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Abstract

This thesis has two parts. In the first part I present results from my studies of the
Vlasov-Maxwell system which was developed, together with a code, in collaboration
with Bassi, Ellison and Warnock. The emphasis is on the link between the theory
and the self-consistent numerical computations performed by the code. The Vlasov-
Maxwell system models electron beams, typically in synchrotron light sources. In the
second part I present results from my studies of the dynamics of spin polarized beams.
Here the emphasis is on improvements of the theoretical basis of beam simulations

by using topological methods.
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Chapter 1

General Introduction

This thesis has two parts. In the first part, consisting of Chapters 2-4 and Appendix
A, T present results from my studies of the Vlasov-Maxwell system (VMS) and in the
second part, consisting of Chapters 5-10 and Appendices B-G, I present results from
my studies of spin polarized beams. Both parts deal with beam dynamics issues for
particle accelerators. A good title for the first part is: “Vlasov-Maxwell treatment of
coherent synchrotron radiation” and a good title for the second part is: “Topological

treatment of spin polarized beams”.

In the first part (Chapters 2-4 and Appendix A) I discuss the Vlasov-Maxwell
system which was developed, together with a code, in collaboration with Bassi,
Ellison and Warnock. Here the emphasis is on the link between the theory and the
self-consistent numerical computations performed by the code whence no attempt at

extreme rigor is aimed at. For my publications on the Vlasov-Maxwell system, see

[EPACO06, PACO7-1, PAC07-2, EPAC08-1, EPAC08-2, MICRO, PAC09, ICAP0Y].

The second part (Chapters 5-10 and Appendices B-G) presents the theory of spin-
orbit tori which play an important role in beam dynamics studies of spin polarized

beams. Here the emphasis is on blending given concepts and folklore into a full
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fledged theory of spin-orbit tori allowing to cast established as well as new results
into the rigorous form of mathematical theorems. However the practical relevance
of these concepts for spin polarized beams is covered in considerable detail as well.

For my recent publications on spin polarized beams, see [BEH04, EHJ.



Chapter 2

Introduction to the

Vlasov-Maxwell system

I now begin with the first part of this thesis which consists of Chapters 2-4 and
Appendix A. In the present chapter I make some general remarks for the orientation
of the reader. Since the first part was developed in collaboration with Bassi, Ellison

and Warnock, I here often use the term ‘we’ instead of ‘I".

The first part of this thesis is concerned with the electron beam in a bunch
compressor in a free electron laser (FEL). A bunch compressor is designed to increase
the peak current of the beam and it typically consists of four dipole magnets. Fig. 1
shows the first bunch compressor system in the FERMIQElettra free electron laser
at Trieste, Italy. Note that the electron beam in a FEL consists of a train of separate
bunches and that in a bunch compressor one can neglect the interaction between the

bunches. Thus we only have to study a single bunch.

The purpose of an FEL is to produce intense coherent synchrotron radiation,
but this does not take place in its bunch compressors. Nevertheless the electron

beam produces, due to the dipole magnets, coherent synchrotron radiation in the
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bunch compressors and this warrants the study of bunch compressors. In fact bunch
compressors can lead to a microbunching instability with detrimental effects on the
beam quality. This is a major concern for free electron lasers where very bright
electron beams are required, i.e. beams with low emittance and energy spread. Thus
I discuss in some detail an initial condition on the bunch which we also studied in

great detail in [MICRO].

