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Abstract

This report is a summary of my summer student project on the fitting of par-
ton density functions with top data. First a brief introduction to the theory of
PDF's and the fitting process is given. In a theory study the impact of different
parameters on the theory predictions are reviewed. The second part of the project
focusses on the implementation of a chi? definition for use in fits with low preci-
sion data. This y? function is compared to commonly used definitions. Using the
newly implemented x? function the effects of the inclusion of LHC top data taken
at energies of 7TeV is considered.
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1 Introduction

1.1 Parton density functions

At the Large Hadron Collider (LHC) protons are collided in order to study the Stan-
dard Model of particle physics. Protons, or more general, hadrons are not elementary
particles. They are compromised of quarks and gluons. So in order to make theory pre-
dictions for experiments at the LHC the inner structure of the proton must be known.
The structure of hadrons is described by a set of Parton Density Functions f;(z, Q).
These are probability densities that determine what fraction of the total momentum of
the hadron each parton ¢ carries.

Within the framework of perturbative QCD! it is not possible to directly determine the
structure of hadrons. Therefore it is necessary to determine to the PDF's by some other
means. This is done by fitting theory predictions based on said PDFs to experimental
data. Once the PDF for a energy scale is known it can be evolved to higher scales by
solving the so called DGLAP equations.

The goal of this project is to determine PDF's using these fits. The focus lies on the
inclusion of tt-data. The production of top quarks at the LHC is discussed in the next
section.

1.2 ¢t production at the LHC

One objective of the project is to incorporate tt-data of the Large Hadron Collider at a
center of mass energy of 7 TeV into a fit to determine the parton density functions of the
proton. At the LHC top quark pairs are produced in various reactions. The feynman
graphs for the most import processes are shown in figure 1.
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Figure 1: Feynman graphs of top pair production processes at the Large Hadron Collider

In addition to the hard scattering cross section, which can be calculated from the Feyn-
man diagrams above, the ¢t production rate of proton proton collisions depends on the
parton distribution functions. For this reason tt data can be used in PDF fits.

!'Quantum Chromodynamics is the theory that describes the strong interactions between quarks and
gluons.
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Figure 2: Overview of the process by which PDFs are extracted from data. The names
of the software packets used within the Xfitter framework are also named.

1.3 PDF fitting process

The parton density functions are determined by fitting data to corresponding theory
predictions. This is necessary, because they cannot be determined from (perturbative)
theory calculations alone. The purpose of this section of the report is to describe this
fitting process and introduce the software tools used.

Figure 2 provides a visual overview of the PDF fitting process. At first a parameteri-
zation for the parton density functions is chosen. Possible choices for this are discussed
later. With these parameterizations and a set of initial values for the PDF parameters a
theory predictions can be computed. These predictions are then compared to the mea-
sured data using a y?-function. x? is a function of the data, it’s uncertainties and the
theory and provides a measure of agreement between data and theory predictions. The
statistical reason for choosing a certain x? definition are discussed in the next section
of this report. In order to find set of PDFs that best fits the data, the y*-function is
iteratively minimized.

There are different software packets which implement the process in order to extract the
parton density functions from measured data. The theory predictions for the reactions
are calculated with DIFFTOP [1] and FASTNLO [2]. The former uses perturbative QCD
in order to calculate the production for heavy quarks and the latter uses interpolation
tables to allow fast evaluations of the cross sections with changing PDFs. This is done
in order to prevent the time consuming invocation of Diff Top at each iteration of the fit.
The y2-function then obtained with these theory predictions is then minimized using the



MINUIT package[3]. This is a program which finds the minimum of a specified function
numerically by employing various minimization strategies.

These tools are all included in the XFITTER framework [4] which allows doing PDF fits
for a wide range of different reactions.

