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Abstract

The aim of work is to investigate classical dynamics of strings in a curved AdS3 background
and to find the relation between spin and energy of rotating strings in AdSs. The reformulation
of the problem in terms of matrix valued gauge fields and connection between these two
approaches are considered.
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1 Introduction

It is known that large N limits of certain conformal field theories in d dimensions can be described in
terms of supergravity and string theory on the product of d+ 1-dimensional Anti-deSitter spacetime
with a compact manifold [1, 2, 3]. For instance, there is duality between a supersymmetric N’ = 4
Yang-Mills gauge theory (which is a conformal field theory) on the 4-dimensional boundary of AdSs
(with gauge group SU(N) and coupling constant gy 5s) and Type IIB string theory on AdSs x S°
space (with string coupling constant g; proportional to g% ,,, N units of five-form flux on S%, and
radius of curvature (g2,,N)*/4). In the large N limit with \ = g3 ,,N fixed but large, the string
theory is weakly coupled and supergravity is a good approximation to it. One can hope that for
large N and large A, the N' = 4 theory in four dimensions is controlled by the tree approximation
to supergravity.

One problem that evolved from this correspondence consists in finding relation between energy
and spin of rotating strings in AdS-spaces[4]. In this work we investigate specific case of rotation
in AdSs. In the first section we introduce the problem that is considered with strings and in the
second section the reformulated one.



2 Classical String Behavior

In this section we would like to introduce objects we will work with and to describe their dynamics
in a classical case!. The common way of investigation for system dynamics starts from definition
of action (or Lagrangian) and includes working with quantities come from symmetry properties of
this action. Let us begin by reviewing how it can be used to describe a massive point particle.

2.1 World-Line Description of a Point Particle

A point particle sweeps out a trajectory (or world line) in spacetime. This can be described
by functions z#(7) that describe how the world line, parameterized by 7, is embedded in the
spacetime, whose coordinates are denoted z*. For simplicity, let us assume that the spacetime is
flat Minkowski space with a Lorentz metric

-1 0 0 O
0 1 0 O
=10 0 1 0 M
0 0 0 1
Then, the Lorentz invariant line element is given by
ds? = —n,datda” . (2)

In units i = ¢ = 1, the action for a particle of mass m is given by

S=-m / ds. 3)

This could be generalized to a curved spacetime by replacing 7,, by a metric g, (z), but we will
not do so here. In terms of the embedding functions, x#(t), the action can be rewritten in the form

S=-m / dr /Ty, 4)

where dots represent 7 derivatives. An important property of this action is invariance under local
reparametrizations. This is a kind of gauge invariance, whose meaning is that the form of S
is unchanged under an arbitrary reparametrization of the world line 7 — 7(7). Actually, one
should require that the function 7(7) is smooth and monotonic (% > 0). The reparametrization
invariance is a one-dimensional analog of the four-dimensional general coordinate invariance of
general relativity.
The reparametrization invariance of S allows us to choose a gauge. A nice choice is the “static
gauge”
¥ =7 (5)

In this gauge (renaming the parameter t) the action becomes

S = fm/ V1 —2dt, (6)

where di

x
- 7
o (7)
Requiring this action to be stationary under an arbitrary variation of Z(t) gives the Euler-Lagrange
equations

-
v =

dp oS mu

- = 07 hy p = s T T/ 8
7 where p 57 — (8)
which is the usual result. So we see that usual relativistic kinematics follows from the action
S =—m [ds.

1Extended description of string dynamics one can find in the classical manual [5]



2.2 World-Volume Actions

We can now generalize the analysis of the massive point particle to an extended object of various
dimensionality (p-brane) of “tension” T,. The action in this case involves the invariant (p + 1)-
dimensional volume and is given by

Sp = _Tp/dﬂerla (9)

where the invariant volume element is

dptpt1 = \/— det(—n,, Oazi gz )dP o (10)

Here the embedding of the p-brane into d-dimensional spacetime is given by functions z*(c?).
The index a = 0, ..., p labels the p + 1 coordinates ¢® of the p-brane world-volume and the index
w=0,...,d—1 labels the d coordinates z* of the d-dimensional spacetime. We have defined
oz#
Oqxt = —. 11

@ ao_a ( )
The determinant operation acts on the (p+1) X (p+ 1) matrix whose rows and columns are labeled
by o and 8. The tension T, is interpreted as the mass per unit volume of the p-brane. For a
0-brane, it is just the mass.

