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The work presented in this document is the combined work of Stanislav Gurskiy and
Christian Geisler during the course of the Desy Summer Programme 2008. Anyhow
this document is split into three parts. The first part containing the choice of materials
and thicknesses based on the most simple model of attenuation and was created in col-
laboration. The parts two and three deal with higher order corrections and represent
the line of thought of the individual author. Due to limited time it was unfortunately
impossible to thoughtfully compare the two approaches in this document.
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1 Introduction

In this paper we will peresent the work we have done during the Desy Summer Student
Programme 2008 in the team of Oliver Seeck who is the beamline scientist for the high
resolution beamline at the PETRA III source.

The high brilliance synchrotron radiation source PETRA III will go in operation in
2009 with 14 beamlines each of them specialized to an x-ray method. Beamline 8§ (BL
8, HighRes) is designed for high resolution diffraction and scattering experiments. It
will deliver x-ray beams of a selected photon energy between 5KeV and 30KeV and a
flux of up to 10'3cts/sec in the final stage.

2 The attenuator

The beam will have an intensity up to /.. = 10'> photons per second whereas the
utilized scintillator detector can only withstand up to I = 10° photons per second. This
leads to the need of an attenuator which can reduce the photon flux. The attenuator
device that will be used in the hires beamline is a device that slides 12 foils of different
materials and thicknesses into the beam. In contrast to an attenuator wheel it will
therefore be possible to combine the foils in 2!> = 4096 ways which leads to a precise
tuning of the attenuation factor.

3 Attenuation factor

The attenuation factor is defined as the quotient of the intensity of the incident beam
and the transmitted beam:

y=1/Ip ey

The optimal attenuator would be in a binary setup, meaning that each foil absorbs twice
as much intensity as the one before. If the foil i has an attenuation factor of ¥; then the
binary setup corresponds to the recursive form:

Vi1 = 1, )

The attenuation will be highest when all 12 foils are pushed into the beam:
12
):’111: on 2124
Yimax = H% =N 0 = Yl( )
i=1

With the highest absorption being equal to I /I, = 10-10 equation (3) can be solved
for y; and with relation (2) every 7; can be derived recursively.

n = V1010 ~0.9944 3)
Y 2"
Y = N (€]

Beer-Lambert law — The Transmittance of radiation through a material can be
approximated through the law of Lambert. This model considers the material as fully



Figure 1: Interaction of photons with Si
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homogeneous. The particles in the material have the cross section ¢ and the number
density p.
The operational cross-section o is defined as:

o(hv)=P(hv)/I(hv)

where P is the number of photons with the energy hv absorbed per atom per unit time
and / is the incident photon flux.

The fraction of photons absorbed per area by a slice of the material with thickness
dz will therefor be opdz. That leads to the differential equation:

dl,
. d
T opdz

Integration via the length of the path leads to Lambert’s law:

In(I,) = —opz+c
In(lp)-In(I) = —opl
= I/Iy = exp(—opl) (%)

In this context it is useful to introduce the absorption length A = 1/ p and the absorp-
tion coefficient 4 = op of a material. The absorption length is also the length after
which the intensity of the radiation has decreased like 1/e.

Photo ionization — In the energy range of 5.4KeV to 30KeV the photo ionization
is the dominant interaction of photons with matter (cf. Figure 1) and will therefore
determine the attenuation 7; of the foils in the attenuator of the hires beamline at Petra
III. In the process of photo ionization the total energy of a photon is absorbed by the
electron shell of the atom. This effect occurs if the energy of the photon v is higher
than the binding energy Ep of an electron in the shell. The photon then may excite an



electron into the continuum and the excess energy Ey;, = hv — Eg will be transmitted
as kinetic energy of the electron. If the frequency Vv is high enough, the energy of
the photon is sufficient not only to ionize the valence electrons but also the inner core
electrons. With increasing energy more shells are effected by the photo ionization.
This results in a characteristic absorption edges as soon new shells are attacked.

This phenomenon is similar to the photoelectric effect that occurs on the surface of
solids.

(chart with absorption edges, figure with lambda, mass absorption coefficient, change
due to impurity)

4 Choosing of materials for the attenuator

When choosing materials for the attenuator foils one should escape fluorescence from
these materials when the attenuator foils are under the x-ray beam. In our case the
attenuator should work in energy range from 5.4KeV — 30KeV. The main problem is
that absorption edge energy of chosen material should be bigger than energy of falling
x-rays or at least should be less than 50% of falling x-rays to get rid of material fluores-
cence. Also due to the ability of x-ray beam to disperse while coming threw material
maximal width of one foil should not be more than 1mm. These two conditions re-
stricted us in our choice of materials for the attenuator foils and their thicknesses.

We decided to choose aluminum first. Aluminum has absorption edge at 1.559KeV,
so there will be practically no fluorescence coming form foils made from aluminum.

To calculate thicknesses of aluminum foils we considered first all impurities in
real aluminum foils and how they influence absorption length. According to Good-
fellow company products we took aluminum with 99.0% purity (by mass weight).
It contains 1000 Cu ppm, 7000 Fe ppm, 1000 Mn ppm, 5000 Si ppm and 1000
Zn ppm (ppm is given in weight ppm). This corresponds to co compound formula
Al0.99057Cu0.042Fe0.335Mn0.049510.476Zn0.041. So having special program soft-
ware we calculated absorption length for this composition depending on energy (cf.
figure 2). As far as we calculated gammas 7; for each foil for the highest possible en-
ergy of x-ray beam (30KeV) (cf. figure 3), we obtained that thicknesses of foils (cf.
figure 4) should be as follows:

Figure 3: Calculated gammas for foils (30KeV).

Ne of 1 2 3 4 5 6 7
foil
v 0.994 0.989 0.978 0.956 0.914 0.836 0.698
Ne of 8 9 10 11 12
foil
Y 0.487 0.237 0.056 3.181-107 1.012-107




Figure 2: Absorption length of aluminum as a function of photon energy.
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Figure 4: Calculated thicknesses of aluminum foils.

