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Abstract

Supergravity theory is an effective theory of M-theory in 11 dimensions (11D),
hence the study of supergravity helps us understanding the fundamental theory.
In this project, we worked on the construction of supergravity theories in certain
conditions and studied the supersymmetry transformations of field contents in the
theories. Furthermore, we studied a bosonic sector of matter coupled N = 2 4D
supergravity using coset manifold. In conclusion, we obtained N = 1, N = 2
supergravity theories in 4D, 11D supergravity and the special Kahler manifold
from the bosonic sector of matter coupled N = 2 4D supergravity written in the
coset form G/H.
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1 Introduction

The minimal supergravity in 4 dimension was constructed by [1] in 1976. After that
it was generalized in various dimensional spacetimes and numbers of supersymmetries.
Then, Cremmer, Julia and Scherk [2] found the mother theory of supergravity, which
was the theory in 11 spacetime dimensions. Since D > 11 dimensional theories consist
of particles with helicities greater than 2. Therefore, the greatest supergravity theory
is the one that lives in 11 dimensions (some physicists might say that supergravity is in
its most beautiful form in 11 dimensions). In 1995, Edward Witten [3] found the link
between five candidates of string theory which are type I, type IIA, type IIB, SO(32)
Heterotic and E8 × E8 Heterotic string theories. These five theories also correspond to
a theory in eleven-dimension called M-Theory. The correspondences between the string
theories are called dualities, i.e., T-duality and S-duality. The following discovery had
shown that M-Theory is a background theory of string theories and its effective theory
turned out to be Supergravity in eleven-dimension.

Supergravity theory in D < 11 dimension can be obtained by compactifying the D =
11 theory on a certain geometry. The compactification of supergravity is called Kaluza-
Klein dimensional reduction [4, 5]. This really helps us in the study of supergravity in
various dimensions. In addition, supergravity theories with N > 1 are called extended
supergravity. An extended theory of supergravity contains many scalar fields which span
a manifold called a scalar manifold Mscalar. This scalar manifold can be seen also in
extend supersymmetry theories. For instance, a manifold spaned by chiral multiplets is
called Kahler manifold, which is a complex scalar manifold with dimensions according
to total number of scalar fields in the multiplets. The same logic used to describe
any kinds of scalar manifolds that emerge in supersymmetry (supergravity) theories.
However, since supergravity is based on supersymmetry, namely local supersymmetry.
Then it only allows its vacuum to be Minkowski spacetime. In order to have different
kinds of spacetime in the theory, we need to introduce a scalar potential. This can be
done by gauging a theory.

2 N = 1 D = 4 supergravity

N = 1 D = 4 Supergravity is the simplest theory of supergravity, in which we have
a graviton eaµ and gravitino ψµ with spin 2 and 3

2
, respectively. From General Relativity,

an action of a theory without matter field is

S =
1

2κ2

∫
d4x
√
−gR. (1)

or in vielbein formution

S =
1

2κ2

∫
d4xe[eµae

ν
bR

ab
µν ]. (2)

where κ2 = 8πG, g = det(gµν), e = det(eaµ) and
√
−g = e.
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From supersymmetry, we know that a boson has a superpartner, i.e., a fermion.
Therefore we have to include a fermion to the action 2. The extended part of action 2
is Rarita-Schwinger (RS) field [6], by which we obtain spin 3

2
particle action. The RS

field for massless spin 3
2

gravitino is

LRS = ψ̄µγ
µνρ∇νψρ. (3)

Here ∇νψρ = ∂νψρ−Γλνρψλ + 1
4
ω ab
ν γabψρ = Dνψρ−Γλνρψλ but the fact that γµνρ = γ[µνρ]

makes γµνρΓλνρψλ = 0. Thus γµνρ∇νψρ = γµνρDνψρ. When combining equation 3 with
2, we get

S =
1

2κ2

∫
d4xe[eaµebνRµνab(ω)− ψ̄µγµνρDνψρ]. (4)

Equation 4 is the simplest action of N = 1 Supergravity, which is a theory in four
dimensional spacetime.

To check whether the action 4 is invariant under supersymmetry transformation or
not, we use the method called 1.5 order formalism (see [7, 8] for more details), by which
we make a variation of S in the form

δS =
δS

δe
+
δS

δψ
+
δS

δω
(
δω

δe
+
δω

δψ
). (5)

From 4 we can see that δS
δω

= 0. Therefore we have

δS =
δS

δe
+
δS

δψ
. (6)

After that, we operate the supersymmetry transformation to eaµ and ψµ, we get

δeaµ = 1
2
ε̄γaψµ

δψµ = Dµε
(7)

and for inverse vielbein
δeµa = −1

2
ε̄γµψa

δe = 1
2
e(ε̄γρψρ).