Let us now specialize to the string, p = 1. Evaluating the determinant gives

Slx] = —T/aladﬁ/i?x’2 — (& -a")?, (12)

where we have defined 0° = 7, 0! = ¢, and
ozt ozt
Pt = — = 13
“ ar’ do (13)
This action, called the Nambu—Goto action [6, 7], is equivalent to the action
T 2 af v
Slx, h] = ~3 d*oV —hh®" 1, 0qx" 0gx” (14)

where hag(0, 7) is the world-sheet metric, h = det hog, and h®? is the inverse of h,p. The Euler—
Lagrange equation obtained by varying h®? are

1
Taﬁ = aal‘ . 85.%' — §ha5h76671‘ . 853;‘ =0. (15)

In addition to reparametrization invariance, the action S[z,h] has another local symmetry,
called conformal invariance (or Weyl invariance). Specifically, it is invariant under the replacement

hag — Ao, 7)hag (16)
- k.
This local symmetry is special to the p = 1 case (strings).
The two reparametrization invariance symmetries of S|z, h] allow us to choose a gauge in which

the three functions h.g (this is a symmetric 2 x 2 matrix) are expressed in terms of just one function.
A convenient choice is the “conformally flat gauge”

hag = age? @), (17)



Here, nog denoted the two-dimensional Minkowski metric of a flat world sheet. However, because
of the factor e?, h,s is only “conformally flat.” Classically, substitution of this gauge choice into
Slx, h] leaves the gauge-fixed action
T 2 a3

S = 3 d“on*”0qx - Ogx. (18)

The gauge-fixed action is quadratic in the z’s. Mathematically, it is the same as a theory of d

free scalar fields in two dimensions. The equations of motion obtained by varying z* are simply
free two-dimensional wave equations:

@ — 2" =0. (19)

This is not the whole story, however, because we must also take account of the constraints 7,3 = 0.
Evaluated in the conformally flat gauge, these constraints are

T01 = T10 =2x- J)l =0 (20)
1
TOO = T11 = 5(1'2 + 33/2) = 0. (21)

For the next purposes we can define variables
06" =7—0 and ot=71+40.

The derivatives conjugate to & are defined by

0y = %(aT +0,) (22)

If one writes the world-sheet energy-momentum tensor 7,3 in the o* coordinate system ac-
cording to the standard rules of tensor analysis, one finds using (20) and (21) that

1
Tt = 5(Too + Ton) = O4a” - 01, (23)

and 1
T__ = §(T00 —To1) = 0—a" - Oz, (24)

We will use these definitions below.

2.3 Boundary Conditions

To go further, one needs to choose boundary conditions. We are interested in the case of closed-
string. The general solution of the 2D wave equation (19) is given by a sum of “right-movers” and
“left-movers”:

(o, 1) = 2ty (07) + 2l (o). (25)

These should be subject to the following additional conditions:
o xt(0,7T) is real
o zt(o+m, 1) =2at(o,T)
e (27)? = (2%3)?> = 0 (These are the T, 3 = 0 constraints)

The first two of these conditions can be solved explicitly in terms of Fourier series:

1 1 1 )
Jf” = Mt + 62 Hr — o + es 7a,uef2zn(7'70') 2
R 2 sD ( ) \/5 1;#0 n " ( )
1 1 1 )
N 1) 2, [ = ~p,—2in(1t+0)
oy = cat+EpH(r+ o)+ —= E akle ,
2 \/i n#0 n



where the expansion parameters o, a¥ satisfy

o'y = (ap)t, &, = (@)’ (27)

—n —n

The center-of-mass coordinate x* and momentum p* are also real. The fundamental string length
scale £ is related to the tension T by

1

The parameter o’ is called the universal Regge slope, since the string modes lie on linear parallel
Regge trajectories with this slope.
2.4 Solution for string spinning in AdS;

In this section we consider a spinning closed string in AdS5 to understand the relation between
dimension A and spin S for leading Regge trajectory closed strings?. To carry out this calculation
it is convenient to use the global AdS5 metric

ds® = R*(—dt*cosh®p + dp* + sinh?pdQ3), (29)

so that the energy is identified with the conformal dimension in the dual CFT. The string is at the
equator of S2 and the azimuthal angle depends on time3:

o= wt

In the Nambu action for the string we pick a gauge where 7 =t and p is a function of 0. The
Lagrangian becomes

