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Abstract

This report gives a summary of my DESY summer school 2010 project, during my
work with MPI Munich group of the H1 collaboration.
We studied the fit of the strong coupling constant using inclusive jet production
in neutral current deep-inelastic positron-proton scattering at large four momen-
tum transfer squared Q2 > 150GeV 2 with the H1 detector at HERA. The running
of the strong coupling is demonstrated and the value of αs(Mz) is determined to
αs(Mz) = 0.11781± 0.00232.
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1 Introduction

1.1 HERA accelerator

The HERA collider (for Hadron Electron Ring Anlage) is an electron-proton
collider at DESY, Hamburg, and was in operation between 1992 and 2007.
It produced collisions between a beam of protons at energy Ep = 920 GeV
and a beam of electrons or positrons at energy Ee = 27.6 GeV. The center
of mass energy of the collision is

√
s = 319 GeV, and the maximal trans-

fer momentum squared Q2 is of the order 105 GeV 2. The HERA collider
has been constructed with an installation of four experimental halls, two
were occupied by the H1 and ZEUS experiments which observe the colli-
sions between beams and two were occupied by the fixed target experiments
HERMES and HERAA-B.

1.2 DIS process at HERA

The Deep-Inelastic scattering (DIS) process plays an important role in the
determination of proton structure and testing the validity of perturbative
QCD. At HERA, the electron or positron interacts with the proton via an
exchange of a virtual vector boson (off-shell particle). The final state is
formed by a scattered lepton (e+/−, νe) and an hadronic final state X.

Fig. 1: Deep-inelastic process in lowest order

The nature of the exchanged vector boson classifies DIS into two types
of interactions. Neutral current interaction (NC), if the interaction proceeds
via the exchange of a photon or Z0 and charged current interaction (CC),
if the interaction proceeds via an exchange of a W±. In the following we
discuss the neutral current reaction which is at lowest order described by
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the Feynman diagram shown in Fig. 1.
At a fixed center of mass energy

√
s =

√
(pe + P )2 the kinematics of the

reaction is completely described by any two of the following variables: the
four-momentum squared Q2, the Bjorken scaling variable xBj and the in-
elasticity variable y defined as

Q2 = −q2 = (pe − ṕe)2, xBj =
Q2

2P · q
, y =

P · q
P · pe

. (1)

where pe(ṕe) and P are the four-momentun of the initial (final) state lepton
and proton, respectively.

In the present analysis, we want to measure the strong coupling constant
αs from H1 data. The Feynman diagram given in Fig. 1 does not contain
an explicit strong vertex (the strong process is absorbed in the proton), so
to measure αs we have to use events with more than one parton in the final
state.

1.3 Jet production in Deep-Inelastic Scattering

A jet is a set of hadrons, which deposits their energy into a region in the
calorimeter, see Fig. 2, where several jets are suggested to the naked eye.

Z

R

Fig. 2: DIS NC jet production event at H1

At leading order, 2-jet production (not counting the proton remnant
jet) in DIS is described by the boson-gluon fusion and the QCD-Compton
processes . Due to the first process , multi-jet cross section is sensitive to
the gluon density in the proton. An example of a leading order contribution
is given in Fig. 3.

At next-to-leading order, one has to consider the real and virtual contri-
butions, of which a generic example is given in Fig3.
The variables characterizing the jet production are the invariant mass Mij ,
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Fig. 3: Diagrams of different process in deep-inelastic lepton-proton scatter-
ing: Boson-gluon fusion process, QCD Compton process, Real NLO contri-
bution and Virtual NLO contribution from right to left respectively

the partonic scaling variable xp and the varible ξ defined by

ξ = xBj (1 +
Mij

Q2
) xp =

xBj

ξ
(2)

The jet analysis is performed in the Breit frame where the virtual boson
interacts head-on with the proton: 2xBj

~P + ~q = 0, where ~P , ~q are the mo-
mentum of the proton and the virtual boson. Particles in the hadronic final
state are clustered using the kT algorithm. In this algorithm, pairs of par-
ticles are clustered in the order of increasing relative transverse momentum
K between the particles.

