (31)

Now the first two terms immediately cancel by the commutativity of the derivatives
and up to a total derivative the last term cancels with the second term in 27 using
anti-symmetry of X4 if iy, = —z, which is consistent with z, = z%.

3.3 F4 terms

The terms are

iyt FiBeel o, A 1 iy, 0, FFoN a1 eP + w FiBietor o\ + wy B0, \atel,

(32)

+wiFAo NPl + wiFhaeBato NI
Immediately there is a cancellation between the yi term and the w, term provided
we = tyf. Similarly after swapping the derivative and the spinors in the wj term it
cancels with the y; term provided wj = —iy; which is consistent. We are left with two
terms who appear not to cancel

wlFZBaeAa“ﬁu)\g + wf g“é’ﬂ)\Baa’*sL (33)



however this problem can simply be solved by setting w; = 0. Hence we see that the
action is invariant under the super-symmetry transformations

5XABa _ Zl’ 5[14 C)\B a . ABCD T/\Ta (34)
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where we had the freedom to set y; = yo = 0.

4 Closure of the Super-symmetry Algebra

We will now show that the extended super-symmetry algebra anti-commutation relation

2]

(QALQL,) = 200", 5 P.0h (41)
holds for the field Af. To get the transformation in terms of @ and Q" we use that
§=eQ+eQ". (42)
[51Q,5;QT] Al = —afau(egQT))\A“ + (& Q))\A“ng;A (43)
277upF  elaPVovel  + 217WF“ Agv5VoPel | (44)
(45)
Using
o'd7’of = —n"Ta? —n"Pc” + o7 — i€ o, (46)
this simplifies to
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After swapping v and p in the last term’s Levi-Civita symbol the last two terms cancel
and we are left with

—2i0,A%0vel  + Qié’,,Aasfa”egA (48)
where the second term is the desired translation of the Az field and the first term

corresponds to a gauge transformation Aj, — Af + J,V for some scalar field V' which in

a i
this case is A%ilove) ,.
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