Ne of foil 1 2 3 4 5 6 7
Thickness, 17.367 | 34734 |69.469 |[138938 |[277.876 |555.751 1.112-10°
pm
Ne of foil 8 9 10 11 12
Thickness, 2223-10° | 4.446-10° 8.892:10° 1.778-10° | 3.557-10°

pm

As we cannot use foils with thickness more than 1mm, for 7th — 12th foils we had to
use other materials to gain the same values of ¥; but thicknesses less than 1mm. For first
seven foils we chose thicknesses of foils according to Goodfellow company products
(cf. figure 5):

Figure 5: Thicknesses of aluminum foils.
Ne of foil 1 2 3 4 5 6

Thickness, 20 40 80 160 320 640

wm

Maximal x-ray energy at which we are able to attenuate 10~ '° of incoming intensity
with the help of only first seven aluminum foils is 7.273KeV. So in energy range
5.4KeV —7.273KeV we will use only first seven foils made of aluminum.

As absorption edge of titanium is 4.966KeV , it is convenient to use this metal as a



material for next few foils because when using it for energies more than 7.273KeV one
cannot be afraid to obtain strong fluorescence from titanium foils.

According to Goodfellow company products we took titanium with 99.6% purity
(by mass weight). It contains 300 Al ppm, 20 Ca ppm, 50 Cr ppm, 5 Cu ppm and
1500 Fe ppm, 100 Mn ppm, 50 Ni ppm, 300 Si ppm, 200 Sn ppm, 300 C ppm, 60
H ppm, 150 N ppm and 2000 O ppm (ppm is given in weight ppm). With the help
of special program software we calculated absorption length for real (impure) titanium
foil depending on energy (cf. figure 6).

Figure 6: Absorption length of titanium as a function of photon energy.
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According to Goodfellow company products we chose thicknesses of 7th, 8th and
9th titanium foils (cf. figure 7) as follows:

Figure 7: Thicknesses of titanium foils.
Ne of foil 7 8 9
Thickness, 180 360 720

um

To gain value of attenuation 10~'" we can use our 9 foils for energy less or equal
to 15.000KeV .

At last we should choose materials for 11th and 12th foils. It seemed for us that
it will be reasonable to use copper for these foils because it has absorption edge at
8.979KeV which is far away from 15.000KeV, copper is strong to corrosion (for ex-
ample iron has absorption edge 7.112KeV, which is even more desirable than copper,
but iron is well oxidized in oxygen atmosphere), also copper is ecologically safe (for
example in comparison with cobalt) and rather cheap.



To calculate thicknesses of copper foils we considered first all impurities in real
copper foils and how they influence absorption length. According to Goodfellow com-
pany products we took copper with 99.9% purity (by mass weight). It contains 500 Ag
ppm, less than 10 Bi ppm, less than 50 Pb ppm, 400 O ppm (ppm is given in weight
ppm). So having special program software we calculated absorption length for this
composition depending on energy (cf. figure 8).

Figure 8: Absorption length of copper as a function of photon energy.
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According to Goodfellow company products we chose thicknesses of 10th, 11th
and 12th copper foils (cf. figure 9) as follows:

Figure 9: Thicknesses of copper foils.
Ne of foil 10 11 12

Thickness, 320 640 1280

um

Now when using all chosen foils for energy of incoming x-ray beam 30KeV we can
gain maximal value of y = 1.510~!!, which is even more than we have planned.

5 Computing the combination

To obtain the appropriate combination of foils for a desired attenuation a Java program
has been developed. The major steps in the process are the listed:

1. The program reads the materials, thicknesses and positions of the foils utilized
in the attenuator from a file ("setup.txt”).



2.

3.

For a given photon energy it interpolates from tabulated values the absorption
lIength for each material and calculates the absorption factor ¥; for each foil i.

Via comparing the absorption using a different foil combination the combination
and the corresponding absorption which is the closest to the desired attenuation
is the output.

In following the different methods utilized in the program “absorption.java” are
briefly explained. The full code can be found in the appendix.

readln() reads in the first 9 characters of the ith line of the ASCII file “’setup.txt”
as thickness of foil i made out of the material with characters 10 and 11 (e.g.
”1280e-6 Cu”). The setup is stored in a string-array holding the materials and a
double array holding the thickness.

getLambda(energy,material) returns the interpolated values for the absorption
length in microns for a given energy and material. The tabulated values have to
be in a file named “material”.

makeLambdaArray(energy) creates a double a double array holding the absorp-
tion length A; of each foil. It uses the arrays previously created by readIn().

toBinary() converts an decimal integer 0 < ¢ < 4095 to a binary array. This
makes it possible to convert a number to a combination of inserted and withdrawn
foils. This is done so that ¢ increases with the attenuation of the combo.

calculateGamma(c) calculates the absorption 7. of the combination c.

getCombo(7y,energy) compares the gamma for combination ¢ = 0 with the de-
sired combination. If y, of the combo c is larger than 7y then ¢ and ¥, are returned
in a string array. Else the procedure is repeated with c = c+ 1.

With the use of the Java code the attenuation 7y can be calculated for a given photon
energy as a function of the combination c¢. These calculations are illustrated in figure
10. The deviations from the linear behavior are due to the change in material used to
absorb photons.



Figure 10: The absorption factor I/ depends on the combination of foils slid into the
beam. Displayed here is the course of 7 in the low and high energy range.
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A Code ’absorption.java”

import java.util.*;
import java.math.*;
import java.io.x;

public class absorption{
static String OutputFile;
static double[] Thickness = new double[12];
static String[] Material = new String[12];
static double[] Lambda = new double[12];
static String setup = "setup.txt";

static void readIn() throws Exception{
FileReader fr = new FileReader(setup);
BufferedReader br = new BufferedReader(fr);
String line = null;
for(int i = 0 ; i<=11 ; i++) {
line = br.readLine();
Thickness[i] = Double.parseDouble(line.substring(0,8));
Material[i] = line.substring(9,11);
}
fr.close();
br.close();

}

static double getLambda(double Energy, String material) throws Exception{
FileReader fr = new FileReader (material);
BufferedReader br = new BufferedReader (fr);
for(int i=0 ; i<5 ; i++) br.readLine();
String line2;
String linel = "null";
Double E1, E2, L1, L2;
while((line2=br.readLine())!="null"){
try{
if ((E2=Double.parseDouble(line2.substring(0,10))) <= Energy){
linel=line2;}
else{
El=Double.parseDouble(linel.substring(0,10));
Li=Double.parseDouble(linel.substring(54,linel.length()));
L2=Double.parseDouble(line2.substring(54,line2.length()));
return( L1+((L1-L2)/(E1-E2))*(El-Energy) );}
}

catch(NumberFormatException e){;}

10
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return(0.0);

static void makeLambdaArray(Double Energy) throws Exception{
double 1 = 0;
String m = "";
for(int i=11 ; i>=0 ; i--){
if (Materiall[i].compareTo(m)==0) Lambda[i]=1;

