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1 Introduction

1.1 Motivation

The Standard Model (SM) is a gauge theory based on the SU(3)xSU(2)xU(1) symmetry
group describing a wide range of phenomena in nature, as we know it, to very high precision.
One of the interactions the SM predicts is the electroweak (EW) interaction mediated by
particles known as the Z boson, W¥ bosons and the photon (7). The first three are massive



and the masses have been experimentally determined to considerable accuracy [1, 2]. This is
important, for example, in EW precision tests that allow to test the SM for hints of Beyond-
the-SM (BSM) physics [3]. The most current values for Z and W masses are given by [4]:

myz = 91.1876 + 0.0021 GeV (1.1)
my = 80.3850 = 0.0150 GeV. (1.2)

Evidently, the uncertainty on Z mass is an order of magnitude lower than that of W. Hence,
currently, the latter is limiting the constraints for BSM fits. One of the reasons why myy is
known less precisely than m lies in the way they decay. The leptonic decay Z — Il produces
a pair of a lepton and an anti-lepton, however, the leptonic decay W+ — [y, produces a pair
of a lepton and an anti-neutrino or vice versa. The latter decay channel was used in the
W mass measurement [2]. Since the neutrino escapes the detector, it requires evaluation of
missing momenta of the decay to reconstruct the lepton center-of-mass (COM) frame. This
is a challenging task itself as it requires precise tracking of leftover QCD radiation (jets) that
were produced in hadronic collisions which created W and Z in the first place. However, this
same decay could potentially be treated in the laboratory (lab) frame of the colliding hadrons
that produce the boson in the first place. In this way, the measured observables are also the
variables of the lab frame.

Additionally, it is important to mention that when higher order corrections to this decay
are considered, one must include processes where the colliding partons, for example, radiate
a gluon. What is more, the additional radiation provides recoil, so the tree-level case gr = 0
for the vector boson no longer holds true. Specifically, one may write

do

"~ 3(qt) + O(as), (1.3)

where o is the cross section of the process and ag is the strong coupling constant. In the
high-g7 region (¢gr £ mw) the perturbative expansion of the differential cross section is
convergent. However, in the gr <« my region the convergence is spoiled by the presence
of high-order logarithmic terms which can schematically be given as af In"™ TZ—TW), where
2n > m. Nonetheless, it is possible to sum these logarithms to all orders which allows to
obtain predictions for all regions of g [5]. This technique is known as gr-resummation. In
practice, the experiments use Monte Carlo event generators to reconstruct gr of the W in
lab frame. Hence, the perturbative accuracy of myy determination becomes limited by Monte
Carlo method accuracy. Since gr is a natural variable of the lab frame, finding a high-precision
relation between lepton transverse momentum pry and g7 will help to improve the accuracy.

This project will analyse the theoretical background of the Z and W decays into two
leptons, by separately considering the hadronic production of an intermediate boson and its
subsequent decay into leptons. This is done by decomposing the cross section in terms of
leptonic and hadronic tensors.
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Figure 2. Feynman diagram for Drell-Yan
Figure 1. A schematic example of the Drell- processes.
Yan process [6].
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1.2 Leptonic and Hadronic tensors

The matrix element for any process can be deduced from the Feynman rules for that process.
Consider the case of a Drell-Yan process p1 (Py)+p2(P,) = V(q)+X — £1(k1)+02(k2)+X (Fig.
1), where p; 2 are incoming hadrons with momenta P, , ¢ 2 are outgoing lepton states with
momenta ki1 2 and V' is the intermediate boson with momentum ¢. The X is an unconstrained
state outgoing of hadronic radiation. The matrix element in such a case will be built from
two independent currents:

M~ Jgud) (1.4)
where ¢ stands for “quark” and ¢ stands for “lepton”. The ~ sign is used to denote all the
factors that come in front of the two currents and depend on the process. The cross section
is proportional to the square of the matrix element which goes as

MM = |MP ~ g, 08, 08,7 (1.5)

Note that in the case of W and Z these currents can be broken down further into a vector and
axial component J* = J(j — J'. Hence, the most general tensor should also include helicity
indices. Since Eq. (1.4) may be separated into the solely hadronic (i.e. ¢) part and into the
leptonic (i.e. ¢) part, one can write:

’M|2 = ZHhh/,w/LZZ/a (1'6)

hb!

where all the factors previously denoted as ~ were now incorporated into the hadronic tensor
Hppr o ~ JqMJ;rl, and leptonic tensor LZ}VL, ~ Jé‘ Jé’ T Tt is conventional to demand that all the
couplings and gauge boson propagators be incorporated into only one of the tensors and in
this report all prefactors will be moved to the leptonic tensor. The full cross section can then
be decomposed as [7]

1
0= o Z Hypr LY (1.7)
CM phh
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Figure 3. The Collins-Soper frame [9]. This frame is expressed in terms of two variables cos 6 and ¢
as depicted. Note that the proton momenta are not generally equal in any direction. Taken from [10].

1.3 Photon Exchange in the COM frame of leptons

For the Drell-Yan process (Fig. 2), only the vector current for the lepton part is present and
the elements of leptonic current are given by [7]:

Ty = (hakasg) = 30 Q" (i) u(h)). (18)

spins

where v and v are the appropriate spinors for the particles in the process, aen = a = 2 s

4
the fine structure constant and @ is the charge of a quark with flavour f. Asin (1.4), the
leptonic tensor is formed by squaring the leptonic current from Eq. (1.8). Specifically, this

yields:

LA (k1o ko, ) = T (k) Jfp (e, o)

(1.9)

2
- Z (4;Ta> QrQp [0° (ko) u" (k1)) [a" (k1)v"v®(k2)],

s,r=1

where s,7 are the spin states of the spinors. Taking advantage of the sum and using the
2 2

completeness relations for the spinors ) ustis = p+m and ) vsvs = p — m [8], one can
s=1 s=1

reduce the equation to

L, (ks oy ) = <4m) QQp Trlkir Hr]
(1.10)

=4 (420‘) QrQp (k kY + KVEE — g™ (e - 1@)).