R? PO 3
L= —4%/0 dp \/cosh® p — ($)2 sinh? p (30)
The maximum radial coordinate is pg, and the factor of 4 comes since there are four segments of
the string stretching from 0 to pg, which is determined by
coth? pg = w? . (31)

The energy and the spin of the string are

oL - R% [ro h?
E=Z4-L=4— | dp o P (32)
¢ 2ra’ Jo /cosh? p — w?sinh? p
OL R? [P0 inh?
g . wsinh® p (33)

0¢ 2ra’ o V/cosh? p — w?sinh? p
The same expressions can also be derived in the conformal gauge where the world sheet action is
1 -
S = m/deUGijaaX 0% X7 . (34)
Now we need to impose the conditions
T++ - 8+X18+XJGZJ - 0

T _=0_X'0_X1Gij =0,

2this section is a similar with section 3 from [4], but includes the extra calculations.
3actually we use here the AdS3 metric and we can extend the result to the case of AdS3



where G;; is the metric tensor and, according to (29):

—cosh?p 0 0 0 0

0 1 00 0

Gij = R? 0 000 0

0 0 0 O 0

0 0 0 0 sinh?p
Inserting ¢t = er, ¢ = ewT, p = p(o) into these equations, we find
(p)? = €%(cosh? p — w? sinh? p). (35)
Thus,
d

do = i (36)

B ev/cosh? p — w2 sinh? p .
We may now adjust e so that the period of o is 2.

The space-time energy is given by

R2 27
E= e/ do cosh? p,
0

2
and the spin by
2 27
= —ew do sinh? p.
2ma/ 0
Changing the integration variable from o to p we find the previously derived expressions.

Since R* = \a'?, where X is the t Hooft coupling, these expressions specify E/vA and S/v/A
as functions of w. Therefore, the dependence of E/ VA on S / VA is known in parametric form.
Actually, the integrals in (32) and (33) can be expressed in terms of elliptic or hypergeometric
functions. Here it will suffice to give approximate expressions in the limits where the string is
much shorter or much longer than the radius of curvature of AdSs.

Short strings. For large w, pp &~ tanhpg =~ 1/w. Here the string is not stretched much
compared to the radius of curvature of AdSs, so we can approximate AdS5 by flat metric near the
center. The calculation reduces to the standard spinning string in flat space, and we get

E ~4L1 = 2R arcsin(wp)|5° = )

RE P01
2ra’ JO P /1—w2p? T ordlw

2 wp? _ _ 2
S ~dq [y dpﬁ =((z=wp, &= 2)) =
1 1 (37)
= §fx2(1 _ xZ)_l/de =({t= x2>> _ gftl/Q(l _ t)_l/g _
0 0
=5B(L, %) = eTT@) _ 5vmivE _ _R?
=3 202/ 7 2 r'(2) - 10 = Sw?
so that 2
B (39)

Using the AdS/CFT correspondence, we have A = E. For large w, S < VA. In this regime we
find agreement with the AdS/CFT result

A? ~m?R? . (39)

2 _ 2(5-2)

Indeed, for the leading closed string Regge trajectory, m 7, s0 the precise factor in (38)

agrees with the AdS/CFT formula.



Long strings. The situation where S > v/\ corresponds to w approaching 1 from above:
w=1+2n, (40)

where n < 1. Then py becomes very large, so that the string feels the metric near the boundary
of AdS:

1 + exp(—2po)

~ (1 —200))2 ~ 142 —200) 21 +2
1= exp(—2p0) (1 +exp(—2pp)) +2exp(—2po) =1+27

w =< coth pg =

po— 3 (1)) (41)

Expanding the integrals for E' and S, one finds

E =4 R? Po cosh? p ~ R? Po d cosh? p

d ~ 4 —_—
2ra’ Jo 4P \/cosh2 p—(14+2n)2 sinh? p 2ma’ JO \/1—4nsinh? p

= §f0p° {cosh? p + 2nsinh? p + .. .}dp =

=¢ [7°{3(1 + cosh2p) + n(—1+ cosh2p) +...}dp =

= gfopo{%(l + cosh2p) +...}dp = %(po + 3 sinh(2pg) +...) =

$S{3(1/n) + Ssinh2(3n(1/n) + ...} = Ao (2 +m(1/m) +...)
S =..=E G -ma/m+..).