Lambda[i]=getLambda(Energy, Materialli]);
1 = Lambdalil;
m = Materiallil;

public static int[] toBinary(int C){
int[] BC = new int[12];
int d = 2048;
for(int i=11; i>=0 ; i--){
if (C >= d) BC[i] = 1;
else BC[i] = 0;
C=C%d;
d=d/2;}
return(BC) ;
}

public static double calculateGamma(int C) throws Exception{
int[] BC = toBinary(C);
double e = 0;
for(int i = 11 ; i>=0 ; i--){
e = e+((BC[i]*Thickness[i])/(Lambda[i]*1e-6));
}
return(Math.exp(-e));
}

public static String[] getCombo(double gamma, double Energy) throws Exception{
readIn();
makeLambdaArray (Energy) ;
String[] a = new String[2];
for(int c=0 ; c<4096 ; c++){
if (gamma > calculateGamma(c)){
a[0]=Double.toString(calculateGamma(c));
a[1]=Integer.toString(c);
return(a);
}
}
return(a);

}

public static void main(String[] A) throws Exception{
BufferedReader br = new BufferedReader( new InputStreamReader(System.in));
System.out.print("Desired absorption: ");
double gamma = Double.parseDouble(br.readLine());
System.out.print ("What is the energy of the beam [eV]: ");
Double Energy = Double.parseDouble(br.readLine());
String[] a = getCombo(gamma,Energy) ;

11
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103

105
106

int[] b = toBinary(Integer.valueOf(al[1]));

System.out.print(a[0]+"\t");
for(int i=0; i<b.length; i++)
System.out.println();

12

System.out.print(b[il);



6. Higher order corrections (made by Stanislav Gurskiy)

When calculating attenuation coefficients (gammas) and consequently thicknesses for
attenuator foils one should always take in to consideration two factors: x-ray bragg scattering
from foils due to its grain nature and fluorescence coming from foils.

In this section we will pay all attention to scattering of intensity and will not consider
fluorescence because we were short of time to cover both of these two problems.

So we will consider bragg scattering within foils to know how much intensity we will

loose after x-ray beam will pass threw foils.

6.1. Bragg scattering

It is commonly known that usually foils of various materials consist of grains [1]. For
commercial foils mean grain size is varied between 0.2 and 2.5 pm. Distribution of these
grains in space of foil depends on way to obtain foil and on its thickness but still remains
practically equiaxed (i.e. random). These grains are small crystals so the whole volume of foil
is actually a powder which consists of very large number of small crystallites. Consequently
there will be bragg scattering of incoming x-ray beam on these crystallites. To characterize
this phenomenon quantitatively we applied x-ray powder diffraction theory. If we are dealing
with imperfect crystallites (as in our case) than diffraction from these crystallites is well
described with kinematic theory of diffraction. This is due to real structure of crystallites.
Such a crystallite represents a mosaic of crystal blocks about 107 m in size [2], which are
more or less misoriented with respect to each other by angles of the order of fraction of
minute [2]. Such a crystallite is called ideally mosaic. The coherent interactions of scattered
waves in such a crystallite occurs within a single block. As for scattering by a mosaic
crystallite as a whole, it is defined by the sum of intensities of scattering by each block.

To calculate intensity scattered by a foil we should use following approximations.

Integrated intensity of reflection hkl (Iy), scattered from one block is given by

equation (1) [3]:

L= Io'kl'k2'phk1'Le'Pe'Ae'Thkl'Ehkl'( |Fhkl| )2'N2 (1)
where I, is incoming intensity; k; = (r)?, 1. is classical electron radius (r. = 0.28178-10"% m);
ky = (XSN cell), Veen 18 volume of elementary cell; pny 1s multiplicity factor which equals to
number of symmetrically equivalent (hkl) planes; L¢Py is Lorentz-polarization factor which
accounts for polarization of incoming beam and geometry of experiment; Ay is absorption of

intensity inside block; Ty is factor of preferred orientation of blocks in illuminated volume



concerning (hkl) planes; Eyy is extinction factor; N = Viyjock/Veen 1S number of elementary cells

in one block; Fpy is structure factor:

Fyig = Z[tj~fj-ex 2ni~(h~xj tky,+ LzJ.m

! )
where sum is taken over all atoms in elementary cell. In formula (2) t; is Debye-Waller
temperature factor, f; is atomic scattering factor (in electrons per atom). Debye-Waller

temperature factor in case of isotropic atomic movements is given by the formula 3:

where B; = 8n”-(U, ;)* and Uy ; is root mean square deviation of j atom from its equilibrium
position (x,y,z) in x-direction (in A).

When (hkl) planes within blocks from different crystallites diffract, they produce
diffraction circle appropriate to (hkl) series of planes. So we will have whole number of
allowed (hkl) diffraction circles with certain width. Let’s assume that each of these circles has
the same width A. The variety (w) that a certain grain will hit infinitively thin circle, which
has opening angle 20 is given by equation (4):

dw(0) = 0.5-cos(0)d0 (4).
Number of grains (Ngrins) Which will hit the whole diffraction circle with width A will be:

O braggt0-5A

.= L 0.5-cos (6) do
grains '
grain * 0 prago—0.5A ( Sa)
which equals to
\'% .
arains = V—‘0.5~ cos (6 bragg)~s1n(A)

grain (5b)
In equation (5)(a,b) V is illuminated area and Vgrin is volume of single grain. As each grain
has a mosaic structure which is a normal sharp distribution over Opragg, in range (Bprage — 0.5°A;
Obragg + 0.5-A) will be situated about 95 % of blocks in each grain. So number of blocks Npjocks

which will diffract and produce diffraction circle is:

grain ~L~O.S'cos (9 bragQ'Sin(A)

Vblock Vgrain (6)

