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Short description of the research project

This projects dealt with methodology of calculation of the atomic pair distri-
bution function from data obtained by two-dimensional detector. Individual
data corrections and calculation steps are described in detail. Analysis of in-
situ XRD data in real space by pair distribution function was demonstrated by
investigation of volume thermal expansion of amorphous Fe76Mo8Cu1B15 al-
loy. Obtained results show that non-magnetic technique such as XRD allows
observation of ferromagnetic-to-paramagnetic transition of metallic glass,
which was determined as a change of the slope of its expansion curve.
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1 Introduction

The pair distribution function (PDF) represents variations of atomic density ρ(r) with
respect to the mean atomic density ρ0. In other words the PDF is a measure of the
probability of finding an atom at a distance r from another atom and gives information
about both average and the local structure of materials (see Figure 1). The pair distri-
bution function (PDF) is widely used to obtain detailed knowledge of the atomic-scale
structure [1, 2].
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Figure 1: The atomic pair distribution function for amorphous material [3].

2 Goals of the research project

The main goal of this project is study of disordered materials by the pair distribution
function. Goals of this project can be divided in to two main parts:

• methodology of data-collection with an area (2D) detector and calculation of the
atomic pair distribution function (PDF),

• demonstration of PDF method on real datasets obtained from XRD measurement.
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3 Experimental part

3.1 Preparation of samples

Amorphous alloys with nominal composition Pd81Si19 and Fe76Mo8Cu1B15 in the form
of thin ribbons (40µm) were prepared by single roller melt spinning technique.

3.2 High-energy X-ray diffraction at P02.1

X-ray diffraction experiments (XRD) were performed in transmission geometry at the
P02.1 beamline, which operates at the fixed photon energy of 60 keV (λ = 0.20727 Å).
Experimental setup used for this type of measurements is schematically drawn in Fig-
ure 2.

sample-detector distance

(7)

(6)

(5)
(4) (3) (2) (1)

 
λ

 

 

 

Figure 2: Schematic drawing of the experimental setup at P02.1 beamline used for X-ray diffraction mea-
surements: (1) primary slits, (2) small shutter, (3) secondary slits, (4) pin hole, (5) sample in capillary,

(6) beam stop, (7) detector Perkin Elmer 1621

The direct X-ray beam, whose profile is defined by primary slits (0.7x0.7 mm2),
traverses through the small shutter, which defines exposure (illumination) time. Behind
the shutter, there are situated the secondary slits, which define the profile of the direct
beam (cross section: 1x1 mm2) and remove any air scattering and parasitic scattering
originating from from the primary slits. The pin hole, placed closely in front of the
sample, also helps to suppress any parasitic air scattering, which may occur during beam
transport. The beam stop, whose role is to stop the direct X-ray beam (thereby it protects
the detector), is installed nearly behind the sample and thus eliminates additional air
scattering of direct beam. The last important part of used experimental setup is the 2D
detector, which collects diffracted photons diffracted by the sample.

XRD experiments for this project were acquired at room temperature and fast image
plate detector Perkin Elmer 1621 (2048x2048 pixels, 200x200 µm2 pixel size) carefully
mounted orthogonal to the X-ray beam was used. The distance between 2D detector
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and sample was adjusted to 19.3 cm in order to cover high-q range (q = 4πsin(θ)/λ,
where 2θ is the scattering angle) up to 19 Å. CeO2 standard was used to calibrate
the sample-to-detector distance and tilt of the imaging plate relative to the beam path.
About 5 independent scans were averaged to attain optimum counting statistics. Each
measurement was followed by background scan, which was later removed from the
sample scan.

The result of X-ray diffraction measurement with using of 2D detector is a diffraction
pattern shown in Figure 3, but for next data analysis, it is better to interpret this pattern
in form of radially averaged pattern. For this reason, the two-dimensional XRD patterns
were integrated to the q-space using the software package FIT2D (Figure 4).
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Figure 3: Diffuse diffraction pattern of
fully amorphous Pd81Si19 ribbon.
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Figure 4: Radially averaged XRD pattern, obtained by
integrating of 2D XRD patterns for amorphous Pd81Si19

sample.