Note that in Eq. (1.10), the lepton tensor is still manifestly covariant as no assumptions
have been made about the frame of reference. Moving into the lepton COM frame [9] (see
Fig. 3 for definitions of variables in Collins-Soper (CS) frame), the 4-vectors are parametrised
as [6]

k12— %(1,isin0€os¢,isin95in¢,:tcos@), Q =V (1.11)



Note that Eq. (1.10) is differential in &} and k%, but their kinematics may be fully described
by the six independent variables {cos, ¢, ¢"}. Generally, this can be written in terms of
some measurement function of the leptonic phase space M (®y) as

L (g, M) = / DL LM (ky, ky, %)M (®1)6%(q — Ky — k). (1.12)

For M =1, one integrates over all of the decay phase. On the other hand, for M = §(cosf —
cos[0(®r)])d(¢ — ¢(PL)) one retains variables {cosf, ¢}. Writing this explicitly yields:

/d@LL“”(kl, k2, q*) = /‘W&(q — k1 — k2)O(kD)S((k1)H)O (k)3 ((ka)2 M LM (k1 ka, ¢%)

1 v 2
= 327Tz/dcosedqﬁlf‘ (k1(cos @, ), ka(cosb, ), q”) =

_ / d cos OdS L (cos 0, b, %),
(1.13)

where the prefactors were absorbed into

v 202 Y 3 5
L (cos0,¢,¢%) = ?Qfo/ (k*ka + KV EY — g" (k- kQ)), (1.14)

In the lepton COM frame the intermediate boson is stationary. Hence, with ¢ = 0, the
hadronic tensor in such a reference frame can be expressed as [6]:

00 0 O

0 Hy1 Hio Hig
0 Ha1 Hao Hog
0 Hsz1 Hsp Hss

o = (1.15)

Dotting the lepton tensor Eq. (1.14) with Eq. (1.15) and by using Eq. (1.11), one acquires
the full scattering cross section for such process. For the diagonal elements:

20,2 2 2 2
LY Hyy = %Qfo/ <Ci sin? 6 cos? ¢ — %sin2 0 cos® ¢ — (1)Q) Hyy

2
) (1.16)
= %Qfo/(l — sin? 0 cos? ¢)Hyy
And, hence, similarly:
22 a’ 2 2
L H22 = quQfo/(l — sin“ @ sin ¢)H22 (117)
33 a’ 2
L H33 = quQfol(l — COS 9)H33 (118)



Repeating the same process, starting from Eq. 1.10 for the off-diagonal elements yields

9202 2 2
LY2H, = iQ Qs —Q— sin? 6 cos ¢ sin ¢ — Q—sin2981n<bcos¢ Hyo
g (1.19)
= _ﬁQfo/ sin? 6 sin 2¢.H .,
q
And so:
2
L2 Hyy = —;—qZQfo/ sin? 0 sin 2¢ Ha, (1.20)
2
L2y = —%2@ Qv sin 20 sin ¢ Hog (1.21)
2
L32H32 = —%Qfo/ sin 26 sin ¢H32 (122)
2
L13H13 = —%Qf@f/ sin 26 cos ¢H13 (1.23)
2
L3 Hyy = —%chgf, sin 26 cos ¢ Ha (1.24)

All the expressions (Egs.(1.16)-(1.24)) can be summed up to get the full differential cross
section of the v decay. Eqs.(1.16)-(1.18) can be modified in order to be expressed in terms of
spherical harmonics (see Appendix A). Then summing up the diagonal elements expressed in
terms of spherical harmonics and using appropriate factors from Eqs.(1.16)-(1.18) gives:

LY Hyy + L*Hyy + L Hss =
2
a
= TqZQfo/ (1 + C082 0)(H11 + H22 —+ H33) (125)

+(1- 3 cos? 0)Hss + (Haa — Hi1) sin? 6 cos 2¢]

By integrating the leptonic tensor of Eq. (1.14) over the free variables cos f and ¢, one arrives
at the “unpolarised” inclusive leptonic tensor in the decay phase space [7]:

v 8ma? T
LAY (%) = 37 QrQ < 2 —g" > : (1.26)

This construct can be used to further simplify Eqgs.(1.16)-(1.24). Dotting L’Jf;, (¢?) result with

Eq. (1.15) yields the unpolarised cross section of this process

daunpol 87’(042
dq T 3 QrQy (Hu1 + Haz + Hss). (1.27)

Defining a set of angular coefficients Ay 7 (motivated by [6]):

Ao = 2H33 Ay = —(Hiz + Hz) Ay =2(Hypp — Hn1)
A3 =0 As=0 As = —(Hi2 + Ho1) (1.28)
Ag = —(Hasz + Hs2) A7 =0,



one gets the final form for Eq. (1.25):

L11H11 + L22H22 + L33H33 —

3 do.unpol
T 16m  dig

1 1 (1.29)
[(1 + cos? 0) + §A0(1 —3cos? ) + §A2 sin?  cos 26| .

If the same procedure is repeated for all the off-diagonal elements (Eqs.(1.19)-(1.24))
as well, and then summed with Eq. (1.29) (see Appendix B), one arrives at the polarised
differential cross section given below. The expression agrees with the result of [6], after taking
the limit where vector and axial coupling vanish:

do 3 dguﬂpol ) 1
d4gdcosfdgp 167 diq [( + cos”0) + 5 of cos” )
1
+ Ax5in 20 cos ¢ + o Ay sin® § cos 2¢ (1.30)

+ Agsin? 0sin 26 + Ag sin 20 sin ¢] .