N 0.95

blocks =

where Vyock 18 volume of single block. Neglecting preferred orientation and extinction factors

integrated intensity of (hkl) reflection is given by equation (7):



Vgrain \'%

1k A 2 Vblocks 209 0 0 . ( )
i = T Ky Ky Py Lo P e'Thkl'Ehkl'(|Fhk1|> 1 v 095 Vi, k'V - 50050 bragg) sin(4
oc grain

(7

Total diffracted integrated intensity is sum over all possible I:
15!
=
O w0 (g
In this approximation we calculated dependence of I/l on incoming x-ray beam
energy for aluminum and copper foils. [lluminated volume V for each material (Table 6) was
taken as area of beam multiplied by thickness of all foils made of this material V = S-d, where

S is cross-sectional area of incoming beam (which was taken 16 mm?) and d is thickness of all

attenuator foils made of certain material:

Table 6. [lluminated volume

Material Al Cu
Volume, 2.016:10° 3.584-10°°
1’1’13

We t00k Vijoek = 107" m°, Vgain = 107* m®, A = 1.74533-107 radian. Values for Ve

for aluminum and copper are given in Table 7:

Table 7. Elementary cell volume
Material Al Cu
Volume, 66.381:107° 47.242-107°

3
m

Atomic scattering factor curves for Al and Cu were obtained after approximation of
data [4] by polynomial of six power:

£ 5 2= 13+ (-13.3912)x+ (-91.5023x" + (466.83034X" + (-915.0177Fx" + (807.68356-x + (~263.39086x"

£, =29+ (~2.04843x+ (-211.43 1787 + (561.1384)-° + (<702.6757]%" + (453.47658-X + (=120.348) %"

where x is sin(0)/A.



Lambda value for different photon energies is given by equation lambda (m) =
12.398/Energy(KeV)-10™"°.

Considering Debye-Waller temperature factor we assumed all atoms in metal crystal
deviated isotropically form their positions. Values of root mean square deviation Uy of Al and

Cu atoms in metal were taken from [4] for 290 °K (Table 8):

Table 8. Root mean square
deviation of atoms in metal
(290 °K)
Atom Al Cu
Uy, A 0.099 0.085

To calculate values of 1/Iy for energies in the range 5.4 — 30 KeV program code was
created using Mathcad 13.1 software was used. Calculation results for aluminum and copper

are presented on Figure 1 and 2 correspondingly:
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Figure 1. I/, for all aluminum foils (thickness = 1.26 mm)
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Figure 2. I/] for all copper foils (thickness = 2.24 mm)

As shown on Figure 1 and Figure 2 I/]j has practically constant value in energy range
between 5.4 KeV and 20 KeV and stars to increase rapidly with energies more than 20 KeV.
One can explain such behavior because of influence of two factors on I/I. On the one hand
with increase of energy number of possible reflections rapidly increases (proportional to 1%
and on the other hand influence of this reflections on whole percentage of scattered intensity
is rapidly decreasing due to scattering factor and Debye-Waller temperature factor. It can be
so that if energy is lower than 20 KeV these three factors cancel each other and percentage of
scattered intensity stays practically the same. But when energy is more than 20 KeV number
of all possible reflections has more strong influence in comparison to scattering factor and

Debye-Waller temperature factor.



6.2. Mathcad program code
In this section we will present code made in program package Mathcad 13.1 to
calculate percentage of intensity, scattered from aluminum or copper foils. Presented code is
written for aluminum which has cubic face centered elementary cell (space group Fm3m) with
cell parameter 4.049 A. For any other material with Fm3m symmetry (for example copper)

the code is similar.



12.398 . —10

a:=4.04910 1°

Veell:= a3

Vblock:=1-10 21

Vgrain:= 10 18

Vi=2.0160010"

A =17453310 °

u :=0.09¢

K1:=7.9410 "

Veell

f(x) = 13 + (=13.3912F-x + (<91.5029x + (466.8303)-% + (=915.0177-x" + (807.68356-x + (~265.39086-x°



HKL(E,n) :=

j< 0
h«0
k<0
1< 0

, 2
12.398 yh
while —9

2.E  4.049

2 2
12.398 \/h k
hile —==28 N0 X

while
2-E 4.049

2 2 2
while 12.398'\/h +k +1 <1

2-E 4.049

2 2 2
12398 \hZ 4 K2 + 1
while 123830 Fk+T

2-E 4.049
break if mod(h + k,2) = 0
break if mod(h + 1,2) # 0
break if mod(l+ k,2) # 0

Hj90<—h

H.  <«k
J’l

<1

Hj,2<—1

jej+1

l«1+1

l«1+1
k—k+1

<0

h«<h+1
k<0
H ifn=0
j—1 ifn=1




A := HKI(E, 0)

AAAA

SIN(E) := | for i€ 0..HKI(E, 1)

B X (Ai,0)2 * (Ai, 1)2 + (Ai,z)z

12 2
a

;= SIN(E)

formfactor(E) := | for i e 0.. HKI(E, 1)
y < Ci

2
2
Di<— Y -exp —8n -u2- Y
2100 210"

[ := formfactor(E)

O(E) := | for i€ 0..HKI(E, 1)
Gi <« asin(Ci)

G

1:= O(E)

Nproperblocks (E) := | for i€ 0.. HKI(E, 1)

1 .
Ji <« Vgrain.;cos (Ii)osm(A)~0.95~

Vgrain

Vcoherent

K := Nproperblocks (E)

AAR/



Polarization(E) := | for i e 1.. HKI(E, 1)

1 + cos (Ii)2

4-cos (Ii)~sin(1i)2

L«
1

O := Polarization(E)

Strucfactor(E) := | for ie 1.. HKI(E, 1)

2
lock
M. < 16| Yolock ‘(F.)z
1 Veell !