4 Calculation of Structure factor

4.1 Data corrections

The measured X-ray diffraction intensity may be expressed by [4]

Imea(q) = PA[N(Icoh
eu + Iinc

eu + Imul
eu )] (1)

where P is polarization factor, A the absorption factor, N the normalization constant,
and Icoh

eu , Iinc
eu , Imul

eu are the coherent, incoherent (Compton), and multiple scattering in-
tensities, respectively, in electron units. According Faber-Ziman formalism [5] the struc-
ture function, (S(q)), can be defined in the following form

S(q) =

Icoh
eu (q)−

{[
n
∑

i=1
ci f 2

i (q)
]
−

[
n
∑

i=1
ci fi(q)

]2
}

[
n
∑

i=1
ci fi(q)

]2 (2)
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where ci and fi(q) are the atomic concentration and scattering factor of the atomic
species of type i (i=Pd, Si), respectively. Depending on concentration and X-ray scatter-
ing power of specific element, each atomic partial contributes with different weight wi j

to the total structure factor S(q)

S(q) = ∑
i j

wi j(q)Si j(q) (3)

In case of X-ray diffraction weighting factors wi j depend on q and can be calculated
using equation

wi j(q) =
(2 − δi j)cic j fi(q) f j(q)[

n
∑

k=1
ck fk(q)

]2 (4)

where δi j is Kronecker delta function (δi j=1 for i=j and δi j=0 for i ̸=j), c and f (q) are
concentration and scattering factor of atomic species of type i, j (i, j= Pd, Si), respec-
tively.

Calculated q-dependance of structure factor for investigated Pd81Si19 sample is shown
in Figure 5. Figure 6 shows q-dependence of X-ray weighting factors calculated accord-
ing equation 4 for individual atomic pairs.
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Figure 5: X-ray total structure factor S(q) for
Pd81Si19 alloy.
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Figure 6: q-dependence of X-ray weighting fac-
tors calculated according equation 4 for Pd-Pd,

Pd-Si and Si-Si pairs.

In order to recover coherently scattered intensity Icoh
eu from the measured one Imea,

one has to usually perform series of corrections, which are listed below:

1. Parasitic (air, sample container) scattering correction

2. Multiple scattering correction

3. Polarization correction

4. Absorption correction

5. Normalization
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6. Inelastic (Compton) scattering correction

7. Laue diffuse correction

Individual data corrections for binary Pd81Si19 alloy in the form of thin ribbon are
demonstrated in the following subsections. Due to its very small thickness (around
40 µm) and relatively low absorption, multiple scattering can be neglected. Since
diffracted photons were collected with two-dimensional detector (PE 1621) and com-
plete Debye-Scherrer rings were radially integrated polarization correction effectively
cancels out.

4.1.1 Parasitic scattering correction

Data acquired by the area detector contain not only signal from the sample, but also
parasitic signal from air and sample container scattering which has to be subtracted
from measured data. For this reason, it is always necessary to acquire diffraction pat-
tern only of sample container and also one pattern without any sample or container,
but with exactly the same setup parameters as for the sample. Investigated Pd81Si19

sample was standing free (without any container) during measurement, so in this case
it was necessary to acquire diffraction pattern only of air scattering and this signal was
deducted from data of measurement with the sample (Figure 7).
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Figure 7: Measured XRD pattern of the sample with background, of background and calculated pattern
only of the Pd81Si19 sample.