1.4 The y? -function

The x? -function is used to quantify the agreement between the theory predictions and
the measured data. It is a function of the parameters to be fitted to the data. In a data
set which includes correlated uncertainties the following definition is usually used:

@) =X (di — (@) (V) (d; — ;(@) (1)

ij

In this equation the d; are the data points and the ¢; are the corresponding theory
predictions which depend on the fit parameters d@. The correlated uncertainties in the
dataset are described by the inverse covariance matrix VV~!. The parameters @ can be
obtained by the minimization of the x? -function.

This definition of the y?-function can be derived from the principle of maximum likeli-
hood. For the derivation it is assumed that the data points follow a normal distribution
around the theory value.

d~N(EV)

The likelihood function is then given by the probability density function of the multi-
variate normal distribution.
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In order to estimate the parameters @ equation 2 is maximized. Algebraically equivalent
to this is to minimize to negative logarithm of the function. From this the y2-function
can be obtained.

XA(@) = =2 £ =Y (d; — t,(@)) (v-l)ij (d; — t;(@)) + const (3)

ij

Other x? definitions can be derived by assuming a different distribution of the data. It
is important to note that the y?-function presented here is a function of the absolute
uncertainties of the measurement. If the quoted uncertainty is relative this value has to
be rescaled before entering the y? calculation. This can be achieved by multiplying the
relative error either by the data or the theory value. This choice of rescaling provides
the possibility to introduce a statistical bias into the fit result.
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Figure 3: Differential tf production cross section as a function of transverse momentum
pr. The influence of three different PDF parameterizations is shown. Absolute
cross sections are displayed in the upper plot. In the lower plot shows a ratio
of the cross sections to the HERAPDF parameterization.

2 Project
2.1 Theory Studies

In this section the theory studies of my project will be discussed. This was done in
order to see how different settings in FASTNLO influences the predicted cross sections.
Parameters which can be changed include the PDF parametrisation, center of mass
energy, the factorization scale and the renormalization scale.

The influence of PDF parameterization is studied first. In order to do this the ¢t pro-
duction cross section is calculated as a function of the transverse momentum pr in
FASTNLO. This is done for a selection of different PDF parameterizations. The result-
ing distributions are then compared to each other to observe the impact of the different
PDFs. The calculation was carried out at a center of mass energy of 13 TeV. Figure 3
shows this comparison for three different PDFs.

The plot shows that for low energies the differences between the PDF's is covered by
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Figure 4: Different contributions to the ¢f production cross section as a function of pr
for center of mass energies of 7TeV and 13 TeV.

the uncertainty bands. Only for higher energies a significant deviation is visible. For
the relative errors this is caused by the low central values of the functions at high pr.
For this reason the choice of parameterization does not significantly influence the theory
predictions. This means that one is relatively free in this choice. In the rest of this
report the HERAPDF parameterization is used for all PDF fits. The reason for this is
that the data for the comparison fits is done with data from the HERA experiments.
Another aspect of interest is the contributions of individual partons to the total produc-
tion cross section. With this information it is possible to conclude which PDFs will be
influenced mostly by the inclusion of the ¢ data. In the 4a and 4b the contribution to
the total from quarks and gluons are displayed separately for 7TeV and 13 TeV center
of mass energy. An additional plot for 8 TeV center of mass energy (figure ??) can be
found in the appendix.

For higher energies the contribution of gluon introduced processes becomes greater. This
suggests that ¢f data may be able to provide direct constraints on the gluon PDFs.
Lastly the influence of the factorization and rescaling scale will be considered. Reason-
able choices for these scales i, and pi lie in the same order of magnitude as the scales of
the observed processes. For the ¢t production sensible scales would be either the mass
of the top quark my, the transverse momentum pr or a combination of the former. The
FASTNLO toolkit allows to study the influence of these scale choices.

e mass of the top quark p? = m?

e transverse momentum p? = p2

mg+pi

e quadratic mean p* = =

The following plot shows the resulting cross section for three different scales. In this case
both the factorization and the renormaliziation scale are taken to be the same value.
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Figure 5: The differential ¢f production cross section as a function of pp is shown for the
different factorization and renormaliziation scales.