M

P := Strucfactor(E)

Multiplicity(E) := | for i e 0.. HKI(E, 1)

Qi<— 8 if Ai,0¢A1,1¢Ai,2¢Ai,0
8 if Ai,OZAi,liAi,Z

8 if Ai,O:Ai,ziAi,l
8 if Ai,lei,ZiAi,O

4 if Ai,OzAi,liAi,Zzo
4 if Ai,lei,ZiAi,Ozo
4 if Ai,OZAi,ziAi,lzo
B A; 0= A 1742
4 ifAi,2:0¢Ai,0¢Ai,1¢0
4 if Ai,1:0¢Ai,0¢Ai,2¢0
4 ifAi,O=0¢Ai,l¢Ai,2¢0
2 if Ai,lei,2:0¢Ai,0

2 if Ai,OzAi,2:0¢Ai,1

2 if Ai,ozAi,1:0¢Ai,2

4 if Ai,0:0¢ Ai,l iAi,ZiAi,O

0 if Ai,OzAi,lei,ZZO

R ;= Multiplicity(E)
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Ioverlzerohkl(E) := | for i€ 1.. HKI(E, 1)
N. <« k1-k2:R.-O.-P.-K.
i O T

N

S := loverlzerohkl(E)

AAA

HKL(E, 1)
Ioverlzeropercents := 100 z S

k=0

k
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6.3. Conclusion
Based on made calculations one can say that when using all aluminum and copper
foils incident beam can loose maximum 40% (in case of energy of incident beam 30 KeV) of
incoming intensity due to scattering on foil grains. However there still should be done

experiments and qualitative measurements to prove or to dispruve these calculations.
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Figure 1: The probability that a plane is in the right orientation depends on the accep-
tance angle A€ and the Bragg angle 6.

PR

6 Higher order corrections (made by Christian Geisler)

The next order of correction to the attenuation of a metal foil comes from elastic co-
herent scattering of the photons on the crystallites in the foil.

6.1 Appreoach via ’semi” dynamic theory

In this approach the Lambert-Beers law will be utilized in combination with published
values for the extinctionlength for perfect crystalls in dynamic theory.
Bragg-condition — Bragg stated the condition for constructive interference from
a set of planes in a crystal miller indexed with A,k and / which have an inter-planar
distance dj; in dependence of the radiation wavelength A and the scattering angle 0
as:
Zdhkl Sin(GBragg) =A. (])

Probability factor — A plane not illuminated under the acceptance of the Bragg
angle Op,ugq £ A€ it will not reflect photons. From figure 1 we see, that the probability
p for a isotropically statistically oriented plane (kkl) to be in the right orientation for a
reflection depends on the Bragg angle 6p,,,, Of the plane and the acceptance width Ae
like:

 27mcos(OBragg)
B 4w

The probability factor therefore can be expressed as:

Ae @

2mcos(arcsin (A /2d
b ( (A/2da)) . 3)
4r
Geometrical structure factor — The amplitude of the scattered light is additionally
altered by a geometrical structure factor Sk that accounts for the fixed positions of the
atoms in the unit cell and the resulting constructive or destructive interference.



Let K be the difference between the wave vectors &’ and k. The difference in path
for a wave scattered at d; and d; will then be K - (d; — Jj) and the phase will differ
by exp(iK - (d; — J])) The superposition of the individual rays from each center of
scattering will give an amplitude containing the factor

Sg=Y exp(iK-d)) )
j=1

and the intensity will be proportional to S%( accordingly.
To calculate the geometrical structure factor of a fcc lattice be consider it a simple
cubic lattice with a four-point-basis consisting of:

di=0, d=3@+e), d=3@+e)  di=3e+e)
The vector of the cubic reciprocal lattice has the form
K= 27”(1@ +kéy+1¢,).
Therefore the geometric structure factor becomes:
Sz = exp(i0) +exp(in(h+k)) +exp(in(k +1)) +exp(in(l+h)). (5)

S will then will be 4 if 4,k and [ will all be either even or odd. In every other case it
will equal 0.

Polarization factor — The probability to detect a scattered photon from the sample
at a point on the unit sphere is proportional to the square of electric field amplitude E2
in that point.

Lets consider a dipole in the position O and a Point on the unit sphere P. Let
further be the incident beam identical to the z-axis fully polarized in the direction of
the x-axis. Then the amplitude of the E-field depends only on the angle ¢ which is the
angle between the zy-plane and the vector OS (cf. figure ??). The apparent amplitude
in any direction depending on ¢ is:

E =Eycos¢

In the following we use a Monte Carlo method to sum the amplitudes squared in all the
points S that full fill the condition that the angle between OS and the z-axis is 6. This
condition corresponds to all S on the unit sphere with:

S, =cos 6

S is further linked to ¢ via:
Sy =sin¢

Using three random numbers (¥, ®,®) a point S on the sphere is picked, its Cartesian
coordinates are given through:

Sy = cos(¥)cos(®) —sin(¥)cos(®) sin(P)
Sy = sin(¥)cos(P)+cos(¥)cos(®)sin(P)
S, = sin(®)sin(D)



Figure 2: Relative integrated intensity in dependence of the scattering angle obtained

using 107 random points S and n = 180.
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The range of 6 is divided into n bins with width A = (7/n). Linked to each point S
there is an angle 8 which is assigned to bin i if 8 is in [(i — 1)A,iA). After creating
a large number of S the £2 for every S in the each bin is summed up and divided by
the number of S in the bin. This value then represents the averaged integrated intensity
for the averaged 6 = (i — 1/2)A in bin i. The result obtained is plotted in figure 2 and
corresponds to the analytical solution of [Warren]:

_ 1+cos?6
N 2

P (6)

Probability to scatter a photon — The probability W that a photon is scattered at
a grain with a random and isotropic orientation the following formula is used:

W=YYY  p(6(hkl)) x S(hkl) x P(6(hkl)) x exp(—OCporol) X E(hkL) (7
h k1

The first three factors are explained in the corresponding sections above. exp(G,,h,,,(,l )is
the factor that plugs the photo-ionic absorption into the balance. The factor E accounts
for the fact that the cross-section of the symmetric Bragg-diffraction differs with inter
planar distance of the deflecting planes.

Extinction — The extinction term holds the Bragg-cross-section in the form of:

E(hkl) = exp(—I Cpjasticp) = exp(—21 /T(hkl))
where 7 is the extinction length of the plane Akl and [ the length of the crystallites in
é..
The extinction length is the distance in a perfect crystal, after which the amplitude
of the photon is reduced by 1 /e and the intensity by 1/e? accordingly. This value can be



Figure 3: Extinction length of Si (red points) from database and fit (green).
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Figure 4: The probability to loose a photon on the path via the foil depends on the
probability to scatter on one grain and on the number of grains in the path.

obtained for a perfect silicon Crystal from calculations with X0Oh a program accessible
through the x-ray server at Argonne National Laboratory.