It follows that E — S does not approach a constant in the limit S > /X, but instead behaves as

follows:
VA

™

E-S In(S/VA) +... (43)

The logarithmic asymptotics in (43) are qualitatively the same as in perturbative gauge theories.

3 The dual problem

In this section we will reformulate spinning string problem in other terms and prove equivalence
between this two formulations. The one concept represents a strings dynamics in AdS-spaces with
the law of motion (25,26) and the other one represents a gauge theory on 2D-spacetime with a
matrix-valued gauge fields in case of zero curvature. The formal problem definition in both of these
concepts and connection between these problems are followed.

3.1 The reformulation basis

Let us introduce variables:

29 4 iz3 = cosh pe’™

x! +ix? = sinh pe'?® (44)
o 20 + 2t —22 + 23
s=( T3 ThIL ) esew (45)

R, =—g '0ig,



where 0y = %,81 = % and ¥ = z#(o,7),u =0, 3.

PROPOSITION. There is equivalence between two systems?:

OgR1 — O1Ro + [RlRo] =0 (Il)

T _ = I1.1
OoRy—01R1 =0 (1.2) To. =0 EI[ 2;
T?“(RQRl) =0 (13) o _ . :
T’/‘(R%—FR%) -0 (1.4) 0+0_z* =0,u=0,3 (11.3)

O One can check by direct calculation that (I.1) is an identity with «* as in definition (44). By
the simple computation we can note that

(daz®)? + (da®)? — (da*)? — (dz?)? =1 (46)

Therefore the SL(2,R) group manifold is a 3-dimensional hyperboloid. The metrics on this mani-
fold,
ds® = —(da®)? — (dz®)? + (d2')? + (dz?)? = |d(z* +iz?) > — |d(2° + iz®)|?, (47)

is expressed in coordinates (7, p, ¢) as
ds? = —dr2cosh®p + dp? + sinh? pd¢? (48)

We will work on the universal cover of the hyperboloid (46), and 7 is non-compact. Let us prove
equivalence between (1.3)&(I.4) and (I1.1)&(I1.2). The eq.(II.1) means

O_z"0_a"G iz =0

where G, is a metric tensor and, according to (48),

-1 0 0 0
0 10 0
G = 0 01 0
0 0 0 -1

Since Gz has diagonal form we can write (IL.1)&(I1.2) in the form
((Qoz*)? + (O1xH)? £ 200201 2") Gy = 0
and in terms of metrics: (ds)?  (ds)? (ds)?
(dr)? + (do)? * 2dadr =0 (49)

Therefore, because of plus-minus sign in (49)

dodt (dr)? + (do)? =0 (50)

If we transform conjunction (50) to the corresponding alternation then we will get an useful
constant-curvature condition: a2 e
(ds) =0 and (ds)
(dr)? (do)?

If we express (51,50,1.3,1.4) in terms of coordinates (7, p,¢) then by direct calculation we can
establish the equivalence (51)<(1.4),(50)<(1.3).

4

=0 (51)

a “gauge” system (I) and a “string” system (II)

oo



Now let us prove the equivalence between (I.2) and (I1.3). We can use the following represen-
tation for the matrix g:

9= cos T cosh p 4+ cos¢sinhp  sinTcosh p — sin ¢ sinh p _ 500 pos i T30 0
—sinTcosh p —sin¢gsinhp cos7Tcosh p — cos ¢gsinh p

01

(7)) )

is the set of Pauli matrices.
The exponential representation is useful to find the inverse matrix

where o = (I,7),n=0,3, [ = ( L0 ) is the unit matrix and

gl = R T cos T cosh p — cos¢sinhp —sin7 cosh p + sin ¢ sinh p
sinTcosh p +sin¢sinhp  cos 7 cosh p + cos ¢ sinh p

It is also useful to expand ¢ in sum by the o* basis and to write matrices in the equivalent form
as vectors:

3
A= Zakak ~ (a® at,a?, a®). (52)
k=0

The algebra of these vectors is obtained from the following multiplication rule:

a| 0 1 2 3
0 ago g1 ()] g3
1 g1 go iCTg 7210'2 (53)
2 (o) —iJg (o)) iO’l
3 g9 iO’Q —iUl g0

1

In this representation we can write g and g7+ in the simple form:

g~ (2% —2%i23 ') and g7 ~ (20,22, —iz3, —2) (54)
and
~Ri=g'0ig= (2°0;2° —2%0;2®> +230;2° —a'0;2?,
299,22 +220;2°  —230,2'  +210;23,
190,23 —ix30;20  +ix?0;xt  —ixl;x?,
2002t —2'0;2°  +2%20;23  —230;2?)

