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Linear Betatron Coupling

Sources of Linear Coupling
Skew quadrupoles or rotated normal quadrupoles
Solenoid
Vertical orbit offsets in Sextupoles

Linear coupling between the horizontal and vertical planes of motion is principally 
induced by rotations of the quadrupoles around the s‐axis and vertical misalignments of 
the sextupoles, each of which produced skew quadrupole fields, with magnitudes which 
are respectively,
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two linear resonances in Hamiltonian
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resonance driving terms:

ks(s): normalized gradient of skew quadrupole
L: circumference



closest tune approach

near the difference resonance 0
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tunes can approach each other
only up to distance |_|

correction strategy;
use two skew quadrupoles
(ideally with x‐y)~/2) to
minimize |_|, namely
the distance of closest tune approach
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in principle, |+| could be compensated by adjusting two skew quadrupoles
so as to minimize the stopband width,
ideally at locations separated by
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minimum number of skew quadrupoles for global correction in a ring:

2 for ||
2 for |+|
2 for Dy

6: minimum number for independent
correction of 6 global effects and emittance
optimization

this does not yet correct the local coupling effects, which may also
contribute to emittance growth.

Near a difference resonance the eigenvalues tunes of the coupled motion are
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This resonance can be compensated by using at least two skew quadrupoles 
to minimize the distance of closest approach. The requiring skew quad strength are,
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Position of Skew Quads in PETRA III
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Name      s(m)   x(m)  y(m)    x y  x y
Qs1 1982.641 13.6597 11.21367 31.92606 26.05723 0 0
Qs2 1989.559 13.49109 12.4614 31.98718 26.19062 22.0032 48.0204
Qs3 2043.399 16.61427 9.909611 32.67223 26.92058 246.618 262.7856
Qs4 2050.317 11.18296 13.39165 32.73381 27.05439 22.1688 48.1716



Systematic Roll in quad Q0K2
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

Two Q0K2 quadrupoles are misal igned with 5 mrad roll angle 
and skew quad qs1 = xx, qs2 = 0, qs3 = 0, qs4 =  0 m-2
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

Two Q0K2 quadrupoles are misal igned with 5 mrad roll angle 
and skew quad qs1 = 0,  qs2 = xx, qs3 = 0, qs4 =  0 m-2
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

Two Q0K2 quadrupoles are misal igned with 5 mrad roll angle 
and skew quad qs1 = 0,  qs2 = 0, qs3 = xx, qs4 =  0 m-2
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

Two Q0K2 quadrupoles are misal igned with 5 mrad roll angle 
and skew quad qs1 = 0,  qs2 = 0, qs3 = 0, qs4 = xx m-2
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Systematic Roll in quad Q0K2
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

Two Q0K2 quadrupoles are misaligned with 5 mrad roll angle 
and skew quad qs1 = -0.0008,  qs2 = 0, qs3 = 0, qs4 = 0.0008 m-2

0.24170 0.24175 0.24180 0.24185

0.246

0.248

0.250

0.252

0.254

0.256

0.258

0.260

 qs1,4 -0.0008, 0.0008

2

2

00077.0
21.1165.130426.1

002493.04
0426.1

21.11
65.13

002493.0253657.0256150.0

4
























m

mk

mL

m
m

K

L
Kk

s

s

y

x

yxs
s








Random Misalignment of Quadrupoles with 
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

All quadrupoles are misaligned with 0.5mrad roll angle truncated at 2

0.24150 0.24175 0.24200 0.24225
0.22

0.23

0.24

0.25

0.26

0.27

0.28
 Horz
 Vert

Fr
ac

tio
na

l Q
x/

Q
y

QF_K(m-2)

Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

All quadrupoles are misaligned with 1mrad roll  angle truncated at 2
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

All quadrupoles are misaligned with 1.5mrad roll angle truncated at 2
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence
All quadrupoles are misaligned with 0mrad roll angle truncated at 2



Different roll angles Putting together
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat file used for sequence
All quadrupoles are misal igned with 
0, 0.5, 1.5 and 1.5mrad roll angle truncated at 2
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Different Random Seeds
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Betatron Coup ling  in PETRA III Optics 
p3_ 20wig.dat fi le used for sequence

All quadrupoles are  misa ligned with 1.0mrad rol l angle
 truncated at 2 for different Random Numbers 58000300
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Skew Quadrupoles Used
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

All quadrupoles are misaligned with 1mrad roll  angle truncated at 2
Random Number 58008300
Super Imposed skew quad qs1 = -qs2 = -qs3 = qs4 = -0.0085m-2
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

All quadrupoles are misaligned with 1 mrad roll angle truncated at 2
Random Number 58008300
Super Imposed skew quad qs1 = -qs2 = -qs3 = qs4 = -0.005m-2
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

All quadrupoles are misaligned with 1 mrad roll angle truncated at 2
Random Number 58008300,
Super Imposed skew quad qs1 = -qs2 = -qs3 = qs4 = -0.003m-2
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

All quadrupoles are misaligned with 1 mrad roll angle truncated at 2
Random Number 58008300
Super Imposed skew quad qs1 = -qs2 = -qs3 = qs4 = 0.0m-2
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Random roll + skew quad
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

All quadrupoles are misaligned with 1 mrad roll angle truncated at 2
Random Number 58008300
and skew quad qs1 = -qs2 = -qs3 = qs4 = +0.0085m-2
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

All quadrupoles are misaligned with 1 mrad roll angle truncated at 2
Random Number 58008300
and skew quad qs1 = -qs2 = -qs3 = qs4 = xx m-2
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0.3mrad Random Roll compensation
Skew quadrupoles are individually powered
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

All quadrupoles are misaligned with 0.3 mrad roll angle truncated at 2
Random Number 58008300, skew quad qs1 = 0.001, qs2 = -0.0002, qs3 = -0.0001, qs4 = -0.0003m-2
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1.0mrad Random Roll 58008300
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

All quadrupoles are misaligned with 1 mrad roll angle truncated at 2
Random Number 58008300
and skew quad qs1 = 0.004, qs2 = -0.0015, qs3 = -0.0004, qs4 = -0.001m-2
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1.0mrad Random Roll 54008300
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Betatron Coupling in PETRA III Optics 
p3_20wig.dat f ile used for sequence

All quadrupoles are misaligned with 1 mrad roll angle truncated at 2
Random Number 54008300
and skew quad qs1 = 0.0032, qs2 = 0.0045, qs3 = 0.0002, qs4 = 0.0038m-2
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