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Abstract

These lectures aim towards supersymmetry relevant for near-future high energy experiments, but some technical
footing in supersymmetry and in symmetries in general is given first. We discuss various motivations for and
consequences of a fermion-boson symmetry. The two most physically relevant types of supermultiplet are discussed,
followed by a redetermination of their content and properties from the simpler superfield formalism in superspace, in
which supersymmetry is naturally manifest. The construction of supersymmetric Lagrangians is determined, from
which the minimally supersymmetric extension of the Standard Model and its consequences for grand unification are
derived. The physically required soft supersymmetry breaking is applied to the MSSM to obtain constraints on the
mass eigenstates and spectrum. We will begin with a self contained development of continuous internal and external
symmetries of particles in general, followed by a determination of the external symmetry properties of fermions
and bosons permitted in a relativistic quantum (field) theory, and we highlight the importance of the Lagrangian
formalism in the implementation of symmetries and its applicability to the Standard Model and the MSSM.
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1 Quantum mechanics of particles

1.1 Basic principles

Physical states represented by directions of vectors (rays) |i) in Hilbert space of universe.

Write conjugate transpose |i)! as (i|, scalar product [§)T - |i) as (j]7).

Physical observable represented by Hermitian operator A = AT such that (A); = (i|A|i).

Functions of observables represented by same functions of their operators, f(A).

Errors (1| A%|7) — (A)? etc. vanish when |i) = |a),

where Ala) = ala) , i.c. |a) is A eigenstate, real eigenvalue a. |a) form complete basis.

If 2 observables A, B do not commute, [A, B] # 0, eigenstates of A do not coincide with those of B.
If basis | X (a, b)) are A, B eigenstates, any |i) = 3"y Cix|X) obeys [A, B]|i) =0 —> [A, B] = 0.

If A, B commute, their eigenstates coincide.

ABla) = BAla) = aB|a), so Bla) « |a).



Completeness relation: ) |a)(a| =1.
Expand [i) = 3, Wia|a) then act from left with (a/| — Wiy = (a/]3), s0 [i) = 3. |a){al3)
Probability to observe system in eigenstate |a) of A to be in eigenstate |b) of B: P,_;, = |(b|a)|?.
P,_;, are the only physically meaningful quantities, thus |i) and e!®|i) for any « represent same state.
> . Prq = 1for some state |b) as expected. 0y = ", (alb)|a). Act from left with (b| gives 1 =" (a|b)(b|a).

Principle of reversibility: P, ., = Py_.,. (bla) = {a|b)*

Time dependence: Time evolution of states: |i,t) = e /'|i), H is Hamiltonian with energy eigenstates.
Probability system in state |7) observed in state ) time ¢ later = |M;_;|?, transition amplitude M;_; = (j]e "#|7) .

Average value of observable @ evolves in time as (Q);(t) = (i|e! Qe 1H|3).

@ is conserved <= (@, H] =0 ((Q)(¢) independent of t).



1.2 Fermionic and bosonic particles

Particle’s eigenvalues = o. Particle states |0, ¢’, ...) completely span Hilbert space. Vacuum is |0) = |).

lo,0', ...y = +|o’, 0, ...) for bosons/fermions. Pauli exclusion principle: |o,0,0'...) = 0 if o fermionic.

lo,0’,...) and |0’ 0,...) are same state, |0,0’,...) = el®0’,0,...) = %0, 0',...) = el = +1.

Creation/annihilation operators: a!|o’, 0", ...) = |0,0’,0",...), so |o,0',...) = ai,ai, ... |0).

[a], aj;,]:F = g, ay1]+ = 0 (bosons/fermions).

0,0',..) =alal,|..) ==£|o",0,..) = +aaf|...)

g "o

a, removes o particle = a,|0) =0.

E.g. (as]|o’,a") -0y = (o', 0"|(al|0")) = 0 unless 0 = o', 6" = 0" or 0 = 0", 0" = 0'. i.e. a,|0',0") = byon|0’) % Oyor|0”).

[CLO, ai/]:F = Ogq" -

e.g. 2 fermions az,,a;,,m): Operator ala, replaces any o’ with o, must still vanish when ¢” = o”.

Check: (a};ag/)aiuaimm) = —ai,ai,,ag/ai,,,m) + 50/0//611,&3;,,,\0) = —50/0///aj,a2,,|0) - 5gxguaj,ai,,,|0>.



CLJ[,...CLT, a
g

oAy
1 ON g

. . o 00 00
Expansion of observables: Q = "y_> 1/_o Cvirol.. .ol onp...00

Can always tune the Ciyys to give any values for (0lay: ... a, Qal .. .al |0).

Commutations with additive observables: [Q,a!] = g(o)a! (no sum)

where () is an observable such that for |0, 0, ...), total Q = q(o) + q(c’) + ... and Q|0) = 0 (e.g. energy).

Check for each particle state: Qa|0) = q(o)al|0) + alQ|0) = ¢(o)a]|0),

Qalal,|0) = afQal,10) + q(0)alal,|0) = alal,Q|0) + q(0")alal,|0) + g(o)alal,|0) = (g(o) + q(o”))alal,|0) ete.
Note: Conjugate transpose is |@, @, = —q(o)a, .
Number operator for particles with eigenvalues o is al a, (no sum). E.g. (afay)alalal,|0) = 2aialal,|0).

Additive observable: @ = ZU Qaaj;ala : E.g. Q@ = H, (free) Hamiltonian, ), = E,, energy eigenvalues.



2 Symmetries in QM

2.1 Unitary operators

Symmetry is powerful tool: e.g. relates different processes.
Symmetry transformation is change in our point of view (e.g. spatial rotation / translation),
does not change experimental results. i.e. all i) — Uli) does not change any |{j]7)|*.
Continuous symmetry groups G require U unitary:
(jliy — (FlUTU) = (j|i), so UU = UUT = 1, includes U = 1.

Wigner + Weinberg: General physical symmetry groups require U unitary,

or antiunitary: (j|i) — (j|UTUi) = (j]i)* = (i|j), e.g. (discrete) time reversal.

(A) unaffected (and (f(A)) in general), so must have A — UAUT .

Transition amplitude M;_.; unaffected by symmetry transformation, i.e. (j|UTe ™'U|i) = (j|e~TH!|i)

)

which requires [U, H] = 0 if time translation and symmetry transformation commute .



Parameterize unitary operators as U = U(«), a; real, i = 1, ..., d(G).

d(G) is dimension of G, minimum no. of paramenters required to distinguish elements.
Choose group identity at a = 0, i.e. U(0) = 1.

So for small «;, can write U(a) = 1 + It;q; .

t; are the linearly independent generators of G. Since UTU =1, t; = t;-r, i.c. t; are Hermitian .
U, H| =0 = [t;, H] = 0, so conserved observables are generators.

Can replace all t; — t; = M;;t; it M invertible and real, then o = a; M jgl real.

In general, U(a)U(B) = U(y(a, 8)) (up to possible phase e!”, removable by enlarging group).



Ula) = exp [It;ay] if Abelian limit is obeyed: for §; o< «;, U(@)U(B) = U(a + )
(usually true for physical symmetries, e.g. rotation about same line / translation in same direction).

Can write U(a) = [U(a/N)]Y, then for N — oo is [1 + It;o; /N + O(1/N?)]N = exp [It;c] + O (%)

Lie algebra: [t;,t;] = [Cjity . where Cjj;), are the structure constants
appearing in U(a)U(3) = U(a + B8+ 21Caf8 + cubic and higher)
(where (Caf)y = Cyjrif3;, and no O(a?) ensures U(a)U(0) = Ul(a), likewise no O(/3?)).
LHS: /e ~ [1 + Tat — L(at)?] x [1+ 18t — L(Bt)?]
~ 14 I(at+ ft) — & [(atﬁ +(Bt)? + M}
RHS: /(+F431C00) 1 4 [(a+ B+ LICaB)t — L [(a+ B+ L1Cap)1]’

~ 1+ I(at + Bt + LICapt) — 4 [(ozt)Q + (882 + (at)(Bt) + (Bt)(at)],

1.e. %ICijkaiﬁjtk = % [Oéiti, ﬁjt]‘].

Now take all oy, B, zero except e.g. oy = B = € — [Choty, = [t1, 9] etc., gives Lie algebra.



In fact, Lie algebra completely specifies group in non-small neighbourhood of identity.
This means that for U(a)U(8) = U(y), v = v(a, B) can be found from Lie algebra.
We have shown this above in small neighbourhood of identity, i.e. to 2nd order in «, (3, only.

Check to 3rd order: Write X = q4t;, Y = [3;t;, can verify that

1 I
expl/ X exp[lY] =exp[I[(X +Y) — §[X, Y]+ E([X’ Y, X]]+ Y, |X,Y]]) + quadratic and higher|.
) has the form‘rI%-ti, v; real .
Lie algebra implies: 1. Cyj; = —Cly, (antisymmetricin 4, j). Cyji. can be chosen antisymmetric in 4, j, k (see later).

2. Cz’jk real.

Conjugate of Lie Algebra is H-, tj} =1 C’fjktz, which is negative of Lie Algebra because tj. =t;.

Thus C’;}ktk = Cjjirty, but ¢, linearly independent so C’;‘jk = Cijk-
3. t? = t;t; is invariant (commutes with all ¢;, so tranforming give e!®iit2e~1orlk = ¢2),
[tQ, tz] = tj[tj, tz] + [tj, ti]tj = [Cjik{tj; tk} =0 by (anti)symmetry n (], Z) j, k.

Examples: Rest mass, total angular momentum. ¢;¢; doesn’t have to include all j, only subgroup.



2.2 (Matrix) Representations

Physically, matrix representation of any symmetry group G of nature formed by particles:

General transformation of ai/: U (@)alUT(a) = Daaz(a)al, , with invariant vacuum: U(«)|0) = |0) .

U(a)al|0) is 1 particle state, so must be linear combination of az,\()), ie. Ula)al|0) = D(m/(oz)ai,]O).

Thus U(a)alal,|0) = Degr(c) Dy (a)alal,|0) etc.

D(a) matrices furnish a representation of G , matrix generators ('), with same Lie algebra [t;, ti],0r = ICijk(tk)gor-
Since U(a)U(B) = U(7), must have Doror(at) Doro(8) = Dora (7).

If Abelian limit of page 7 is obeyed, Dy, () = (elo‘iti)g,g.

Similarity transformation (t;)sem — (1)) ggm = Vgt (ti)gron(V 1) gngm also a representation.

Particle states require V' unitary.
al]0) — af|0) = V,mal,|0), then othogonality (0|al,alf|0) = 6,4 requires VIV = 1.

But in general, representations don’t have to be unitary:.
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In “reducible” cases, can similarity transform ¢; — V¢;V ! such that ¢; is block-diagonal matrix,

each block furnishes a representation, e.g.:
ti)ir O
(ti>g/g — ( ( )] | ) .
0 (tz)aﬁ oo
Particles of one block don’t mix with those of other — can be treated as 2 separate “species”.

Each block can have different ¢, corresponds to different particle species.

Irreducible representation: Matrices (¢;),/, not block-diagonalizable by similarity transformation.
In this sense, these particles are elementary.

Size of matrix written as m(r) x m(r), where r labels representation.

Corresponds to single species, single value of t%: #* = C5(r)1 (consistent with [t?,¢;] = 0).

Cy(r) is quadratic Casimir operator of representation r.
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Fundamental representation of G: Generators written (¢;)q3.

Matrices representing elements used to define group G (also called defining representation).
Adjoint representation of G (r = A): Generators (t;)ix = LCji , satisty Lie algebra.
Use Jacobi identity ti, [ti, tel] + [t), [te, ti]] + [tk [t t5]] = O.
From Lie algebra, [t;, [t;, ti]] = I[ti, Cjuti] = —CjuCiimtm,
so Jacobi identity is CjCim + CriClim + CijiCrim = 0 (after removing contraction with linearly independent ¢,,),
or, from Cjji, = —Cjig, —1CrjiI Crim + ICkilCrjpy — 1C;iI Chipn, = 0, which from (¢;)i = ICyj5 reads [ti, t5]em = 1C51(t1) km-
Conjugate representation has generators tf = —t! (obey the same Lie algebra as t;).
If —t; = Ut;,UT (U unitary), then e~/ = Uel@itiyy1,
i.e. conjugate representation = original representation, — representation is real.

For invariant matrix “metric’). i.e. el%ti gel®ti = q. G transformation leaves ¢! invariant.
) 9

T T Tat? Tot; _ Trr,—lostitrt —Iaitl  Tat? Tt
dTay = of U el pTUe ety Tlotl loitl gelosti
—Ue—Toitit =UelaitiUt =g
— ¢TU6—10@E UTU elaitiUTg¢ — ¢T£elaitiUT)T 6Iaiting¢ — ¢Tg,¢

=1 ™

=1



Semi-simple Lie algebra: no ¢; that commutes with all other generators (no U(1) subgroup).

Semi-simple group’s matrix generators must obey tr[t;] = 0.
Make all tr[t;] = 0 except one, tr[tx]|, via t; = M;;t; (this is just rotation of vector with components tr[t;]).
Determinant of U(a)U(3) = U(y) is el@tlilelftrlt]l — ohittltl e (o + 8; — vi)tr[ts] = 0.
But only tr[tx] # 0, so ax + Bk — vk = 0.
Must have Cjjxa;3; = 0 (recall vx ~ ax + Brx + Cijraif;),

or Cjjx = Ckij = 0 for all 4, j, so from Lie group we have [tg,t;] = 0 for all 4.

12



Normalization of generators chosen as tr[t;t;] = C(r)d;; .
Ni; =tr[t;t;] becomes Mikal(MT)lj after basis transformation ¢; — M;;t;.
N;j components of real symmetric matrix IV, diagonalizable via M N M T when M real, orthogonal.
Also N is positive definite matrix o’ Na = a;tr[t;t;]o; =tr[agtiajt;] =tr[(ait;) o t;] >0
(because for any matrix A, tr[ATA] = A, Aus = A% A0 =37 5 [Aasl? > 0).
After diagonalization, N;; = 0 for i # j and above implies N;; > 0 (no sum).
Then multiply each ¢; by real number ¢;, changes N;; — c?NiZ- > 0.

Choose ¢; such that each Ny (no sum over i) all equal to positive C'(7).

Representation dependence of quadratic Casimir operator: Cy(r)m(r) = C(r)d(G) .

Definition of quadratic Casimir operator gives tr[t?] = Cy(r)m(r).

Normalization of generators tr[t;t;] = C(r)d; = tr[t*] = C(r)d(G).

Example: 2 and 3 component repesentations of rotation group have different spins % and 1.

13



Antisymmetric structure constants: Cjip = —=—tr[[t:, t;ltx]
J C(r) J

From Lie algebra, tl‘[[ti, tj]tg] = ICijktr[tktl] = [Cing(T).

Structure constants obey CpiCipi = C(A)dj; .
In adjoint representation, quadratic Casimir operator on page 10 is (¢?);; = Co(A)d;; = —CixChir-
But Cy(A) = C(A):
Cy(A)m(A) = C(A)d(G) from representation dependence of quadratic Casimir operator on page 13,

and m(A) = d(G).

14



2.3 External symmetries

2.3.1 Rotation group representations

(Spatial) rotation of vector v — Ruv preserves v’ v, so R orthogonal (RT'R = 1).

Rotation |@| about 8: U(@) = e 179

Lie algebra is [J;, Jj] = L€ Ji (see later).

Or use J; and raising/lowering operators Jy = (J; + 1.J).

15



Irreducible spin j representations:

(I Yt = My atd (T ) = (5 F m) (£ 10+ DG gy - where m = —j, =j+1,..., 5

spin 7 = 0, %, 1,..., number of components n.0.c.=2j +1 and J? = j(j +1).
Let |m,j) be Js = m and J* = F(j) orthonormal eigenstates.

J+ changes m by +1 because [J1, J3| = FJ4, so Ji|m, j) = CL(m, j)|lm £ 1, 5).

Cx(m,j) = \/F(j) — m? £ m (states absorb complex phase):

C(m, )2 = (m, jJedo|m, §) (JL = J5) and JoJy = J2 — J2 + Js.

Let j be largest m value for given F'(j)

(m bounded because m? = (m, j|JZ|m, j) = F(j) — (m, j|J? + J3|m, j) < F(j)).

F(j) = j(j + 1) because J.|j, j) = 0, so J_J.[j. j) = (F(j) — j* = j)I5,5) = 0.

Let —j" be smallest m: J_| —7,7) =0 = F(j) =j'(j’ + 1), so j' = j (other possibility —j" = j + 1 > j).

Som=—3,—j+1,...,7, i.e. n.o.c.= 25 + 1. Since n.o.c. is integer, j = 0, %, 1,...

16
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Spin decomposition of tensors: e.g. 2nd rank tensor Cj; (n.0.c.=9), representations are j = 0, 1, 2:

scalar (n.o.c.=1) + antisymmetric rank 2 tensor (n.o.c.=3) 4+ symmetric traceless rank 2 (n.o.c.=5) components.
Cij = %%’Ckk + %(Cij —Cji) + %(Cij +Cji — %5ij0kk)-
Component irreducible representations signified by 1  + 3 + 5.
Counting n.o.c. shows they are equivalent respectively to
thej=0(2j+1=1),j=1(2j+1=3)and j =2 (2j + 1 = 5) representations:
%%Ckk — %%Ckk is like scalar = spin 0,
(5(Cji. — Cij))iznj = 5€juCir — RazejrCjr (because eR? = Re) is like vector = spin 1,

%(C’ij +Cji — %525025) o RﬂR]‘m%(Clm + Ch — %&mckk) is like rank 2 tensor = spin 2.
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Direct product: 2 particles, spins 71, J2, also in a representation:

1J-0 - N\ (ITU12).6 Il (41.52) _ 701 (42)
€ ‘m17]17m27j2> - (6 )mllmémlmg‘m17]17m27.]2> where Jmllmémlm2 — m/1m15m12m2 +5m’1m1']m/2m2 .
From e!70\my, j1;ma, jo) = (e”(jl)'e)mflml(eIJ(jQ)'a)m/QmQ\m’l,jl; mb, jo), i.e. total rotation is rotation of each particle in turn.

Thus J3|mq, j1; ma, jo) = (M1 + ma)|maq, j1; ma, jo),

SO |my, j1; M, j2) is combination of J?E‘jl’h), JUL12)2 eigenstates |2; my + ma, 5),

with j =mq +mo,my +mo + 1, ..., J1 + Jo.

Triangle inequality: representation for (ji, j2) contains j = |j1 — jol, [j1 — g2 + 1,71 + Jo -

Number of orthogonal eigenstates |mq, j1;ms2, jo) = Number of orthogonal eigenstates |2;m, j),
ie. (21 +1)(22+1) = 2 (25 +1), 50 Jmin = |j1 — Jol.

Example: Representation for 2 spin 1 particles (ji, j2) = (1, 1):
From triangle inequality, this is = sum of irreducible representations 7 = 0, 1, 2.

Also from tensor representation on page 17: product of 2 vectors w;v; (2nd rank tensor) is 3 x 3 =1+ 3 + 5.
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2.3.2 Poincaré and Lorentz groups

Poincaré (inhomogeneous Lorentz) group formed by coordinate transformations z# — x = A" ¥ + a*,
preserving spacetime separation: g, dx*dz" = g, dz""dx" . Implies:
Transformation of metric tensor: g,, = gu A A", or (A7) =AF.

Identity: A =" a"=0.

Poincaré group defined by U(A,@)U(A,a) = U(AA, Aa + @) .

This is the double transformation 2” = A2’ +a = A(Ax + a) +@.

Poincaré group generators: J" and P appearing in U(l + w,€) ~ 1+ %IwWJW — Jle, P

Obtained by going close to identity, A¥, = 6%, 4+ w", and a, = €.

Choose JH = — J¥I

Allowed because w,, = —wey,: Transformation of metric tensor reads ¢,, = g,ﬂ,(él‘p + w“p)(cS”o_ + W) X Gop + Woo + Wep-
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Transformation properties of P*, J*: U(A,a)PrU(A, a) = ApPP

and U(A,a)J*UT(A, a) = AJAY (J? — a?P7 + a” PF) .

Apply Poincaré group to get U(A,a)U(1 +w, €) U'(Aa) =U(l+AwA™ Ale — wA™ta)).

~~ S——
=U(A(14w),Ae+a) =U(A"1,—A1a)

Expand both sides in w,e: U(A, a)(1 + $lwJ — [eP)UT(A,a) = 1+ STAwA™J — IA(e — wA™'a) P, equate coefficients of w, €.

So P* transforms like 4-vector, J;; like angular momentum.

Poincaré algebra: [I[J/7, Ji] = —go" JPt — gPt Jo" + g7F JP¥ + gP* J7F — (homogeneous) Lorentz group,
I|PH Jro] = g'?P? — g"? PP and [P*, P"]=0.
Obtained by taking A, = 0* + w” , a, = €, in transformation properties of P*, J* to first order in w, € gives
Pt — Llwy,[PF, JP7) + I, [P*, P’} = P + $w,0g" PP — 3w,09"" P, and

T 4 5T [JP7, T — e, [PP, J] = JI — gPle,PY 4 g7 €, P! 4 50,0 (g7 J7F — g7 J) + 5wpe (g7 TP — gPJ%").
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2.3.3 Relativistic quantum mechanical particles

Identify H = PY, spatial momentum P’, angular momentum .J; = %eijkﬂk (ie. (Jy, Jo, J3) = (J*2, T3, J12)).
|H,P|=|H,J| =0— P,J conserved.

Rotation group [J;, J;] = I€;j;J) is subgroup of Poincaré group.