2 General leptonic and hadronic tensors for vector bosons

2.1 The leptonic tensor for Z/v* exchange

The leptonic tensor in the case of Z/v* exchange is now given by interference of vector-vector
(VV), vector-axial (VA) and axial-axial (AA) currents. Furthermore, the Z is not massless,
which means the line shape of the Z must be accounted for. The reduced (dimensionless)
propagator for a vector boson is given by [11]

1
Px(¢*) =
X(q) 1_ﬁ+ifx72nx

q> q

, (2.1)

where X = Z,W,~. For the v case (m = 0) this simply yields P, = 1.
Starting from leptonic currents for the joint Z/v* case (given explicitly in [7]), and
including the decay width of the Z, one arrives at such expressions:

” 4\ ?
eSS (qg) (chgf/[v<k1>wu<kz>][u(/@)v”v(k:l)]

— Re[PZ]Qprvg[0(k1)v" (vr — ary”u(ka)][u (k)Y v(k1)]
— Re[Pz]Q v [0(k1 )7 u(ka)] [u(k2)v” (v — ary” o (k)]

+ | Pz Pvsvp [o(k)v* (o — ary®)u(ke)][(k2)y” (v — al75)v(k1)}> :

2
Uity = X 1P () agaplotiant o = anutka)fatia)r* (o - anPolhol (23)

spins



2
lﬁwq=L%qw=§Z<ﬁ?>(mwm%Qmmmwaw—fmmmmwmﬂwwmﬂ

spins

— [PzPapvpo(k)y" (v — ay®yulka)[alke)y” (v — az75)v(k1)]> :

(2.4)

Using Eq. (2.1), the Re[Pz] and |Py|? are given by:

9 1
|Pw.z|” = - 5 > (2.5)

(1 . mW,Z) + (mW,ZFW,Z>
a2 a2
| Mz

Re[sz] = g . (2.6)

m2 2 2
1 Mwz + mw,zl'w,z
q q

Using properties of traces [8] and the commutation relations of v° (see Appendix C) one
reduces Egs.(2.2)-(2.4) to

v 471-0( 2 v v 17
Ll‘j,vff, (q2, kl, kQ) = 4 <q2> [(k?kz + kl kg - g” (kl * k2)> X (Qfo/

—uRe[Pz](vsQp +vpQy) + (vf + al2)|PZ|2vaf’) (2.7)

. o VU,
— i€k pkagaiRe[Pz](vrQ p + vp Qp — 2u; ,J;z )] :
_ 2z
qQ

4o
q2

2
" (¢% ki ks) = 4( ) agap | Pof? | (vF + af) (KRS + KYRE = g (k- ko) )

AAfY
(2.8)

+ 2ivla16uypak1pk201 y

4o

2
LA (@7 Ky k) = LYY (7 K, ko) :4<q2> (—af)Re[Py]

vy (v + a?)
AVF VAF f )

(—wa+]7@,
2

x (WK + KURE = g (k- B2) ) = ik phag 7 (Q ey — 20— )] .
1 _ Z

(2.9)

In a similar procedure as described for the photon case these can be used to calculate the
differential cross sections in the case of Z/~* [6]. Here, the coefficients As, A4, A7 in Eq.
(1.28) no longer vanish, but instead receive contributions from AV, VA and AA terms.



By introducing the following notation:

KM = Kiky + kky — ¢ (k1 - k),
(11, 7, ks a) = Ky pheag P
Liy o = QrQp — uRe[Pg)(vfQp +vpQy) + (v + af)| Pz [*vsvy,
Lyy s = aRe[Pz](vfQp +vp Q) — 2u1a;| Py |*vpvp,
LzAff' = (vf + a12)|PZ|2afaf’, (2.10)
Lyasp = —2ua|Pzl*agag,
Ly = L gpy = vRe[PzlagQp — (v + af)|Pz*agvp,
Lyvsp = Lyapy = —aRe[PzlapQp + 2uia1| Pz |*a vy,
the Eqgs.(2.7)-(2.9) simplify into a straightforward form:

A 2 . _
LZZ’ff/(q27 kjl, k‘Q) =4 (q2> <K#nyJLrh/ff’ - ZE(M, v, kl, kQ)th/ff’) . (211)

Here 4+ denotes the parity of the coefficient under p <> v interchange. Note that in the limit
of a = 0 and v = 0, the pure 7 case is restored, as in Eq. (1.10). Furthermore, no assumptions
have been made about the form of Eq. (2.11), or its arguments ki, k2, ¢, hence this form is
manifestly covariant.

2.2 The leptonic tensor for W+ exchange

The W# boson case differs from the two previous processes because it induces a flavour change
for the quarks. Hence, moving all EW couplings and propagators from the hadronic current
into the leptonic part, one gets a two-flavour-indexed leptonic current

47T06Vd
T (@2 ke, k) = ———22 (kv (1 — A°)d(ko) P (¢2). 2.12
(475 ks a) Sqsin? HWU( )Y (1 = ~")d(k2) Pw (q°) (2.12)
Here, ﬁ = gy and e? = 471 were used and V4 is an element of CKM matrix for an v — d

type transition. Evidently, this is composed of two terms forming the V — A structure of
weak interaction with a common factor pulled out explicitly:

s OéVud

Jhoa(@® k1, k) = (J = Jh). (2.13)

2¢2 sin® Oy,
In order to form the leptonic tensor, this equation needs to be squared like in the Z/+* cases.
This is obtained, as given in Appendix C, in the special case where couplings are taken to
bea=1,v=1and Qy =0 (note that the result is not exactly the limit, due to a different



prefactor):

2
v yyes
P (1, J2) = (zqzsmze) (LT + T4 Th = T = T,
2
yiye% V* Vu/ , } '
:2< YY) > 2u612 d - (KM —ide(p, v, k1, ko)), (2.14)
q? sin” Oy, ( _ml) +w
q q?