Since silicon has a similar qualities like aluminium it can be used to approximate
the extinction lengths of the Al-foil.

The extinction length depends on the inter-planar distance dpy; like (cf. figure 3):

27 =21.49- (sin(0)/A)*% +0.61 (8)

Calculations — In the previous section the probability to scatter a photon and there-
fore attenuation due to elastic scattering at one grain with the length / has been calcu-
lated. In order to obtain the elastic attenuation of a foil with variable size we think of
the foil consisting of many squared grains with the dimensons [ x / x [ (cf. figure 4).
The attenuation is given as 1 minus the probability to transit the photon through one
grain to the power of the number of grains in the path with length d:

y=1-(1-w)"". )

Figure 5 represents calculations done using Java apprications (’dyns.java” and ’bragg.java”)



Figure 5: The attenuation factor y of a 1mm Al foil due to elastic scattering in the
”semi” dynamic model. The attenuation increases in with the energy of the photon
beam since more planes are accessible to bragg diffraction.
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attached in the appendix. The y calculated for a Al foil with thickness 1mm represents
solely the attenuation due to the bragg scattering. It turns out that in this calculation
the attenuation due to scattering at high energies (30KeV) is in the same order like the
absorption due to photo ionization (y = 1/10).



Figure 6: Scattering factor of Al
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6.2 Approach via kinematic theory

Thompson scattering — The model for scattering on free electrons can be used in a
bound system if the exiting radiations energy is higher than the energy of the absorption
edge. This is true for the selected materials and energy ranges in the attenuator-device.
The scattering of photon can then be described by a number, which is commonly called
the scattering factor f. It expresses the scattering of an atom by scattering on the elec-
tron density associated with each atom. In “International Tables of Crystallography”
values for f are calculated using a spherically averaged electron-density distributions.
The values therefore only depend on the scattering angle 6 as well as on the wavelength
A and is not a complex value.

In the following the derivation of the scattering factor will be retraced and applied
to calculate the intensity of elastic scattered photons from a small crystal.

Scattering by a free electron — For a highly polarized beam the amplitude squared
of the electric field on the unit sphere (R = 1) scattered by a single electron is given by:

oA
Where the quantity mez; =7.94-1073%,? and P is the polarization factor.

Scattering by an atom — To obtain the amplitude of elastic scattering f from an
atom. The scattering of all the electrons 7 in the shell or their density p(r) distribution
respectively have to be summed:

f= zn:/ow47rr2p(r) Sink(’lfr) dr

Herein the abbreviation )
e 4msin(0)

A



Figure 7: Diffraction of a small crystal

| Xy

represents the spacing in the reciprocal lattice.

As seen in Figure 6 the scattering factor of aluminium decreases with the scattering
angle 6 from the number of electrons of the shell down to zero. This is due to the
coherent scattering of all electrons in the forward direction and the decrease is caused
by increasing phase difference with increasing k.

Intensity scattered from a small crystal — To derive the scattered intensity of a
small crystal we superposition the scattered intensities of each atom in the crystallites.
This is usually called the kinematic approach. Scatterers in the material do not interact
with each other and are independent. They are excited by the field in which they are
embedded without absorbing energy from this em field. In this sense the kinematic
scattering theory is only suitable if the crystals studied contain in the order of 1.2-10!!
unit cells. In this derivation we further will utilize the plane wave and the far field
approximation, which means that the crystal is far from the source so the wavefront can
be considered a plane wave and that the detector is far from the sample which allows
further simplification. Figure 7 illustrates the situation. The sample is at position O and
the beam is fully polarized normal to the paper. Let 5 be the direction of the incident
beam, and § the direction of the scattered beam, both being unit vectors. The sample
is a crystallite which consists of unit cells at the positions md; + mods + m3ds. The
atoms therefore have the position ﬁZ" = myd) + mpdy + m3dz + r,. From the figure we
see that the difference in length from the initial wavefront to the point of observation is
X1 +x2 which in the far-field approximation becomes x| +x,. Written in terms of the
complex exponential the contribution of the atom (m,n) to the field at the detector in P
is:

Epe? 5 o o\ B
ep = —= fnexp(2nve — (2 /A)[R — (5—50) - (Ry)])
mc“R
To receive the total scattered field in the point of the detector we have to sum over

all the n atoms in the unit cell and the positions mj,my,m3 of the unit cells. In the
following the shape of the crystal is a parallelepiped with dimensions Njaj X Nap X



Nsaz. Considering these conditions equation (11) can be written:

Epe? Mt

e = mngexp(Zni(vtfR/l))F Y exp((2i/A) (5~ §) - mid))
m1=0
Ny—1 Ni—1
x ZOGXp((2ﬂi/l)(§— $0) - m2@)) Zoexp((Zni/l)(i— 50)-msdr))

Herein F is the structure factor of the material. And represent the influence of the
atoms in the unit cell on the scattering process.

F= an exp((27i/A)(5—50) - 7n)

Taking the product epep multiplied with the polarization factor will give the intensity
scattered on the unit sphere (R = 1):

et sin?(m/A)(5—50) Nid
m2ct” sin?(n/A)(5—5) - @
sin?(7/A) (5 — §0) - Nady sin® (/A (5 — 5p) - Nads

sin?(w/A)(5—50)-a  sin®(m/A)(5—$0) - a3

Ip = ILP

Power scattered from a powder sample — The scattered intensity of one grain
integrated over the unit sphere (f3,7), over all possible orientations of the grain and
over all reflecting planes &kl gives the power scattered from the single grain. Summing
all grains M in the powder sample yields the scattered power by the sample.

M
A= %///Ipzcos(e(hkl))dﬁdy
The triple integration can be expressed as a volume integration in reciprocal space. It

can be show that: . NN
e VA’F
IA=I| —— | —P 11
0 (mzc4> 4v2 (an

Herein V = MNv, represents the effective volume of the crystalline material in the
powder sample with the volume of the unit cell being v, and the number of unit cells
in a grain being N.