Explicit form of Poincaré elements: U(A,a) = ¢ /7% x g Kb X el

translate a;,  boost along € by V=sinh3 rotate |@| about 0
(V: magnitude of 4-velocity’s spatial part),
where boost generator K = (J'V, J?, J3%) obeys [J;, K;] = I¢;;1. K} and [K;, Kj| = —I¢;ipJ.

K not conserved: |K;, H] = I P;, because boost and time translation don’t commute.

Lorentz transformation of 4-vectors: ()", = (0,0 + 0indoy) and (i), = —I€pim . s0

1t ft

[6—IK~é6] p

= [1 - IKgisinh B — (Kiei)? (cosh p—1)]" and [e179]

v v

~

Follows directly from (K;é;)® = K;é; and (Jiéi)?’ = J;0;.

X N\ 2
= [t~ (36)" 1 - o)

!

14



Particles: Use P*, P? = m? cigenstates. Distinguish momentum p from list o, i.e. al — a! (p).

Commutation relations for ag)(p): lal(p), al, ()= = [as(p), ay (P)]+ = 0

o

and [a0(p), a,(p)x = 6,0(2p")0® (p — P')

As on page 3, but with different normalization (Lorentz invariant).

(1)

Application of general transformation of a,’ on page 9 to Lorentz transformation
complicated by mixing between o and p.

Simplify by finding 2 transformations, one that mixes o and one that mixes p, separately.
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Lorentz transformation for ag)(p): U(A)al (p)UT(A) = D1, (W(A, p))ai_,(Ap) .

Same as general transformation on page 9, but because o — {0, p}, mixing of ¢ with p must be allowed.
Construction of W: Choose reference momentum & and transformation L to mix k& but not o (defines o):

LY, (p)k” = p" and U(L(p))al(k)|0) = al(p)|0) .

v

Then W(A,p) = L Y(Ap)AL(p) . W mixes o but not &, i.e. belongs to little group of k: WHE" = kk .

General transformation is U(A)al (p)|0) = U(A)U(L(p))al (k)|0), using definition of L.

a

Multiplying by 1 = U(L(Ap))U(L~(Ap)) gives

U(A)ak(p)|0) = U(L(Ap)) UL~ (Ap)) UMU(L(p))al(k)[0) = U(L(Ap))U(W (A, p))al (k)|0).

But W doesn’t change k, so U(A)al (p)|0) = U(L(Ap))DU/U(W(A,p))ai,,(k)|0).

Then L(Ap) changes k to Ap but doesn’t change o’

Poincaré transformation for a’ (p): U(A, a)al(p)UT(A,a) = e_IAp'“Da/G(W(A,p))ai_,(Ap) .

In Lorentz transformation for al’ (p), use U(A, a) = e 17" %U(A) (from explit form of Poincaré elements on page 21).
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2.3.4 Quantum field theory

Lorentz invariant QM: H = [ d®z€(z) , scalar field 52(z) (i.e. U(A, a)2(x)U (A, a) = #(Ax +a) ),

obeys cluster decomposition principle (two processes with large spatial separation evolve independently).

Causality: [7(x), 7 (y)] = 0 when (z — y)* > 0. Required for Lorentz invariance of S-matrix.

Intuitive reason: signal can’t propagate between 2 spacelike separated events.

In QM (general): H built from al'. In QFT: H built from 7 (x) built from products of

Fields W (&) = [ D% v (: p)adi(p) and W (@) = [ D% tio (% p)as(p) , obeying

Lorentz invariant momentum space volume D3p = % = d*pé(p? + m?)0(p°) obeys D3Ap = D3p.

Poincaré transformation for fields: U(A, a)wl(c)i(x)UT(A, a) = D”/(A_l)wl(,c)i(/\x +a).

Take single particle species in representation labelled j, allow o (p) # a! (p).
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r dependence of u, v: w ,(z;p) = eP%u; ,(p), v o(x;p) = e Py ,(p) .

Take A = 1 in Poincaré transformation for fields and for a((;)(p) on page 24 and 23,

e.g. U(L,a), (x)U'(1,a) = [ D3p wy(z; p)U(1,a)a,(p)UT(1,a) = [ D3p e u,(x; p)a,(p)

Ip-a

= (x+a) = [ D?p w,(x + a;p)a,(p), equate coeflicients of a,(p) (underlined), gives u; ,(z; p)e’?* = w,(z + a; p).

Klein-Gordon equation: (9* — m2)¢li(c) (x) =0
Act on e.g. ¥ “(z) = [ D?p e %0 ,(p)al (p) with (02 — m?), use p* = —m?.

Transformation of u, v: Dy(A)uy,(p) = Dgi(W(A,p))Uw’(AP) . Dy(A)vye(p) = D((,"Q,)/(W‘l(A,p))vza%Ap) :

E.g. consider v, use Poincaré transformation for fields and for afj)(p) on page 24 and 23.

LHS: U(A, a)yy; “(z)UN (A, a) = [ D*p vo(2: p)U (A, a)as (p)UT (A, a) = [ D3p e Aoy, (2;p) DY (W(A, p))a’l (Ap), and

oo

RHS: D”/(A_l)lﬂfc(/\l’ + CL) = f D?’p D”/(A_l)wa(x + Aa;p)afj(p) = f D3Ap D”/(A_l)vla(x + ACL; Ap)agT(Ap) (p — Ap)

Use D3Ap = D3p, equate coefficient of a¢f(Ap) (underlined), multiply by Dm(A)D(j,.,) (W=YA, p)).

oo

p dependence of u, v: w,(p) = Dyp(L(p))up, (k). (p dependence of v is the same.)

In transformation of u, v, take p = k so L(p) =1, A = L(q) so Ap = L(q)k = q, then W(A,p) = L7 (Ap)L(q) = 1.
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2.3.5 Causal field theory

Since [¢;" (), v, |+ # 0, causality on page 24 only gauranteed by taking ¢ (z) to be functional of

complete field () = kb (x) + M\by “(x) (so representations Dyy(A~1) for ;" (x) and ¢, “(z) the same), with

Causality: [W(x), ¥p(y)]l+ = [i(x), %Jr,(y)]qE = () when (2 — y)? > 0 by suitable choice of &, \.

Now (0|H|0) = oo, i.e. consistency with gravity not gauranteed by QFT.

Complete field: () = [ D’p [lielp Uy (p)ag(p) + Ae P 'xUla(P)agT(p)} :
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2.3.6 Antiparticles

€ (x) commutes with conserved additive Q: [@, 7 (x)] =0.
Imposed in order to satisfy (@, H] = 0.
This is achieved as follows:

Commutation of fields with conserved additive Q: |Q,¥(x)] = —qti(z) , and
Field construction of 77 (x): H = Zwilwl? . n]‘flﬁ %g* ... with qlLll —i—qlL22 1= q%ll - q%? —...=0

(M;, L; label particle species).

Antiparticles: For every particle species there is another species with opposite conserved quantum numbers .
Commutation of fields with conserved additive @ implies [Q, ¢, “(z)] = —q; “(x) and [Q,¢;" (x)] = —q); (),

but since [Q, all] = ¢¢all and [Q, ay] = —¢ya, (no sum) from page 4, ¢ = ¢¢ and ¢ = —qo, i.e. ¢¢ = —q,.
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2.3.7 Spin in relativistic quantum mechanics

Lorentz group algebra simplified by choosing generators A; = %(JZ — [K;) and B; = %(JZ + IK;) ,
behaves like 2 independent rotations: [A;, Aj| = I€ixAk, |Bi, Bj| = LBy and [A;, Bj] =0,
i.e. relativistic particle of type (A4, B) (i.e. in cigenstate of A = A(A+1), B> = B(B+1))

= 2 particles at rest, ordinary spins A, B (in representation sense).

In terms of degrees of freedom, (A, B) = (2A+1) x (2B+1).

Triangle inequality: ordinary spin J = A+ B ,s0o j=|A—B|,|][A—B|+1,.., A+ B.
Derived on page 18.

Can have eigenstates of A> = A(A+1), B> = B(B+1) and J? = j(j + 1) simultaneously,

because [J?, A;] = [J*, B;] = 0. Use J? = (A + B)? and A, B commutation relations.

Simultaneous eigenstate also with any K = I(A — B) or K? not possible.



Example: (A, B) = (3, 3) is representation of 4-vector: (As)*,, (Bs)", can have eigenvalues £3 only.

DO

From triangle inequality on page 28, 7 =0, 1.

Also follows from tensor representation on page 17: 2 x 2 =1+ 3.

N N
More generally, rank N tensor is (3, 5)Y = >3 > 2 (A, B),

: %)N = (%, %) ~+lower spins, where (%, %) = traceless symmetric rank N tensor, 7 =0, ..., V.

DO +—

ie. (

(N,0) and (0, V) are purely spin j = N.

29



2.3.8 Irreducible representation for fields

If particles created by agc)f(p) have spin 7,

must take field with same spin j but any (A, B) consistent with triangle inequality on page 28:
Yap(x) = [ D?p [k P ugy o(D)ag(p) + A e PP vg o(p)agl(p)] (1= ab I = a't)),

(B)

. A B
Lorentz transformation uses generators Ay = Jé,a)db/b , Boyay = daady,

where a = —A,—A+1,...,.A and b=—-B,—-B+1,...B.

30
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2.3.9 Massive particles

Choose k£ = (0,0,0,m) (momentum of particle at rest). Then W is an element of the spatial rotation group,
i.e. rotation group apparatus of subsubsection 2.3.1 applies to relativity too.

L(p) in terms of K: L(p) = eXp[—]ﬁ g Kﬁ] . In this case, L(p) includes boost in p direction by 4-velocity -~ Pl — ginh B.

Conditions on u, v: J( )uab +(0) = Jéﬁ)ua/b -(0) + J(b,)uab/ +(0) —J(f)*vab -(0) = Jéﬁ)va/b -(0) + J(b/)%b' +(0) .

o0
In transformation of u, v on page 25, take A = R and p =0
(sop=k, Rp=p, L(p) = 1, W(R,p) = L™ (Rp)RL(p) = L'(p)R = R),

50 e.g. Diy(R)vr(0) = DY), (R"V)uy,0(0), and use DY),(R-1) = DY)

oo (oaea

(R) because irreducible representations of R are unitary.
Take | = ab etc., Doy (R)vayo(0) = DY (R)vg0:(0). Generators of DW*(R) and D(R) are —JU)* and A + B.

u, v relation: vy, 4(0) = (=1)7 ™%y —»(0) up to normalization.
Conditions on u, v with JUU), = (— 1)”‘0/.]927_0, from page 16

gives vy (0) < (—1)%uq —(0), absorb proportionality constant into u, v.

The p dependence of u, v are the same, 50 Vg o(P) = (=1} Puw —o(p) .
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2.3.10 Massless particles

Take reference vector k = (0,0, 1,1).
Little group transformation: W (0, u,v) ~ 1+ [0J3 + [uM + IvN with M = Jo + K;, N = —J; + K> .
W has 3 degrees of freedom: For (¢;)" k* = 0, take t; = (J3, M, N), check with Lorentz transformation of 4-vectors on page 21.
Choice of states: (Js, M, N)|k,o) = (7,0,0)|k, ) .
Since [M, N] = 0, try eigenstates for which M|k, m,n) = m|k,m,n), N|k,m,n) = nlk, m,n).
Then m, n continuous degrees of freedom, unobserved: [J3, M] = IN, so M(1 — I0J3)|k,m,n) = (m —nb)(1 — 10J3)|k, m,n),
i.e. (1 —16Js)|k,m,n) is eigenvector of M, eigenvalue m — né.
Similarly, [J3, N| = —IM, so (1 — 10J3)|k, m,n) is eigenvector of N, eigenvalue n + m#.
Avoid this problem by taking m = n = 0, so left with states J3|k,o) = olk, o).
Since J3 = J - I%, o is helicity, component of spin in direction of motion.

Representation for massless particles: D, (W) = /%76, .

UW)lk,o) = (1 4+ 10J3+ IuM + IvN)|k,o) = (1 + I00)|k, o). For finite 8, U(W)|k, o) = !k, o).
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pdependence of u: u; ,(p) = Dy(L(p))w «(k). (p dependence of v is the same.) As on page 25.

Little group transformation of u, v: w o(k)e!®WH* = Dy(Whwy (k) , v ,(k)e Pk — Dy(Wv, (k) .
Transformation of u, v on page 25 reads u; ,(Ap)e!®™P)7 = Dy (A)uy »(p). Take A =W, p = k.
Rotation of u, v: (Js)ypuy (k) = ow (k), (J3)pvp (k) = —ov; (k).
Take W to be rotation about 3-axis in little group transformation of u, v.
M, N transformation of u, v: My (k) = Nypu; (k) = 0. Same for v.
Take W = (1 4+ IuM + IvN) in little group transformation of u, v.
u, v relation: v ,(p) = u; (p) .
Implied (up to proportionality constant) by rotation (note (J3);r is imaginary) and M, N transformation of u, v.

Allowed helicities for fields in given (A, B) representation: o = £(B — A) for particle/antiparticle .
J = A + B, so rotation of u is oug, +(0) = (a + b)ug +(0). M, N transformation of u is My tiay o = NaparvUay o = 0.
Using M =IA_ —IB, and N = —A_ — B, where AL = Ay + Ay, BL = By + I By are usual raising/lowering operators,
(AD)wbav ey o = (Bt )apavtay o = 0, i.e. must have a = —A, b= B or ug » = 0. So 0 = B — A.

Similar for v, gives 0 = A — B.
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2.3.11 Spin-statistics connection

Determine which of = for given 7 is possible for causality on page 26 to hold. Demand more general condition
[Yan(2), % ()] e = [ Dp 7y o5(p) [mR"P =) F AN~ @0 = 0 for (z — y)? > 0,

where g, 1z for same particle species and 7, -3(P) = Uap o(P)U; _(P) = Vap +(P)0; (D)
In field on page 30, use commutation relations for ag) (p) on page 22.

Uah o(P)U; (P) = Vab o(P)V7; _(p) holds for massive particles from u, v relation on page 31.

(uab o(P)W; _(P) = [V o(P)V; _(P)]" in massless case from u, v relation on page 33).
Relation between «, A of different massive fields: ki* = +(—1)2412B)\\*

Explicit calculation shows 7, .:(p) = P, :;(P) + 2\mQab,aB<p)

where (P, Q)(p) are polynomial in p, obey (P, Q)(~p) = (~1)****"(P.~Q)(p).

Take (z — y)? > 0, use frame 2" = y¥, write A, (z) = [ D?pel??

[Gab Vggls = [KR*F (—1)PAP2BAN| Py o (—IV)A (@ — y,0) + [m%* £ (1PN Q3 (—19)0 (@ — ).

Commutator must vanish for @ # vy, so coefficient of P zero.



Relations between «, ) of single field: |s|? = [A]? and £(—1)*4+28 =1
For A= A, B = B, relation between x, A of different fields reads |x[> = £(—1)>4*25| )2,

Spin-statistics: Bosons (fermions) have even (odd) 25 and vice versa .
From triangle inequality on page 28,

j — (A+ B) is integer, so +(—1)% = 1, i.e. in [thup, 1.;]+, must have — (+) for even (odd) 2;
Relation between «, ) of single massive field: A = (—1)*!e/“x | c is the same for all fields.

Divide relation between x, A of different massive fields on page 34 by |&|> = =

A

Absorb & into field, e’¢ into a%f(p) (does not affect commutation relations on page 22).
(—1)%4 can’t be absorbed into a“l(p) since this is independent of A,

nor absorbed into v since this is already chosen. So

Massive irreducible field: ¥u(z) = [ D’ [eP"uy +(P)as(p) + (—1)* e P vy o(p)all(p)] .

g

or more fully as ¥u(z) = [ D%p pY (L(p)) [ ugy +(0)as(p) + (=14 e~ "0y o (0)as (p)].

aba'b’ o

Use u, v relation on page 31.

Y12, K 4 (_1\2A42BX _ (_1\24+24)
A% & = 4+(-1) A= (—1)2A2A2

35



2.4 External symmetries: fermions

2.4.1 Spin % fields

27 is odd — particles are fermions. j = % representations include (A, B) = (%, O) and (A, B) = (O,

In each case, group element acts on 2 component spinor X C(Lf’B),

0 77—

1
ie. X(20) = x; = (Xl(%o) x! 0
2

O)) (“left-handed™)

o= NI

1 1
and x(032) = Xp = (Xo(ol’z), X(O’ﬁ)> (“right-handed”).
3 B

“Handedness” /chirality refers to eigenstates of helicity for massless particles (see later).

X 1is a field operator, but argument = suppressed.

1

2

),

36
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Lorentz transformation of spinors: U(A)X} gU(A) = hyr(A) X g (D acts on the 2 a, b components).

)

D=
D=

0)/(o,

D=

IJ(

3.0)/(0,4) .
From explicit form of Lorentz group elements on page 21, hy/p(A) = e )'06_] k() €’ where
l}o l’() (),l O,l
Lorentz group generators for spinors: J7;<2 ) _ 103, KZ.<2 ) _ I0;. JZ( ) _ 101, KZ( ) _ —Iic;.

. . 01 0 —1 1 0
where o; are the Pauli 0 matrices 01—(1 0), 02—<I 0 ) and U3—<0 _1)7

which obey rotation group algebra [%O‘i, %aj} =1 eijk%ak :

Follows from J; = J*Y + J®) and K; = [(JZ-(A) - J.(B)) on page 28,

1 (3 (3

1
and J: =0 and J.°/ = 50; from irreducible representation for spin 5 on page 16.
4.9 =0 and &) Lo, from irreducibl tation for spin j 16

. . 1.0 Tls.0.
Explicit form of hL/R3 hL/R = el20i0igF 201 Note o matrices are Hermitian.
Product of o matrices: o;0; = 0;; + L€;j10} . Follows by explicit calculation.
. . . 9 A A
Direct calculation of hy p: hp/p = (cos§ + Lo;0; sin 5)(cosh§ F 0;6; sinh g) .

From product of o matrices, T? = 1 where T = 0;¢; (T = O'Z'éi). Then T = coshx + T'sinhz (e/*? = cosx + [T sinz).
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Write hy = h and X, = (X7, Xs) = X = x(29) , which transforms as |1. X! = h X, |

Can also defined spinor transforming with A*: Use dotted indices for A*, so |2. Xg = h i)Xg .

Then hg = h* 11 From explicit form of hr,pr on page 37.

A : ; ; 1
Use upper indices for h~!, so X1 = (X1 X12) = X = X (02) : Dotted indices because h* is used.

transformation is |4. X% = (h*_lT)d bXTb , where we define (h1)®, = h, °.

Conjugate of this turns dotted indices into undotted indices, so 3. X'* = (h‘lT)a , X b,

Conjugate of spinors: (X% = X1¢ (X ,)F = X Definition of X1 in terms of X, X in terms of X,,.

Check that if X, transforms as transformation 1., X; transforms as transformation 2.: Xg = (X)) = (b Xy)T = hj-j’X ;L
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0 1

10 ) €qp = —€™. Note e = 0,°. € 1s unitary matrix.

Spinor metric: € = (

Pseudo reality: ¢“c ey = —(o!)®

b .
Follows by explicit calculation. Since o} = o, shows rotation group representation by o matrices is real (see page 11).

X1is (0,1), ie. right-handed, like X,

a

Pseudo reality implies h*, hr same up to unitary similarity transformation: eaéhgde i = (h*—1T) ;

For unitary representations, follows because A = BT from definition of page 28, so conjugation makes (%, 0) — (0, %)

This means dotted indices are for right-handed ((O, %)) fields.

(Similarly, undotted indices are for left-handed ((3,0)) fields.)
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Raising and lowering of spinor indices: X% = € X, . This is definition of X in terms of Xj.

Follows that X, = €,4X”. Same definition / behaviour for dotted indices.
Check that if X, transforms as transformation 1. on page 38, X transforms as transformation 3.: X' = eabXé = e“bhchc.
From pseudo reality, e®h,‘e.q = (h™1T)" | or e®h,¢ = (h711)", €, s0 X" = (h7'T)" L€ X = (h11)* , X

d’ b

Right-handed from left-handed fields: X% = (eabXb)T.

So all fields can be expressed in terms of left-handed fields.

Scalar from 2 spinors: XY = X%, =Y, X‘=Y‘X, =YX .

XY= (h™'7)" Xh Y, = (h7!) "h,/XY,. X, Y anticommute (spinor operators).

Hermitian conjugate of scalar: (XY)I = (X))l = (Y,)I(X9)! = YJXM =YTXT,
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4-vector o matrices o';: a'; = (0;) 5, 0 = (00), and g = ( (1) 2 ) .

4-vector o matrices with raised indices: " @ = e*g" de“d s0 0 % = —(0,)%, 70 ¥ = (g9)® .
Second result follows from definition by explicit calculation.

Inner product of 4-vector ¢ matrices: gpwaé"fﬁp b — —20,%0 f-l".

Outer product of 4-vector ¢ matrices: o’o” ba —2g"" .

X “05 bYTb is vector .

Need to show X'%c “Y’Tb A X YT, Since X' “Y’Tb (h_lT) Xco", (h* 1T) y'td

c

a Cd

need to show (h_l) (h* 1T) = A, o .. Contracting with & ba and using outer product of 4-vector ¢ matrices

gives AP’ = — 157 ba (h_l)ac ", (h*~ 1T)db = —itr [6”h o h* '], which is equivalent because o matrices linearly independent

(or multiply this by g,,0%

of and use inner product of 4-vector o matrices).

Verify last result using direct calculation of hy/r on page 37 and Lorentz transformation of 4-vectors on page 21.



