
Toolkit/checklist

I =
√
−1.

Analytic function of complex number z must be of form f(z), i.e. excludes f(z, z∗).

Kronecker delta: δij = 1 if i = j, 0 otherwise.

Completely antisymmetric tensor:

ǫijk =

{ 1 if ijk = 123 or cyclic permutations thereof
−1 if ijk = 321 or cyclic permutations thereof
0 otherwise.

Summation convention:
∑

i AiBi = AiBi, i.e. if same index (i) appears twice in term, sum over it, don’t bother writing
∑

.

Note e.g. Aijδjk = Aik.

If Aij = Aji (symmetric in i, j), ǫijkAjk = 0.

Scalar product: AiBi. (For complex Ai, Bi, scalar product defined as A∗
i Bi.)

Contraction of index k in Aijk with Bi: AijkBk = Cij, i.e. k becomes dummy index, rank of A reduced from 3 to 2 (a matrix).

A vector V is an n-tuple “down the page”

V =





2 + 3I
1 − 4I

...



 .

Its transpose is V T = (2 + 3I, 1 − 4I, . . .).

Its conjugate transpose is V † = V T∗ = (2 − 3I, 1 + 4I, . . .)

Scalar product: A(†) · B.

Matrix A acting on vector v: Aijvj = (Av)i (and vjAji = (vTA)i).

Two matrices A, B: (AB)† = B†A† (likewise for simple transpose T ).



Unit matrix 1 (not 1): 1ij = δij.

Hermitian matrix H: H† = H.

Unitary matrix U : U †U = 1.

Orthogonal matrix M : MTM = 1.

Definition of “exponentiation” of a matrix A: eA = 1 + A + 1
2!A

2 + 1
3!A

3 + ... (this series is always convergent).

Note eV AV −1

= V eAV −1 for any V (because V AnV −1 = (V AV −1)n).

eIA unitary if A Hermitian (because (eIA)†eIA = e−IA†

eIA = e−IAeIA = 1).

Trace of matrix A: tr[A] = Aii.

Determinant of matrix n × n A: det(A) = ǫijk...Ai1Aj2Ak3 . . . = 1
n!ǫijk...ǫabc...AiaAjbAkc . . ..

Note det(AB) = det(A)det(B)

(because det(AB) = 1
n!ǫijk...ǫabc...(AimBma)(AjnBnb)(AkpBpc) . . . = 1

n!n! 1
n!ǫijk...ǫdef...AidAjeAkf . . . 1

n!ǫqrs...ǫabc...BqaBrbBsc . . .).

If Av = 0, then either v = 0, or v 6= 0 and det(A) = 0

(vmdet(A) = ǫijk...(vmAim)Aj2Ak3 . . . = ǫijk... (
∑

n

vnAin)

︸ ︷︷ ︸
=0

Aj2Ak3 . . . = 0).

Linearly independent vectors vi:
∑

i αivi = 0 =⇒ αi = 0.

N linearly independent vectors vi form complete basis in some N dimensional vector space. (i.e. any V =
∑

i αivi).

Any other basis of N linearly independent vectors v′i in this space is complete, i.e. any V =
∑

i α
′
iv

′
i:

Can write v′i =
∑

j Cijvj, so α′
i =

∑

j αj(C
−1)ji,

and C must be invertible for v′i to be linearly independent (αi = 0 =⇒ α′
i = 0).



Eigenvalues λk and eigenvectors w{k} of matrix A from secular equation: Aw{k} = λkw
{k}.

Requirement of (A − λk1)w{k} = 0 and w{k} 6= 0: Characteristic equation |A − λk1| = 0.

If A is N × N , this is polynomial in λk with N solutions −→ N eigenvectors.

Hermitian A:

λk real (w{k}† · Aw{k} = λkw
{k}† · w{k} = (w{k}† · Aw{k})† = λ∗

kw
{k}† · w{k}).

w{k} orthogonal (w{i}† ·Aw{j} = λiw
{i}† ·w{j} = λjw

{i}† ·w{j}, so i 6= j, λi 6= λj =⇒ w{i}† ·w{j} = 0 (choose this for λi = λj)).

Normalize w{k} to be orthonormal: w{i}† ·w{j} = δij. w{k} form complete basis (
∑

i αiw
{i} = 0 =⇒ 0 =

∑

i αiw
{j}† ·w{i} = αj).

Diagonalization of any matrix A: (P−1AP ) = Λ, where Λij = λiδij (no sum)

(equivalent to the secular equation above with Pij = w
{j}
i ).

Hermitian A: P is unitary ((P †P )ij = w
{i}∗
k w

{j}
k = w{i}† · w{j} = δij).

Symmetric A: P is orthogonal.

For any A, det(eA) = etr[A]

(det(eA) = det(P−1eAP ) = det(eP−1AP ) = det eΛ
︸︷︷︸

diagonal

= (eΛ)11(e
Λ)22 . . . = etr[Λ] = etr[PΛP−1] = etr[A]).

Positive definite matrix A: v†Av ≥ 0 for any vector v, with equality only when v = 0.

If A Hermitian, eigenvalues λk > 0: 0 ≤ v†P †
︸︷︷︸

=v′†

P †AP︸ ︷︷ ︸

diagonal, elements λk

Pv︸︷︷︸

=v′

=
∑

k λk|v′k|2.



Use natural units where c = ~ = 1.

Spacetime indices are Greek letters, e.g. µ, ν = 0, 1, 2, 3

(spatial indices Roman, e.g. i, j = 1, 2, 3).

4-vector A ≡ Aµ = (A, A0), where A = (A1, A2, A3) is spatial 3-vector.

Metric tensor of special relativity:

gµν = gµν =







1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1







µν

Raising and lowering of indices: gµνA
µρ = A ρ

ν etc.

Note gµνg
νρ = g ρ

µ = δ ρ
µ .

Define x0 = +t, so x0 = −t. Likewise p0 = E, p0 = −E etc.

Scalar product of 4-vectors: A · B = AµBµ = AµB
µ = gµνAµBν = gµνA

µBν = A1B1 + A2B2 + A3B3 − A0B0.

Shorthand for spacetime differentiation: ∂µ = ∂
∂xµ and ∂µ = ∂

∂xµ
.

d’Alembertian: ∂2 = ∂µ∂
µ.

Commutator of operators Oi, Oj (e.g. Oi can be matrices): [Oi, Oj] = [Oi, Oj]− = OiOj − OjOi.

Anticommutator: {Oi, Oj} = [Oi, Oj]+ = OiOj + OjOi.

Dirac delta function δ(x − y) =
∫

dp
2π

eIp(x−y):
∫ b

a
dxf(x)δ(x − y) = f(y) if a < y, b > y (otherwise = 0).

(Continuous version of fiδij = fj.)

δ3(x) = δ(x1)δ(x2)δ(x3).