Calculations — With the help of formula (11), found ie. by B.E. Warren in [Warren],
the attenuation caused by elastic scattering from a thin metal foil can be calculated. y
is given in dependence of the thickness of the foil /, the wavelength of the radiation A

by:
Yein = Z
hki

12)

( e )l?ﬁFzH-coszQ

m2ct 41% 2

Which is the sum over all possible (some of which are equivalent) combinations of hkl.
The calculations (cf. figure 8) have also been done using Java code (’kins.java” and
“bragg.java”) for a aluminium foil of thickness 1mm in the energy range from 5KeV to
30KeV



Figure 8: The attenuation factor y of a lmm Al foil due to elastic scattering in the
kinematic model. The attenuation decreases with the photon energy since the decrease
in volume A3 dominates over the increase of diffracting planes.
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6.3 Comparison of results

The dependence on energy is very different depending on what theory is utilized to
obtain attenuation due to elastic scattering.

The approach using the extinction length of a perfect crystal gives a rise of y with
increasing energy possibly to a satuation point or to infinity. The attenuation in the
high energy regime also seems unlikely since the calculation predicts that a 1mm thin
aluminium foil would stop 50% of the photons passing with at an energy of 30KeV'.

The kinematic theory gives a result that approaches zero for high energies but is
only applicable for thin foils. This limit of the theoretical approximation to small
samples explains why Y}, can be proportional to the thickness of the foil.

[ = 0o = Yiin — oo 13)

The thickness has to be limited otherwise the attenuationr would amplify the beam.
On the other hand are the grains of the foils in this size limit which makes this theory
probably better suited than the perfect crystal one.

To refine the results of the kinematic approach one could further take temperature
effects into consideration. Also subdividing the illuminated material of the foil into
smaller parts (cf. principle of figure 4) and calculating the attenuations seperatly would
solve the problem with y o< [.
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A Charts

Atomic Scattering Factors*

(sin 0)/A(4~1)| 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5
H 1 1.0 | 0.81 | 048] 0.25| 0.13| 0.07| 0.04 0.02 0.02 0.01 0.01
He 2 20| 183} 145| 1.06 | 0.74! 0.52| 0.36 0.25 0.18 0.13 0.10 0.07 0.05 0.04 0.03 | 0.03
Li 3 30 222 1.74| 151} 1.27| 1.03 | 0.82 0.65 0.51 0.40 0.32 0.26 0.21 0.16
Be 4 40| 3.07| 207 1.71| 1.53| 1.37} 1.20 1.03 0.88 0.74 0.62 0.52 0.43 0.37
B 5 50| 407, 271 199 169} 153 141 1.28 1.15 1.02 0.90 0.78 0.68 0.60
C 6, 6.0 | 513 3.58| 2.50| 1.95| 1.69 | 1.54 1.43 1.32 1.22 1.11 1.01 0.91 0.82 0.74 | 0.66
N 7 .f 7.0 | 620 460| 324 | 240| 194} 1.70 1.55 1.44 1.35 1.26 1.18 1.08 1.01
O 8 80 | 7.25| 5.63| 4.09] 3.01| 234! 194 1.71 1.57 1.46 1.37 1.30 1.22 1.14
F 9 9.0 | 829 6.69| 504 | 3.76| 2.88 | 2.31 1.96 1.74 1.59 1.48 1.40 1.32 1.25
Ne 10 | 100 | 9.36| 7.82| 6.09| 4.62| 3.54| 279 2.30 1.98 1.76 1.61 1.50 1.42 1.35 1.28 | 1.22
Na 11 | 11.0 | 9.76 | 834 | 6.89| 547 | 429} 3.40 2.76 2.31 2.00 1.78 1.63 1.52 1.44 1.37 1.31
Na* 11 | 10.0 | 9.55| 8.39| 6.93| 551 4.33| 342 2.77 2.31 2.00 1.79 1.63 1.52 1.44 1.37 | 1.30
Mg 12 | 12,0 11050 | 8.75| 7.46 | 6.20| 501 | 4.06 3.30 2.72 2.30 2.01 1.81 1.65 1.54
Al 13 | 13.0 | 11.23 | 9.16 | 7.88 | 6.77 | 5.69 | 4.71 3.88 3.21 2.71 2.32 2.05 1.83 1.69 1.57 | 1.48
Si 14 | 140 [ 12.16| 9.67 | 8.22| 7.20| 6.24| 5.31 4.47 3.75 3.16 2.69 2.35 2.07 1.87 1.71 1.60
P 15 | 15.0 | 13.17 {1034 | 8.59| 7.54| 6.67| 5.83 5.02 4.28 3.64 3.11 2.69 2.35 2.10 1.89 | 1.75
M S 16 | 16.0 | 14.33 | 11.21 | 899 | 7.83 | 7.05| 6.31 5.56 4.82 4.15 3.56 3.07 2.66 2.34
S Cl 17 | 17.0 {1533 | 12.00 | 9.44 | 8.07| 7.29| 6.64 5.96 5.27 4.60 4.00 3.47 3.02 2.65
n.nla. Cl- 17 | 18.0 | 16.02 12.20| 9.40| 8.03 | 7.28| 6.64 5.97 5.27 4.61 4.00 3.47 3.03 2.65 2.35 | 211
o0 A 18 | 18.0 | 16.30 | 12.93 | 10.20 | 8.54| 7.56 | 6.86 6.23 5.61 5.01 4.43 3.90 3.43 3.03
m K 19 | 19.0 | 16.73 [ 13.73 | 1097 | 9.05| 7.87| 7.11 6.51 5.95 5.39 4.84 4.32 3.83 3.40 3.01 2.71
ﬂ Ca 20 | 20.0 {17.33|14.3211.71 | 9.64| 8.26| 7.38 6.75 6.21 5.70 5.19 4.69 4.21 3.77 3.37 | 3.03
N
= (cont.)
& * Reprinted from International Tables for X-Ray Crystallography, Vol. 111, with the permission of the Editorial Commission of the International
Tables. The values for elements 1-36 are computed from self-consistent or variational wave functions, while those for elements 37-92 are ob-
= tained from the Thomas-Fermi-Dirac statistical model. For values corresponding to ionized states, reference should be made to the International
<« Tables.
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B Code
B.1 bragg.java

import java.util.*

import java.io.*;

static double
static double
static double
static double

public static
}
}
}

}

}
int h,k,1;

h=0;

k=0;

k++;
}
k=-1;