A basic theoretical framework for understanding a bunch compressor is the 6D+3D
Vlasov-Maxwell system (6D phase space for the bunch and 3D space for the self field
of the bunch). Note that part of the self field accounts for the above mentioned
coherent synchrotron radiation produced by the bunch compressor. However, the
numerical integration of this system is computationally too intensive at the moment.
Our basic ansatz is therefore a 4D+2D Vlasov-Maxwell system (4D phase space for
the bunch and 2D space for the self field of the bunch). More precisely, we treat the
beam evolution through a bunch compressor using a Monte Carlo mean field self-
consistent approximation. We pseudo-randomly generate A points from an initial
phase-space density. Here we use N for the simulated points to distinguish it from N
for the number of particles in the bunch. We then calculate the charge density using
a smooth density estimation. The electric and magnetic fields which constitute the
self field of the bunch are calculated from the smooth charge/current density using
a field formula that avoids singularities by using the retarded time as a variable of
integration. The sample points are then moved forward in small time steps using
the equations of motion in the beam frame with the fields frozen during a time step.
We try to choose N large enough so that the charge density is a good approximation
to the charge density that would be obtained from solving the 2D Vlasov-Maxwell
system exactly. We call this method the ‘Monte Carlo Particle (MCP) method’ and
we developed a FORTRAN code based on this method. We believe we calculate
the charge density accurately and that for N sufficiently large one could obtain an

accurate approximation to the 4D Vlasov phase-space density. That is beyond our
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current computer capability, however, and it is likely that a better approach would be

to use the method of local characteristics to integrate the Vlasov equation directly.

Our MCP solver has been tested against other codes on the Zeuthen benchmark
bunch compressors. Our results for the mean energy loss are in good agreement
with 2D and 3D codes confirming that 1D codes underestimate the effect of coherent
synchrotron radiation on the mean energy loss by a factor of 2. For more details see

[PACO07-2],[PAC07-1] and references therein.

The above mentioned initial condition on the bunch corresponds to the bunch
compressor of Fig. 1 which consists of a 4-dipole chicane between rf cavities and
quadrupoles. This initial condition is a smooth beam frame initial phase-space den-
sity ao(z, x, p.,p,) modulated by a factor 1 + Acos(2wz/Ag) where A is a small
amplitude and Ay is the perturbation wave length. The function ay contains the
energy chirp, the z — p, correlation that is necessary for bunch compression. The
beam frame coordinates (z, p., z, p,) are standard and are defined in Section 3.2. The
4D+2D Vlasov-Maxwell system is described in two frames: the lab frame, which is
tied to the cartesian coordinates Z, X, Pz, Px and the beam frame, which is tied to

the accelerator coordinates z, x, p,, p.

To define clearly our Vlasov-Maxwell starting point we begin with exact equa-
tions, but for practical work we later make approximations based on the following

assumptions:

(A) The maximum bunch size A is small compared to the minimum bending radius.

(B) In beam frame coordinates the bunch form (and also the form of the phase-
space distribution) changes very little during a time A/c. Correspondingly, the

field of the bunch at a co-moving point changes little on such a time interval.

Here A is the biggest extent of the bunch in any direction. Under typical conditions



Chapter 2. Introduction to the Viasov-Maxwell system
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Figure 1: Proposed layout of FERMI@Elettra first bunch compressor system. Ac-
celerating rf cavities in red, quadrupole magnets in blue, drift sections in black and
dipoles in green. Parameters are given in (3.105).

(A) and (B) should be very well satisfied. We also assume that the beam is relativistic
(v > 1), as is true in the example studied, but that assumption could be removed

without great cost.

The first part of this thesis is organized as follows. In Section 3.1 the 6D+3D
Vlasov-Maxwell system is introduced via the 6D Vlasov equation and Maxwell’s equa-
tions for the self field. By confining to a sheet bunch, the 6D+3D Vlasov-Maxwell
system is then boiled down to the lab frame 4D+2D Vlasov-Maxwell system. Exact
formulas for the self field of the 4D+2D Vlasov-Maxwell system are presented as
well and the 4D Vlasov equation is derived from the 6D Vlasov equation. Section
3.2 is devoted to the definition of the beam frame and beam coordinates, the beam
frame equations of motion, and the transformation of densities from beam frame to
lab frame which is needed to determine the lab frame sources. Also the 4D Vlasov
equation in the beam frame is derived from the 4D Vlasov equation in the lab frame
and the above mentioned initial bunch condition is introduced. Some numerical re-
sults are presented in Section 3.3 where also the underlying initial condition on the
bunch is introduced. In Section 3.4 we give the details of our MCP algorithm. In
particular in Section 3.4.2 a causality issue is discussed and in Section 3.4.3 a conver-
gence study of computation errors of our code is presented. Moreover Section 3.4.3
gives further insight into some density estimation techniques. Appendix A contains
supplementary material needed for Chapter 3 and Chapter 4 gives an outlook on the