2 Cross section calculation

2.1 NLO jet cross section

The DIS cross section is given by

σ =
∞∑

m=1

∑
a

∫ 1

0
dxfa(x, µf ) · Γ(m)({p}m, x)|M({p, a})m|2 · FJ({p}m), (3)

where, m is the number of partons in the final state, a runs over all the
flavors, x is the fraction of momentum of the parton of flavor a in the proton,
fa is the parton distribution function, dΓm, {p}m are the phase space and
the set of momenta of the particles m respectively,M ia the matrix element
of the partonic process and FJ is the jet function.
Considering only processes with n and n + 1 partons in the final state. At
next-to-leading order, the square matrix elements are approximated as

|M({p, a}n)|2 ' |M0({p, a}n)|2 +
αs

2π
· R[M0({p, a}n) · M1({p, a}n)] (4)

and
|M({p, a}n+1)|2 ' |M0({p, a}n+1)|2. (5)
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On the right hand side of eq (4), the first term correspond to the Born
contribution, the second term corresponds to the virtual contribution (in-
terference of the LO Feynman diagrams with the loop correction diagrams).
The equation (5) corresponds to the real correction. In general, we can write
the NLO cross section as

σn−jet = σLO
n−jet + σNLO

n−jet = σLO
n−jet +

[∫
n+1

dσR +
∫
dσV

]
(6)

During the NLO calculation, three types of divergences appear. An ultravi-
olet divergence appear in the virtual contribution. This divergence is taken
care of by renormalization procedure. Soft and collinear divergences appear
in the real and virtual contributions. The first one is compensated between
real and virtual contributions and the second one is absorbed in the parton
distribution function.
The complex structure of these singularities make the analytical integration
in the phase space very difficult. One can use the numerical integration,
which requires the subtraction of these divergences to make the integral
finite using the subtraction method [?].

2.2 fastNLO

”fastNLO” [3] provides a flexible method for a very fast numerical evalua-
tion of an arbitrary cross section at next-to-leading order, and thus provides
a quick method for fitting αs and the PDFs.

2.2.1 fastNLO principle

Consider the following definition of the the DIS cross section

σ =
∑
a,n

∫ 1

0
dxca,n

(
xBj

x
, µr, µf

)
· [αn

s (µr).fa/h(x, µf )]. (7)

The basic idea of fastNLO is to rewrite the equation (7) into a factorizable
expression where the convolution of the perturbative coefficient and the par-
tonic density functions is reduced to a product.
In equation (7) the x-dependence of the PDFs and the factorization scale
(µr,f = µ) in the PDFs and the strong coupling constant can be approxi-
mated using the following interpolation

αn
s (µ) · fa/h(x, µ) '

∑
k,l

αn
s (µ(l)) · fa/h(x(k), µ(l)) · e(k)(x) · b(l)(µ), (8)

where, e(x), b(µ) are the interpolation functions for the x and µ dependence
respectively. Inserting (8) in (7)

σ =
∑

a,n,l,k

σ̃n,a,k,l.α
n
s (µ(l))fa/h(x(k), µ(l)), (9)
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where
σ̃n,a,k,l = cn,a(x, µ) · [e(k)(x).b(l)(µ)]. (10)

In equation (9), the cross section is given as a sum of a product where the
PDFs are separated from the integration. The time consuming step of the
procedure is only the computation of the σ̃ in (10) which involves integration
over the phase space. This is done once, all further calculations to obtain
the final cross section can be performed very fast and it will be easy to cal-
culate the cross section for any arbitrary αs and any arbitrary PDFs.

2.2.2 FastNLO Calculation

The fastNLO concept provides computer code and tables of pre-computed
perturbative coefficients, which allows very fast computation of the jet cross
sections for arbitrary PDFs and αs(Mz). Tables and corresponding user-
code are available on the fastNLO web site [4] for a large number of data-sets.

• Tables: The fastNLO calculations are based on tables of pre-computed
perturbative coefficients, generated by NLOjet++ [5],[6] 1. These ta-
bles are avalable from the fastNLO web site.

• Specific code (or scenarios): The elementary pieces in fastNLO are
called ”scenarios”. One scenario includes everything that is needed to
compute the theory predictions for one measurement, usually corre-
sponding to the results of one experimental publication.

In the present work, we use the fnh2003 table, which is generated by NLO-
jet++ version 1.4, where the number of events is 10 billions in LO and 37.82
bllions in NLO. The renormalization and the factorization scales are chosen
to be proportional to µ0 = ET (The ET of jets). The double differential
cross section d2σjet/dQ

2dET for the 24 bins of Q2 and ET , as measured by
the H1 collaboration[9], are calculated by fastNLO using CTEQ65 PDFs for
a given value of αs(Mz) (αs(Mz) = 0.118).

3 Fitting techniques

The fit of αs is performed in a χ2 minimization using the program minuit [7],
where the definition of χ2 takes into account all correlations of experimental
and theoretical uncertainties.

1 NLOjet++ is a program which calculates jet cross sections in next-to-leading order
using the Monte Carlo technique
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3.1 χ2 definition

In our work we will consider the following definition of the χ2[8]

χ2(αs,~ε) =
∑

i

(σexp
i − σthe

i (αs)[1−
∑

k δi,k(εk)])2

δ2i,uncorr

+
∑

k

ε2k, (11)

where, the index i runs over the 24 measured cross section bins, σexp
i is the

experimental cross section, σthe
i (αs) = σfastNLO

i (αs)⊗ [Z0/hcor] calculated
from fastNLO and taking into account the Z0 and the hadronization cor-
rections, k runs over all sources of correlated errors, δi,k is the contribution
from kth correlated source to the i-th measurement, δi,uncorr is the uncorre-
lated uncertainty including the statistical uncertainty, the gaussian random
variable εk correspond to the correlated errors and are allowed to be free in
the fit parameters (see next section).