4.1.2 Absorption correction

Absorption process is the process in which the intensity of photon beam is decreasing
during it travels through the matter. Quantitatively, the absorption is given by the linear
absorption coefficient µs. By definition µsdx is the attenuation of the beam through an
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Figure 8: The attenuation of an X-ray beam through a sample due to absorption.

infinitesimal sheet of thickness dx at a depth x from the surface (Figure 8). The intensity
I(x) through the sample must therefore fulfill the condition

−dI = I(x)µsdx (5)

which leads to the differential equation

dI
I(x)

= −µsdx (6)

The solution is found by requiring that I(x = 0) = I0, the incident beam intensity at
x = 0, and we have

I = I0exp(−µsx) (7)

Absorption coefficient can be also expressed in form of the absorption length δs, where
δs = 1/µs and it corresponds the length at which the intensity of photon beam decreases
by factor 1/e [6].

Figure 9: Schematic sketch showing arrangement of plate shaped sample measured in transmission
geometry with 2D detector. The inset shows side view of the sample illuminated by beam with height h.

Figure 9 shows the typical arrangement of components during XRD transmission
experiment, in which the sample is in the form of thin sheet, incoming photon beam
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is perpendicular to its surface and data are collected by 2D detector. Due to symmetry
reasons, diffracted photons leaving sample at angle 2θ travel the same path through the
sample and thus show no dependance on azimuth angle φ. In this case, one can derive
expression for absorbed 2θ dependance of transmitted intensity [7]

I(2θ) = I0 exp(−µsts)
exp[µsts(1 − sec 2θ)]− 1

µsts(1 − sec 2θ)
, (8)

where sec(2θ) = 1/ cos(2θ) and absorption factor in eq. 1 on page 3 is equal to
A = I0/I(2θ).

4.1.3 Normalization

The measured X-ray intensity is arbitrary value. The intensity should be normalized
properly to get physical meaning. To determine normalization constant, N, high q part
of data was used. In this method, the normalization constant, N is defined in the
following way

N =

qmax∫
qmid

[[
n
∑

i=1
ci f 2

i (q)
]
+ Iinc

eu (q)
]

dq

qmax∫
qmid

[Icor(q)]dq
(9)

where Icor corresponds to the data after corrections for background, multiple scattering,
polarization, and absorption, qmid ≈ 50 − 60 %qmax.

4.1.4 Compton scattering correction

According work of Thijsee [8] the Compton profile was calculated using following equa-
tion

Iinc
eu (q) = R

n

∑
j=1

c jZ j
(b jq)a j

1 + (b jq)a j
(10)

where Z correspond to atomic number and R is defined as

R =

(
λ

λ
′

)p
=

1(
1 + 2h

mc
sin2 θ
λ

)p (11)

and coefficients a j and b j can be expressed as

a j = 2.6917 Z−1
j + 1.2450 (12)

b j = 1.1870 Z−1
j + 0.1075 + 0.00436 Z j − (0.01543 Z j)

2 + (0.01422 Z j)
3. (13)
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Figure 10: Compton profiles calculated using eq. 10 with various values of exponent p for binary alloy
Pd81Si19.

Figure 10 shows Compton profiles calculated using eq. 10 with various values of expo-
nent p for binary alloy Pd81Si19.

4.1.5 Laue diffuse correction (atomic scattering factors)

Atomic scattering factor (ASF) depends on atomic number and scattering angle, θ. Ac-
cording work of Waasmaier and Kirfel [9] ASF can be approximated by following for-
mula

f (q) = c +
n

∑
i=1

ai exp
(
−bi

[ q
4π

]2
)

, q =
4π sinθ

λ
. (14)

As can be seen in Figure 11, ASF increases with increasing atomic number and rapidly
decreases with increasing scattering angle. Figure 12 shows composition weighted ASF
and Laue diffuse term for binary Pd81Si19 alloy, where ⟨ f 2⟩ =

[
∑n

i=1 ci f 2
i (q)

]
and ⟨ f ⟩2 =

[∑n
i=1 ci fi(q)]

2.
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Figure 11: Atomic scattering factors for Pd and Si
atoms.