2

T « -

-2 <22> VaaVaar | Pw |2 (K" —ie(n, v, k1, k2)),
q? sin” Oy,

(2.15)

where | Py |%is given by Eq. (2.5). Just like in the Z// boson case this can be, although
trivially, simplified to a similar form like Eq. (2.11). Introducing the following notation

1 2
+ — 7+ — * 2

Lyvwawa = Ly avawas = <8sin2 0 > VaaVwa | Pw| (2.16)

w
2

_ _ 1 * 2

Ly pvawa = Lavuawas = ( S sin2 9W> VoaVura | Pw| (2.17)
+ o+ - - _

Ly pwawa = Lavuawas = Lyveaws = Lasvwawas =0 (2.18)

yields the exact same form as Eq. (2.11) up to interchange of indices f <> ud:

v dra\? . _
Lﬁhfudu/d'(QZ’ k1, ko) =4 ( q? ) (KWLZh'udu'd’ — de(p, v, k1, kQ)th’udu’d’) (2.19)

2.3 The hadronic tensor for proton collisions

By covariance, current conservation ¢*H,, = 0 and the CP properties of QCD, the hadronic
tensor H,,, for a Drell-Yan process can be decomposed into nine form factors as [6]:

H;uz = ng;u/ + HQPa,uPa,V + H3-[5b,,upb,z/ + H4 (Pa,upb,u + pb,,upa,u)
+ Hj (ﬁa,uﬁb,u — pb,uﬁa,u) + iHge(p, v, Py, q) + iH7e(pu, v, Py, q) (2.20)

+H8 (Pa,uﬁ(V7Pa7PbaQ>+N<_>V> +H9 (pb,MG(V=Pa7PbaQ)+M<—>V)7

where g, = g — "23“ and pa/b,u = gWPa”/b. The tensor elements such as Hy; are not frame
independent, however, the hadronic form factors Hi_g are. To get the structure of tensor
elements, expressed as Eq. (1.15), in terms of these frame-independent form factors one needs
to know the momentum of the protons in the lepton COM frame. However, that is not trivial
to determine. In the lab frame, the colliding proton momenta can be written as

P! = (Ecm/2,0,0, Ecn/2)" P} = (Bcwm/2,0,0,—Ecm/2)" (2.21)
where Ecy is their center of mass energy. The exchanged boson momentum is then

qu = (40, 41,92, q3) (2.22)

,10,



Boosting into the CS frame (see Appendix D), one then has such relations between proton
momenta Pfs in the CS frame:

Pl =eYpr pPh? =¥ pol2 P} = —e"P?, (2.23)
where Y = %ln % is the rapidity of the proton and P* is defined as

V@%+(q1)?
Q

q1

Pr=FEcy/2| ~a@ |, (2.24)
0
1

Note that here a rotation was made, such that ¢r = ¢1€,. At any point, full generality can
be restored by changing P, — Pr.

Returning to the decomposition of H,,, given in Eq. (2.20), one can note that in the CS
frame we always have go, = guo = 0 and g;; = —d;;. Hence, noting that P, 2=F,» = 0, some
simplifications may be applied:

= — P, for i=1,3, (2.25)

P, =0, for i=0,2, (2.26)

e(u,v, P,q) =0, if u=vor pu,v+#2, (2.27)
e(pty Py Ppyq) =0 if p,v # 2. (2.28)

Using the definitions of Eq. (2.23), this finally yields such form for all the elements of H,,, in
the CS frame:

Hyp = —Hy + (P)? (Hoe™?Y + H3e? +2H,), (2.29)
Hyy — —H,. (2.30)
Hiz = —Hy + (P3)? (Hae™? + Hze?Y — 2H,), (2.31)
Hy3 = Py Ps(Hye®Y — Hye? — 2iHj), (2.32)
His = 2Q(P)*P3(Hge ™ + Hge?™) +iQPs(Hre® — Hge V), (2.33)
Hzs = 2QP;(P3)*(Hge ™ — Hge?Y) +iQP (Hre® + Hge 2Y), (2.34)

where other off-diagonal elements are related to the ones given by H;; = Hj;. Notice that at
tree level, i.e. gr = 0, all terms with P; vanish, making the hadronic tensor much simpler.
However, some terms, such as the second one in Hgz will not vanish. If Lam-Tung relation,
given as [6]
1
H, = §H“u, (2.35)

is to be restored as qr — 0, there must be an intrinsic reason in the specific combination
Hye 2Y + Hse?Y — 2H, forcing it to vanish.

— 11 —



3 Differential cross section for W* decays at tree level

3.1 Light cone coordinates

When working in the lab frame, the variables that are naturally simple to measure are the
rapidities of particles and their transverse momenta. Hence, it is useful to parametrise coor-
dinates as the so-called light-cone (LC) coordinates [12]:

k™ kT "
kH = 7n”+?n”+kl, (31)
where vectors n* and n* are defined as any 4-vector pair to satisfy
n?=n%=0,
nn = 2.
For proton-proton collisions i = —7 = €, is chosen, which implies
k™= k0 4 k3, (3.4)
kt = ko — ks, (3.5)
klj_ = (kabk%o)T' (36)

For experimental applications it is useful to have the cross section expressed in terms of
transverse momentum of one of the leptons pry, rapidities of the colliding protons Y, and
the total energy of the intermediate boson (). These variables are easily accessible in LC
coordinates.