The left part of eq.(I1.2) is

doRo — 01R1 = —0og ™ '0og + 019 019 — g1 059 + g~ 0ig.

We find that the sum of first and second terms vanishes if we take into account eq.(51).

81-g‘18¢g = (81'33081‘])0 —8il‘28i$2 +8¢$361‘J)3 —8il‘16i.131,
—(97;.11081‘2132 +8¢1‘28i$0 —(97;13381‘1131 +8i3318i$3,

2(9110811'3 72181'3']381'1‘0 +ZaZZ281I1 72181'3']1(92'1‘2,

&-xo&-xl —81'1'182'%0 +8ia:28ix3 —8ix38ix2)

= (8i$08il‘0 —81-90282»302 +8il‘38il‘3 —8i$18i$1,

0 )
0 )
0 )



Therefore the o 2 3-components for 9yg~'dpg — D19~ 101 g are equal to zero and the og-component
is equal to

(022 4+ (30°)” — (802°)? — (Bo)? — (012°)? — (D12°) + (90a”)? + (Boa")? = (1~ ()2 =0
(55)
The last equality comes from eq.(51). So we have a nice result
OoRo — 01Ry = —g 929+ g 10?9 = (0,0,0,0).
According to eq.(55) and (54) we have
g Y039 —079) =0=0,0_g~ (0,0_2°, -0, 0_2°,i0,0_x°,0,0_x') =0, (56)

where we use the definition (22) of derivatives. Obviously, from eq.(56), we have 0, 0_x* = 0, u =
0,3.

So, we have proved the implication (I.2)&(1.4)=-(I1.3). The opposite implication one can check
by putting 9_9; = 0 into left part of eq.(I.2) and using egs.(11.1,2).

Finally, we have established the equivalence between systems (I) and (1T). B

3.2 Solution of the reformulated problem

In this section we will find some particular solutions of the system (I) or investigate properties of
a possible solution if we can’t find it directly.

Ansatz 1. Case of spinning string.
Inserting ¢ = wr, p = p(o) into system (I), we find

cos(7 + wr)(sinh 2p(w? — 1) +2p") = 0 (57)
sin(7 4 w7)(sinh 2p(w? — 1) +2p") =0 (58)
cosh? p = p% + w?sinh? p = 0 (59)

After integrating eqs.(57,58) over p and choosing a value of the arbitrary constant the system of
this two equations becomes identical with eq.(59). So, actually we have only one equation (59) that
corresponds with eq.(35), which was deduced with the string approach. The solution is, obviously,
the same as in section 2.4.

Ansatz 2. Sigma dependent angle.

Inserting ¢ = ¢(o,7), p = p(o) into eq.(1.3), and with taking into account the periodical condition
from the strings image we find that if a nontrivial solution exists, then we should find it in form
¢ = ¢(1), p = p(o). Inserting this ansatz into eq.(1.2) one can find that é = 0 and, therefore,
¢ = wt + C, where C' is an arbitrary constant. So, we have returned to the ansatz 1.

Ansatz 3. General case.
Inserting ¢ = ¢(o,7), p = p(o,7) into system (I) and simplifying, we find

sinh2p (900" = gO0" +1) 42 (02— p20) =0
4p sinh? p + 4 cosh® p (p(1,0)¢(1,0) — p(0’1)¢(0’1)) + sinh 2p (¢(2’0) - ¢(0’2)) =0
sinhp (2coshp (pOV (=1 + ¢OD) — pLO L0 4 sinhp (602 — ¢20)) =0 . (60)

p(Oﬁl)p(lvo) _|_ Sinh2p¢(0$1)¢)(170) = 0

_COSh2p + p(071)2 _|_ p(1)0)2 + Sinh2p <¢(071)2 _|_ ¢(1!0)2) = 0

10



This system may be useful in trying other substitutions or numerical computations.

4 Conclusion

The dependence between spin and energy of rotating strings in AdS5 was found in approximation
of short and long strings with using of two approaches: with direct calculation and with solving of
the reformulated problem. The equivalence between these two approaches has proved. We hope
that the reformulated problem will be useful in solving a problems of the string theory.
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