Convenient to put left- and right-handed fields together as 4 component spinor:

1 1 1
§7 = (01X =9 xt) oy oy

1 1 1
§70 _770 ’ 077 07_

NI o=

20

1 1,
Lorentz group generators: J; = ( ! ) and K; = ([202 ! ) .

0 %a 0 —I%ai

Follows from Lorentz group generators for spinors on page 37.

This is the chiral ( Weyl) representation,

others representations from similarity transformation: J! = V.,V K/ = VK,V X' =V X etc.

y b

Xq
In our index notation, 1) = ( ) . Preferable to express in terms of left-handed fields only: ) = (

>) , where C], Cy scalar constants.

42
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1

2.4.2 Spin ; in general representations

Any 4x4 matrix can be constructed from sums/products of gamma matrices (next page):

. . 1
Gamma matrices (chiral representation): ¥ = —1I ( U1 ) and v = —1 ( _OU' %Z ) cor = —1 (EOM % ) :

Gamma matrix construction of 4 x4 matrix same in representations related by similarity transformation 4* = VAy#V/ 1.

Anticommutation relations for +*: {+# 7”} = 2¢" . This is representation independent.

Check by explicit calculation in chiral representation.

10
Define 5 = ( 0 —1 ) = —] 70717273. Check last equality explicitly in chiral representation.

10 X X
1 _ ' . inor: =
Then P = 5(1 + ¥s) ( 00 ) projects out left-handed spinor: Py, ( (v, > ( 0 >,

00 X 0
. . . l . _ . . ~ . . a —
similarly Pr = 5(1 — 75) ( 01 ) projects out right-handed spinor: Pg ( (v, ) ( (v, )

Note Pp g are projection operators: PLQ/R = Pr/r, PryrPr/1 = 0.
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Any 4x4 matrix is linear combination of 1, v*, [v* 7], v"vs, V5.

Because these are 16 non-zero linearly independent 4 x4 matrices.

Non-zero because their squares, calculated from anticommutation relations on page 43, are non-zero.

Linearly independent because they are orthogonal if we define scalar product of any two to be trace of their matrix product:
tr[1y#] = 0, because tr[y*] = 0 in chiral representation, therefore in any other representation.

tr[1[y*,7"]] = 0 by (anti)symmetry. From anticommutation relations, tr[1y*v;] = —tr[ysv"] = —tr[y"v5] = 0

and also tr[17s] =tr[ys] = 0 by commuting ~° from left to right.

Next, tr[y?[y*,~"]] = 0: From anticommutation relations, 72 = —49y142y390q1n2y3 = A0 241 242 2,32 — 7

So tr[y?[y", 7] =t 271l = — telysy? [y, v Tvs] =trfsy? [y, v Ts)-
To show tr[y?y#~5] = 0, first consider case p = pu. Then P~ = ¢ and result is octr|y;] = 0.
Ifeg p=1, pu=2, tr[y’y!vs] = Itr[y’?] = 0. tr[y*y;] = 0 already shown.

tr[[v*, v"]7"75) = 0 from anticommutation relations. tr[[y",+"]vs] = 0 because tr[y*7#~5] = 0. Finally tr[y"~57;] =tr[y*] = 0.

So all spinorial observables expressible as representation independent sums/products of gamma matrices.
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Lorentz group generators from ~": J* = —ﬁ[v“,v“] :

Check by explicit calculation in chiral representation using J; = 3€;;1.Jj, and K = (J'0, J%0, J3),

Similarity transformation on page 42 equivalent to similarity transformation on page 43.

Infinitesimal Lorentz transformation of v*: [[J* | = g’y — glPy"

Follows from anticommutation relations for v* on page 43 and Lorentz group generators from ~*.

Lorentz transformation of v*: D(A)y*DY(A) = A 4" ie. «* transforms like a vector.

Agrees with infinitesimal Lorentz transformation of 4*, because for infinitesimal case,

LHS is (1 + %pr,,ﬂ’”)fy“(l — %Iwwn(]w”) = M — %pr(,h“, JP?], and RHS is (0,/ + w,s9"7)y" = y* — %wpg(g“py" — ghonP).

General boost: v (Ap), = D(A) v'p, D (7).
From Lorentz transformation of ~*.
Reference boost: 7“# = —D(L(p)y"D (L(p)) . Equivalent of p = L(p)k on page 23, —y"m = "k,

In general boost, take p = k, A = L(q). Then y*q, = D(L(q)) vk, D' (L(q)) = —D(L(q)) v"m D*(L(q)).
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01

2 _
1 O).Noteﬁ = 1.

Parity transformation matrix: 3= I7" = (

Pseudo-unitarity of Lorentz transformation: J*! = gJ*3 DI =3D7'3.
B3 =AY = =4 and BB = —' = —41, or By*3 = —y*1. Then use Lorentz group generators from v* on page 45.

Infinitesimal DT is 1 — %ImeVJ“”T = [(1 — %Iwmij)ﬁ.

Adjoint spinor: X = XT3 . Allows construction of scalars, vectors etc. from spinors:

Covariant products: XY is scalar, X+"Y is vector .
First case: X'Y' = X"'3Y" = Xt DIgDY.
From pseudo-unitarity of Lorentz transformation, D3 = BD~'3> = 3D, so X'Y' = X'D~'DY = X3Y.
Second case: X'v*Y' = XTDIpy*DY = XT13D 4" DY as before.

Lorentz transformation of v* on page 45 can be rewritten D~ 'v*D = (Afl)yu V=AY so XY = A XTByYY .
Vanishing products: @R/LwL/R and EL/RW’WL/J% where ¢ /p = Prjpt (see page 43 for Prp).

Using yg — 5 in chiral representation and #ys = —ysy", Y ptpr, = VI P AP = T BPrPrap = 0.

Similarly, ¥,y = YT PrBy*Prap = ' fy* PrPrip = 0.
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2.4.3 The Dirac field

l,o 1 071 O,l
Group 4 possibilities for u(’; B) together as 4 component spinor: ul = <u12 ), u(21 ) Uy %20 : ug _2%)0) :

. _ 10 10 0,3 0,3
Likewise, vf = (—v§2 >, —U(2 ) ;U(E,%i?vg,_?’a) :

?7070-

First 2 v components multiplied by (—

Dirac field: o(x) = ( (Eb)c(;cﬂ> = [ (gil)’3 e uq(p)as(p) + e P v, (p)all (p)] -

(Note D?p — d*p for convention.)

Anticommutation relations for spin L [a,(p),al,(p)]s = (27)20,50®) (p — p') (i.c. no 2p° factor).

p dependence of spin % U, U Ug(pP \/7 D(L ) and v, (p \/7 D(L

This is just the p dependence of u, v on page 25.



Condition on spin 1
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Lu v —307 o (0) = 1o, wely D10). 3o, oty $1(0) = So sy D (0)
From conditions on u, v on page 31
Spin 1 u, v relation: vy or 9 0(0) = —(=1)2%; o 3 5(0) and v3 or 4 5(0) = (—1)2"%ug3 o 4 o (0)

From u, v relation on page 31, 02 (0) = (=1)7a'3%) (0) and v (0) = (=1)7{"*) (0)

Then multiply v'2%) (0) by (=1)*4 = —1 as discussed on page 47
Form of u, v: uUT:%(O) 7(1010) %(0) 7(0101),?} %(O) 7(010 —1),v (O):T( 1010).

Solution to condition on spin L v is U§0> - —U(Eff_)% and Ug();; - UO(O_?_%

= 0. Components for u constrained similarly
Use spin 5 u, v relation, and adjust normalizations of (%, O) and (O ) parts individually

Massless u, v: uOT:%(O) = 5(0010), uOT_:_%(O) = 5(0100),v7_,(0)

_ 1 T _ 1
T (0)=75(0100), 07 _,(0)=(0010).
From allowed helicities for fields in given (A, B) representation on page 33, e.g. for (5,
allowed 0 =0 — 5 for particle and o =

O) field such as neutrino, only

2 0 for antiparticle, i.e. ¥ (z) =

[ & [6“3 o2
Majorana particle = antiparticle: a(p)

al (p), so I, = (Xa, Xﬂ’) (i.e. Y, = X, on page 47)
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2.4.4 The Dirac equation

%u, v (Iy*p, + m)us(p) = 0 and (—Iv"p, + m)v,(p) = 0.

Representation independent definition of spin
For u and v, reference boost gives —]%ug(p) = D(L(p))D Y (L( \/>D )) By (0

last step from p dependence of spin % u, v on page 47.

In the chiral representation, and therefore any other representation, Su,(0) = u,(0) and fv,(0) = —v,(0),
SO [%ua(p) = /5 D(L(p))us(0) = us(p), last step from p dependence of spin 3 u, v again, likewise —Iwnf“vg(p) = —v,(p).

Dirac equation: ("0, +m) %i(c) (z)=0.

Act on Dirac field on page 47 with ("0, + m), then use representation independent definition of spin % u, v.

Consistent with Klein-Gordon equation (9% — m?) ¢*(z) =
From page 25. To check, act on Dirac equation from left with (770, —m): 0 = (770, — m) (y*9, + m) ¢+

— (Vuvuayau _ m2) 77b:l:(c) — (%{,Yl/’ 7“}({%8# _ m?) Zp:t(c) — (g,ul/aya’u _ m?) ¢i(c)

using anticommutation relations for v* on page 43.
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2.4.5 Dirac field equal time anticommutation relations

Projection operators from u, v: w; ,(p)uy ,(p) = ﬁ (=Iv'py +m)y , v o(P)Vy »(P) = ﬁ (—=Iv*p, — m),, .

Define Njy(p) = w; »(P) Uy »(p) = 2[D(L(p))uy(0)]; [w] (0)DT(L(p))B]y from p dependence of spin 3 u, v on page 47.

P° 2

so N(p) = 5 D(L(p))N(0) D~ (L(p))-

hS)

Explicit calculation from the form of u, v on page 48 gives N(0) = 5 (3 + 1) which is true in any representation.

So N(p) = ﬁD(L(p)) (I7°m +m) D~'(L(p)), then use reference boost on page 45.

Equal time anticommutation relations: [¢;(«,1), w;,(y, )]y = 6o (x —y).

3 _ —
Define Ry = [, t), 0} (3. )]+ = [ (e [uy o (p) [@(p) Bl o + 1 o(~p) O~ o).
using Dirac field and anticommutation relations for spin % on page 47. Then in“v” term, take p — —p.

From projection operators from u, v, R = [ (273);37’2]006“"(”’_?/) [(Ivopo —Iv-p+ m) + (I”yopo +1v-p— m)} 0= 15(3)(:13 —y).
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2.5 External symmetries: bosons

3p

(2190)%

Scalar boson field: ¥(z) = [
(2)

roles| o

e/7a(p) + -1 7ari(p)]

From general form of irreducible field on page 35, where u(p) = u(0) and v(p) = u(p), absorb overall u(0) into field.

3p

i [ Plas(p) + e (Pl (p)] - 46(0) = vo(0)

Vector boson field (3, 3), spin 1: ¢/ (z) = f( | o
2m

|

Transformation of u, v on page 25 for A = R gives e.g. (J,i”J,i”)U,UuZ, = (JpJp)" ul.

But (/I =

= j(j + 1)00s and (JpJi)'; = 20";, (JpJi)", = 0 from Lorentz transformation of 4-vectors on page 21,

s0 j(j + Dul (0) = 2u’ (0), j(j + 1)u(0) =0, i.e. =0 and v’ (0) =0 or j = 1 and u2(0) = 0.

Projection operator for vector boson (3, 5), spin 1: uf(p)u’*(p) = vi(p)vs (p) =

Derivation similar to that for projection operators from u, v on page 50.
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Projection operator shows there is problem for m — 0. From allowed helicities for fields in given

(A, B) representation on page 33, can’t construct (3, 3) 4-vector field, where helicity o = 0,
from massless helicity o = 41 particle. But can construct 4-component field:

Massless helicity +1 field: A(z) = [ D?p [e'?"ul(p)a,(p) + e vt (p)asi(p)|, where o = £1.

Lorentz transformation of massless helicity &1 polarization vector: e %7u,(p) = A u,(Ap) + w(W, Ek)p.

Simplest approach: take p dependence and rotation of u on page 33 to be true, gives u”(k) = (1,0,0,0).

Then M, N transformation on page 33 cannot be true, in fact Mu, o (0,0,1,1) o« k and likewise for N.

Then D(W)u, (k) = e!%uy, (k) + w(W, k)k]. Since D(A) = A, multiplying this from the left

by e 1A D(AL(p)))D(W 1) = e " AL L(Ap) gives result.
Lorentz transformation of massless helicity +1 field: U(A)A*(2)UT(A) = A /A (Az) + 0 alx) .

Use Lorentz transformation of u, , above in U(A)A*(z)UT(A) = [ D3p [e/Puli(p)e 1" AP7a,(Ap) 4+ e Poul (p)e AP qct (Ap)].
As for Poincaré transformation for fields on page 24, up to gauge transformation.
This implies F),,, = 9,A, — 0,A,, is Lorentz covariant, as expected:

it is antisymmetric, i.e. is (1,0) or (0,1) if F* = £4e*F) . so from 0 = £(A — B), can have o = %1.
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Brehmstrahlung: Adding emission of massless helicity 7 boson with momentum ¢ ~ 0

B
Y

D-q !

to process with particles n with momenta p, modifies amplitude by factor oc w, .. " ) >, M

where g, is coupling of boson to fermion n and 7, = 41 for outgoing / incoming particles.

° . . ° I'L]. #2 /j/j
Lorentz invariance condition: ¢, > 1,2 ;nq'“pn =0.
”

Can show this for massless helicity =1 boson: Lorentz transformation of polarization vector on page 52

implies amplitude not Lorentz invariant unless this is true.

Einstein’s principle of equivalence: Helicity 2 bosons have identical coupling to all fermions .
For soft emssion of graviton from process involving multiple fermions of momentum p,,

Lorentz invariance condition reads ) 7,g,p%* = 0. But momentum conservation is ) n,p* = 0, so g, same for all particles.

Constraint on particle spins: Massless particles must have helicity < 2 and > —2.

Lorentz invariance condition can be written Y. 7,g,p" ... py’ = 0.

For 5 > 2 this overconstrains 2 — 2 processes, since momentum conservation alone = it depends on scattering angle only.



2.6 The Lagrangian Formalism
2.6.1 (Generic quantum mechanics
Lagrangian formalism is natural framework for QM implementation of symmetry principles.

Can be applied to canonical fields (e.g. Standard Model):

Fields v;(x, t) behave as canonical coordinates, i.e. with conjugate momenta p;(@,t) such that

[wl(wa t)apl’<y7 t)]:F = 153(:13 - y)éll’ and [wl<m7 t)7 wl’(’ya t)]:F = [pl<w7 t)apl’<y7 t)]:F = 0 as usual in QM

In practice, find suitable p;(,t) by explicit calculation of [¢;(x), w;(y)]q:

Lagrangian formalism: Action @71, 1] = [ dtL[i(¢), W(t)] is stationary,

where Lagrangiaﬂ L[w(t% ¢<t)] — f d’x pl(w7 t>¢l<w7 t) - H[w(t>7p(t>] :

Coordinates obey field equations 1 = _z when &7 is stationary:.
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2.6.2 Relativistic quantum mechanics

If L (1), (1)) = [ d*22 (d(@), 9,4(x)),
Lagrangian density £ (x) is scalar and & = [ d*xz%(x) is Lorentz invariant.

In practice, determine £ from classical field theory, e.g. electrodynamics,

then .Z ((x), 0,ab(x)) = ()b () — 2 (Y(x), p(x)) and py from Z: py(x) = ZDZ((;C)) .

Oy a%ﬁp) g;Z (Euler-Lagrange equations),

Stationary .o/ requirement gives field equations

e.g. Klein-Gordon equation for free spin 0 field, Dirac equation for free spin % field etc.

(some definition of derivative with respect to operator field ; must be given here).

2/ must be real. Let o/ depend on N real fields. Stationary real and imaginary parts of @/ — 2N field equations.

Noether’s theorem: Symmetries imply conservation:

o/ invariant under ¢;(z) — ¥i(z) + Ia.F[Y); x] — conserved current J#(z), d,J" = 0, for stationary o7
If o made dependent on z, & no longer invariant. But change must be .7 = [ d*zJ'0,a(x) = — [ d*zd,J" a(z)

so that 0.7 = 0 when « constant. Now take .7 stationary: 6./ = 0 even though a depends on z, so 9,,J" = 0.
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Scalar boson (0,0): Lealar = —%5;@5‘% — %m%pz .

Scalar boson field on page 51 implies {@D(m, t), (y, t)} = 6B (x — y), i.e. p = 1), consistent with p; from .Z on page 55.

Field equations on page 55 give Klein-Gordon equation (82 — m2) 1 = 0 as required. Note ¢ is a single operator.

Dirac fermion (%, 0) + (0, %) Pyirac = —1 (v"0, +m) .
Recall 9 is a column of 4 operators, and covariant quantities on page 46.
Recall equal time anticommutation relations on page 50, [¢;(x,t), w;,(:c, )] = 0 (x —y), so p =i,

consistent with p; from .# on page 55. Field equations give Dirac equation ("0, + m)1 = 0 as required.

11 : . 1 1.2
Vector boson (3, 3), spin 1: Zpin 1 vector = — 3L — sm=,ap", where F),, = 0,20, — 0,1, .
From vector boson field and projection operator for vector boson (%, %), spin 1, on page 51,

[¢i($, t), %(y, t) + 0,4 (y, t)} = 0;;68)(x — y), i.e. conjugate momentum to 1; is p; = Ui + O = FO,

consistent with p; from £ on page 55. 1) is auxilliary field because pg = 0.

Also 9,4" = 0 and Klein-Gordon equation (82 — m2) Y" = 0, which is found from field equations on page 55.



2.7 Path-Integral Methods o

Follows from Lagrangian formalism. Assume H is quadratic in the p;.
Gives direct route from Lagrangian to calculations, all symmetries manifestly preserved along the way.
Can work in simpler classical limit then return to QM later.

Result is that bosons described by ordinary numbers, fermions by Grassmann variables.

LSZ reduction gives S-matrix from vacuum matrix elements of time ordered product of functions of fields,

(0, Out|T{@/)zA(IEA),l/}zB(JfB)a---}|0a ) [ dle ¢1A($A)¢ZB(1‘B) el 7]
(0, out|0, in) J 1L, ddn(x

given by path integral as

Contribution mostly from field configurations for which .o is minimal, i.e. fluctuation around classical result.

Noether’s theorem again (see page 55): & invariant under ¢;(z) — ¥;(x) = () + [aF; x].

So if av dependent on =, [T, dibi(x)exp[le/] — [T, dr(x)exp I (& — [ d*z0,J"(x)o(x))]

assuming measure [ [, diy(z) invariant. This is just change of variables, so (9,,J"(x)) = 0.



. 58
2.8 Internal symmetries

Consider unitary group representations.

Unitary U(N): elements can be represented by N x N unitary matrices U (UTU = 1).
Dimension d(U(N))= N-.
2N? degrees of freedom in complex N x N matrix, UTU = 1 is N? conditions

or N? Hermitian N x N matrices: N diagonal reals, N> — N off-diagonal complexes but lower half conjugate to upper.

Special unitary SU(/NV): same as U(N) but U’s have unit determinant (det(U) = 1).
Thus tr[t;] = 0, i.e. group is semi-simple.

d(SU(N))= N? — 1.

Fundamental representation denoted IV.

Normalization of fundamental representation: trft;t;] = 14;; (i.e. C(N) = 3).
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Iqa

U(1) (Abelian group): elements can be represented by phase e'?*. One generator: the real number g.

SU(2): Fundamental representation denoted 2, spin % representation of rotation group.
SU(2) is actually the universal covering group of rotation group. 3 generators t; = 3, [t;,t;] = ety
Adjoint representation denoted 3. C'(3) = 2.

€iki€lki — (d(SU(Q)) - 1)5ﬂ = 2(5]'1.

2 representation is real, 2 = 2 (i.e. —%;6 = U%UT, pseudoreal), and go3 = €45 and dqp.

Ai
SU(3): 8 generators %, structure constants fj;x.
Fundamental representation 3: \; are 3 x 3 Gell-Mann matrices. Adjoint representation 8. C(8) = 3.
Group is complex, 3 # 3.

Example: 3 x 3 = 8 + 1, i.e. quark and antiquark can be combined to behave like gluon or colour singlet.



2.8.1 Abelian gauge invariance

Global gauge invariance: Consider complex fermion / boson field v;(x), arbitrary spin.

Each operator in e is product of (9,,); with ((%)?ﬁ,
invariant under U(1) transformation ¢, — e’%; (whence 9,10 — 99,1

if a independent of spacetime coords. g are U(1) generators, or charges.

Local gauge invariance: Find . invariant when o = a(x). Leads to renormalizable interacting theory.

In Zhee, 0,001 — 8Mef 1) = " O, + 1q(0,0) 1| # elqaﬁﬂm, . replace 0, by 4-vector “derivative” D,,,

such that D, gauge transformation D — e! 9D,y . Simplest choice: D, — 0, is 4-component field:

Covariant derivative: D, =0, — IqA,(z).

Gauge transformation: A, — A, + 9,a whenever ¢ — e'%%) .
Write transformation as A, — A (o). Require D, — Dkeiqazpl = €D 1y,

ie. el1® [(‘Lwl — Iq(O,a) — Iinﬂ,/)l] = el1 9,4 — IqAa], so Al = A, + 0,
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Use D, to find invariant (free) Lagrangian for A, quadratic in (9,)A,:

From D, gauge transformation, D, D, ... ¢, — el “D,D, ... Products D,D, ... contain spurious d,s, but
F,, from D, qF,, =1|D,, D,], where electromagnetic field strength F,, = 9,4, — 0,4,

[Dyus D] b = ([0, 0] +1 ([0, Av] = [0, Ay]) — ¢ [A A] ).