(8)

With 6 we can see that the action 4 is invariant under transformations 7 and 8. Hence
we obtain N = 1 D = 4 supergravity.

3 D = 11 supergravity

Supergravity in 11 dimensions was first constructed by [2] (see also [7]). The 11D
supergravity theory, which is the N = 1 SUSY theory, contains the graviton and grav-
itino. When checking for a number of degrees of freedom of each field, we find that the
graviton has 44 degrees of freedom and the gravitino has 128 degrees of freedom. The
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problem is that in a SUSY theory we need to match the numbers of degrees of freedom
of bosonic and fermionic fields. Since 128 − 44 = 84, we need a field that contains 84
degrees of freedom. Fortunately, there is a field in 11D that contains exactly 84 degrees
of freedom. That field is an antisymmetric rank 3 tensor Aµνρ.

We already obtained the N = 1 D = 4 supergravity theory from the last section. By
modifying the action 4, we get the complete action for 11D supergravity. First of all, we
define the kinetic term for Aµνρ

Fµνρσ = 4∂[µAνρσ] (9)

Then we have the 11D action written as

S = 1
2κ2

∫
d11xe[R(ω)− ψ̄µγµνρDν(

ω+ω̂
2

)ψρ − 1
24
FµνρσF

µνρσ

−
√

2
192
ψ̄ν(γ

αβγδνρ + 12γαβgγνgδρ)ψρ(Fαβγδ + F̂αβγδ)

− 2
√

2
1442

εµ1µ2µ3µ4µ5µ6µ7µ8µ9µ10µ11Fµ1µ2µ3µ4Fµ5µ6µ7µ8Aµ9µ10µ11 ]

(10)

where
ω̂µab = ωµab(e)− 1

4
(ψ̄µγaψb − ψ̄aγµψb + ψ̄bγaψµ)

F̂µνρσ = Fµνρσ + 3
2

√
2ψ̄[µγνρψσ]

(11)

are the supercovariant extensions of ω and F(4). Then, we construct transformation rules
of all the fields using reference from the last section, we get

δeaµ = 1
2
ε̄γaψµ

δψµ = Dµ(ω̂)ε+
√

2
288

(γαβγδµ − 8γβγδδαµ)F̂αβγδε

δAµνρ = −3
√

2
4
ε̄γ[µνψρ].

(12)

The results above give us the complete theory of supergravity in 11 dimensions. Notice
that the first 3 terms in the action 10 are kinetic terms for the graviton, gravitino and
antisymmetric tensor, respectively. The forth term in 10 is a coupling between the
gravitino and antisymmetric tensor. Finally, the last term is a Chern-Simons term,
which is there to make the action invariant under supersymmetry transformation.

4 N = 2 D = 4 Supergravity

N = 2 D = 4 supergravity is an extended theory of N = 1 D = 4 theory. This
theory contains a graviton field eaµ, 2 gravitini fields ψiµ, where i = 1, 2, and a (abelian)
vector field Aµ. Notice that we can think of N = 2 theory as N = 1 gravity multiplet
coupling with N = 1 gravitino multiplet. Thus we can write down the theory as

S =
1

2κ2

∫
d4xe[eaµebνRµνab(ω)− ψ̄iµγµνρDνψ

i
ρ −

1

4
FµνF

µν +
1

8
εijψ̄

i
µγ

[µγρσγ
ν]ψjνFαβF̂

αβ]

(13)
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where ε12 = ε12 = 1,
Fµν = ∂µAν − ∂νAµ (14)

is an abelian field strength tensor and

F̂µν = Fµν − εijψ̄iµψjν (15)

is its supercovariant extension. The last term of the action 17 is the interaction between
the gravitini and the vector field. To construct the transformation rules for the theory,
we modify those of section 2, we get

δeaµ = 1
2
ε̄iγaψiµ

δψµ = Dµ(ω̂)ε− 1
8
εijγρσγµε

jF̂ρσ

δAµ = εij ε̄
iψjµ.

(16)

To check whether 17 is invariant under 16 or not, we use the same method as in section
2, i.e. 1.5 order formalism.