Calculating the cross section for a vector boson decay in the lab frame again requires the
computation of L*¥H,,,. For experimental applications it is very interesting to have the cross
section expressed in terms of rapidities of the colliding protons Y, transverse momentum of
one of the leptons ppy and the total energy of the intermediate boson ) and most of these
variables are directly accessible in LC coordinates. To calculate various contractions of tensors
in LM H,,,, one may find it simpler to decompose the structures in terms of LC variables. Any

tensor, can be rewritten as

1
™ =7 (T n'n” + T~ n*n” + TT nkn” + T~ Tn'n”)

4 % (T—'—L?Vﬁ/‘/ + TJ_-i-,uﬁu + T—J_,Vnu + TJ_—,unV> (37)

+ TJ'J"“V.
3.2 Tree level decay of W

One of the ways to obtain the cross section differential in certain variables is to integrate over
the phase space in a given order and introduce a measurement function, as done previously
in Eq. (1.12). Consider the differential cross section expressed in such a way that

do _ / d4k‘1d4k‘2

diqdptdp. (2m)2 §5(k$)8(k3)6%(q — k1 — ko)H,W L* M (pf, py ), (3.8)
l l

- 12 —



where pzt stands for light cone momenta of one of the leptons. This means that the other lep-
ton has to be fully integrated over. In the case of W decay this is preferred, as experimentally
the neutrino is not detected. Choosing to integrate over all of the second lepton 4-momenta
yields:

do d4/€1 9 9 o "
Tgdpfap, ) G FDOURIM T ) i L (3.9)

and a constraint kb = ¢* — k). The on-shell § function for k1 can be integrated trivially by
going to LC variables d*k = 1dk*dk~dkr:

do 1 [ dkfdky d%kir - - B
— == | A Sk — |k |P)0 (kS Ry — |kar ) M (pf H,, "
d4qdpf dp; 4/ amz CRkT — R R)o(ky ky — [ker )M (pg vy ) H
1 [ dkidkyd|ki7|*de _ - B )
- 8/ - (1277)2 5(kiky — lkir|?)o (ks ky — |kar )M (0, py ) Hyu L*
dkdk;d _ B ,
B /Wé(k;kZ = |kar )M (0, pg ) Hyu L,
(3.10)
giving another constraint kfkl_ = |k17|?. Note that, at this point, the remaining § is just

shorthand for writing §(k3 ky —|kar|?) = 0((¢t —k) (¢~ —ky ) —ki{ ki —|ar|*+2|qr| k17| cos ¢).
The measurement functions, however, are now trivial in terms of k:fc and integrating over
them simply swaps with the variables pli. Hence the final result is given by

do de -
diqdpfdp; O(ky ky — lkor|*)) Hyw LM 3.11
d4qdp/ dp, /3271'2 (k3 ky = |kor|")) Hyuw LM, (3.11)
or equivalently
B S(ksf by — |kar[*)) Hyu LM 3.12
dq+dq—dpjdp£— / 6472 (k3 ky — |kor|%)) Hy ( )

For the hadronic tensor this holds [7] at tree level:

/d2q’THﬁ;L’/qq,(q2’ Y, q%) = h’;z,qq,fq(xa)fq/(xb) + h%’q'qfq’ (xq) fq(zp) + O(ay), (3.13)

where Y is the proton rapidity, x,; are the Bjorken z, f, - parton distribution functions
(PDFs) and hjy,,,., is the hard function, given as:

v v 1 1 B B
hl"l}vff/qq/ = hiAff’qq’ == _W <gl“/ - §(n“ny + n“ny)> 5fq5f’q’ + O(Oés),
¢ (3.14)

T e -
Warpar = Pavira = IN (i nate) 81adprar + Olevs),

where N, is the number of quark colors and only leading order terms are considered. Essen-
tially, since at this order integration over gr becomes trivial, and in the no-recoil case ¢r = 0,
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one can write Eq. (3.12) by using Eqs.(3.13) and (3.14) as:

do / A2grde

dgtdg—dp/dp, - 6472

720§ / 9 S — ) —pp) - piwp)

3272
hh/!

X (Phrud, s Fu(a) F3(20) + P du, o F3(a) fu(x0)) Ligy,-

§((¢" =)@ —p;) —pfp; — lar|* + 2lar|[pre| cos ¢) H L*

(3.15)

Light cone coordinates are convenient here because for massless particles one may express
pf = |prele™", where 7 is the rapidity. Hence, trading £ variables dq*dq*dpjdpe_ for
Q7 K Pre, 1 gives

do de¢ v B v )
T ava1.90 a. —0 — n _ ny _ H,, L"
dQ2AY dpZ,dn %;/3% ((Qe™ —pree™)(Qe” — pree) — pry) Hy,

(3.16)
X (hnnrudyw fu(@a) f1(@6) + Mt duw f3(@a) fu(@s)) Lh
This allows us to freely integrate over the ¢ angle, leaving
do 1
—_— = — 5(Q*—2 h(Y — 3.17
dQ2dep%ng] 167 %/: (@ Qpr cosh( n)) ( )
X (hhh’ud,,uufu(xa)fcf(xb) + hhh’du,uufci(xa>fu(xb)) LZZ/- (3'18)

where the Dirac § was expanded by multiplying out the brackets. Another simplification is
to integrate over the § function with respect to 7, which yields

do _ 1 (Phhrud o fu(@a) f1(zo) + Phnvduuw f1(2a) fu(zs)) Liy, (3.19)
dQ?dydp3, 16w -~ 2Qper sinh(Y — ) ’ ’
and a constraint for 7, being now defined as
1 Q
=Y —cosh™t —~—. 3.20
U Spre (3.20)