=0 =0
F,, 1s gauge invariant.

F — Fliye[q%bl = quO‘Fuyq/)l, ie. F[W = F,,, or F,, — F},,. Also check explicitly from F,, = 0,4, — 0, A,.
Conversely, choose A" to be massless helicity £1 field, whose Lorentz transformation on page 52
implies Lorentz invariant free Lagrangian for A* must be gauge invariant.

F,,, in representation of U(1): Since F),, — F},,, F),, transforms in adjoint representation of U(1).
1

Example: QED Lagrangian for fermions: Zpiac qep = —) (Y'D,, +m) —3F,, F".

gDiraq free+lqa7uf4,u¢
Interactions due to Iqiy*A,b. Most general Lagrangian locally gauge invariant under U(1) (¢ — !9, A, — A, + 0,«),

assuming P, T invariance and no mass dimension > 4 terms (Wilson: no contribution).
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2.8.2 Non-Abelian gauge invariance

Global gauge invariance: Each term in .. proportional to (0*)y 7(@)@&}, sy=1...,N.

Then Zee invariant under 4y  — U510 5, where U = exp[la;t;] . a; spacetime independent.

So 1, is in fundamental representation of group G =SU(N) formed by matrices Uys, 7 = 1,...,d(G).
Local gauge invariance: Spacetime derivatives in Lagrangian appear as

Covariant derivative: D, =9, — [A,(z) with A" = A't;,

t; contain couplings, AY for i = 1,...,d(G) are (for) massless helicity +1 gauge fields.

To achieve D,3p — UD 1, require

Transformation of covariant derivative: D, — UD,U I which requires

Transformation of gauge fields: A, — UA,U' — [ (9,U)U".
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Non-Abelian field strength: EFZV =F,=1I1D,,D,)=0,A, —0,A,—I[A,,A)].

F,, in adjoint representation: £, — UF,,U i
In infinitesimal case, Fit; o5 — F'[(1 + Tagty)t;(1 — Tagty)] s = FUlt; + Ty [ty, tillag

= F'[ti + T (ICkij)ty) 5 = " (ti ap + To(th)t; ap] = F'tj ap [0 + Tan(t5;)] = F'tj opUji = UijFiti op, ie. F' — Uy FJ.

Example: QCD Lagrangian for fermions: %piac, gcp = =, (V' Dag p+m) g — 1F5,F' 1.

More general result is —i gij I ZVF 71 but can always diagonalize and rescale so g;; — d;;.



2.9 The Standard Model 04

Symmetry of vacuum is G=SU(3)co1our X U(1)e.m. gauge group.

SM: At today’s collider energies, some “hidden” (broken) symmetries become apparent:

G=SU (3) colour X SU (2> weak isospin x U ( 1 ) weak hypercharge:-

Table 2.9.1: SM fermions and their SU(3)sxSU(2),xU(1)y representations, written as (SU(3)¢c rep.,SU(2) rep.,U(1)y hyper-
charge = generator / [coupling = Y]). The SU(3)s charges (3 for quarks, none for leptons) are not shown but, since SU(2)
is broken, particles differing only in 75 (component of weak isospin SU(2);) are shown explicitly, namely uy / v, (15 = 1/2)
and dy, / er, (T3 = —1/2). Recall 91/ = (1 £ 75)1. Note e.g. uy, annihilates u; and creates u}, and v, is left-handed.

Names Label Representation under SU(3)oxSU(2),xU(1)y
Quarks | 2p = (up,dy) (3,2, %)

u% (§> L, _g)

dt, (3,1,3)
Leptons | &7, = (Ve,€r) (1,2, _%)

ely (1,1,1)

Gauge fields are written as SU(2): A\u = Ay, g%



65
We have only discussed the “1st generation” of fermions, in fact (&7, e%, 2, u%, dE)K K =123

where (et €2, €’) = (e, u, 7), (W2, v2,02) = (Ve, vy, V1), (uh,u?,u?) = (u, ¢, t) and (d', d?, d*) = (d, s,b).

Allow mixing between particles of different generations with same transformation properties.

From Table 2.9.1, can construct the full Lagrangian by including all renormalizable invariant (1,1,0) terms.

These are all possible terms of form EK'WD“@DK ;

Lare = 2L 00— 1Gu+ A+ BI2E + T30, = 1@+ Bl + d3"[0, = 13, + B)ldf.
Lepton = co@L’y“[(‘? — I(A +B DIEE + b0, — IB Jen

More general EKWNDMRK MapM for some constant matrix R not allowed, gives terms @KW@M@DM for K # M.
Lgin 1 = ~ 15 (9)F (9) = 1E,(A)F " (A) = {F,u(B)F"(B).

Recall only real part of .Z to be taken.
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2.9.1 Higgs mechanism

Mass terms ma) JrRVR/L are all (1,2, :t%) — violate gauge symmetry and thus renormalizability.
Instead introduce Yukawa coupling A g1 ; /r¥ryr which is (1,1,0), i.e. invariant (thus renormalizable),
so ¢ is (1,2 = 2, 3) scalar field, then hide (“break”) symmetry so that A(0[¢x|0) =

s = ~% e Eiges - ~% Eiags Somsion |

Writing D), = 8, — I(A, + B,,) and SU(2);, components ¢, = (dir 1, bur 2) = (85, ), (ed})” = (&5, =),
Lowre Higes = —3(Dudm) Doy — V(on) , Higgs potential V(py) = mH¢H¢ + <</>H<I5 )?

— i
KM @ KM o) KM M
ZHiggs—fermion — G (g)L a¢H aeR G o@L a<€¢H> — Gd QL a¢H adR .
All three terms are (1,1,0), i.e. invariant. Consider e.g. second term: From table 2.9.1, Y = —% — % + % = 0.

Write SU(2), transformation of ¢g as ¢ , = Unom» (U =¢ I39i% from page 59),

so (e¢ly)l = (eng)ZUb;l* from €,.0.4¢5, = —0%,. (Same transformation as ¢L: ¢ = ou UL = dy bUb;l*.)

Also @) = U214, SO Rl = U, 2! , SO Rl ed)l = 9! epr)!. Note ug is an SU(2) . singlet.
L a L a L c L a H/a L a a
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m? > 0: Stationary .Z (vacuum) occurs when all fields vanish.

Spontaneous symmetry breaking (SSB): m?% < 0: tree level vacuum obeys avéiH ) b 0

2
= |¢%{0‘ — % = |mTH From Higgs potential on page 66.

Infinite number of choices for ¢gy = (0|¢x|0). Take general ¢y = elvGi(@) ( ’ —I—?](x) ) .

Vacuum taken as & = n = 0, no longer invariant under symmetry transformations.

_ 2 1,.,2 _ v /.2 2 U, _ g

W, = %(Al w—1As ), Z,=cosbyAs, —sinbyB,.

2
g(Ay ut 1Ay M) v
—gAs pt g,Bu 2|

2

: . 1
From Zre Higgs: Start with Zauge mass = —3 !

. 0
(94,5 + 95 ()

ggauge dynamic — _%|8MWV - 6VWM|2 — i‘aﬁbZV — 8”Z“|2 — i‘@MAV — 8”A“]2 ;

where A, = sin Oy Az , + cos Oy B, must be massless photon.

From L 1. Start with Zyauee dynamic = —i|@“A;’ — O AY|? — i\@“B” — 0" B*2.
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In L nark and Lepton, between left-handed fermions:

So charge/e is _, i.e. charge of uy, dy, v,, ey, is %, —%, 0, —1 and of ug, dp, eg is %, —%, —1.
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K, KM _ M ~K KM, M
Ztermion mass = —erm, "€p —urm, "uUp — dLmd

MdM

Where ’m¢ Ll G From gquark/lepton-

AKM

Can always transform uR up , likewise for ur, dr, dg, ve, er, eg.

A matrices must be unitary so that kinetic terms retain their previous forms, ﬂg’ waﬂug’ etc.

Choose A matrices such that new mass matrices m,, = A, m, Al ., cte. diagonal, entries mh:

K _K1 —K1, K/ Kr K1
o%ermion mass — ZK _eL m Cr —Ur My, uR dL my dR :

—K —K
Then Zw —fermion X df 'YMWuué( + EfV“WMV(f( =dy, /”YMWM(VT)KNUQ/ + E?'WW/JV@KH
(proportionality constant is —7) where CKM matriz V = A, A;Ll.

Analogous leptonic matrix absorbed into v = (AeLA;6 1)KN A

(In contrast to uf, any combination of * is mass eigenstate because mass matrix is zero. )



2.9.2 Some remaining features

: X —K )
Neutrino mass by adding to Ziges—fermion & term —G,, &, (eng)Lye R — —Vemy, Ver, Where v.g is (1,1,0).
Expect m,, ~ v to be similar order of magnitude to quark and charged lepton masses.
Also allowed SM invariant term —%VZRM RVer, can only come from higher scale symmetry breaking,

so Mpr > v ~ m,,, i.e. no right handed neutrinos at low energy.

2
_T mye _/T
: L~ T 0 my, Ve \ 0 1= [ — 0 v
Gives gneutrino mass — _§(Ve VeR) ( Me > ( ‘ > — _§(Ve VeR) Mp /6 )
my, R VeRr 0 Mp Ver

2
my,

Le. seesaw mechanism: mass y= of (almost) left handed v/ (i.e. m,, suppressed by ”]\2—”;)
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Invariance with respect to parity P, charge conjugation C' and time reversal T" transformations.

C PT conserved, but C'P-violation due to phases in CKM matrix.

C'P and P violating terms 64;?26“/)"}7 " F /ﬁa allowed, but are total derivatives and therefore non-perturbative.

Current observation suggest 6 consistent with zero (no C'P violation in QCD).
Cancelled by (harmless) anomaly (subsubsection 2.9.4) of global symmetry ¢y — €75 ¢y when Y oy = —36,

1 on quark masses.

but this introduces unobserved C'P violating phase e~
Peccei-Quinn mechanism: where (eng)Jr N ZLHiges—fermion ON page 66 is replaced with second Higgs,

which transforms differently to first Higgs and can soak up this phase at least at some GU'T scale.
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2.9.3 Grand unification

¢ are generators of G.

Suppose SM unifies to single group G at scale My, then tVMy (diagonal), tZ.SU@)L, tJS-U(3)

Tracelessness requires sum of Y values (=elements of V(v to vanish, which is the case from Table 2.9.1.

SU(2) .2

0

SU(3),2

| =tr[t;

Normalization of generators as on page 13, so tr[tV(Vy?] =tr[t ], so

g2 (Mx) = ¢*(Mx) = 29"*(Mx) (after dividing by 2xno. generations). Implies sin® @y (My) = 2 from page 67.
Within couplings’ exp. errors, unification occurs (provided N = 1 SUSY is included) at My = 2 x 10! GeV.
To find simplest unification with no new particles, note SM particles are chiral, require complex representations:
In general, define all particles f; to be left-handed, then antiparticles fr = fz are right-handed.

Then if f; in representation R of some group G, fg is in representation R.

If f1, fr equivalent (have same transformation properties), then R = R, i.e. pseudoreal representation.

SM particles fr = (&1, e%, 2, u%, d}r%) require complex representation because fr = f; inequivalent, e.g. 3 # 3.

Pseudoreal representation possible if particle content enlarged to f; — Fp so that Fy, Fr = F z equivalent.

e.g. in SO(10), can fit 15 particles of each generation into real 16 representation, requires adding 1 v.p.



SU(5) is simplest unification.

Since SU(3)xSU(2)x U(1) C SU(5), all internal symmetries accounted for by fermions 1, with o = 1, ...,

),
\ (00()00\

Ai
2
Choose tZ-SU(‘g) = s

o O O O

0
0
0
0

00 0

\0 0000 \ooo 2

U(1) generator must commute with generators above and be traceless. Tentatively take

1
(g? 00 0 )

010 0
t'W=2¢00L 0 0 |=2"0r.
000 -5 0

1
\000 0 1)

Then fermions form 5 (fundamental) and 10 representations of SU(5):
[y ) (o uR i ) )\
dp Uy up df
4, | 0wy dj
er, N1 0 €R
e )\ y

(Note: all particles left-handed, 1,2,3 superscripts are colour indices, 10 matrix is antisymmetric).

In SO(10), 1 generation fits into 16 = 1 + 5 + 10, and 1 is identified with right-handed neutrino.
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2.9.4 Anomalies

Gauge anomalies modify symmetry relations (Ward identities), spoils renormalizability and maybe unitarity.

Anomaly occurs because o = [ d*z.Z respects symmetry, but not measure [ [1.,di(x) = dly)d[)d[A].

Relevant example: Let @7 be invariant under ¢, = Uy, 4593,

where Uy = exp|lysaty] is chiral symmetry (global) and each 1), is a Dirac field.

Problem: although & is invariant, measure is not: Resulting change in path-integral [ d[v]d[v]d[A] exp|I.</]

is “as if” Z changes by a_¢i|A], where #, = —M%EWWEWFJWUH% tittel.

Noether’s theorem on page 57: [ d[w]d[v)]d[A] exp[Io/] — [ d[) Alexpll (o + [ d*za(z) [ 2 — 0,7} (x)])],

L.e. conservation violation: (0,J; (x))4 = —ﬁewpaﬁ’i’”‘”}?jpatr[{ti, ti}ty] (()4 means no A integration).

Anomalous (non-classical) triangle diagrams between J;', F{" and F” modify Ward identities.

Physical theories must be anomaly free (i.e. tr[{t;,t;}tx] cancel), e.g. real representations: tr[{t;,¢;}t;] = 0.
trl{t7, 3] =t [{(-ULUY), (-ULUNH-UU)] = —te[{t;, ;). But tel{e;, 6} =tel{e], ¢] 1i] =tr[{t;, t;}t].

SM is anomaly free. SM in 10 + 5 of SU(5), in real representation 16 of SO(10) (thus tr[{t;, ¢, }tx]g = —tr[{t:, t; ] 10)-
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3 Supersymmetry: development

31 Why SUSY?

Attractive features of SUSY:

1. Eliminates fine tuning in Higgs mass.

2. Gauge coupling unification.

3. Radiative electroweak symmetry breaking: SUSY == Higgs potential on page 66 with u? < 0.

4. Excess of matter over anti-matter (large C'P violation, not in SM) possible from SUSY breaking terms.
5. Cold dark matter may be stable neutral lightest SUSY particle (LSP) = gravitino / lightest neutralino.

6. Gravity may be described by local SUSY = supergravity.
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SM is accurately verified but incomplete — e.g. does not + cannot contain gravity,

so must break down at / before energies around Planck scale Mp = (87G) ™12 = 2.4 x 10'® GeV.

In fact, SM cannot hold without modification much above 1 TeV, otherwise we have

Gauge hierarchy problem: Since v = [(0|¢y|0)| = 246GeV and A = O(1), |mg| = |V v| = O(100) GeV .
If Ayy > O(1)TeV, fine tuning between

Am3; from quantum loop corrections (Fig. 3.1) and tree level (bare) m?:

2 Ap A2 ke)® A 2
colour “3/ smaller terms

(Largest from —%WH\ZL and top quark (k; ~ 1 because m; ~ v).)
No similar problem for fermion and gauge boson masses, but these masses affected by m?,.

Avoid fine tuning by taking Ayy ~ 1 TeV, i.e. modify SM above this scale.



Try “fermionic” generator )., which must be a (

bn

a) Fermion field 1, Lagrangian term —ry,¢ 511, giving 1-loop contribution
P

to Hi f ol p2
ggs mass of — gt Ay

(b) Boson field ¢, Lagrangian term A\y|¢m|?|$|?, giving 1-loop contribution

to Higgs mass of g% A%y

Figure 3.1: Fermion and boson contributions to Higgs mass parameter m?.

1
929

One solution: Higgs is composite of new fermions bound by new strong force at Ayy >~ 1 TeV — difficult.
Alternatively, forbid bare m?%|¢g|* term by some new symmetry ¢y = € x something.

Various choices for “something” bosonic (leads to “little Higgs” models, extra dimensions).

For a standard symmetry, “something” would be I [Qq, o], i.c. ¢y — el Qogye 1

O) spinor (so € a spinor of Grassmann variables).

7
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Relation with momentum: {Q,, QZ} = 205 i Dy

) from triangle inequality. Only candidate is P* (see Coleman-Mandula theorem later).

DO

9

DO

{Qa, Q1) is (5,0) x (0,3) = (

1

Lorentz invariance requires combination o ;
a

P,, factor 2 comes from suitable normalization of Q).

Note {Q., Qz} # 0 because for any state | X),

(XHQur (Qu)HX) = (X1Qu (Qu) 1X) + (X[ (Qa)" QulX) = [ (Qu)T1X)] + |QulX)|” = 0. 1f equality holds for all |X), Q, = 0.
At least one of P, non-zero on every state, so (), affects every state, not just Higgs,
i.e. every particle has a superpartner with opposite statistics and spin difference of 1/2,

together called a supermultiplet. This fermion-boson symmetry is supersymmetry.

For every fermion field (component) ¢y with —x fng@fw £, introduce boson field ¢ with —\¢|d|?|d]*.

A kgl
From Fig. 3.1, contribution of this supermultiplet (component) to Am?, is Am3, = 8—7:2/\%\/ —‘8%‘2/\%\/.

o \& g

boson fermion

Just requiring fermion-boson symmetry guarantees Ay = |k¢]*, and Am3, = 0 (+ finite terms) to all orders.



3.2 Haag-Lopuszanski-Sohnius theorem E

Reconsider symmetries: So far assumed generators are bosonic. Now generalize to include fermionic ones.

Generalize additive observable on page 4 to Q = Q,ala,r.
(If @4, are components of Hermitian matrix, unitary transformation of particle states gives back original result.)

Since @ is bosonic, a] | a:rj, both bosons or both fermions, i.e. Qs = 0 if a! bosonic, az, fermionic, or vice versa.

SUSY: Allow for ()’s containing fermionic parts to also be generators of symmetries that commute with S-matrix.
For convenience, distinguish between fermionic and bosonic parts of any ().
Fermionic () = Qapaj,ap + Rapa;aa, where o sums over bosonic particles, p over fermionic particles.

Such a generator converts bosons into fermions and vice versa.

E.g. action of @ on 1 fermion + 1 boson state using (anti) commutation relations on page 3 gives
Lal,|0) = Qopalal,|0) + Rypalal, |0
Qap/aa" ) = Qopakay|0) + U’Papap’| )

But as a symmetry implies there are fermions and bosons with similar properties.
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Identify symmetry generators t; also with fermionic Q).
Graded parameters «;, (3; obey «;3; = (—1)""i 3;c;, where grading n; = 0(1) for complex (Grassmann) ;.
Graded generator t; obeys a;t; = (—1)""t;c;, where n; = 0(1) for bosonic (fermionic) generator ¢;.

For transformations & — e!®ige~1%" to preserve grading of any operator &, o; has same grading as t;.

Graded Lie algebra: [(—1)"it;t; — t;t;] = [Cijits .
Repeating steps in derivation of Lie algebra on page 7 gives

sICi kBt = 5 [aitiBity — Bjtjoiti] = 5 [(=1)"aifjtit; — it ti].

Fermionic generators Q;: U(A)Q;UT(A) = C;;(A)Q;, so Q; furnishes representation of Lorentz group.

Choose Q; = ng’B) in (A, B) representation: [A, ng’B)} = —J(A)Q(A’B) and [B, QEL}?’B)] = —J(B)Q(A’B).

aa’ “%a’b by ab/

Anticommutators of fermionic generators can be used to build bosonic generators of various (A, B).

Coleman-Mandula theorem puts limits on allowed bosonic generators, and hence allowed (A, B) for the Q((;g’B).



Coleman-Mandula theorem: Only bosonic generators are of internal + Poincaré group symmetries.

Simple argument: Additional conserved additive rank > 1 tensors constrain scattering amplitude too much.

Only 1 4-vector, P": Consider 2—2 scattering, c.m. frame.

Conservation of momentum and angular momentum — amplitude depends on scattering angle 6.

Second conserved additive 4-vector R* gives additional constraints unless R¥ o< P*.

Only 1 2nd rank tensor, J*: Assume rank 2 conserved additive tensor X,,.

Additive property means [, al(p)] = C,, »(p)al (p). Then C,,(p, o) = ax(m*)p,py + Bs(m*) g
Lorentz transformation of RHS is U(A)[X,,, af (p)]UT(A) = [U(A)X,,UT(A), U(A)al (p)UT(A)]

= [A? 02,505, Doro (W (A, p))al (Ap)] = Doro(W (A, p)A?, A%, Cs(Ap, 0)al.(Ap),

and of LHS is C, (p, U)DU/U(W(A,p))aI_,(Ap), SO AupAy‘stg(p, o) = C,(Ap, o). Only candidates are p,p, and g, .

1y

81

1y

In 2—2 scattering, conservation of X, implies ay, (m7)p) Py + ag,(M3)DhDs = o (m)p!'pY + gy (m3)pa vy .

2

P* conservation: p+ph = pl'+p) = p 9= = pl 5, 1.e. no scattering (allowed pf , = = p3y if ay, (md) = ag,(m3

No higher rank tensors: Generalize last argument to higher rank tensors.

).
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Allowed representations for fermionic generators Qgﬁ’B): A+ B= % ,l.e. (%, 0) or (O ) and j = %
{QC D, QC DT} XCCJ:E)D CCJF%) Firstly, QP is of type (A, B) = (D, C) because BT = A.
Writing Q(CC,;%)T = @EL%C), we find b = —C because [B_, @g]))’c | = —[A4, QCC DD]T 0 using B_ = AT Similarly a = D.