H

import java.math.*;

public class bragg{

a

h
e
[¢

double getLambda(double energy)q{
return(h*c/(energy*e)) ;

double lambda

4.049e-10;
6.62606896e-34;
1.602176487e-19;
2.99792458e8;

= getLambda(energy) ;
Vector planesAdv = new Vector();
Vector planes

= new Vector();

public static Vector planes(double energy){

while((2*distance(h,k=0,1=0))>lambda){

while((2xdistance(h,k,1=0))>lambda){

1=0;

while((2*distance(h,k,1))>lambda)
{Math.abs(h) ,Math.abs (k) ,Math.
1=-1;
while((2*distance(h,k,1))>lambda)
{Math.abs(h) ,Math.abs (k) ,Math.

while((2*distance(h,k,1=0))>lambda){
1=0;
while((2*distance(h,k,1))>lambda)
{Math.abs(h) ,Math.abs (k) ,Math.
1=-1;

12

public static double distance(int h, int k, int 1){
return(Math.sqrt (a*xa/ (hxh+k*k+1%1))) ;

public static int geometricStructureFactor(int h, int k, int 1){
return((int) (1+ Math.pow(-1,h+k) + Math.pow(-1,k+1) + Math.pow(-1,1+h)));

public static double angle(int h, int k, int 1, double lambda){
return(Math.asin(lambda/(2*distance(h, k ,1))));

public static double polarisation(double theta){
return((1+Math.pow(Math.cos(theta),2))/2);

planes.add(new int[]
abs(1++)1);

planes.add(new int[]
abs(1--)1);

planes.add(new int[]
abs(1++)});



54
55
56
57
58

60
61
62
63

65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88

90
91
92
93
94

while((2*distance(h,k,1))>lambda) planes.add(new int[]
{Math.abs(h) ,Math.abs (k) ,Math.abs(1--)});

k-
}

h++;

¥

h=-1;

while((2*distance(h,k=0,1=0))>lambda){

k=0;

while((2*distance(h,k,1=0))>lambda){

1=0;

while((2*distance(h,k,1))>lambda)
{Math.abs(h) ,Math.abs (k) ,Math.

1=-1;

while((2+distance(h,k,1))>1lambda)
{Math.abs(h) ,Math.abs (k) ,Math.

k++;
}
k=-1;

while((2*distance(h,k,1=0))>lambda){

1=0;

while((2+distance(h,k,1))>lambda)
{Math.abs(h) ,Math.abs (k) ,Math.

1=-1;

while((2*distance(h,k,1))>lambda)
{Math.abs(h) ,Math.abs (k) ,Math.

planes.removeElementAt (0) ;
for (int i = 0; i<planes.size(); i++){

int[] plane

if (((int)geometricStructureFactor(plane[0] ,plane[1],plane[2]))==0) {

(int[]) planes.get(i);

planes.removeElementAt (i) ;

i--;
}
}

return(planes) ;
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planes.add(new
abs(1++)1);

planes.add(new
abs(1--)1);

planes.add(new
abs(1++)1});

planes.add(new
abs(1--)1);

int[]

int[]

int[]

int[]



B.2 Kkins.java

}

}

}

import java.util.*;
import java.math.*;
import java.io.*;

public class kins{
static double cer = 2.8178e-15; //m
static double v = Math.pow(bragg.a,3);

public static double F(int h, int k, int 1){

return(scatteringFactor(h, k, 1)*bragg.geometricStructureFactor(h, k, 1));

public static double scatteringFactor(int h, int k, int 1){

return(13.1319*Math.exp(-1.68985/(2e10*bragg.distance(h, k, 1))));

public static double scatteredIntensity(double energy , double thickness){

double lambda = bragg.getLambda(energy);

Vector planes = bragg.planes(energy);

int size = planes.size();

double R = 0;

double lambda3 = Math.pow(lambda,3);

double cer2 = Math.pow(cer,2);

double v2 = Math.pow(v,-2);

for(int i=0; i<size; i++){
int[] plane = (int[]) planes.get(i);
double F2 = Math.pow(F(plane[0],plane[1],plane[2]),2);
double P = bragg.polarisation(bragg.angle(plane[0],plane[1],plane[2], lambda));
R = R + cer2 * thickness * lambda3 * F2 * 0.25 * v2 * P;

}

return(R);

public static void main(String[] A) throws Exception{

FileWriter out = new FileWriter("kinout.dat");
double energy;
for(int i=0; i<101; i++){
energy = ((double) 1i)#*25000/100 + 25000;
out.write(((i*x5000/100)+5000) + "\t" + scatteredIntensity(energy,le-3) + "\n");
}

out.close();
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B.3 dyns.java

import java.util.*;
import java.math.*;
import java.io.*;

public class dyns{
static double delta = 1.75e-5;

public static double probOrientation(double theta){
return((delta/2)*Math.cos(theta));
}

public static double dynamicExtinction(int h, int k, int 1, double length){
double sl = 1/(2+bragg.distance(h,k,1)*1e10);
double a 21.49;
double b = 2.45;
double ¢ = 0.61;
double L = a*Math.pow(sl,b)+c;
return(1-(Math.exp(- length * 1e6 / (L/2)) ));

}

public static double photoT(double energy, double length) throws Exception{
return(Math.exp(-(length*le6/attenuation.getLambda(energy, "A1"))));
}

public static double scatteredIntensity(double energy, double thickness, double length){
double lambda = bragg.getLambda(energy) ;
Vector planes = bragg.planes(energy);
int size = planes.size();
double R = 0;
for(int i=0; i<size; i++){
int[] plane = (int[]) planes.get(i);
double theta = bragg.angle(plane[0],plane[1],plane[2],lambda);
R = R + probOrientation(theta) * bragg.polarisation(theta) *
dynamicExtinction(plane[0] ,plane[1],plane[2], length);
¥
double T = 1-R;
return(1-Math.pow (T, (thickness/length)));
}

public static void main(String[] A) throws Exception{
FileWriter out = new FileWriter("dynout.dat");
double energy;
for(int i=0; i<101; i++){
energy = ((double) i)#*25000/100 + 5000;
out.write(((i*25000/100)+5000) + "\t" + scatteredIntensity(energy,le-3,1e-6) + "\n");
}

out.close();
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