As expected the predictions for all three scales agree at pr = my. For the most part the
difference between the scale choices is covered by the uncertainty bands. Only for low
values of pr using this value as a scale leads to significant differences to the other scales.
For this reason the transverse momentum is not an acceptable scale choice. For the fits
in this project the scale is chosen to be the mass of the top quark from now on.

2.2 x? - Implementation in Xfitter

The second objective of the project was to implement a new y? function within the Xfitter
framework. This was done, because the usual x? definition presented in section 1.4 of
this report has several disadvantages. The problem of rescaling the relative uncertainties
at each step was already discussed. Rescaling causes the covariance matrix to change at
each step of the iteration. For this reason the inversion of the matrix must be carried
out at during each iteration. This numeric overhead would be reduced by using a x?
definition which does not include a changing covariance matrix. A y? definition derived
from the log normal probability distribution can solve this problem. This y? function is
given by

x* =) (Ind; — Int;(a)) (‘/rgll)ij (Ind; — tIn;(a)) (4)

ij
and includes the relative uncertainties instead of absolute errors. With this x? function
there is no need for rescaling and therefore no changing covariance matrix. Basing the
x? on the log-normal probability distribution has further advantages. For data with
low statistics and high uncertainties the log-normal probability distribution describes
the data better than a Gaussian. An additional reason employing a x? definition as



reference fit XFITTER default log-normal y?

Total x? / dof 1363 / 1131 1339 / 1131 1344 / 1131

Table 1: Values of the x? function after minimization for three different x? definitions.

described by equation 4 in a PDF fit is that the log-normal p.d.f. only allows for
positive cross sections.

Large parts of the Xfitter framework are written in the FORTRAN programming language.
The y? function was implemented according to equation 4. In order to ensure the validity
of the added code test-cases were developed. This was done using an already existing
implementation of the log-normal ¥? in an alternative fitting program named Alpos. Two
tests were carried out: First the y? values for a single iteration were compared. This
test resulted in a exact agreement of the computed x? value in both implementations. In
order to catch errors that surface only after multiple iterations during the fitting process
a second test was carried out. For this a full fit in both Alpos and Xfitter with an almost
identical starting configuration was realized.

In order to compare the new }? implementation to the default Xfitter a fit on HERA
datal5, 6]. This data includes charged and neutral current deep inelastic scattering cross
sections in ep collisions. The fits were done with three different x? settings. These
include the HERA default setting with linear error scaling and a bias correction term,
the log normal x? and a x? definition that uses linear error scaling but does not contain
the correction term.

The resulting x? values after the minimization has converged are shown in table 1. These
values are similar for all tested x? definitions. The plots in figure 6 show the PDFs for
the up valance quark, the gluon and the sea quarks. The results show that the differences
between the different y? functions are relatively small. In regions of = for which the PDF
is not going towards zero the relative deviation is between the different x? definition on
the order of a few percent.

3 Inclusion of 7TeV tt data

The main objective of the project was to study the impact of LHC ¢t data[7] on the
parton distributions functions. This is done by including ¢ production cross sections
taken at a center of mass energy of 7TeV [7] into a fit. The results of this fit are
compared to a fit using HERA data only. The log-normal x? function introduced in the
previous sections is used in these fits. A drawback of the 7TeV tf data is the missing
breakdown of uncertainties. In the published data set there is only a statistical error
and an uncorrelated uncertainty included.

Some of the resulting PDFs is shown in figure 10 with a scale of Q* = m?2. In this figure
the PDFs for the up valence quark, the gluon and the sea quarks are displayed.

The inclusion of the 7TeV LHC data reduces the uncertainty band on the gluon PDF
especially at high x values. In general one can see a slight shift in the central value of
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Figure 6: Overview of the fit results with HERA data comparing the log normal y?
definition to the HERAPDF and the Xfitter default settings.