Now {Q5 0. QS ) = {QY), Q1 2}, must have Ay = C + D and By = —~C — D, ie. A, B> C + D.
But since A must be < (C' 4+ D) (from triangle inequality), it must be = C'+ D. Similarly for B.

Since X (CFP-CHD) ig hosonic, CM theorem means it must be P* ((1, 1)), or internal symmetry generator ((0,0)).

11

272
Latter implies C' = D = 0, not possible by spin-statistics connection. Final result is relation with momentum on page 78.

Take @), to be (%, 0) spinor, i.e. [A, Q] = —%aabe, B,Q.] =0 (Q! will be (O, %))

(), not ruled out by reasoning of CM theorem, because no similar conservation law:

Take |i), |j) to have definite particle number. (j]i) # 0 = even difference in fermion numbers, so (j|Qq|i) = 0.

Can have multiple generators Qg., r =1, ..., N — simple SUSY is N = 1, extended SUSY is N > 2.

Summary:

) (P*), and (1,0) and (0,1) (J*).

DO —

CM theorem: only bosonic generators are (0,0) (internal symmetry), (%,

1

HLS theorem: only fermionic generators are (5, O) and ( ) (Qur).



Relation with momentum for any N: {Q,;, st} — 257«305 i Dy

From allowed representations for fermionic generators on page 82, {Q,,, Qgs} = 2N,«30'5 bPN‘ N, is Hermitian,
because {Qq, st}T = {Qus, er} = 2N/ ,0,. P, but {Qys, Qir} = 2N,,0,. P,. So N diagonalized by unitary matrix W.

Writing @', = W, Qqr gives {Q),., Q;L} = 2n7.5rsag bPN (no sum over r on RHS), where n, are eigenvalues of N,.

Writing Qur = Q,.//Nr gives result if n, > 0 (otherwise we have a factor -1):
Taking QQ; = ( ;T)T and operating from right and left with | X (p)) and (X (p)| gives
on LHS: (X (p){ Q. (@4 HX (9)) = [ (@) HX (0))* + Q0 HX (0))[* > 0, and
on RHS: 2n,.(p" & p?), where & for a = 1,2. If p° > Fp?, then n, > 0 as required.
SUSY implies (0] H|0) = 0 for supersymmetric vacuum (Qq.|0) = Q1 0) = 0).
Commutation with momentum: [Q,, P*| =0.
[Qa, P"] is (%,O) X (%, %) = (1, %) + (O, %) No (1, %) generator, but Q% is (O, %)
So [Qp, P*] = ko, Q™ and therefore [QT P“] = —k*Q"ol, or, using € matrix, [Q', P'] = k*o" Q).
Jacobi identity: 0 = [[Qq, P*], P'] + [[P*, P"],Q.] + [[P?, Q.], P"] = kagb[QTba P"] — kUZg,[QTba PH| = [k|*[o", "], Qy.

Since [o*,5"],> # 0 for all u, v, must have |k|> = k = 0.

83
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Anticommuting generators: {Q., Qus} = €wZrs, with (0,0) generators Z,s = —Z,,.

{Qar, Qps} is (1,0) + (0,0). From CM theorem, only (1,0) generator is J".
But {Q., Qps} commutes with P* from commutation with momentum on page 83, while (linear combinations of) J* doesn’t.
So only possibility is (0,0) generators, which in general commute with P* from CM theorem.

Lorentz invariance requires €,,(= —é€,), but whole expression must be symmetric under ar < bs so Z,s = —Z,.

Antisymmetry of Z,; — vanish for N = 1. Z,, are central charges due to following commutation relations:
Commutation with central charges: [Z.s, Qu] = [Z;s, Qgt] =0.

Jacobi identity 0 = [{Qar, Qus}, QL] + {Qbs, QL Y, Qurl + {QL, Qur}, Q).

2nd, 3rd terms vanish from commutation with momentum on page 83. Thus [Z,, ta] = 0.
Generalized Jacobi identity 0 = —[Z,s, {Qut, QZU}] + {QTu, (Zrs, Qat] } — {Qat, [QZU, Zs]}.

1st, 3rd terms vanish because Z,; commutes with P* and QZU

Commutator in 2nd term must be [Z,.5, Qut| = M, st0Qaw, S0 0 = {QTU, [ Zsy Qat] } = QMTStuaZbPH, i.e. Myspy =050 [Zys, Qat] = 0.

Commuting central charges: [Z,, Z;,| = [Z,s, ZtTu] =0. (Zrs, Zi) = [{Q1r, Qas}, Z1u) = 0, etc.

R-symmetry: Z,, = 0 gives U(N) symmetry Q. — V;sQus (N = 1 case: Q, — el?Q,, always true).
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Consider (anti)commutation relations of all internal symmetry generators ¢; with SUSY algebra.

CM theorem: [t;, P*] = [t;, J'"| = 0.

Since ¢; is (0,0), must have [¢;, Q%r] = —(ai)mQ%s . Matrices a; represent G .

Ja’CObi ldentlty 0= Htmtj]) Q%r] + [[Q%ru tl]u t]] + Ht]7 Q%r]a tl] — ]Cij[tk‘; Q%r] + (az')?“t[Q%t? tj] - (aj)rt[Q%b tz]

= —1Cijp(ar)rsQuy + (ai)re(a))isQry — (a;)r(ai)esQy, 1€ [ai, ajlrs = ICj(ag)rs.

Simple SUSY and internal symmetry generators commute . If N=1, numbers a; cannot represent G unless a; = 0.



3.3 Supermultiplets 50

Supermultiplets: Particles that mix under SUSY transformations, furnish representation of SUSY.

Irreducible representations of SUSY: doesn’t contain 24 supermultiplets separately mixing under SUSY.
Action of @), or QI”, converts one particle into another of the same irreducible supermulitplet (superpartners).
Since [Qqr, P!] = [Qgr, PH| = 0, all particles in supermultiplet have same P* (and hence same mass P?).

Equal number of bosonic and fermionic degrees of freedom in supermultiplet: ng =ng.
Convention: )y over supermultiplet states, Y, y over complete basis. Choose given r for Qu = Qq, QET = QE below.
Supermultiplet’s states |x) have same p#, and (—1)*|x) = £1|x) for spin s bosonic/fermionic |x),

SO P/i =Y ¢ (x|(—=1)*P,|x) = pu(ng — np). We show P;L = 0: From relation with momentum for any N on page 83,

20" P = 2 x (x|(=1)*QuQ]|x) + Ly (x|(—1)*Q}Qulx) = X x (X[(=1)*Qu@j|%) + Xy v (X|(=1)*Qf[¥) (v|Qulx).

Since (Qq|X), |x) in same supermultiplet, limit Y ,  — >, . Conversely, extend Y — > v (s0o > . ¢ |x) (x| =1).

20" P = (x|(~1Qu@QLIx) + X - (V1Qulx) (x| (- DEQU) = Y (61 (~ 1= Qu@lx) + Yy (r]Qu(~1)2QL ).

But (—1)*Q]|v) = —Q}(=1)*|), s0 20", P, = 3 ¢ {x|(=1)*QuQ}|x) + = Xy {v[(~1)*QuQ]|v) = 0.
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{62%r76228}'::‘4p05r8 {62%rag2i%s} =0
(@4, Q=0 {Q,.Q" } =

Massless supermultiplets: In frame where p' = p? = 0, p* = p’,

-}

Q Lo QJr . annihilate supermultiplet states, so Z,; annihilate supermultiplet states .
iy

T
For any |X) in supermultiplet, 0 = <X|{Q_%T,QT_i HX) = | (Q_%r> | X))? + |Q_%T|X>|2 (no sum over r).
All supermultiplet states reached by acting on maximum helicity state |Apax) with the @ Ir-

QJE give no new states: Consider |X) not containing @1,. Then Q]; |1 X)=0 (Qi commutes across to act directly on [Apax))-
2" 2" 2"

Then QLQ%A)Q — {Q%T, QL}\X} = 4F|X) (no sum over ), i.e. QET just removes Q1.
2 2 2

1,
57

QT%T|X ) (or Q%T]X )) has helicity greater (or less) than | X) by 3. Recall [J?nQ;] =3Q! .

Range of helicities in supermultiplet: TL,(NLLW helicity Anax — 5 states, Amin = Amax — % .

Obtain supermultiplet states | X) by acting on maximum helicity state |Apax) with any n of Q11; Qug, -, Quy.

2

Order doesn’t matter since Q%a anticommute, each generator cannot appear more than once since Q%T = 0.
2

Constraint on particle spins on page 53 implies Ay > —2 and A\ < 2,1e. N < 8.
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SM particles probably belong to ~ massless supermultiplets.

Superpartners (masses ~ M) of SM particles (~ m) not seen, i.e. M > m, so SUSY is broken, at energy < mgygy.
SUSY restored at mgusy .". msusy > M —m ~ M (superpartner has same mass) .*. supermultiplets ~ massless.

Most likely scenario is simple SUSY: quark, lepton (spin %) superpartners are scalars (0): squarks, sleptons.

).

NS [VN)

1), gravitino (

Higgs (0), gauge bosons (1), graviton (2) superpartners fermionic: Higgsino + gauginos (
Alternatives: In simple SUSY, SM gauge bosons cannot be superpartners of SM fermions.

SM fermions, gauge bosons in different representations (recall simple SUSY and SM SU(3)xSU(2) commute from page 85).

Quarks, leptons cannot be in same supermultiplet as any beyond-SM vector (gauge) bosons.
Gauge bosons are in adjoint representation of a group. If e.g. helicity +% fermion, +1 gauge boson in same supermultiplet,

fermion in adjoint = real representation. But SM is chiral, i.e. helicity +% fermions belong to complex representations.
Superpartners of gauge bosons must be helicity j:%, not :t%, fermions.

Helicity :t% particle couples only to @), (principle of equivalence on page 53: +2 only couples to P*).
Extended SUSY probably cannot be realised in nature.

In extended SUSY, helicity :l:% fermions either in same supermultiplet as gauge bosons (N > 3), or each other (N = 2).
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Massive supermultiplets: For particles with masses M > mgugy, e.g. heavy gauge bosons in SU(5).
{Q,, Q) } =2Mb {Q),.Q

=0
2

In frame where p' = p> =p* =0, py = M, :
{04, @ =0 {Q,,Q" }=2M5,

SO Q%T, Q' i (or Q_%r, QL) lower (or raise) spin 3 component by %
—3 )

AA(ar) = ﬁ@ar are fermionic annihilation / creation operators: {aa, ag} = 0ap, {aa,ap}t = {aL, ag} = 0.

Define Clifford “vacuum” [€2): a4|2) = 0. |€2) has given spin j, range of spin 3is —7 < o < j.

Supermultiplet is all states aLl . aznm), spins ranging from Max(j — %, 0), ..., 7+ g

Simple SUSY: States with spin 7 £ %, and 2 sets of states with spin 7.

1

If j = 0, there are two bosonic spin 0 states and two fermionic states of spin 5 (i.e. spin 3 is :I:%)
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3.3.1 Field supermultiplets (the left-chiral supermultiplet)

Simplest case: N = 1, scalar ¢(z) obeying [QZ, ¢(z)] = 0: Write [Qq, ¢(x)] = —Iq(2) , which is a (3,0) field.

{Q!. ()} = 2010,6(x) . Thus [Q, ¢] ~ ¢ and {QF, ¢} ~ ¢, i.e. ¢ and ¢ are each others’ superpartners.
(Q1, —1¢} = {QL, [Qn, 0]} = [{QL, @4}, 6] = 201 [P,., ¢]. Poincaré transformation for fields on page 24: [Py, ¢] = 19,,¢.
{Qa, Go(2)} = 2lewF (z).
{Qu, =1} = {Qu, [Qv, 0]} = —{Q1, [Qu, 9]} = —{Q, I¢u} ¢ €. F is (0,0) in (3,0) x (5,0) = (0,0) + (1,0).
[Qu, - Z(2)] = 0. .F has no superpartner, it is auziliary field.
2lep|Qe, F] = [Qe, {Qu, G} = —[Qu {Qc, G} = —2I€a[Qu, F]. For a = c # b, 2Ieq[Qc, F| = —21€x|Qc, F], s0 [Q., F] = 0.
Q1% F(z)] = =+ ©9,((x) .
20| Q4 F) = [Q4 {Qus G} = {QL Qu}. G = [Qu {QL Y] = [200:F0, G — [Qu» 2000,0] = 2107,0,Gy — 2104,,a-
Then ¢%e,[Ql, F] = 64 [Q1, Z] = ¢%6".0,¢, — €61.0,C0 = €6".0,¢, — 01%9,¢%. Sum d = b: 6% [Q1, 7] = 2]Q, F] = —20%0,¢".
Then [Q1, . F] = [Q], 7] = —e'ol ¢y = —7# 49¢,, using 4-vector ¢ matrices with raised indices on page 41.

Conjugation of everything above gives right-chiral supermulitplet.
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X

To simplify algebra, use 4-component Majorana spinors, @ = ( X?b ) . with notation of page 42.

Majorana conjugation: 1 = ! v E where B = ( EO ) (O i) ) . From 1 = ¢18 = (Xa,Xg).
—Cap\ =

(Anti)commutation relations: {Q,Q} = —2I9y"P, and [@Q, P"| = 0, where Majorana @ = ( QH’ C?ach )i ) :
= (€ c

Directly from relations on page 83.

Infinitesimal transformation of operator &: 00 = [[aQ, O],

Qg

t ) , 50 @) = a"Q, + OngTb. Implies 60" = [IaQ, O] .
o

where Grassmann spinor @ = <

(60) = [[aQ, O] = [I[aQ, 6] = §(67), because, as for scalar from 2 spinors and Hermitian conjugate of scalar on page 40,
[@Q) = (a"Qu+ a]Q")' = (Qla! + Q'ey) = (—a¥QL — Q") = (o[ Q1" +o'Q)) = 7Q.

Product rule for 6: 6(AB) = (0A)B + AéB , where A, B can be fermionic / bosonic.
[[aQ, AB] = [(a@QAB — ABaQ) = [(@QAB — Aa@QB + AaQB — ABaQ) = [[aQ, A]|B + A[laQ, BJ.

If Abelian limit on page 7 obeyed, finite transformation is & — e/®?@e=19¢,



(Anti)commutation relations on page 90 can be simplified with 4-component spinor notation

and definitions @ = %(A +IB), ¢ = \f ( Ca ) and .F =

1. 6A = @b

2. 0B = —Tavysi).

)

_ _ [Qaa ¢] - _Iga an no_ _[Qa; ¢T] :._[Qz;’ ¢]T -0
@ ( @7, ¢] = (@, 6] =0 ) Heale ( Q" ¢ = —e(Qu, @] = —1¢;;

SO [Q7 A] - [Q? %(¢ + ¢T)] - _]¢7 and [Qv B] - [Q? %(¢T - ¢)] — _75¢ from definition of 75 O1l page 43..

3. 0F =av"0,0|, |4. 0G = —Taysy* o, |.

. [Qa;y] :Q )
QY, 7| =~ "9,(,

and, using o# ' =g+ @,

0.7

[Qaa LQZT] = _Eab[QTba y]T = €qp0" bc*aud = €0 ébaugg = €0 ébeédﬁugw - —UgdauCTd 50
Q" 71 = —e[Qu, #]' =0 |

S
!
I
S
o
N
_|_
b
0

Iy el

Q o Io".0 Qﬂ’
G ( ) e _ T — 1 ab P
[ 7 ] [ ’ \/§(J 4 )] V2 ( [U/lj i?d@ugd ) 757“alﬂb.

92
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D. (5770 = 8#("4 + ]’)/53)’7”& + (F — [’}/5G)Oé

V2

Tag. ) = L [ 1@t + al{Q.Gh | _ [ a{Qu G} +ale{QL G}
{QaCTb}_’_aT{QTd Ctb} c{@ Cd}f bd_l_aTedceba{Qc’Ca}T

_ I (2l e F) + ale®(204,0,0)
V2 el cya(20“ D, p1)e bd ozTedceba(Qleca F)

—a,(I.F) — al(6".0,0) a.(F — IG) — I6".a0,(A + IB)
=12 b b = b —u b '
—a, (T 19,01 — P (1.FT) a(F + IG) — Ie* ", 0,(A — IB)

For £ = —10,A0"A — 20,BO"B — Wv"9,1p + 1(F? + G?) + m(FA + GB — 1y))

+g|F (A% + B?) + 2GAB — (A + Iy5B))] , above transformations 1 — 5 leave action & = [ d'z.%# invariant .

For example, for m =g =0, 6.£ = —0,0 A" A — 0,0 BO" B — (59)y*0,0) + FOF + GOG.
We have replaced —%Ev“@u(w — —%(5@)7"%&, since difference with analogous term in hermitian conjugate (h.c.) of .Z
(must be added to make Z real) is total derivative d,,f which doesn’t contribute to 27:
(X910, 2)1 = (X19"0,2)" = 0,Z'W1B1X = =0, 217" X = =0, Z" X = Z7'9, X — 0u(Z7"X).
No derivatives of F', G (or %) appear, so they are auxiliary fields,

0 _ 0% — 0

i.e. can be expressed in terms of the other supermultiplet fields by solving equations of motion 5% = 55 =



3.4 Superfields and Superspace o

As P" generates translations in spacetime x on field ¢;(x) via [P* ¢(x)] = [0"¢(z), find formalism where
N T

() generates translations in superspace (x, 60 = (Ha, QTb) ) on superfield S(x, 0) via [[a@, S(x,0)] = a2S(z,0) .
Definition of superfield: 65 = a25 . From infinitesimal transformation of operator & on page 91.
Condition on 2: {2,, 2;} = 2%5@ , where o, 3 run over the 4 spinor indices.

From (anti)commutation relations on page 91, [{Q., @5}, S| = —2[755[]3“, S], which from above reads {2, 25}S = 2755@3.
Definition of 2: 2 = — % + 00, (explicitly, 2, = —%(%E)ga + Y080, = (75E)a589 +Y05050,).

For a (and b) Grassmann, % is left derivative: (anti)commute a left then remove it, e.g. ‘9 5-ba = —%ab = —b.

This choice satisfies condition on 2: We use (13E)? = —1, (y5E£)! = —5E (direct calculation), and (89> (%)ﬂ (5 E) ga

from Majorana conjugation on page 91. Now 95 = Qgﬁa(; = — (%) (V5 E) gaBas + yaﬁ ﬂﬁa(;@ But v = — B~y 3,

and 32 = 1 so that WM*QTﬁa(g = —0,7"5. Thus, using {y:E,5} =0, 25 = — (%)a (V5 E)ap(5F) g5 — Ha(75E)a37’/§56M.

So 25 = (&) s — 0a(15EV") 060, Then {20, 25} = 655(15E) ga (5 EV") 050 + Vs = 27550,
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Superfields from superfields I. .S = 57 + Sy, S = 5199, etc. are superfields when 57, S5 are superfields.

1st case clearly obeys SUSY transformation using 2 above.

2nd case: From product rule for § on page 91, §51.55 = (0.51)52 + 51652 = (@251)Ss + S 2S5, = a2(5152).

Superfields from superfields II: S’ = 255, S" = ;S5 ,

where superderivative 9 = —% — 109, obeys {Dp, 2.} = {25, 2,} =0.
First case: 05" = 0235 = [[aQ, Z3S| = Ps|laQ), S] since a@) is a commuting object.

Then 65" = Y0, 2,5 = —a,232.,S since @, P anticommute. Then 65’ = @, 2,735 = a25".
Summary: Function of superfields and their superderivatives is a superfield.

R quantum number assignments for superspace: 6p/p has R quantum number #Z = £1 .

Recall definition of R-symmetry on page 84: Q, — e/#:9Q, and QI — e!Z#Q! where Z = R r = *1.
Assignments for superspace follow from definition of superfield (i.e. [@, S(z,0)] = —125(x,0)) and definition of 2 on page 94.

Note 0 ~ 07 .



96
From now on, write e.g. A,v* = A.

General form of superfield: S(z,6) = C(z) — I[fys|lw(x) — £ [0v50] M(z) — 1[00)N (z) + L[0757,0)V*(x)

~I[(6759)8] (A(z) + 39w (@)) — 3107:8) (D(z) + 36°C(2)) .
4 (Pseudo)scalar fields: C', M, N, D, 2 Spinor fields: w, A, 1 Vector field: V#
(i.e. 8 bosonic and 8 fermionic degrees of freedom).
This is most general Taylor series in 87 = (01, 0,05, 0,), or 8 = 073 E = (=0, 01,04, —03), in manifestly Lorentz invariant form:
2nd term —I6vsw(x) most general quantity linear in 6,.
Next 3 bilinears in 6, is expansion for any bilinear B = Bj96016s + Bi30105 + B140104 + Bo30s03 + Boy0:04 + B34030,:

575(%70 or %73)0 = 20,05 £ 20,464, 575(%71 or %’72)9 = 20,0, + 2050, (gamma matrices on page 43), O(1 or v5)0 = 26,0, & 20,05.

6th term has all 4 possible cubics in 0,: (0750)0 = 2(040304, —040501, 010504, —0,0503). Last term o [050]> = 860105030,.

Any higher products of 0, vanish, since 62 = 0 (no sum). E.g. 010:030,03 = —0,0,030, = 0.
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Superfield transformation: 05 = Iaysw + 0(—@C + Iy M + N — I3V ) + £ [0ys0]a(\ + Jw)

—1[66)arys (X + Pw) + L1075y 0)ay, A + L[0y57 blad,w
+35((6750)8] (1M — ys@N — I8,V " + v5(D + 50°C)) a — £[0:60]2ay5(PA + 50°w) .
From definition of superfield and of 2, on page 94, i.e. S =« (—% + 7“9%) S.