 0

 300

 600

 900

 1200

 1500

 1800

 0  5  10  15  20  25

I 
[e

.u
.]

q [Å−1]

〈f2〉
〈f〉2

〈f2〉−〈f〉2

Figure 12: Composition weighted ASF and Laue
diffuse term for binary Pd81Si19 alloy.
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5 Pair distribution function

The total reduced pair distribution function, G(r), can be obtained through a sine
Fourier transform of the total-scattering structure function S(q)

G(r) = 4πr[ρ(r)− ρ0] =
2
π

qmax∫
0

q[S(q)− 1]sin(rq)dq (15)

where ρ and ρ0 are the local and average atomic number densities, respectively, r is the
radial distance, and q is the magnitude of the scattering vector [4, 10, 11]. From G(r)
the pair distribution function, g(r), and radial distribution function, RDF(r), can be
calculated by

g(r) =
ρ(r)
ρ0

=
G(r)

4πρ0r
+ 1 (16)

RDF(r) = 4πr2ρ(r) = 4πρ0r2 + rG(r) (17)

The average coordination number, CN, around any given atom in a spherical shell
between radius r1 and r2 can be calculated as

CN =

r2∫
r1

RDF(r)dr. (18)

The PDF defined by eq. 15 represents variations of atomic density ρ(r) with respect
to the mean atomic density ρ0. In other words the PDF is a measure of the probability
of finding an atom at a distance r from another atom and gives information about
both average and the local structure of materials. Quantitative information about the
local atomic structure can be extracted from the peaks profiles appearing on G(r), for
example:

• peak position gives information about atomic bond length,

• peak width represents length distribution of atomic bonds,

• peak area corresponds to the average coordination number.

The total pair distribution function for Pd81Si19 alloy is illustrated in Figure 13, in
which roman numerals denote respective coordination shells. Mean atomic density ρ0

was obtained by fitting G(r) on low r-range ⟨0, 2.0⟩ Å with equation −4πrρ0 and ac-
quired value is 0.067 atoms/Å3. Figure 14 shows detailed view of the first coordination
shell appearing on RDF(r) together with interatomic bond lengths Ri j (sum of Gold-
schmidts radii) and corresponding weight factors wi j calculated at q = 0 Å−1 using eq.
4.

Three pair distribution functions calculated by various values of qmax in eq. 15 are
illustrated in Figure 15, which shows how increasing value of qmax improves resolution
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Figure 13: Total pair distribution function
G(r) for Pd81Si19 alloy. The red dashed line
represents fit to G(r) = −4πrρ0, from which
the average atomic number density ρ0 was

extracted.
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Figure 14: The first coordination shell as appear-
ing on RDF(r) for Pd81Si19 alloy. Vertical lines de-
note atomic separations for different atomic pairs
with corresponding X-ray weights wi j (calculated for

q = 0 Å
−1

using eq. 4).

of PDF in real space. As can be seen from Figure 15, the Fourier transform of the first
sharp peak of S(q) is perfectly matching oscillations on G(r) for distances r larger than
9Å. This shows that the first sharp peak of S(q) is closely related to the medium range
order (in the range 9-20 Å).
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Figure 15: Structure factor S(q) and reduced pair distribution function G(r) for the Pd81Si19 alloy,
computed by Fourier transformation on various q-ranges < 0, qi > Å−1, i = 1, 2, 3

(q1 = 22 Å−1, q2 = 8 Å−1, q3 = 4 Å−1).

6 In situ X-ray diffraction

This part of the project demonstrates the use of PDF method on real data obtained from
the in-situ XRD measurement during constant rate heating. For this reason, amorphous
Fe76Mo8Cu1B15 alloy in the form of thin ribbon was used. All XRD experiments were
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done at the BW5 beamline of DORIS III accelerator, which operated at fixed photon
energy of 100 keV, (λ = 0.123984 Å). Diffraction patterns were measured in temper-
ature range from −194.9 ◦C to 301.3 ◦C with heating rate 20 ◦C/min. Calculated total
structure factor, S(q), and PDF, G(r), for starting temperature (−194.9 ◦C) are shown
in Figure 16 and in Figure 17, respectively.
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Figure 16: X-ray total structure factor S(q) for
Fe76 Mo8Cu1B15 alloy.
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Figure 17: Total PDF G(r) for Fe76 Mo8Cu1B15

alloy and extracted value of ρ0.