Notice that if we set ψi=2
µ = Aµ = 0, we get

S =
1

2κ2

∫
d4xe[eaµebνRµνab(ω)− ψ̄1

µγ
µνρDνψ

1
ρ], (17)

which is the same theory with N = 1 supergravity, where ψµ = ψ1
µ. Thus, this fact shows

that we can obtain N theory from N ′ > N theory that lives in the same dimensional
spacetime. This method of reducing supersymmetry is called truncation.

5 The bosonic sector of matter coupled N = 2 D = 4

supergravity

We couple N = 2 D = 4 Supergravity with n vector multiplets and nH hypermulti-
plets (see [9, 10]). Thus, in this theory, we have a graviton, 2 gravitini, n+ 1 vectors, n
scalar complex field from n vector multiplets, 2n spin-1

2
fields from n vector multiplets,

2nH spin-1
2

from nH hypermultiplets, and 4nH real scalar fields from nH hypermultiplets.
We can write the bosonic of matter coupled N = 2 D = 4 supergravity as

S =
∫
d4xe[R + gij̄(z, z̄)∇µzi∇µz

j̄ − 2λhuv(q)∇µqu∇µq
v

+ i(N̄ABF−AµνF−Bµν −NABF+AµνF+B
µν )− V ]

(18)

where I, i = 1, 2, ..., n and u, v = 1, 2, ..., 4nH . As we can see, the second and third
terms in the equation 18 are the terms for scalar fields z from vector multiplets and
q hypermultiplets, respectively. The complex scalar fields z span the special Kahler
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manifold (see [11] for detail) MSK and the real scalar fields q span the quaternionic
Kahler manifold MQK . Therefore the scalar manifold is written as

Mscalar =MSK ×MQK . (19)

SinceMscalar is in the form of a coset manifold G/H, where G is an isometry group and
H is a holonomy group. In particular, H has a general form as

H = HR ×Hmatt (20)

where HR is an automorphism of supersymmetry algebra (R-symmetry) and Hmatt is a
compact group acting on matter fields. R-symmetry group for N = 2 supergravity in 4
dimensions is U(2) and we know the relation that U(2) ∼ U(1)×SU(2) and from 19 we
have H = H(SK) ×H(QK). Thus, we find that

H(SK) = U(1)×H(SK)
matt

H(QK) = SU(2)×H(QK)
matt .

(21)

The metric gij̄ in the second term of 18 is the metric of the special Kahler manifold
and is defined as

gij̄ = ∂i∂j̄K (22)

where K is the Kahler potential. Moreover, we can define Kahler 2-form as

K = igij̄dz
i ∧ dz j̄. (23)

This geometry will be called the Kahler space if the form K is closed, i.e. dK = 0. The
special Kahler space has isometry which is described by Killing vectors kiI . We have a
symmetry of the metric an infinitesimal transformation

z′i → zi + θAkiA (24)

and we have the condition for isometry transformation (see [8] for the proof) as

∇ikAj +∇jkAi = 0

∇ikAj̄ +∇j̄kAi = 0
(25)

where kAj = gjik
j
A and ∇ikAj = ∂ikAj−ΓmijkAm. In addition, we can also write an algebra

for the Killing vectors as
[kA, kB] = f C

AB kC (26)

where kA = kiA∂i + kīA∂ī is a Killing vector on a tangent space. Then we define the
Killing vector in terms of a momentum map as

kiA = igij̄∂j̄PA (27)
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and since K is invariant under the transformation of isometry group G, we have

kiA∂iK + kīA∂īK = 0. (28)

Then we have the condition

iPA =
1

2
(kiA∂iK − k

j̄
A∂j̄K) = kiA∂iK = −kj̄A∂j̄K. (29)

Furthermore, the Killing vectors contain both isometry indices i, j and symplectic indices
A,B. Then we define a vector V M in terms of XA and FA where A = 1, 2, ..., n + 1
according to the numbers of vector fields in the theory. Thus we have

V M =

(
XA

FA

)
. (30)

When acting the transformation of group G on V M , we have

(kiA∂i + kīA∂ī)

(
XA

FA

)
= G

(
XA

FA

)
(31)

then we see that G ∈ Sp(2n + 2,R). Hence we can conclude that the isometry group
G is embedding in the symplectic group Sp(2n+ 2,R). In addition, [9] proved that the
holonomy group is U(n+ 1). Therefore we have the special Kahler manifold written in
the form

MSK =
Sp(2n+ 2,R)

U(n+ 1)
. (32)

6 Future work

Our next work is to study MQK side of the relation 19. Then study the fermionic
sector of matter coupled N = 2 D = 4 supergravity and the gauged theory.
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