Note for M =1, 57, and s, %@M@) = 2M86. See also Weinberg 111 (hardback), page 63.

Component field transformations: 0C = I(ayw), dw = (—I@C — M + 1IN + V)a,
oM =—a(A+Quw), 6N = Tay(A + Juw) . §V, =a(y,A + 0uw) .

oA = (3[0,V. "] + I5D)a and 6D = Tarys@PA .

Compare superfield transformation above with general form of superfield on page 96.

D-component of general superfield (coefficient of [#y56]?) is candidate for SUSY Lagrangian.
If £ o [S]p ox D+ 30*C, then 6.% o 6D + 50%*6C = 9, (Iaysy" A + £0"6C), i.e. a derivative,

so action &7 = [ d*x.% obeys 6.9/ = 0.
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3.4.1 Chiral superfield

Definition of chiral superfield X(z,0): A=D =0, V,=0,B.
This is superfield because these conditions are preserved by SUSY transformations: D = Iay;dA = 0,

and 60X = (3[0,V. "] + IsD)a = 1[0, V, "] So require [0, V,7"] =
But [a,u‘/’ V] = (‘%Vy[’y”,’y“] _ (auvy o ayvlu){,yV, 1Y} = QQVu(aMVV _ @I/Vu)7 SO 8MVV — aqu = 0 which requires V,, = 8MB.

Finally, V* = a(y,A + 0,w) = 00w, i.e B = aw, i.e. V, = 0, B condition is preserved.

Chiral superfield decomposition: X(z,6) = —[CI>+(x 0) + ®_(x,0)] with left / right-chiral superfields

g

Oi(2,0) = dx(x) — V2 Or/p(z) + [0PL/r0)F s (@) £ 3[0757,0]0" 9+ (2) F 7507500001 r(2) — 5[0750170%d+ ().

with [gjp = Pyjpih, (6x = S(A£1B) . \Fi= L(FFIG). Recall 7 = & (ga, gTb> from page 92.
Write C' = A, w = —Ivy, M =G, N =—F, Z = B for later convenience in general form of superfield on page 96,

so X = A — 0y + L00F — L0750G + £0757,00" B + 3(0750) 0790 — —[67 0202 A.
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Left / right transformation: ¢y /p = ﬂ(ﬁﬂgbiy“PR/L + FiPrpla, 6F1 = ﬂa@@bL/R, dpy = \/anL/R.

So left-chiral supermultiplet here = that on page 90 ({, = V1, ¢ = ¢, F = F. ), right-chiral by conjugation.

Compact form: @i<£€, 9) — qbi(a:i) + ﬂ@%/RE wL/R<x:I:> + Hf/REQL/R gzj:<£€:|:> ,

where 0 p = Prjpf, ol = a* £ 0LEA"0; .
This is left / right-chiral superfield on page 98, by Taylor expansion in 65 Ev#0;:
Make use of 7 = —0~;E (Majorana conjugation on page 91) and E? = (13E£)? = —

Firstly, rewrite as @4 (z,0) = ¢4 (zy) — V20P gp(vs) 4+ 0P p0F s (24),

because Qf/REwL/R = 0y B3 (1 £ 75)EL(1 £95)0 = —04(—v5 F 1)5(1 £ v5)¢ = £0Pp pep. Similarly, 2/t = 2/ + 1059, so

Ist term in underlined equation above: ¢+ (zy) = ¢1 () £ 5(0v57,0)0" ¢+ (x) — 5(50757"0)(3075770)0,0, ¢+ (2)

= ¢1(x) £ 3(0157,0)0" 6 (v) — 5(30750)°3{7", 7"} 040 P2 (x), then use 3{y¥, 7"} = g,

2nd term: —v/20Pp gt (xs) = —V20P; pip(z) F (Q%V 0)00,Prjpip(x) = —V20Pp pib(x) F (9759)97 0, Pr/py(x).
3rd term: OPp/p0.F (1) = 0P p0 Fo (1) £ 50795700 P p00, T (a) = 0P p0F () + (0L EV*0L) (0] o EOL r) 0, F s (2)],

term in square brackets vanishes due to 3 occurences of “2-component” 0z g.
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Compact form on page 99 is most general function of x4 and 0 /.

Conjugate of right-chiral superfield is left-chiral superfield.

Superspace “direction” of chiral superfield: Z-®. =0, where 25 = Pp/1Z .
Can be used to define left / right-chiral superfield.

Follows from Z:x'y = 0, using 75 = Feapgg— — (V"0r/R)az,-

Chiral superfield from superfield: For general superfield S, 21,2435 (i.e. ZLE2.S) isleft / right-chiral.

Di(D10P13S) = 0 because the 7, anticommute and there are only 2 of them.

F -component of chiral superfield (coefficient of §Pr0) is candidate for SUSY Lagrangian.

If & oc[®i]z = .Fs, then 6.2 oc a@iir g, i.e. a derivative, so action &/ = [ d*z % obeys d/ = 0.
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3.4.2 Supersymmetric Actions

From now on, only work with left-chiral superfields, write &, = &, ¢, = ¢, ¥, = .Z.

Supersymmetric action from chiral superfields: & = [ d'z([f]z + [ d'z[f]%7 + [ d*z3[K]p .

where f is left-chiral, K is real superfield.

Superpotential f is polynomial in left-chiral superfields:

Recall function of left-chiral superfields (but not complex conjugates thereof) is left-chiral superfield.
Superderivatives (and therefore derivatives) of left-chiral superfield is not left-chiral.

Left-chiral superfield of form 2,,%.3S (see chiral superfield from superfield on page 100) allowed in f,

then can write f = 2T EZ, h, since 2, annihilates all left-chiral superfields after differentiating with product rule.
But .@IE@JJL o< coeff. of 0L EOR (neglecting spacetime derivatives with don’t contribute to & from now on).
Then (2T EZ, h)# « coeff. of (L E0L)(0LEOR) = (0750)? in h, so [ d'z[PTEZ h]# < [ d'z[h]p,

i.e. 1,955 terms not necessary in f, can be included in [K]p.

Kahler potential K depends on left / right-chiral superfields but is more general.
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R quantum number assignments for potentials f and K: Z; =2, Zx =0.

First case: Want f d*z[f]# to have Z# = 0. From chiral superfield decomposition on page 98, term in left-chiral superfield ®
containing .# component is 0P 0.% = +0TE0;. 7. Since %9% po, = 2 and want Zz = 0, must have Zp = 2.
Second case: Want [ d*z[K|p to have Zp = 0. From general form of superfield on page 96,

term containing D component is o [0y56]*(D + 19°C). But Rig.0p = 0, so for Zp = 0 must have Zs = 0.

For renormalizable theory of chiral superfields:

Superpotential f is at most cubic in left-chiral superfields ¢,,.

DO —

Operators O in .Z must have mass dimension d;(O) < 4 for renormalizability. From definition of &, dy;(0) = —
So dpy([S]#) = dp(S) + 1, dar([S]2) = du(S) + 2, so operators (represented by S here) in f (K) have mass dimensionality < 3(Z

Since dp(P+) = dp(p+) =1, f can only be cubic polynomial in &,

General form of Kahler potential: K (P, ®*) = > ¢, P}, P, . gy Hermitian.

As noted above, operators in K have mass dimensionality < 2. ®,,®, terms (or conjugates thereof) don’t appear,

since they are left-chiral so have no D term.



Direct calculation gives —[K(q) ) p = gin [—auqu;lawn + T Ty — S,y Ot + 5 ( uEmRWuwnR}-

Take ®,, = N,y ®,,, ¢

g = (NTgN),,. Since g,, Hermitian, choose unitary N to diagonalize it.

Diagonal terms positive to get positive coefficient for —d,,¢/*0"¢!,, absorb them into ¢! then drop primes.

Superpotential part of .Z: [f(®)]|z = %a¢na¢m¢nR¢m + Z, g{; ) Similar for f*.

From direct calculation.

# from chiral superfields: £ = —8,¢:0"¢, — 5%, 17" Outbnr + 50,0 r)V Y

% 8gbm¢n3¢m 2 (a¢na¢m) (wanmL) —Vi(g).

2
0f ()
Ion

where %, = — (agqgf)) and scalar field potential V(o) = >,

Sum Kahler potential and superpotential parts (and conjugate) of .Z above, use field equations to get .%,

a

103
Kahler potential part of .Z: %[K(CD, O*)|p = —0,¢9;:0" Py, + F ) F), — %@nLW“@ﬂDnL + %(auEnR)’yuwnR-

9f(¢)
n

)
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Minimized V' (¢g) > 0, equality (tree level) only when ;@ = 0 (note ¢no = (0]¢,|0)).

P=0y

Tree-level expansion of V: V(¢) = V(¢g) + (A" ) N&! A, |

where Ag, = @, — ¢n0, bosonic mass matrix Ay, = (%ma% ‘ b=dp

= 0 (see page 105),

From Taylor’s theorem and > ., (%)
¢:¢0

2

~ D

Agbm

P o ol PO
Matrix .# can be diagonalised because it is complex symmetric.

From & from chiral superfields on page 103, fermionic mass term is —%(//mn%l rUmL,

so fermions and bosons have same mass, as required in SUSY.

Free Lagrangian density: %=, | — 9,A¢;0'A¢, — m2A¢:Ad,

_%Enlﬂ/’u b1 + %(auEnRW“ UnR — ’mnwnR%L My (Y gtnr)* } :

0%0 = _auAgb;auAgbn o (%T%>mnA¢jnA¢n - %EnL’V”auzﬁnL + %(auEnR) L@bnR mnlanme %n(@anme)*

from £ from chiral superfields on page 103 and tree-level expansion of V' above, then diagonalize .Z .



3.5 Spontaneous supersymmetry breaking 105

" lo=gg

Broken SUSY vacuum condition: (0[.#0) # 0 or a¢> 9/(¢) #0 or V(go) >0
In left / right transformation on page 99, want to make one of (0|6W;|0) # 0, where W; = 4,1, ¢, or F,.
Cannot make (0]1),,1|0) # 0 since vacuum Lorentz invariant, nor (0|d,¢,|0) # 0 since (0|¢,|0) constant.

Only possibility is (0|.%,]0) # 0 (whence (0|61,1|0) = v2a(0[.%,|0)),

which from % from chiral superfields on page 103 is equivalent to last 2 statements.

9f(¢)

Spontancous SUSY breaking requires f such that =5 5 = (0 has no solution.

=g

Spontaneous SUSY breaking gives rise to massless spin 3 L goldstino.

2

o
Ipn
d=¢o

_OleZ%mn(w> ‘ = 0.

af \*
5023, 55 8¢ma¢n (a¢n) -
=®0

d=¢o

So ./ has at least one zero eigenvalue, so from free Lagrangian density on page 104, since .# eigenvalues are the m,,,

there is at least one linear combination of ¢,;, with zero mass.

In local SUSY, goldstino absorbed into longitudinal component of gravitino, gives it a mass.
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3.5.1 O’Raifeartaigh Models

Theories in which left-chiral fields X,,, ¥; have Z = 0, 2. Most general superpotential is f(X,Y) = > . Y; fi(X) .

From R quantum number assignments for potentials f and K on page 102, i.e. Zy = 2 (X*, Y* not allowed since f left-chiral).

SUSY broken when no. fields X < no. fields Y.

Write scalar components of X, Y as x, y. Condition %y) = 0 implies f;(x) = 0, i.e. more conditions than fields X,

only possible to satisfy by careful choice of the f;(x).

%

Scalar field potential: V =3 |fi(z)]> + >, G

From general superpotential above and definition of scalar field potential in % from chiral superfields on page 103.
Simplest (renormalizable) model: Ficlds X, Y}, Y5.
Then choice fi(X) = X — a, fo(X) = X?is general, for which V = |z|* + |z — a|* + |y1 + 2zy2|%
Renormalizability allows f; to be quadratic only. Then take linear combinations of Y; and shift and rescale X.
Vacuum matrix elements: zy = y19 = 0, yao arbitrary , or (0|.%,,|0) = (0|.%,,|0) = 0 and (0|.%.]0) = a .

Solve 7| = = 0 where w = 2(1), yg), ygf). Recall wy = (0]w]|0).

6w
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3.6 Supersymmetric gauge theories
Gauge transformation of left-chiral supermultiplet: (¢, ¥, %), (x) — (exp[ItAAA(a:)])nm (o, Yr, F)m(x) .

Fields in same supermultiplet have same transformation properties under internal symmetry transformation U:

Since [Q, ag} Pl ~ ag} 5> Where ag}  are annihilation (creation) operators for bosonic and fermionic superpartners,

general transformation of ag) on page 9 is same for ag), ag) because [U, Q] = 0 from page 85.

So from complete field on page 26, transformation same for all fields in supermultiplet.
Gauge transformation of left-chiral superfields: ®(z,0) — exp[ltAAY(z,)]®(z,8) (column vector ).
Implied by gauge transformation of left-chiral supermultiplet above and compact form on page 99.
Gauge transformation of right-chiral superfields: ®'(z,0) — ®I(x,0) exp[— It A4 (2 )] .
From conjugate of gauge transformation of left-chiral superfields above. Note A4(z) is real function of # and A% (z,) = A4(z_).

Global gauge invariance = local for [ d'z[f(®)]# but not for [ d'z[K (P, dT)]p.

No derivatives / conjugates of ® in f, so argument y of A“4(y) irrelevant. But K also contains ®,

so e.g. @I ®, not invariant under gauge transformation of left and right-chiral superfield above because A% (x,) # A4(z_).
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Define gauge connection I'(x, ), with transformation property

Gauge transformation of gauge connection: I'(z,0) — exp[It ;A (z)]I'(x, §) exp[— Tt sA (2]
then “new” right-chiral superfield ®'(x, §)I'(z, #) has transformation property
Gauge transformation of new right-chiral superfield: ®(z, 0)I'(z,0) — ®'(x, O)[(xz, 0) exp[— It A (2, )] .

Global gauge invariance = local for [ d*z[K(®, ®'T)]p. Also implies invariance under

Extended gauge transformations: ®(z,0) — exp[It Q% (x, 0)]®(z,0)

[(z,0) — exp[lt QM (z, 0)]L(z, 0) exp[—It 404 (2, #)] with any left-chiral superfields Q4 (z, 6).
We are extending A4(z,) to Q4(x,0) = A (zy) — V20T E pp(x)) + 0T B0y Fu,(x)) in compact form on page 99.

®(z,0) is left-chiral (depends on x,, 65, only), so cannot introduce z_ or g in Q4(z, ).

Hermitian connection: I'(z,0) = I'l(z,0) .
Take I' — 3(I' + I'f) or 5;(I' — I'"). Ordinary gauge transformation of I' above intact, since I', I'! have same transformation.
Connection from gauge superfields: ['(x,0) = exp[—2t4V4(x,0)] , with real gauge superfields V.

Form preserved by gauge transformation of gauge connection above, new V4 independent of ¢4 representation.
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Extended gauge transformation of gauge superfields: V4(z,0) — VA(z,0) + £[Q%4(z, ) — Q4 (z,0)] + . . ..

44 7

where = commutators of generators, which vanish for zero coupling and in U(1) (Abelian).

From extended gauge transformations and definition of gauge superfields above.

Gauge superfields in terms of components: V4(z,0) = C4(z) — I0ysw(z) — 2070 M* (x) — 200N ()

+5075740V A (@) — 10750004 (z) + 39w ()] — 1(6750)*(D4(z) + 50°C4(x)) .
From general form of superfield on page 96.

Transformation superfields in terms of components: Q4(xz,0) = W4 (x) — V20P w(z) + # (x)0P.0

+10757,00"WA(x) — %@fﬁ@@@PLwA(x) — 3(0750)20*W4(z).

From chiral superfield decomposition on page 98, taking left-chiral part (®* there).

Transformation of supermultiplet fields: C4(z) — C%4(x) — ImW*(z) + ..

)

wi(z) — wi(z) + %wA(a:) +..., Vi) - VA=) + . ReWA(2) + ..., MA(x) > MA(z) — Re#/ 4 (z) + ...,

NAz) — NA(z) + Im# z)+ ..., M(z) = M(z)+..., DAx) —» DAx) +...

44 7

From all 3 above results. Again, “...” = commutators of generators, which vanish for zero coupling and in U(1) (Abelian).
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Wess-Zumino gauge: C4 w?, M4, N4 =0 — VA4(x,0) = 50740V, (x) — 1075007 (x) — (0750)> D4 (x)

Transformation of supermultiplet fields on page 109: take ImW4(x) = C4(x), w(z) = —v2w(z), #4(x) = M (x) — IN*(z).

44

Sufficient for Abelian case because “...” = 0. For non-Abelian case, add nth order (in gauge couplings) terms

to ImW4(x), w(x), #4(z) to cancel nth order terms from commutators of m < n — 1th order terms.

Wess-Zumino gauge is not supersymmetric.
Ensuring 6C4, 6w?, 6 M4, 6 N4 = 0 in component field transformations on page 97, requires also having VHA, M =0,
which requires 5VMA, SA = 0. 5VMA = 0 satisfied, but A4 = 0 requires D4 = 0, i.e. VA4 = 0.

Gauge invariant .Z for chiral supermultiplet: %[CDTFCD]D — —%(Dugb)TD“(b — %%LW“DM% + %3"*35

+ 120 ta NP — %DAWtAgb + h.c., where covariant derivative D, = 0, — ItAVMA

(gauge transformation for gauge superfield derived next on page 111).
In Wess-Zumino gauge, I'(x,0) = 1 — 10757,004V, () — 5075700757 0t at gV, (2)V,P () + 210750t aON () + 5(0750)*t 4D ().
Then use left-chiral superfield in chiral superfield decomposition on page 98.

Note D term is coefficient of —3(6y5)* minus $9?x first “¢” term.
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Gauge transformation of gauge supermultiplet fields: 5gaugeVMA(a:) = CapcV,) (x)A°(z) + 9,M (z)

(which is infinitesimal version of transformation of gauge fields on page 62), and
Ogauge N (2) = CapcAB(2)AC(2) , Ogange D (x) = CapcDP(2)A(z) (ie. 4, DA in adjoint representation).
Firstly A4(z,) = A (z) + %(5%%9)8“/\‘4(:6) — %(@756)2(92AA(:C). Then gauge transformation of gauge connection on page 108

(using connection from gauge superfields) reads exp[—2t4V Y (z,0)] = exp[It ;A4 ()] exp[—2t 4V A(x, 0)] exp[— Tt A (4)].

Write as exp[—2t,VY(z,0)] = eeXe’ where | X = —2t,VA(z,0) = —2tA[%§757M0VMA(x) — 1075007 (x) — 1(0750)?D*(2)]|, and

small quantities |b + a = 2t4ImA? (z,) = —107v57,0t40" A ()|, |b — a = =21t sReAH(z,) = —2It4[A4(x) — £(0750)20° A ()] |.

To first order in a, b, —2t,VA(x,0) = X + %[X, b—al+b+a+...and “...” means higher order in a, b,

as well as terms of O(X")O(b — a) with integer n > 2 which vanish: since (1,7;) = Pr, £ Pk,
X ~ 0r0r(x further 6 factors), while b+ a ~ 010g, so O(X*)O(b—a) ~ 630%(x ...) = 0.

So VA(z,0) = VA(z,0) + CapcVE (2, 0)A° (2) + L0757,00" A (2),

compare superfield expansion in Wess-Zumino gauge on page 110.

Wess-Zumino gauge is gauge invariant (i.e. CA w4, M4, N4 remain zero) under ordinary gauge transformations.

Note @ dependence of V4 (z,0) same as VA(x,0), i.e. CY w¥, MY N4 = 0.
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3.6.1 (Gauge-invariant Lagrangians

Construct gauge-invariant Lagrangian from
Gauge-covariant spinor superfield: 2t \W7. (x,0) = 2T ED_ exp[2t AV (x, 0)| Do exp|—2t 4V (2, 0)]
which is left-chiral because Z_Wp =0 (Z,-P3-2,- = 0), i.e.

Extended gauge transformation of Wl: 2t,Wi (z,0) — exp[ltAQ4(x, 0)]2t AW (0, 0) exp|— Tt 4024 (x, 0)] .
From extended gauge transformations and connection from gauge superfields on page 108,
WA — PTED exp[It A0 exp[2t AV A] exp[— Tt 4QY] Dy, exp[It 4QM] exp[—2t 4V 4] exp[—Tt4Q4].
Use product rule for the 2. here. Since Q4 is left-chiral, 2_Q4 = 2,.Q41 = 0.
Then 2t W7 — exp[It sQNPTED_ exp[2t AV 4] exp|[— Tt AQAT] exp[ Tt AQAT D o exp[—2t AV A] exp[— Tt 44

= exp[It AQYNPTED_ exp[2t AV A Dy exp[—2t 4V A]exp[— Tt 4Q4]. Not finished, because Z,  exp[—It4Q4] # 0

(however, 2T EZ_ exp|—ItaQ%] does vanish). But 2TE2 9., = 2., 2 ED_ — 4[PLp2_],, so DT ED_D, , exp[—It1Q4] = 0.

So 2t s W7 — exp[It Q4] {@TE@_ exp[2tAVA 2 exp[—QtAVA]} exp[—Tt Q4]

where all derivatives in quantity between { and } evaluated before multiplying on left / right with exp[£1t,4Q%].
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Form of W#: Wil(x,0) = \(z,) + %WNVVQLF;}/(:I:JF) +0TEO DN (2 ) — 10, DYz ) .