Vlasov-Maxwell system.
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My contributions to the Vlasov-Maxwell system are about as follows. I have been
strongly involved in many aspects of our Vlasov-Maxwell work, part of which is doc-
umented in [EPAC06, PAC07-1, PAC07-2, EPACO08-1, EPAC08-2, MICRO, PACO09,
ICAP09]. Among my main contributions are the development of the sheet beam
ansatz (see Section 3.1), the parallelization of our code (see Section 3.4), the work
on some aspects of the transformation steps in (3.54), the work on the 2D integral
equation approach to the microbunching instability (see [MICRO]), the discovery of
the causality issue of our code (see Section 3.4), the study of the kernel density esti-
mation method (see Sections 3.4.3 and A.3) and the convergence studies (see Section

3.4.3).



Chapter 3

The Vlasov-Maxwell system

3.1 Generalities

Our basic starting point is the 6D+3D Vlasov-Maxwell system, i.e., we assume col-
lisions can be ignored and that the N—particle bunch can be approximated by a
continuum. Our final scheme for computation is less ambitious, but we think that
it might be a reasonable approximation to the full system. We reduce the problem
from 3D to 2D, since we expect that most of the acceleration by a self field will be in
the plane of the unperturbed orbit. We use a particle method that follows the spatial
density rather than the phase-space density, but hope that with sufficient attention
to smoothing the result approximates that defined by the Vlasov-Maxwell system.

We are studying the time evolution of an electron bunch and its Maxwell field
(=self field) as the bunch moves through a chicane. In the model we use, the only
force which acts on the bunch is the Lorentz force produced by the self field E =
E(R,u), B = B(R,u) and the external magnetic field (the latter is produced by the

magnets of the chicane) where u = ct is the scaled time which we call ‘time’ and
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where the 3D position vector is written as
R=(ZX,Y)". (3.1)

There is no external electric field and the external magnetic field B.,; is time inde-

pendent and we write

(Bext,Z> Bext,Xa Becct,Y)T = Bemt = Bemt(R) . (32)

In the Y = 0 plane the external magnetic field B..: has the rather simple form

Bext(za Xv 0) = (0,0, Bemt(Z))T . (33)

Clearly the total field is given by E and B+B.,;. We use a Vlasov-Maxwell approach
whereby the bunch is represented by a time-dependent 6D phase-space density f =
f(R,P;u) where = d/du. Note that P is the 3D momentum vector written as

P = (Pz, Px,Py)", (3.4)
and that
P-P - P
=1+~ R= .
7 e mey (3:5)

where m is the electron rest mass, c is the vacuum light velocity and 7 is the 3D
Lorentz factor. The phase-space variables R, P characterize the ‘lab frame’. Note
that in the first part of this thesis the scalar product is denoted by ' as in (3.5).

The phase-space density evolves according to the 6D Vlasov-equation

8. +R-Vaf+P -Vpf=0, (3.6)
f_(Rvpvu0> = JFO(Rv ]-_D) ) (37)

where u is the initial time. Note that the Lorentz force term, P Ve f, of the 6D

Vlasov-equation is determined by the Lorentz force of the total field whence we have
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the lab frame equations of motion

. p
R=—, (3.8)

mey
p=2E+ P % [B + Bey)) (3.9)
_C m’7 ext ) .