S 06l Q°=30033 GeV? / PR Q” = 30033 GeV?
3 [ Wl HERA data only o Il HERA data only
=5 - Wl HERA + top-data z I HERA + top-data
e C

03¢ 2105
- kel
0.4 X
- >
- >
L x
0.3F
0.2F
0.1
O- v ol Lol sl Lo ol sl Lol
10™ 107 1072 10t o 1 107 107 1072 10t oL

S 120F  Q*=30033 GeV? iy ~2L.06  Q*=30033 GeV’
< [ Il HERA data only ‘ o | Il HERA data only
2 I Il HERA + top-data X | W HERA + top-data

100F 21.0a-
A o |
80 = -
- 21.02-
60 F
40+ -
C 0.98F
20~ i
- 0.96
107 1073 1072 107t ! 10™ 107 107 107 o1

S [ @°=30033GeV? . <21 Q° = 30033 GeV*

X | Il HERA data only (04 Il HERA data only
W 20_— Il HERA + top-data S/ Bl HERA + top-data

X
G105
<

15 bt
x

10

0.95

o
©

xFitter

0

1073 1072 107 1

10™ 1073 1072 107 o 1

=
o
IS

Figure 7: Overview of the fit results with 7TeV tt data compared to the reference fit
using HERA data only.
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Figure 8: Gluon PDF fro a fit with 7 TeV tt data using the HERAPDF default y? set-
tings. Plots of the other PDFs can be found in the appendix.

the parton density functions. But for most partons there is no change in the size of the
error bands. The gluon distribution is of particular interest, because as it was shown
the largest contribution to the ¢t production cross section comes from gluon induced
processes.

These results can be compared to a fit using the HERAPDF default x? settings. The
results of these fits can be found in figure 8. There is no impact of the 7 TeV data visible.
This shows that the log normal x? definition is more sensitve to the ¢t data with higher
uncertainties.

In order to further reduce the PDF uncertainties it would be sensible to include higher
energy respectively higher precision ¢ data from the Large Hadron Collider into the
analysis. Alternatively the completed correlated systematic uncertainties of the 7 TeV
data could be included into the fit, which would better model the fluctuations in the
dataset than the use of a single uncorrelated value for the systematics.

4 Summary and conclusion

In the first part of the project several influences on the theory predictions were studied.
It was shown how the center of mass energy, the PDF parameterization and factorization
and renormalization scales impacted the ¢t production cross sections. Another important
aspect was the composition of the cross section. Especially at higher energies the cross
section is dominated by gluon induced processes.

The second objective of the project was to include a x? function based on the log normal
probability distribution function into the XFITTER fitting frame work. This definition
of the x? is more suited for fitting data with high uncertainties or low statistics. It also
simplifies the handling of relative uncertainties in an iterative fit. The implementation
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was crosschecked against an other PDF fitting program and also against other x? def-
initions within the XFITTER framework. Some small differences between the different
x? functions were noticeable. But these deviations are of the some order of magnitude
as other small influences in the fit like bias correction. It can be concluded that the log
normal x? definition can be used in PDF fitting.

This newly implemented feature was then used to do extend an existing fit of HERA
data with tf production cross section taken at the LHC. The inclusion of this data only
impacted the fit results noticeably when using the log normal x? definition instead of
the default HERAPDF settings. This result shows that the log normal x? function is
more sensitive to lower statistics data. Inclusion of the LHC ¢t data led to shifts in the
central value of the PDFs and also lowered the uncertainty of the gluon PDF at high
values of . This confirms the predictions of the theory studies.

In order to further reduce the uncertainties further fits with higher precision data should
be done. This would include 8 TeV and 13 TeV ¢t production cross section data from
the LHC. These datasets were not available at the moment and the fits could not be
done in the timescale of the summer student project.
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5 Appendix

Contributions to ttbar Production XSection @ 8 TeV
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Figure 9: Different contributions to the ¢f production cross section as a function of pr
for a center of mass energy of 8 TeV.
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