3.2 Source of errors

The following systematic uncertainties are considered

• Source of correlated errors:

– Positron energy scale uncertainty

– Positron polar angle uncertainty

– Model dependence of the data correction

– HFS scale uncertainty

– Luminosity measurement uncertainty

– QED radiative correction uncertainty

• Source of uncorrelated errors:

– Statistical uncertainty

– Model dependence of the data correction

– positron energy uncertainty

– positron polar angle uncertainty

– HFS energy scale uncertainty

The dominant experimental uncertainties arise from the model dependence
of the data correction and from the hadronic final state (HFS) energy scale
uncertainty. The first five correlated uncertainties correspond to ε1 ,ε2, ε3,
ε4 and ε5 respectively in the definition of the χ2 eq (11).
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3.3 Minimization of χ2 using Minuit

Minuit is a collection of minimization libraries developed at CERN by Fred
James (1975). It is used to find the minimum value of a multi-parameter
function and analyze the shape of the function around the minimum.
The basic concept of minuit is that it acts on a multi-parameter Fortran
function called FCN, which calculates the χ2 between the prediction and
the data. In the present work, the parameters of FCN (or the parameters
of the fit) are the αs and εk.
The Minuit commands (Migrad, Minos and Hesse) request Minuit to mini-
mize FCN with respect to the parameters, which correspond to the lowest
value of χ2.
One can call Minuit in two modes, the ”data-driven mode” and ”Fortran
callable mode”. In our analysis, we use the first mode which contains three
parts
- The User’s FCN: It is a Fortran subroutine, calculates the theoretical cross
section using fastNLO and calculates χ2 which includes the fit parameters.
- The user’s data to drive Minuit: where we give to the fit parameters the
starting values and errors, fix or let one parameter or more free and call
minuit commands.
- The User’s main program: where we call Minuit.

4 αs extraction

This section is dedicated to the principal subject of this work, which is the
precise measurement of the strong coupling constant αs(µr). The value of
the strong coupling constant is a function of the renormalization scale µr.
Since this dependence is predicted by perturbative QCD, the value at any
scale can be calculated from the value at a specific scale which usually cho-
sen to be the Z0 boson mass Mz = 91.137GeV using the exact numerical
solution of the renormalisation group equation.

The perturbative QCD prediction of the inclusive jet production cross
sections are calculated in the MS scheme using the fastNLO package, where
the renormalization scale µr is identified with the transverse jet energy ET .
The analysis is performed in Breit frame, and the particles are clustered
using the kT algorithm. The cross section is determined using the CTEQ6.5
proton PDFs, assuming that the parton distributions are well known from
independent measurement. Measurements and predictions are used to cal-
culate the χ2 with the Migrad, Minos and Hessian methods, where the pa-
rameters of the fit are chosen to be free with the starting value αs = 0.118
and εk = 0 (k = 1, .., 5). The central value of αs(Mz) is obtained from a fit
of the double differential inclusive jet cross section d2σjet/dETdQ

2, shown
in Fig. 4, calculated by fastNLO and using the data collected in the year
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1995-1997 corresponding to H1 collaboration publication in 2007 [9].

The results of the individual fitted values of αs(ET ) are presented in the
Fig. 5, and the common fit to αs of all the 24 measurments yields:

χ2 = 20.275

αs(Mz) = 0.11781± 0.00232

ε1 = −0.33± 0.67

ε2 = 1.02± 0.824

ε3 = 0.31± 0.97

ε4 = 0.23± 0.73

ε5 = 0.07± 0.99

where we considered just the experimental errors.

Summary

I have successfully used the fastNLO program to calculate the NLO jet cross
sections in DIS, and I have developed a method of fitting using Minuit. I
applied this method to the αs fit using H1 data collected in the years 1999
and 2000 and got a very precise results of αs(Mz) which is in agreement
with the H1 publication [9].
Also during my work in H1 group I learned how to use NLOjet++ to calcu-
late NLO jet cross sections and the h1 fitter program package to fit PDFs
and αs(Mz).
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Fig. 4: The double differential cross section for inclusive jet production as
a function of ET for six regions of Q2
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(a) (b)

(c) (d)

(e) (f)

Fig. 5: Results of the fitted value of αs(ET ) using the inclusive jet cross
section for six regions of Q2. The solid line shows the two loop solution of
the renormalization group equation evolving the averaged αs(Mz) from all
determinations.
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