Note exp[—2t,VA(z,0)] =1 — I@’ymuﬁtA\/;f(x) — %5757“65757”975/1@\/#’4(x)VVB(x) + 210750t 400 () + 1(0750)*t 4 DA ().
After performing all Z. in gauge-covariant spinor superfield on page 112, choose gauge where V4(X) = 0 at given z = X,
gives W7I(X,0) = A (z4) + %’Y”’YV@L((?MVVA(XJF) . 8VVuA(X+)) + HfEHL@AQ(XH — 10 DA(X).

Then convert to gauge covariant form consistent with this,

ie 0,V — OVVNA — F/jly (the non-Abelian field strength of page 63) and @ — .

Gauge supermultiplet Lagrangian: Zuuse = —3Re((W/TEW[] ) = —1F 4" — %XA(JD)\)A +1D4D4.

From form of W;! above.

Additional pieces:
.. . —A
Additional non perturbative part: % = —f];—ﬁglm (WflTEWfl) = —157;—:2 (I)\ DysA?t — iew/ngA“”FAp"> :
where ¢ is coupling appearing in ¢ 4.
Fayet-Iliopolis term: % = £D , where £ is arbitrary constant, D is for Abelian supermultiplet..

Corresponding action is supersymmetric, because D = Iay;@\ is derivative.
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Explicit check that action from Zauee 1s supersymmetric.

In V4(X) = 0 gauge, component field transformations on page 97 at © = X: 5\/!;4 = ay, A\, D4 = TayPA4, and
A = (AFA [y A" + Iy5D?)a where Fi, =0,V — VA + CapcV,PV,S is non-Abelian field strength of page 63.

4% pv

Then using §(FLFA") = 2F 4 5FA ete., §(FiLFA™) = 2F4% (7,0, — 7,0,)A*, 6(DAD*) = 21 DAary; A~

and (5(74@)\‘4) = 2a[1FiL v 7] + Iy D)ga + 5(CABCXAVB)\C) up to derivatives

(we will show §(C ABCXA‘/B A) = 0 later). For this last expression, use [y, Y]y = —2¢"y" 4 2g"Py# — 2[tPory,~P

(expand in 16 matrices on page 44, Lorentz and space inversion invariance limits this to these three terms.

Ist coefficient by taking uvp = 121: [y',4?]y! = —2¢*+?, correct because from anticommutation relations for v# on page 43,
4% = —4%41 and 4! 2 = 2. Similarly for prp = 211 to get 2nd coefficient. 3rd coefficient from pvp = 123:

VA% = —21e®0yyy5, LHS is 29'929° = 29079927 = —21v75).

So § (XA@AA) = —F"a(v,0, — v,0,)A\ — [P F lﬁ@’yg%ﬁp)\“‘ + 2I DAArys@A4. 2nd term replaceable, after integration by parts,
by 1e'?7(9,F7%, )ay,75A*, which vanishes since e.g. €779,0,V;* = 0, 1st and 3rd terms cancel with §(F, F4") and §(D4D4).

Thus we are left with §(Cupch VEAC) = Capeh’ (Y EINC = Capeh’ 7 ACayiAB = 0,

where antisymmetry of Cypc used in 1st step. Last step requires explicit calculation.
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Lagrangian for chiral superfield interacting with gauge fields:

— — 2 * *
£ = ~(Du)L (D0 — 50,07 (Dyon)n + 3D bur — S5t Bbs — § (52) (W1, B

/57, <A
_V(¢> +1v2 nL(tA>nm/\A¢m - I\/iqb:g)‘ (tA>nm¢mL - _FA FAW - 9 (lD)\) 64 2€uupaFAWFApg )

where potential V(@) = 85(](5? (ag(éf))* + % (SA o ¢;‘;<tA)nm¢m) (ﬁA + ¢Z(tA>kl¢l) .

Sum of gauge invariant .Z for chiral supermultiplet on page 110, superpotential part of .Z on page 103 and 3 Lagrangians

on page 113 gives & = § [T exp (—2t4V4) @] | + 2Re[f(®)] 7 — 3Re (W/TEW) . — ¢4D4 — 29 Tm(WAT EW), or explicitly

1
2 1672

(using Majorana conjugation on page 91, e.g. 1y = ' Pp3 = Py = YT Eys Py = T PLEvs = VI Evy)

L = —(Dud)(D'6)n — 300Dt} + T T — Reg LT By, + 2ReS 10 F,, — 23/20m(0) s M b
+2\/§Im(tA)mnEnR)\A¢in T ¢L(tA)nm¢mDA o SADA + %DADA iF/ﬁ/FAW ) (D)‘) 64 2EWPUFAWFAPO'

Then use field equations for auxiliary fields: .%,, = — (85(;?)) and D4 = ¢4 + &% (tA) nmPm-
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Perturbative non-renormalization theorem for .# term:

For general SUSY gauge theory with coupling g absorbed into gauge superfields,
L =5 [@Texp (~264V4) D] ) + 2Re[f(®)] 7 + 55Re [WHTEWS] .
For supersymmetric, gauge-invariant cut-off \,

=5 [AN@ V.9, )]+ 2Re[f(®)] 5 + 55Re W EWE] &,

where one-loop effective gauge coupling gA_2 = const — 2b1n \.

Implies coefficients in terms of superpotential unchanged by renormalization,

1.e. these coeflicients receive no radiative corrections.

In MSSM, Higgs mass term appears in superpotential, so no hierarchy problem to all orders.
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Tree-level vacuum is minimum of V(). Lorentz invariance: (0|(¢nz, A, F,)[0) = 0, so (0].2]0) = —(0[V']0).
Unbroken SUSY vacuum: .%,) = — [%Sf)] o 0, D§f = &4+ @0t a)nm®mo = 0 <= V(¢) = 0.
Can write V = %%, + DAD? > 0, so V = 0 (if allowed) is a minimum. In this case, .%,y = D§' = 0.

From left / right transformation on page 99, 01y, = 0.% = d¢ = 0. Argument holds in reverse. Note: no overconstraining

on N ¢ components: .%o = D{ = 0is N conditions, not N + D, where D is dimensionality of group, i.e. A=1,...,D,

because only N — D conditions needed to satisfy %, = %((f) = 0: f(®P) invariant under extended gauge transformations
P=0o
on page 108, 8&%’4) =0= agé@) a([e”B;le ‘QC 0= fé@) (]tA(I))m l.e. aafT@(tAqb)n = 0, which is already D conditions.

Existence of any supersymmetric field configuration = unbroken SUSY vacuum.

From above, SUSY field configuration has V' = 0, which is absolute minimum so lower than V' for non SUSY field configuration.

¢4 = 0: To check vacuum is unbroken SUSY, enough to check that Ekz(ﬁf) 0 can be satisfied.

f(¢) has no ¢*, so in invariant under ¢ — e’ A% tag with A4 complex. If 8¢(> %) = 0 true for 5, true for ¢t = eIAAtAg.

Choose A? such that ¢ ¢* minimum (which exists because it is real and positive), i.e. 525 (¢ ") oc 2 (£4)nmed, = 0,

i.e. DA =0, so unbroken SUSY vacuum condition obeyed.
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3.6.2 Spontaneous supersymmetry breaking in gauge theories

So break SUSY by

1. Making g—é = 0 impossible (already considered on page 105)

or

2. Fayet-Iliopoulos term £D. Simple example:

2 left-chiral ®* with U(1) quantum numbers e,

so spinor components are left-handed parts of electron / positron.

Then only possibility is f(®) = mdTd~,

so from V' defined on page 115, V(¢*, ¢ ) = m?|¢T > + m?|¢™|* + (€ + €*|¢T|* — 2| )%,
which cannot vanish for & # 0, so SUSY broken.

Note U(1) symmetry intact for [£] < %, since minimum at ¢+ = ¢~ = 0.
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. 2 2 2 _
Tree-level mass sum rule: ) . gmass®—2) . 1mass®+3) . mass”=0.

spin 5
Valid whether SUSY broken or not.

Take new scalar fields A¢,, = ¢, — ¢no. Then quadratic part of V defined on page 115 in unitarity gauge ¢'(t4¢) = 0 is

YN R Ad MM+ (Eado)(taco)T + Dty
Vq“ad‘%(Aas*) MOQ(Aaﬁ*)’Where Mg‘( : /mm<<tA¢o><tA¢o>*>*+Da4t£)

(A defined in tree-level expansion of V' on page 104). From Lagrangian for chiral superfield interacting with gauge fields

T *
on page 115, terms quadratic in fermion fields are £/, = —% ( w)\L ) M < w)\L ), where M = ( Iﬂfcﬁ ) I\/ﬁ(éA%) ),
APo

so MM = ( MM+ 2(tago)(tago)!

). For gauge fields, 4 = —VA(MZ) 4V P where (M) ap = ot {tp. ta}do.

20t pt Ao

Underlined results above give TrM§ = 2Tr (A * M )+ TrME + 2D Trt 4 and Tr(MTM) =Tr(M* M) + 2Tr ME.

_ - 2 2 2 _opA
But trace = ) eigenvalues, so ) : gmass® —2) 1 mass” + 3 > epin 1 Mass” = 2DgTrt 4.

spin
In non-Abelian theories, Trt4 = 0. Can have Trt4 # 0 for U(1) but gives graviton-graviton-U(1) anomaly.
1 spin-3 component for scalar boson, 2 for Spil’l—% fermion, 3 for spin-1 gauge boson,

so sum rule above is just € = > ;. mass® — Y | mass® = 0.

% is coefficient of quadratic divergence in vacuum energy, i.e. breaking SUSY does not affect UV structure.



Recap of superfield formalism:

Superspace: extension of spacetime x to include Grassmann variable coordinates 6 = (61, 05, 63, 0,),

which are components of Majorana field.

Superfield: Function of superspace, i.e. S(x,0).

Since 6 is Grassmann, expansion of S in 6 components terminates at 6160,0360,.

Schematically, S(x,0) = ¢(x) + A(2)0 + B(2)0? + C(x)0° + D(x)0*. Any function of superfields is a superfield.

Supermultiplet fields: These are the ¢(z), A(x), ..., D(x), describing particles and their superpartners.

Note e.g. ¢ is a commuting scalar field, A a Grassmann spinor etc.

D is candidate for Lagrangian ., because SUSY transformation 6D o< 9, f — invariant action & = [ d*z.Z(z).



Chiral superfield: Superfield subject to certain constraints.

Expansion is ®(z,0) = ¢(z) + ¥ (2)0 + F (2)0% + . . ..

(Only consider left-handed chiral superfields, right-handed by conjugation.)

Its component supermultiplet fields are candidate for

e.g. left-handed electron (7)) and its superpartner the left-handed selectron (¢).

Z is candidate for Lagrangian £, since SUSY transformation §.% o 9, f — invariant action &7 = [ d*z.%(z).
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4 The Minimally Supersymmetric Standard Model

4.1 Left-chiral superfields

Assign left-handed SM fermions to left-chiral superfields according to table 4.1.1.

Table 4.1.1: MSSM equivalent of table 2.9.1 on page 64, for the left-chiral superfields. Supermultiplets for e.g. U are written

uy, for the left-handed up quark and @, for its scalar superpartner, the up squark. Likewise for U we write u}% and ’&J]r%.

Names Label Representation under SU(3)oxSU(2),xU(1)y
(S)quarks | @ = (U, D) (3,2, %)
U (3,1,-2)
D (3,1,3)
(S)leptons | L = (N, E) (1,2,-3)
E (1,1,1)

Baryon / lepton number violating terms:

QK(eLM),D" ] 7 = [(DKNM — USEM)D") 5, [(EXNM — NKEMEY),  [D"D"T")5.

SU(3)xSU(2)xU(1) invariant terms not in SM,

allows proton decay p — 7w + e in ~minutes, while experiment gives > 1032 years.
_ ~ _ = L —K—M-—N
Relevant processes are updp — (5}, or b},) — erur and ur — ur. (No ugdgp — dj: coupling is AgynD D U

: : . . —=K—=M . . - : :
with Agyn antisymmetric in KM since D D antisymmetric in colour indices to get colour singlet coupling.)
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Rule out some / all baryon lepton number violating terms on page 120 by symmetry, e.g.:

1.) Rule out all by baryon number (B) and lepton number (L) assignments
BU,U — BD,ﬁ — :l:%, LU,U — LD,E — O7 BN>N — BE,E — 07 LN,N — LE,E — :l:l, B@L — B@R — L@L/R — O

Or rule out some by requiring only conservation of linear combination, e.g. L, B, B — L etc.

2) Rule out (D" D" U ' |# by Ly =Lp =0, Ly = Lp = Ly = Ly = —1, L= = —2.

“Conventional” L for quarks, leptons by taking Ly, R +1. L for squarks, sleptons is then unconventional.

3.) Rule out all by R parity, a discrete global symmetry, = 1 for SM particles and = —1 for their superpartners,
ie. Ilgp = (—1)*(—1)*B=L)  Lightest SUSY particle (LSP) (lightest particle with Iz = —1) completely stable.
Cannot decay into other IIp = —1 particles (heavier), or into Il = 1 particles only (violates R-parity conservation).

Colliders: sparticles produced in pairs.

Non-zero vacuum expectation values for scalar components of N® — charged lepton, charge —5 quark masses

via 1st, 2nd terms in baryon / lepton number violating terms on page 120, but charge % quarks remain massless.
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Spontaneous breakdown of SU(2)x U(1) for massive quarks, leptons, W=, Z by Higgs superfields in table 4.1.2:

Table 4.1.2: Required Higgs superfields in the MSSM.

Names Label Representation under SU(3)cxSU(2),xU(1)y
Higgs(ino) | H, = (HY, H;) (1,2, _%)
HQ = (H;_7Hg) (1727%)

Higgs-chiral superfield couplings in superpotential [f(®)]#: (K, M = generation)
=M =M =M
higy((D¥HY = UNH)D ™ )5 . hiey[(B*HY = N*H{)E™ |5 . hicy[(D*Hy — URH3)U "5 .
E.g. last term is just Qq(eHs),U, leads to —GUKM@fa(eqﬁH)Lu% term in Aiggs—fermion ON page 66.

Note second Higgs Hs needed for last term, because we need a (1,2, %) left-chiral superfield. (H I is (1,2, %), but is right-chiral.)

(0| H?\O> # 0 gives mass to d-type quarks and charged leptons, (0]¢ Hg\0> # 0 gives mass to u-type quarks.

In superpotential part of .Z on page 103, fermions get mass from first term —.1 O°1(0) 7y

2 96n0bm, VnRrYmL-

So from e.g. first term of Higgs-chiral superfield couplings in superpotential [f(®)]# above,

—K —K
mass term for d¥ from ag;g%* dpdt = Prodp di.

For more Higgs superfields, number of H; and Hy type superfields must be equal.
Higgsinos produce SU(2)-SU(2)-U(1) anomalies: For H;, anomaly oc > 3y = (%9)2 (39') + (—19)2 (5

for Hy, anomaly o< Y t3y = (%9)2 (=1g) + (_lg)2 (-
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Most general renormalizable Lagrangian for a gauge theory with R parity or B — L conserved consists of

L. sum of [®* exp(—V)®]p terms for quark, lepton and Higgs chiral superfields,

. sum of [e,3W, W3]z for gauge superfields,
3. sum of Higgs-chiral superfield couplings in superpotential [f(P)]# on page 122, and
4. pterm: &, = p |Hl'eH,| , = p|Hy HY — HYH)|

1 has no radiative corrections due to perturbative non-renormalization theorem for .%# term on page 116.

Gauge hierarchy problem on page 76 explicitly solved as follows:

Unbroken SUSY: 1-loop correction to Higgs mass from any particle cancelled by that particle’s superpartner.
For broken SUSY, replace Ayy with ~ mass of particle,

so 1-loop correction to Higgs mass from top is ’ ’ ~Am?, where Am? is mass splitting between top and stop.
No fine-tuning if this is < 1 TeV, so since |r¢|? ~ 1, stop mass is < V812 ~ 10 TeV.

Flavour changing processes suppressed to below experimental bounds if squark masses ~ equal,

so if gauge hierarchy problem solved by SUSY, all squark masses < 10 TeV.



4.2 Supersymmetry and strong-electroweak unification b

Mentioned in grand unification subsubsection, page 72. Assume SUSY unbroken in most of range < My.

1-loop modifications to SM 5;(g;(u,)) = ,u,ad%rgi(ur) from new SUSY particles, with ng Higgs chiral superfields:

_ Sngg” g% (5ng | ng — 1 _ 1 1 (519 | ng Mx
b = 3672 4n2 \ 6 + 8 9%(pr) g% (M) - 272 \ 6 + 8 In L

g 11 n g 9 n s 1 1 1 3 n s Mx
=iz (v+F) i (5+3+%) = mo ot (23 + %) n (5

g3 1 ., n g3 9 , n 1 1 1 9, n Mx
Bi=gz(-3+3) »a(Hi+%) = mo=gom T (it )W)

Take pu, = my, set \/gg’ (Mx) = g(Mx) = g(Myx), solution (where e defined on page 68, sin® fy on page 67)

2
18+3ns+ 62(’”2 ) (60—2n)
9s (mZ)

1. Sin2 Qw<mz> =

108+6n
1_862(mZ)
Mx\ _  8x2 39%(7”2)
2. ln — ) .
my e?(my) 18+ns

For measured values sin? fy = 0.231, S0%2) — (128)~1 £0"2) — (118 my = 91.2GeV,

equation 1. above gives ng = 2, then equation 2. above gives My = 2 x 10'%GeV.



125

O\E ‘ \ ‘ \ ‘ \ ‘ \ ‘ \ ‘ \ ‘ \ P
2 4 6 8 10 12 14 16 18

Log,,(Q/1 GeV)

Figure 4.1: 2-loop RG evolution of inverse of a; = g in the SM (dashed) and MSSM (solid). asz(my) is varied between 0.113 and 0.123, sparticle mass
thresholds between 250 GeV and 1 TeV.
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In effective MSSM Lagrangian, SUSY must be broken.

SUSY breaking terms must not reintroduce hierarchy problem, i.e. no O(A%y) corrections to dm3.

Terms with coupling’s mass dimension < 0 — |ky|* — Ay = O(In Ayy) (see page 76), so dm3; ~ Ay In Ay
Superrenormalizable terms (coupling’s mass dimension > 0, ~ power of some M) — dm3, ~ M?In Ay,

OK provided M ~ mgusy S 10TeV. So SUSY breaking terms must be superrenormalizable, called soft terms.
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Soft SUSY breaking R parity / B — L conserving SM invariant terms:

(Sum over SU(2), SU(3) indices and generations K, M)
S2 KY M _ NI DT = :
1. L D ) o — M0 'ég , where S = Q,U, D, L, E superfields and ¢g their component scalars
2. Z5r D Dy AxmxAx, where X = gluino, wino, bino

3. Trilinear terms: Z5g D —A%MhﬁM((bg)Teqbﬂlqb% - C’I?MhﬁM(gbg)Tgbj‘%qﬁ%
—Afnlien (07 €bm oy — Ciarhipn(9F) 0, 0%
— A Pienr(06) € oy — Clarhipni(96)" ¢, o

where hll?’ﬁ’U defined in Higgs-chiral superfield couplings in superpotential [f(®)]# on page 122,

4. Lr D —%B ugbqf}ZengI — %m%{lgbzlgbm — %m%[Q(b}{Q(bHQ where p defined in p term on page 123.

Recall Hermitian conjugate is added to .Z. So Zsg D —Re{B /,L¢7]_}2€¢H1} — m%hqb;hgbﬂl — m%2¢22¢]—_]2.

Choose Hy, H, superfields’ phases so By real, positive: Zsg D —B ,uRe{gbjf}Qegb H1} — m%h gbLl O, — m%&gb}&gb Hy
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To respect approximate symmetries, choose A%, B ~ 1:

A3, for chiral symmetry: Reflected by small Yukawa coupling of light quarks.
B for Peccei-Quinn symmetry: Reflected by small 4 term on page 123.

C%,; terms involve scalar components of left- and right-chiral superfields,

— quadratic divergences = fine-tuning and hierarchy problems.

In fact these divergences from tadpole graphs which disappear into vacuum,

cannot occur since no SM invariant scalars.

Note SM superpartners acquire mass even if no electroweak symmetry breaking (i.e. if SM particles massless).

A3, B, C%,, are arbitrary and complex — > 100 parameters even without C%,, terms.

But expect soft terms to arise from some underlying principle.



129
SUSY breaking at tree-level (see below and next page) ruled out:

Predicts squark mass(es) too small, would have effect in accurately measured e*e™ — hadrons.
This is good, otherwise get fine-tuning: tree-level SUSY breaking would require mass parameter M in Lagrangian.
Would affect all SM masses, so M must coincidentally be ~ electroweak symmetry breaking scale v = 246 GeV.

No SUSY breaking at tree-level implies no SUSY breaking at all orders.

SUSY breaking at tree-level for 3 generations ruled out.

Tree-level mass sum rule on page 119 holds for each set of colour and charge values.
Gives e.g. 2(m2 +m? +m}) ~ 2(5 GeV)? = Y of all masses for bosonic degrees of freedom with charge —e/3.

So each squark mass is < v/2 5 GeV ~ 7 GeV.
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SUSY breaking at tree-level for >3 generations ruled out.

General argument against tree-level SUSY breaking: Consider first underlined equation on page 119.

To conserve colour and charge, only allowed non-zero D§' terms are for i of U(1) (D;) and t3 of SU(2) (Dy).
Squarks are colour triplets, so have zero vacuum expectation values. So for (g, ug),

Mgy =

( MG M — g'%D1 + g%Dz < MY AMp — D1 — g3 LDy

%U%§+§9/Dl) OI’(L; R) ()D %D%E_%Q/Dl)

Second underlined equation on page 119 gives mass-squared matrix .#;.# for charge quarks

and 4}, #p for charge —g quarks. Let v,, * = u, d be unit eigenvector for quark of lowest mass, i.e. M Mxv, = mivg;.
0\ 0 ,
Then mass® of lightest Charge squark < Mg, =m? + 59'D,

0

/
Uk ) - md 3g Dl )
so regardless of value / sign of D; there is at least one squark lighter than u or d quark.