Evidently this also requires that pry < %, i.e. the transverse momentum of leptons may only
take certain values limited by this relation. Note that this only holds true at leading-order,
i.e., when ¢r = 0. Introducing © as the Heaviside function and using the leptonic tensor for
the W case from Eq. (2.14) yields

do _ b Z (Phnrudyw fu(Ta) f(xe) +uw > d)Lif K
dQ?dYdp?, 167 ~ 2Qpre sinh(Y — n)
(Pnbrud g fu(@a) fa(wp) +u <> d) Ly g€(u, vk ko) \  Q

- 2Qpry Sinh(Y — 77) ) 6(5 - pTZ)- (3.21)
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Since, for the W case, all helicity combinations produce the same prefactor, and due to
[Vudl?> = |Vgu|?, all the PDFs have the same common factor here, up to a sign. Hence,
summing up all the products (see Appendix E) of hard functions and leptonic tensor as given
by (3.14) and (2.14) respectively, yields

do 1 fulza) fz(xp) +u < J@ Q
v T Teo . (= — pre)
dQ?dYdps, 167 2Qpr¢sinh(Y —n) 2
v \2\]3 ’2 o 9 (3.22)
x gl 2 W Y= _pZ,).
N, <q2 sin 9W> (preQe Pre)
Putting in the constraint ppy < % in the form of n = Y — cosh™! 2PQW’ one arrives at the
differential following cross section:
do 1 fulma) fa(mp) +u d _Q
2 2 . -1 Q (7 - pT@)
d@Q*dYdp7z, 167 Qpgysinh(cosh ) 2
2 2 2 1 0
% 2|Vud| |PW| 71—0; pTZQQCOSh 1% —p%“g
N, g?sin® O, 393
- 1 fu(a:a)fg(xb) +usd Q ( ’ )
~ 167 E2 o Oy o)
CM Q Q2 - 4pTg
|Vvud|2|PVV|2 ™ 2 cosh™1 -2 2
X 2 rre —
N, q? sin? 0, preQe Pre

An intuitive way to check this result is to plot do/dpy;. Hence, integrating the previous result

do
dpre

over two of the three variables, produces the following equation form:
Q

1 fu(l'a)fci(wb) Tue J@(* —pTﬁ)

167 B2y, [07 a2 2
@~ 4nr (3.24)

2

HUdPu |44 |2 gye cosh™1 -9 2

X 2 e 2rre —
N, q?sin? Oy, pred Pre

= /deY - Apry

Q _+Y
Eom ©

section for annihilating quarks of all flavours, this needs to be summed up for all v and d
indices, where u = {u, c} and d = {d, s, b}.
The sketch of this graph agrees with the expected behaviour (see Fig. 4 and Fig. 5).

Note that x,; can be related to @ and Y as x4 = . Furthermore, to get the cross

Furthermore, one can see that in the narrow width approximation (NWA), i.e. T'yy — 0 (see
Appendix F), there is a sharp cut-off at my /2, which comes from the constraint on ppy.
Nonetheless, for a finite width, some spill over happens into the pry > my /2 region. The
PDF's used for this calculation were provided by LHAPDF [13] and interfaced by SCETIib
[14].

However, when comparing the graph directly with the points from Monte Carlo-based
fixed order code MCFM 8.2 [15], some disagreement can be clearly seen (see Fig. 6). One

,15,
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pr(GeV)

Figure 4. Sketch of d‘;‘;[ as given by Eq. (3.24). A sharp cut-off is seen at my,/2 in NWA case, but

some spill over happens in the finite width case (see Fig. 5).

— Finite Width
— NWA

0'0%0 35 40 45 50
pr(GeV)

Figure 5. Sketch of differential sp[ectrum d‘;‘;g as given by Eq. (3.24), zoomed in on finite width

graph. Spill over due to finite width can clearly be seen.

of the causes, may be binning artifacts. Monte Carlo points correspond to binned points
from 2 GeV wide regions, whereas the graphs produced here were integrated in the whole
region. Nonetheless, this does not explain the mismatch in low-pp, region, where any binning
artifacts should be irrelevant. Furthermore, integrating Eq. (3.24) over the same 2 GeV wide
bins and plotting bin by bin does not reproduce the Monte Carlo result (see Fig. 7). Finally,
inefficient integration over the point close to the fall-off (pry = my//2) may also produce a
mismatch, however, again this does not provide a good explanation for the disagreement in
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the lower pry region. Further analysis of the approach described in Section 3.2 will be needed,
however, due to time constraints of the project will not be presented here.

0.08
. MCFM-8.2 points

0.06 — Finite Width

0.02

R T T T
0 20 40 60 80 100

priGev)

0.00

Figure 6. Monte Carlo data compared with the differential spectrum % given by Eq. (3.24). A
mismatch can be seen.

0.08
- MCFM-8.2 points
0.06 ® . Binned prspectrum points
&
s | & 004 @
-5 o .
Be
L
L
ot ®
0.02 KL
o¥
\ 4
o?
- @
&
0.00t @ $299005000000800008503000980,
0 20 40 60 80 100
pri(GeV)
Figure 7. Monte Carlo data compared with the points from 2 GeV wide integrated regions of d?;;e

given by Eq. (3.24). The selected bins were centered at MCFM data points. A mismatch can be seen.
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4 Summary and Outlook

The W boson mass is a very important parameter in the Standard Model that is currently
challenging to directly measure in collider experiments. One of the limiting factors is the
treatment of the W decay in the leptonic center-of-mass frame, where the momenta of both
leptons must be known for efficient reconstruction of the frame. In this project, the founda-
tions for a treatment of the decay in the lab frame were analysed.

The Drell-Yan process of two quarks annihilating into an intermediate boson and its
subsequent decay into two leptons was treated by encoding the quark annihilation process in
the hadronic tensor, and the decay process in the leptonic tensor. The most general leptonic
tensors were calculated for the Z/y and W decay cases. We show that they may be written
in a similar form by decomposing them in terms of different parities. In addition, the elements
of the hadronic tensor in the center-of-mass frame of leptons were expressed in terms of the
coefficients of a general Lorentz decomposition of the hadronic tensor.