where ¢ is the electron charge. We use SI units throughout. We used in (3.6) the
fact that the vector field defined by the rhs of (3.8),(3.9) is divergence free. The self

field satisfies Maxwell’s equations

O.E = cVg x B — ppcd | c0,B=—-Vig xE,
Vi E=2, Vg B=o0,
€0

(3.10)

where the 3D charge density p and the 3D current density J of the bunch are deter-
mined by the 6D phase-space density f via
pRiu) = Q [ dPF(R,P;u), (3.11)
R3

JR;u) = (Jz(R;u), Jx (R;u), Jy (Ryu)" = Q dPﬂ]ji_yf(R,P;u) , (3.12)

R3
with ) being the charge of the bunch. Note that ¢j is the vacuum electric perme-
ability and pq is the vacuum magnetic permeability whence ¢ = 1/pg€e9. Maxwell’s

equations for the external magnetic field are homogeneous and read as

0= VR X Bext s VR : Bext =0. (313)

Clearly, Maxwell’s equations for the total field are the same as for the self field. Since

f is the 6D phase-space density it is normalized by
- / dRAP (R, P: ) , (3.14)
R6
whence, by (3.11), the 3D spatial density (1/Q)p is normalized, too:

Q= [ dRp(R;u). (3.15)

R3

10
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We assume that the initial self field vanishes, i.e.,
0=ER,uy) = B(R,uy), 0=0,E(R,ug) = 0,B(R,up) . (3.16)
We abbreviate
E := (Ez, Ex, Ey)", B := (By, Bx, By)" . (3.17)

We consider two scenarios, the shielding resp. nonshielding one. In the shielding
scenario we assume a perfect conductor at the planes Y = +¢ modelling the vacuum
chamber of the chicane where 2¢ is the distance between the two conductors which
constitute the shielding. Thus in the shielding scenario we impose the following

boundary conditions on the total field:

0=Ez(Z, X, +g,u) = Ex(Z,X,+g,u) = By(Z, X, £g,u) + Bewv(Z, X, £g) ,
(3.18)

0=0vEy(Z,X,+g,u) = Oy Bz(Z, X, %g,u) + Oy Bewr,z(Z, X, £9)
= Oy Bx(Z, X, 4g,u) + Oy Bewt x(Z, X, £g) . (3.19)

In fact (3.18) defines the perfect conductor [Ja] and (3.19) follows from (3.10),(3.13),
(3.22). Note that in the shielding scenario we are only interested in the electromag-
netic field between the two conductors, i.e., for Y € [—g, g]. It follows from the initial
conditions (3.16) for the self field and from the boundary conditions (3.18),(3.19) for
the total field that the external field satisfies, in the shielding scenario,

0= Bext,Y(Za Xa :I:g) ) (320)
0= 8YBext,Z(Za Xa :I:g) - aYBeact,X(Z> X7 ig) . (321)

Of course, (3.18),(3.19),(3.20), (3.21) imply

0=FEz(Z,X,+tg,u) = Ex(Z,X,+g,u) = By(Z, X, £g,u) , (3.22)
0= 8YEY(Z7 X7 :tg,’LL) = asz(Z, XJ :l:gvu) = 8yBx(Z, X7 ig?“) . (323)

11
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We observe that, in the shielding scenario, the external field and the self field satisfy
the same boundary conditions as the total field. It is clear by (3.22),(3.23) that,
in the shielding scenario, F, Ex, By satisfy a Dirichlet condition and Ey, By, Bx
satisfy a Neumann condition at Y = 4+¢. Thus in the shielding scenario we have, for
the self field, the initial boundary value problem consisting of eq.’s (3.6),(3.7),(3.10),
(3.16),(3.22),(3.23) while in the nonshielding scenario we have the initial value prob-
lem consisting of eq.’s (3.6),(3.7),(3.10), (3.16). Fig. 2 shows our coordinate system
(Z,X,Y) and the two conductors in the shielding scenario (R, will be explained in
Section 3.2).