In fact, since Dy ~ mZygy, get squark with negative mass which breaks colour and charge conservation.

Possible solution is new U(1) gauge superfield, so mass® of lightest charge (%, —£) squark < (mj + %g’ Dy, m? — %g’ D) +gD.
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2(:“7') ~ _b

812 T Inpy

Alternative breaking: Introduce new strong-force-like gauge field, asymptotically free coupling <4

[y €XD [— ;?jf)] ~ 1 = force strong enough (¥ (mgusy) ~ 1) at energy mgysy = My exp [—gﬁﬁi)] < Mx

to break SUSY, either non-perturbatively or by scalar field potential with non-zero vacuum expectation value.
To get mgusy ~ 10TeV <« My, ¢4 (My) does not have to be very small (no fine-tuning).

New force clearly does not interact with SM particles,

so SUSY breaking occurs via (0| Fpiqaen|0) # 0 in hidden sector of particles that interact via new force,
communicated to observed particles by interactions felt by both hidden and observed particles,

namely gravity (gravity-mediated SUSY breaking) or SM interactions (gauge-mediated SUSY breaking):
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1. Gravity-mediated SUSY breaking: msysy ~ <O|yhj\i4—d]§1en|0> — \/ (0].Zhidden|0) ~ 10 GeV. (No C}S; A7 berms.)

From dimensional analysis, subject to “no SUSY breaking conditions” mgysy — 0 as (0|%pidden|0) — 0 or Mp — o0.

2. Gauge-mediated SUSY breaking: Messenger particle of mass Myessenger cOUples to (0|-Zpiaden|0)

@ (01 hidden|0)
4 Mmessenger '

and to MSSM particles via SM interactions (loops). Then mgygy ~

For \/ (0] Zridden|0) ~ Mipessengers = \/ (0].Znidden|0) ~ 10° GeV. (Very small C IS( y ferms.)

Flavour blindness of above SUSY breaking mechanisms simplifies soft terms in Lagrangian at u, = Mx.
E.g. in minimal supergravity (mSUGRA), K on page 102, which appears in supergravity Lagrangian,
is diagonal for hidden and observed sectors, i.e. K =37\ ved nidden [Pil”
Gives organising principle (for mSUGRA) (recall S = Q, D, U, L, E)
2 2 2

S2 2 _ _ _ _ _ S _ S _
MKM = m05KM, mHl — mH2 = Mgy, Mgluino = Mwino = Mhbino = MM1/2, AKM — A05KM7 CKM = 0.

This or similar principle expected: small experimental upper bounds on flavour changing, C' P violating processes.
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Flavour changing processes allowed because squark, slepton mass matrices not necessarily diagonalised

in same basis as quark, lepton mass matrices.
Most stringent limits for quarks are on K9 — K transitions involving d;, — gluino + df : cifif — gluino + sz,

most stringent limits for leptons are on y — e~y decays.

C' P violating processes allowed due to many new phases in MSSM, can have large effect at low SM energies.

Upper bound on electric dipole moments of neutron and atoms and molecules

requires C'P violating phases < 1072 or some superpartner masses > 1 TeV.
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Consider Higgs H; and Hy superfields’ scalar components ¢, = (¢ HO: o) Hl—)T and ¢p, = (¢ Hy o) HQ)T-

2

+ 24 (5], b, — Glyom,)
8 H ¥ H Hy P Ha

ngHl ¢H 9

. . 2
Scalar Higgs potential: V = %

2 2\ At 2 2\ At T
+(myy, + |ul*) o, om + (may, + |ul°) ¢y, ¢, + BuRe(¢y edm,) .
From potential in Lagrangian for chiral superfield interacting with gauge fields on page 115,
with ¢4 = 0 and f(H;, Hy) = pH{ eH, (the p term on page 123),

together with part 4. of Zsg in soft SUSY breaking terms on page 127.

V bounded from below: 2|u|* + mj; +mj, > Bu.

Terms in V' which are quartic in ¢y, and ¢p, are positive or zero. When positive, V' has a minimum.
However, quartic terms vanish when ¢g, = (¢,0)" and ¢g, = (0,¢)", and then V' = (2|u> + m}, + m7, )|¢|* — BuRe(¢?),

which must not go to —oo as |¢| — 0.
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Definition of vacuum: <0|¢H2+]0> = (O]ngl—|O> =0, (0|¢z0|0) = v; real,

2 12
SO ('m%[1 + |p)?)vr + %(v% — v2)v — %BILL'UQ = (0 and 1+ 2. Around vacuum, ngZo = v+ @ .

Define Veutral — " when charged ¢ p- = Opy =0.

Choose minimum ¢+ = 0 by SU(2) rotation. =0 = ¢y- =0 (or Bu = %¢LQ¢L§’ but then v; = 0).

3¢
Then V = Vet swhere Viewral — S5 (|02 — |6 g ?)” + (my, + |l omgl? + (m3, + |6 éngl* — BuRe(@mydug).

8vneutral o
9¢; o 0’
¢i=0

Let stationary point of V™l he at ¢ HO = Vi, L.e. for ¢po = v; + ¢;, must have

i.e. coefficient of term oc ¢; vanishes. Gives (my;, + |u*)v] + 54 +g (v} — v3)vf — 1 Buvy = 0 and 1 < 2.

Last result implies vy real if v; real. Adjust relative phase between ¢go and ¢pg so that vy is real.
Parameter relations with v; and vy: B = m%sin28 where tan 3 = % . m? = 2|ul* + m%ﬁ + m%b , and

my + |u?> = gm?% — 5(m? +m%) cos28, my, + |pl? = 3m4 + §(m? + m%) cos 28 with m% = £(g* + ¢"%) (v 4 v3) .

From definition of vacuum above. Compare m  here with my on page 67.

Limiton 3: 0 < 38 < 5 By = m? sin 23 above, but V bounded from below on page 134 is m% > Bpu, so 0 < sin203 < 1.
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Quadratic (mass) terms in }/2euiral; Vqrigifml = 2m% cos20 (|¢1]* — |¢2/?) + m% (Re(cos B¢y — sin Beo))?

A2 + 16a) = 32+ 1) cos2B(11” — [6o]?) — m? sin26Re(grh)

Neutral Higgs particle masses: m?%, 0, m} =5 (mi +m?% + \/(m?4 —m%)2 + 4m?%m? sin? 26) ,

mi = % (m?4 +mZ — \/ (m? — m%)% + 4m?m?, sin® Zﬁ) (zero mass particle is Goldstone boson).

Real, imaginary parts of ¢; decouple in Kﬁﬁral (no terms like e.g. Re(¢1)Im(¢o)).

First two masses associated with Im(¢) = (Im(¢1), Im(¢2)): Write Im(¢) dependence of Vieu™ as Tm(¢)" Mg, Tm(6),

sm? (1 — cos23) im? sin23

m? sin 2 % m2 (1 + cos 26) ) Eigenvalues are m% and 0, corresponding eigenstates C' odd.

2

So m% must be positive to ensure ¢; = 0 is local minimum, i.e. that eigenvalues of % positive. Similarly,
i0@j

im? (1 — cos 23) + 2m% (1 + cos 20) —1(m?% + m%)sin 24 )

. 2 o
last two masses are eigenvalues of MR6(¢) = ( _%(mi +m2)sin 23 %mi(l 4 cos20) + %mQZ(l ~ c0s28)

Heaviest neutral scalar: m?% > m?%, m7 . Lightest neutral scalar: mi < m%,m% .

Large top to bottom quark mass ratio suggests large tan 3 = > — m3; ~ Max(m?, m%), m; ~ Min(m?, m%).
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Define Vehareed — V' when ¢y = ¢ = 0.

Quadratic (mass) terms in V/hareed;

h d . .
chu;jge = %(m%v +m?) (]ngl—P(l —cos20) + ]¢H2+]2(1 + cos2(3) + 2sin QﬁRe(qul—(bH;)) , with mg, = %gQ(U% +v3) .
Compare myy here with myy on page 67.

Charged Higgs particle masses: 0, mZ = m3, +m? .

charged 2/ % £ \T 2 1 2 9 1 — cos Qﬁ sin Qﬁ
unad - (¢H1_7 ¢H2+)MC(¢H1—7 ¢H2+) , where Mg = E(mw +m3) ( sin 23 1+cos28 )

Above masses are eigenvalues of ME.

Results for neutral and charged scalar fields modified most significantly by radiative corrections from top quark,

which has largest Yukawa couplings to Higgs. Most significant modification to above results are the increases

iy = 3 (s o+ k(0 = ) cos2 - AgE+ (o i 29)

4 2
m: = 1 (mi +m%+ A — \/((m?4 —m2%) cos 28 + Ay + (m? + m?)? sin’ 25) , where A; = V2 Gr MS;.

2 272 sin? 3 my

By taking stop mass Mg > 300 GeV, tan 3 > 10, get my > my.



Condition which leads to electroweak symmetry breaking: 4(my, + |ul*)(my, + |u?) < (Bp)®.

From parameter relations with vy and v, on page 135, 4(m3;, + |u|?)(m3, + |uf*) = m¥ sin® 26 — m7,(m3, + 2m?3) cos® 2.

But By = m?sin20, so 4(my, + |ul*)(m3, + |pf*) = (Bp)? — my(my + 2m3) cos® 23, so inequality follows from cos* > 0.
These inequalities mean that second derivative matrix of V' has negative eigenvalue at SU(2) respecting point ¢y, = ¢, = 0,

i.e. V unstable (not minimum) there: Quadratic part of scalar Higgs potential on page 134 can be written as four terms

&7 M3¢, where ¢ | tely the imai d real parts of (¢, ¢p+) and (¢go, dpo), and M2 = my, + > £3Bu
¢ , wiere IS separately € linalnary anda real parts o Hi> H2+ 1Y PHY) 5= i%Blu m%{Z_i_llu‘Q .

So mass eigenvalues m? obey (m3; + |u|* — m?)(m3, + |u> —m?) — 1(Bu)* =0,

solutions are 2m? = 2> +m3y, +mi, + \/@Iuf2 +miy, +mi, )2 + (Bu)2 — Ay, + ) (m, + |uf2).
Inequality above implies one of these solutions is negative.

Example: For tan 3 = oo (8 = §), parameter relations with vy and vy on page 135
imply m% + [u* > 0 and m3;, + |pu|* < 0, so electroweak symmetry broken.
Alternatively, radiative corrections give dld m? i, =T hY; + ... (kS is top quark Yukawa coupling), z > 0.

(Similarly for stop masses, smaller x.) So although m%& > 0 at p, = My, may have m? 7, < (K)0at p, =v.
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4.5 Sparticle mass eigenstates

Consider gauginos and higgsinos. Particles with different SU(2)x U(1)

but same U(1). . transformation properties can mix after electroweak symmetry breaking.

Neutralinos: 4 neutral fermionic mass eigenstates XV, ¢ = 1(lightest), ..., 4,

mixtures of bino, neutral wino, neutral higgsinos.

Bilinear terms in these fields appearing in Lagrangian can be written —1(A%)" MwA?, where A’ = (Apino, Aneutralwino, A HYs AmR),

Mbino 0 —CgSwmyz  SgSwimy
0 My cgCwmy — —SgSwimy .
M = WO b sz = sin 3 etc.). u dependent part from p term on page 123.
O swmy  csewmy 0 iy (35 G ete.). pu dep P p pag
SgSwMmy  —SgCymy — 1 0

my dependent part from 1. for ® = H; and V = SU(2)xU(1) fields after electroweak symmetry breaking on page 123.
Mbino, Mwino dependent terms from SUSY breaking terms for gauginos from 2. on page 127.

Mo symmetric, diagonalized by unitary matrix.

X can be LSP, and therefore candidate for cold dark matter.
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Charginos: 4 charged fermionic mass eigenstates S{f, t = 1,2, mixtures of charged winos and charged higgsinos.

Bilinear terms in these fields appearing in Lagrangian can be written —%(A*)TM;(:)F,

_ — Mwino I\/imWsﬁ
where AT = ()\:ilarged wino’ )\H;)7 AT = ()\charged wino’ )\Hf)’ Mic - ( ]ﬂmwcﬂ L >
c + _ T 0 Mic . . . . . o« . .
Define \* = (A", \7)", M5 = M OX , so contribution to Lagrangian including hermitian conjugate
Sc'c

MI Mg 0
is —%(/\C)T,//gc)\c. Squared mass eigenvalues can be obtained from diagonalization of ///% = ( XX ) ,

T

0 Mgl
: 1
grves m%rz - m%{z — 3 ( Myyino + 27nW + ‘M‘2 + \/ WlIlO |:u|2)2 + 4f'n%/V cos? 25 + 4m12/V( Myino + ‘H|2 - QmwmoRe(M sin 26)))
2 T2
. m m
Slepton, squark mass matrix: mgquark = ( 2quuark LQRSquark ) :
mLquuark mquuark

where mL/quuark KM — Mf?/U ¥ + ( M quark, K + mZ<T3 Q sin” HW) Cos 26>5KM (HO K Sum)7

M %\4 from 1. on page 127, mquax from unbroken SUSY condition msquark Kk x = Mquark, x (10 K sum),

and term proportional to m% from Higgs-chiral superfield couplings in superpotential [f(®)]# on page 122.

2 _ U
M Rsquark KM = (AKM _ 5KMmquark,u tan 5)mquark . First term from 3. on page 127, second term from ‘8%0 ‘



Further reading

Stephen P. Martin, hep-ph/9709356 Very topical (not much basics)

— helps you understand what people are talking about

lan J. R. Aitchison, hep-ph/0505105 Complete derivations up to and including the MSSM

Michael E. Peskin, 0801.1928 [hep-ph| Recent, readable

Steven Weinberg, The Quantum Theory Of Fields III Very complete derivations, quite formal but clear
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5 Supergravity

Construct coordinates x,, over whole of curved spacetime with metric tensor g, (z),

and locally inertial coordinate system at each point with “flat” metric tensor 1, = diag(1,1,1, —1).

Vierbein e (z): Defined by gu(z) = nae®,(z)e’,(z)

° ° . v
Curved space transformation of vierbein: e (z') = ore ().

Lorentz transformation of vierbein: e (z) — /\“b(x)ebu(x) .

Infinitesimal curved space transformation: z# — z/ + &/(x) .
Infinitesimal Lorentz transformation: A%(x) = 0% + w%(x).

Work in weak field limit, i.e. e, (z) >~ 7, then a — p ete.
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Weak field representation: ey, () = 0, + 260, . i.e. gu(x) = N + 26(¢ + ¢py) . Where kK = V871G .

Particle content of supergravity: spin-2 graviton h,, = ¢,, + ¢, and spin-2 gravitino 1,,.
p 1 1 2 u

Graviton transformation: ¢, (z) — ¢u(z) + 5- —ag’;(f) + wﬂy(a:)] .

Follows from performing infinitessimal curved space and Lorentz transformations on page 141.

Gravitino transformation: ¢,(z) — ¢,(z) + 0,¢(x) .

Required for low energy interactions, similar to requirement of invariance under A*(z) — A#(x) + 0*a(x) found on page 52.

Goal: Put ¢, 1, into one superfield, &, w,,, ¥ into another.



Graviton, gravitino as functions of supermultiplet components of

Metric superfield: Hy(z,0) = Cll(x) — I[0ys|w () — § [07:0] M (x) — 3[00] N (x) + 5[0v:70.0)V, ¥ ()

—I[(0750)0] (N, (z) + 30w, (2)) — §[07:0] (D} (z) + 30°C, (2)) .
This is general form of superfield on page 96, but with extra spacetime index .
Specifically,
Graviton, gravitino components of metric superfield H,: ¢,,(z) = Vlﬁf () — 3 VM) .
%wu@?) = Af - %%Wf(x) - %'Yuapwgl(@ -
Graviton, gravitino transformations on page 142 equivalent to
Transformation of metric superfield: H,(z,0) — H,(x,0) + A,(x,0), where

Transformation superfield:

A, 6) = C5a) — I[Brslw (@) — & [Frs] M2 (@) — SOINE (@) + S 1V ()

—1[(07:0)0] (X () + 50wi(2)) — 1(07:0)7 (D (x) + 50°C (x)) .

See later for dependence of these fields on ¥, §,, w,,, of graviton, gravitino transformations on page 142.
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Gravity-matter coupling: %y = 2 [ d*z [H,0F|, , where

Supercurrent from left-chiral superfields: ©, = & [4919,®, — 49,0,P! + (29} )7.(29,)] .
Supercurrent is a superfield, contains conserved current and energy momentum tensor:

Supercurrent conservation law: Y20, = .@%Im [M aaf—ﬁ)] .

M here defined as follows: Each coupling constant \; in f is written \; = MM (M)S\i’ where 5\2 dimensionless.
SUSY current from supercurrent components: S# = —2w% 4+ 29~y

SUSY current conservation law: QLSM =0. Follows from supercurrent conservation law above.

Energy-momentum tensor from supercurrent components: 1), = —%V/g — %VVCZ P 77WV@A , obeys

Energy-momentum tensor conservation law: 0,17 =0, Follows from supercurrent conservation law above.

Relation between energy-momentum tensor and momentum: [ d3zTY% = P .

Follows from SUSY transformation of w?, take time component and integrate over z: I { [ d*xSY, @} = 2y, [ d*xT".

o

But [ d?zS° = @ (as in bosonic generator case), then use relation with momentum for any N on page 83.

Further useful results: %" = 20" M;? = 0, M | Nf? = 0y N .
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Constraint on transformation superfield A,: A, = 27,2 where = obeys (22)(2=) = 0

Ensures 4%, in gravity-matter coupling on page 144 is invariant under transformation of metric superfield on page 143,

follows from supercurrent conservation law on page 144.

Recal transformation parameters §,,, w,,,, ¥ in graviton, gravitino transformations on page 142,

Transformation parameter components of transformation superfield:

A A1 [0 | 8 o A1 A1 A1
Viw +Vou = =5 [8_905 T Oa, 277#”@] C AT gAY — g 10w, = 50y

From constraint on transformation superfield A, above, and graviton, gravitino transformations on page 142.

Further constraints on components of transformation superfield: —%e”‘“‘"@,ﬁ/yﬁ = DA% 4 (9"(9%7? :

OMP} =ON2 =0.
Again, from constraint on transformation superfield A, above.

Auxiliary fields: b7 = D7 + %6”“"“03&‘/,/2[ + 803PC£I . S = 8“Mf . p= 8“]\7/5] , invariant.
From further constraints on components of transformation superfield above.

Choose lef — VMHV — VVZI = Quy — Qup = wlfl = (0. Then h, = 29, .

Can be done by suitable choice of CMA, VHAV — V2, w2 in transformation of metric superfield on page 143.

v v
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To summarize, components of superfields are:

@BT/{U, SU,%O-, %, L/V Hluahl{O'; wda ba? S7p'
Gravity-matter coupling in terms of components: .y = £ [ d*z[T  h., + %gawa + Rb” — 2.5 — 2.8 D) .
For dynamic part of gravitational action, use:

Einstein superfield £, C’f =b,, wf = %Lu — %fyufy”L,,, Mf = 0,8, Nf = 0,p,

V/ﬁ = —%EW + %WVE’OP uE %eyugpa"bp, )\5 = 8M7”wVE — @wf : Df = 0,0"b, — 5’sz , where LY = [€"**Pry5y,0:, ,
and linearized Einstein tensor By, = % (Qﬁyhx + 82hW — @LaAh,\V — 8V8’\hm — nMVGQhAA + nuyﬁAaphAp)

- (=30 R).

Dynamic part of gravitational Lagrangian: % = %[EMH“]D =E, h* — %EML“ — %(82 + p? — b,b").

Now put together matter Lagrangian .2, and £ and integrand of .@#,; above and eliminate auxiliary fields:
Lagrangian of nature: . = %, + E,, h/"" — %EML“ + K[T" hw + %gawg] +362 (M* + N? — 1R R") .

Everything except £y of order k2.



Vacuum energy density: pyac = —Zac = —ZA vac — %/@2(,/! 24+ N,

Only s and p can acquire vacuum expectation values.

Solution to Einstein field equations (pyac uniform) for pyac 2 0 is de Sitter / anti de Sitter space:

spacetime embedded in 5-D space with 2% + n,, 2" = R? and ds* = n,,atz" + da? for pyac 2 0.

pvac < 0 corresponds to O(3,2), which includes N = 1 SUSY,

but pyac > 0 corresponds to O(4,1), which excludes unbroken N = 1 SUSY.

In unbroken SUSY, A\ vac = 0 so from vacuum energy density above, pyac < 0.

pvac < 0 is unstable. However, anti de Sitter space cannot form

since positive energy S > |pyac| is needed for its surface tension.
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Local supersymmetry: « in definition of superfield on page 94 becomes dependent on x.

Only change is to matter action: § [ d'z. %y = — [ d*zS" (x)0,a(x) (usual definition of current).

Cancelled by term & [ d%%ggwa in gravity-matter coupling in terms of components on page 146
if SUSY transformation of gravitino modified to: 01, — 41, + %aﬂoz.

But v, — ¢, + %(%oz is of same form as gravitino transformation on page 142,

i.e. leaves term —%EML“ in dynamic part of gravitational Lagrangian .Z% on page 146 unchanged.

So supersymmetric gravity is locally supersymmetric.
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