Total structure factors and PDFs for Fe76Mo8Cu1B15 alloy were calculated also for
every measured XRD pattern (for every temperature), what is shown in Figures 18 and
19.
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Figure 18: Series of calculated structure fac-
tors illustrated as a function of temperature T.
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Figure 19: Series of calculated PDFs illustrated
as a function of temperature T.

Series of curves presented in Figure 18 show almost no temperature dependence,
which is demonstrated by the same qualitative behavior of structure factors in investi-
gated temperature range. However fitting the profile of the first sharp diffraction peak
(FSDP) by pseudo-Voigt function reveals tiny changes in its position. Similar conclu-
sions may be drawn from series of G(r) (see Figure 19) and the first coordination shell.
As proposed by Yavari and co-workers [12] the third power of the principal peak posi-
tion q1 of the first sharp peak of S(q) scales with the coefficient of the volume thermal
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expansion αq of an isotropic amorphous solid as[
q1(T0)

q1(T)

]3

=
V(T)
V(T0)

= 1 +αq(T − T0), (19)

where V(T)/V(T0) is the reduced mean atomic volume at temperature T, with the
reference temperature T0 (in this study −194.9 ◦C). Figure 20 shows volume thermal
expansion curve as determined from the relative change of the position of the FSDP.
This expansion curve shows significant change of its slope at the temperature of 70 ±
10◦C. This temperature perfectly matches the Curie temperature, TC, of amorphous
Fe76Mo8Cu1B15 alloy. Volume thermal expansion coefficients αq for ferromagnetic and
paramagnetic states were obtained by fitting expansion curves to the equation 19 on
respective temperature ranges.

Similar analysis can be done in real space, where the third power of the position r1

of the first coordination shell for G(r) scales with coefficient α I

[
r1(T)
r1(T0)

]3

=
V(T)
V(T0)

= 1 +α I(T − T0). (20)

The profile of the first coordination shell was modeled by two Gaussians. Relative
change of the mass center of the first coordination shell is shown in Figure 21. Volume
thermal expansion curve derived from real space data shows an abrupt change of the
slope, which can be attributed to the ferromagnetic-to-paramagnetic transition. Due to
the large scatter of data, the estimated value of TC is 90 ± 20◦C.
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In case of real space analysis of data (Figure 21), negative value of the slope of
expansion curve is observed under TC. The reason why the expansion coefficients for
ferromagnetic part of expansion curves have different signs is due to the fact, that both

written by Bc. Vladimı́r Vojtek page 12 of 14



RESEARCH PROJECT Study of disordered material by PDF

methods address different length scales. It was shown recently [11], that the FSDP in
reciprocal space is related to the medium range order, whereas the first coordination
shell on PDF gives information about the nearest atomic neighborhood.

7 Conclusions

Methodology of calculation of the atomic pair distribution function from data obtained
by two-dimensional detector with all necessary data corrections and steps of calculation
were described and explained by using amorphous Pd81Si19 alloy. Elaborated method-
ology was demonstrated on in situ XRD measurements during constant rate heating
for amorphous Fe76Mo8Cu1B15 alloy. Temperature behavior of volume change of this
sample was investigated by reciprocal space and real space analysis. Moreover, Curie
temperature was determined as a change of the slope of expansion curve, what shows
that non-magnetic technique such as XRD makes possible to observe ferromagnetic-to-
paramagnetic transition of metallic glass. Next advantage of investigating the structure
by the pair distribution function is the fact, that unlike other methods it gives informa-
tion about the nearest atomic neighborhood.
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