The produced leptonic tensors may be used to calculate the cross section at any order.
However, due to time constraints only the leading order was considered. The calculation of
the leading order differential cross section of the transverse spectrum of the lepton momenta

d‘;‘;z produced the correct qualitative behaviour of the function, explicitly showing a fall-off

at myy /2, which was very sharp in the case of narrow width approximation. Nonetheless,
some spill over to the pyy > my /2 in the finite width case could be seen, as expected. The
data points from a Monte Carlo simulation at leading-order showed some deviations from the
expected distributions here, however. Further research is needed to clarify why the results
produced here show disagreement with the Monte Carlo data generated by MCFM 8.2 code.

,18,



Appendices

A Expressing unpolarised cross section in spherical harmonics

Consider Eqs.(1.16)-(1.18). Rewriting cos2¢ = 1 — 2sin? ¢ = 2cos? ¢ — 1 and dropping the
common factor in front of each term, one can write:

(1 — sin® 0 cos® ¢) Hyy
1
= (1 —sin?0 - §(COS 20+ 1))Hn

1 1
=(1- 5 sin? @ cos 2¢ — 5 sin? ) Hyy

1, 1 ) (A.1)
=(1- 5 sin 6 cos 2¢ — 5(1 —cos”0))Hyp
1 1
=(1- isin20(:os 2¢ — 5(1 — cos®6))Hyy
1
= 5(1 + cos? 0 — sin? 6 cos 2¢)H1;
and
1
(1 — sin® #sin? ¢) Hop = 5(1 + cos® 0 + sin? @ cos 2¢) Hao (A.2)
1
(1 — cos® ) Hsz = 5(2 + cos? § — 3 cos® 0) Hzs, (A.3)

which expresses the the coefficients in Egs. (1.16)-(1.18) in terms of spherical harmonics.

B Expressing H,, L' in terms of angular coefficients

Consider Eq. (1.25). One can take out the unpolarised cross section in Eq. (1.27) as the
common factor to yield:
LY Hyy + L Hyy + L**Hj3 =
_ 8ra?
=3

3
QQy(Hit + Haz + Hs) 1 (1 + cos” )
Hys (B.1)
Hyy + Hoo + Hss
Hy — Hny )
Hyy + Hop + Hsz/
Which reproduces exactly Eq. (1.29). Consider Eqgs.(1.19)-(1.24). Summing them up yields:
L12H12 + L21H21 + L13H13 + L31H31 + L23H23 + L32H32 = (B.2)

2
— %Qfo/ ( sin? # sin 20H5 + sin? 6 sin 2¢0H19
q

+ (1 — 3cos? )

+ sin? 0 cos 2¢

+ sin 20 sin ¢ Ha3 + sin 26 sin ¢ Hsa
+ sin 260 cos ¢ H13 + sin 26 cos ¢H31>
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Again taking out the unpolarised cross section as the common prefactor:

—(Hi2 + Ha1)
Hy1 + Hog + Hss

—(Ha23 + Hzg)
Hyy + Hoo + Hss

—(H13 + H31) )
Hy1 + Hoo + Hsg

_ 8o
=3

3
Qfo’(Hll + Hoo + H33)—<sinzﬁsin2q§

Tom (B.3)

+ sin 26 sin ¢

+ sin 26 cos ¢

Given the set of angular coefficients in Eq. (1.28), one can immediatelly sum Eqs. (B.1) and
(B.3) to get Eq. (1.30).

C Trace Evaluations for Z/v leptonic tensor

As in Eq. (1.10), one can reduce the rather complicated structures of Eqs.(2.2)-(2.4) to the
evaluation of traces. In the structures, four types of traces will appear:

> k) ulko)[a(k2)y o (k)] = Te[ry"Hor"] (C.1)

spins

> (k) (0r = ary®yulko) [t (ka)y" (k)] = v/ Te iy ey"] — aTe[hy" "1y

(C.2)
Z [B(k)y*u(k)[a(k2)y" (v — ary® Yo (k1)) = v Te iy $ay”] — arTe[Biy" oy y"]
) (C.3)

D [k (v — ay®Yulke)][@lk)y" (o — ary®)o(kr)) = vP Ty Kay”] + af e[ Koy~

spins

— viag (Te[y" By 7" + Te[iy" v Kan”])
(C.4)

By using the commutation properties of 4% and Tr[y5y#y"~Py°] = 4iet*P? [8] all the traces
can be evaluated to yield:

Tr[iy"Ho"] = (k1S + kiKY — g™ (k1 - k2)) (C.5)
Tr[iy Y o] = diky pkog €7V = —4dik pkogetP7 (C.6)
Te[M Hay"~°] = —4iki koo™ (C.7)

Te[y oy °] = A(KYKS + kYK — " (1 - ko). (C.8)

Using the relations in Eq. (C.5)-(C.8) with Eqgs.(2.2)-(2.4) will yield the Egs.(2.7)-(2.9).

D Boosting into the Collins-Soper frame

Consider two protons with momenta given in Eq. (2.21) and a boson with momentum given
in Eq. (2.22). It is always possible to do such a rotation so that one of the spatial components
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of g, would vanish. In this case, g2 = 0 is chosen. To express Eq. (2.21) in the leptonic COM
frame (CS frame [9]), two Lorentz boosts are required: a longitudinal and a transverse one.
In this particular frame, the intermediate boson must be at rest, so that

QM/ = (QO/aOaOaO)- (Dl)

Applying a boost in the z direction with velocity B = g—i and again in x direction with
1
q

velocity fr = N CIE=raIE one arrives at
(¢°)>—(q%)?

