Toolkit /checklist
I=+v-1

Analytic function of complex number z must be of form f(z), i.e. excludes f(z, z*).

Kronecker delta: d;; = 1 if ¢ = j, 0 otherwise.

Completely antisymmetric tensor:

—1 if 19k = 321 or cyclic permutations thereof

1 if 19k = 123 or cyclic permutations thereof
€ijk = {
0 otherwise.

Summation convention: ) . A;B; = A;B;, i.e. if same index (i) appears twice in term, sum over it, don’t bother writing » .
Note e€.g. Aijdjk = Azk
If A;; = Aj; (symmetric in 4, j), €14, = 0.

Scalar product: A;B;. (For complex A;, B;, scalar product defined as A!B;.)

Contraction of index k in A;j; with B;: A;;x By = Cjj, i.e. k becomes dummy index, rank of A reduced from 3 to 2 (a matrix).

A vector V' is an n-tuple “down the page”
2+31
V=| 1-41I

Its transpose is VI = (2+ 31,1 —41,...).
Its conjugate transposeis VI =V1* = (2 —-31,1+4I,...)

Scalar product: A . B,
Matrix A acting on vector v: A v; = (Av); (and vjAj;; = (VT A);).
Two matrices A, B: (AB)" = BTAT (likewise for simple transpose 7).



Unit matrix 1 (not 1): 1;; = d;;.
Hermitian matrix H: H = H.
Unitary matrix U: UTU = 1.
Orthogonal matrix M: MTM = 1.

Definition of “exponentiation” of a matrix A: e =1+ A+ 5 A% + %Ag’ + ... (this series is always convergent).

Note VAV = VAV =1 for any V (because VA"V = (VAVHr),

. . . At _
e!4 unitary if A Hermitian (because (eIA)TeIA = ¢ TATIA — o—TAIA — 1).

Trace of matrix A: tr[A] = A;;.
Determinant of matrix n x n A: det(A) = eijkz...AilAjQAkS R %Eijk...eabc...AiaAijkc ce
Note det(AB) = det(A)det(B)

(because det(AB) - %Eijk...eabc...(AimBma)(Ajanb)<Akpoc) e = %n!%Eijk...edef...AidAjeAka .- 1 Eqrs...eabc...Banrstc )

" nl

If Av =0, then either v =0, or v # 0 and det(A) =0
(vmdet(A) = Eij/{”(UmAim)Angkg e = Ez‘jk... (Z UnAm) AjQAkg ce. = 0)

=0

Linearly independent vectors v;: >, a;v; =0 = «; =0.
N linearly independent vectors v; form complete basis in some N dimensional vector space. (i.e. any V = ). a;v;).

Any other basis of IV linearly independent vectors v; in this space is complete, i.e. any V = > ao/vl:

Can write v; = 3, Cjjvj, s0 af = 3, a;(C1)i,

and C' must be invertible for v} to be linearly independent (o, =0 = o} = 0).



Eigenvalues \;, and eigenvectors w*} of matrix A from secular equation: Awt® = \wi,
Requirement of (A — \,1)w!* = 0 and wit £ 0: Characteristic equation |A — \y1| = 0.

If Ais N x N, this is polynomial in A, with N solutions — N eigenvectors.

Hermitian A:
M real (wlH . AwlE = aanlH ) = (. 4l =yt ik,
wi* orthogonal (w!™ - Awlit = Nl it = Xl wlid sod # 5, N # N, = wl@.wl} =0 (choose this for \; = );)).

Normalize w{*} to be orthonormal: wi{#t.wlt = §;;. w{* form complete basis (3, awtt =0 = 0=, .l = ;).

Diagonalization of any matrix A: (P~'AP) = A, where A;; = \;d;; (no sum)
(equivalent to the secular equation above with Pj; = wi{j } ).

Hermitian A: P is unitary ((PTP);; = wii}*wg} = wlit . wl} = §;).
Symmetric A: P is orthogonal.

For any A, det(e?) = et
(det(e?) = det(P~1eAP) = det(ef4P) =det e = (eM)11(ed)gs ... = el = nPAPT] — il Ay,

diagonal

Positive definite matrix A: vTAv > 0 for any vector v, with equality only when v = 0.

If A Hermitian, eigenvalues A\, > 0: 0 < p!P! P'AP Py, = S, Mi|vp]?

=/t diagonal, elements Ag =v’



Use natural units where ¢ = A = 1.

Spacetime indices are Greek letters, e.g. u,v =0,1,2,3

(spatial indices Roman, e.g. i,j7 = 1,2, 3).
4-vector A = A* = (A, AY), where A = (A, A%, A3) is spatial 3-vector.

Metric tensor of special relativity:

o O O

G = g =

S O O =
o O = O
O = O O

Raising and lowering of indices: g,, A"’ = A,/ etc.

Note g,ng"" =g,/ =4,/

Define 2° = +t, so x9 = —t. Likewise p’ = E, py = —F etc.

Scalar product of 4-vectors: A- B = A"B,, = A,B" = g¢""A,B, = g,,A"B" = A'B' + A’B* + A°B* — A'B".

Shorthand for spacetime differentiation: 9, = 8%“ and O = ;20—

- Oz,
d’Alembertian: 02 = 0,0".

Commutator of operators O;, O; (e.g. O; can be matrices): [0;, O;] = [0;, O;]- = 0,0; — O;0;.
Anticommutator: {O;,0;} = [0;, O,]+ = 0,0, + O;0,;.

Dirac delta function §(z —y) = g—ielp(x_y):

fab def(x)o(x —y) = f(y) if a <y, b >y (otherwise = 0).
(Continuous version of f;d;; = f;.)

53<X> = 5(561)5(%2)5(333)