¢"' = (V(4°)? = (¢')% = (¢*)2,0,0,0) = (Q,0,0,0). (D.2)

Hence, applying the same boosts to Eq. (2.21) will yield an expression for the proton mo-
mentum in the same frame. Applying the first boost in the z direction for P,:

Ecwm/2 v 00 —yB8\ (Ecm/2
p_ | 0 || 0 100 0
“ 0 0 01 O 0
Ecn/2 —800 ~ Ecwm/2
= (D.3)
8 1
0 _ 0
:ECM/2 0 =e€ YECM/2 ol
1-5 1
1+8
where Y = 1 1n % =1ln gifgﬁ is the rapidity of the protons. Applying the second boost in
the x direction yields
1 v =800\ (1
_ 0 _ -8 ~v 00 0
Y Y
E 2 — E 2
e Eou/2| | e Bew/20 om0 o
1 0 0 01 1
VT (D4)
Q
_a
= eV Ecnm/2 g = P®S,
0
1
Similarly, for the other proton momentum P, one arrives at
Q*+(q")?
Ecgd/ 2 o
1
plb = 0 — ¥ Ecm /2 TQ = PSS (D.5)
0
ECM/2 -1
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The two momenta Pacf can still be related. Defining

Q
_q
Pt = FEc\/2 Q , (D.6)
0
1
one then has such relations between P(SE:
Pl = =Y pH PP =¥ poL2 P} = —e¥ P3. (D.7)

Using these to construct the hadronic form factors in the CS frame explicitly from Eq. (2.20):

Hyy = —Hy + Hy(Pop)? + H3(Py1)? + 2H4Py 1 Py 1,

Hso = —Hy,

Hz3 = —Hy + Hy(Po3)? + H3(Py3)? + 2H4P, 3Py 3,

Hi3 = Hy(Py 1 Pa3) + H3(Py1 Py3) + Hy(Pa1 Po3 + Py 1 Pa3),
+ iH5(Py1Py3 — Py 1Py 3)

Hyg = —iHeP, 3Q — iH7 P, 3Q + Hs( — P 1Q(PupPys — Pa,BPb,l))v
+ Hg( — P1Q(Py1Py3 — Pa,3Pb,1)>

H3zy = iHgP,1Q +1H7 Py 1Q + Hs( — P, 3Q(Py1Pys — Pa,3Pb,1)>,

+ Hy( = PaQ(PasPos = PasPoa)),

where applying the simplifications given in Eqs.(D.7) allows to write the hadronic form factors
as Eqs.(2.29)-(2.34).

(D.8)

E W Lepton tensor contracted with the leading order hard functions

Looking at the products of hard functions given by Egs.(3.14) and the decomposed leptonic
tensor of W decay given by Eq. (2.19), one gets:

vV v 4 v 1 % 1 = 24 =V v
hﬁxAudLil_AudK“ = thA/VudL—‘i/_'VudKu = ToON <9“ - §(n“n + nf'n )) LyyuaK*
[Vual?| P |? o \?
=— 2(k1 - ko) —4(ky - K
2N, q2 sin® Oy (k- kz) = d(ka - k)
1, _
- 5(2]‘31 ky + 2k ky — 4(ky - k2))) (E.1)

|Vvud|2|PW|2 ye’ 2 _ _
- 2N, q2sin’ 6 P k; + k;er

_ |Vaual?| P |2 ( T )2 (pTeQ€Y" + preQe Y1 — 229%;)

N, q2 sin® Oy 2
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and

Wavual avauat€(ps vy ks ke) = B, gLy pgqie(is v ks ko)

Py |? ?
— |Vd| | W| ( Sln29 > 6#1/)\,{71 n ﬁuypgkl kZO'
Py |? ?
_ |Vud| | W| ( : 29 > 9 5,0(50 _ 5,@)77/\73”]{1;)]4320
q? sin” Oy,
o 2 E.2
_ |Vud| | W| (q251n29 > (nn? — nn’)k1,kao 2
|Vud| |“DVV|2 ’
B q2$1n29 (kT kg = kiky)
_ Z'|Vud| |PW|2 ? (preQe¥ ™" — preQe=YH1
N, q? sin 9W 2

Note that here k:gE =gt — kTt =¢* — p;t and ki = ko = ppe were used in both expressions.
Summing up the terms from Egs.(E.2) with (E.1):

+ + v ; - -
(Wi ruwaLaawa T PVvud by e K — iV wal avaa + PV awalv aua) €1 vs k1, k2)

|Vaud || P |* ro “Yin _ 2
—9 n_
N, q2 sin® Oy (pTng pTZ)

(E.3)

Using these relations, Eq. (3.21) can be expressed as Eq. (3.22).

F Narrow width approximation

Consider the limit representation of the Dirac Delta function, as a Lorentzian going to zero
§(z) = = lim ——. (F.1)

In the Narrow Width Approximation (NWA), one has to consider vanishing width, i.e. I — 0.
The propagator given in Eq. (2.5) can be written as:

|Pw|? = = = . Q' . (F.2)
R

Using Eq. (F.1), in the limit of NWA this then becomes:

Q4

mlPwl2 =~ % (02— m2)="_ <% ) F
Consider a cross section differential only in Q:
& =A@ (F.4)
dQ - wil .
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where A(Q) is a function dependent only on the variable ). Hence, in the NWA limit:

dO.NWA
d@
Q4

(m3yTw)

6(Q —mw)

s
Xi
2

Q4

(m Tw)

6(Q — mw) (F.5)

™
X —
2
Q=mw

6(Q —mw)

dQ Q*

_do
-5

_ <d<f (Q* —miy)* + (mWFW)2>

1

2 2 7T
mi L5 X ————
WEWT 2 (md, Tw)

Q=mw

d
= 5(Q = mw)5Tw 15

dQ ’Q:mw
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