Figure 2: Basic Setup (h:=2g)

We assume that our 6D+3D Vlasov-Maxwell system is well-posed in both sce-
narios. Our problem is nonlinear since E, B depend via (3.10), (3.11),(3.12) on f
whence the term (E + n% x B) - Vpf in the 6D Vlasov equation (3.6) is nonlinear
in f. Thus we are faced with a complicated problem which warrants a numerical
treatment. It is important to note that we need to compute the self field to the extent

as it contributes to the 6D Vlasov equation (3.6). Thus for arbitrary initial values

12



Chapter 3. The Vlasov-Maxwell system

(3.7) all six 3D self field components of E, B are involved whence it is believed that
for arbitrary initial values (3.7) our problem is numerically intractable. To arrive at
a numerically tractable problem we confine to a sheet bunch, i.e., a situation where

f is concentrated in the (Y, Py) = 0 plane:

fR,P;u) =5(Y)d(Py)fr(R,P;u) , (3.24)
with

R=(ZX)", P = (P, Px)" . (3.25)
Thus from now in this chapter we assume that f has the form (3.24). It is shown in
Section A.2 that f is of the form (3.24) if it is initially of this form. Moreover it is
shown in Section A.1 that if f is of the form (3.24) then Ey (R, u), Bz(R,u), Bx (R, u)
are odd in Y and Ez(R,u), Ex(R,u), By(R,u) are even in Y (see also the remarks

after (3.45)). Furthermore it is shown in Section A.2 that if f is of the form (3.24)

then f; satisfies the 4D Vlasov equation

Ouft +R-VrfL+P Vpfr =0, (3.26)
where
= (3.27)
mery
P = Z(ENR, w) + ——(Bewt(Z) + Bi (R, u))(Px, —PZ)T) o (3.28)
and where
T=aP) =Ly fn)%cfg ’ (3.29)

E|(R,u) = (Erz(R,u), Er x(R,u))" := (Ez(R,0,u), Ex(R,0,u))", (3.30)
B (R,u) := By(R,0,u) . (3.31)

Note that the vector field defined by the rhs of (3.27),(3.28) is divergence free. Writ-

ing the initial form of f; as

fL(R,P;uo) = fL,o(R; P) ) (3-32)

13



Chapter 3. The Vlasov-Maxwell system

we have, by (3.7), fo(R,P) = §(Y)§(Py)fro(R,P). Only the three components
Ez, Ex, By of the self field contribute to the 4D Vlasov equation (3.26) (and they
only contribute in the Y = 0 plane). As explained in Section A.2, the reason for
this is that Ey (R, u), Bz(R,u), Bx(R,u) are odd in Y. Thus E|, B, are the only
parts of the self field which have to be computed whence we only have to deal with a
4D phase-space density and three 2D self field components, i.e., the 6D+3D Vlasov-
Maxwell system boils down to a 4D+2D Vlasov-Maxwell system. We believe that
the 4D+2D Vlasov-Maxwell problem is numerically tractable. We define

F = (Ez, Ex, By)", (3.33)
Fr(R,u) = F(R,0,u) = (E|(R,u), Bi(R,u))" . (3.34)

Computing f; and Fp, solves the 4D+2D Vlasov-Maxwell problem. Maxwell’s equa-
tions (3.10) and the initial conditions (3.16) give us

OFR,Y,u) =6(Y)S(R,u), (3.35)
0=FR,Y,u) = ,F(R,Y,u) , (3.36)
where
cOzpr + OuJr 2z
S =2 cOxpr + OuJr x ; (3.37)
cloxJLz — 021 x]
R2
P
Jo(Rsu) = (Joz(Riu), Jox(Riu)" = Q dPMfL(R, Piu), (3.39)
R2
and where [0 = 0% + 0% + 05 — 0 with Z; := , /£2 being the free space impedance.
Note that
= T/H o(Y)JIr(R;u)
pR;u) = 6(V)pu(Riw),  F(Riu) = 0 . (3.40)

14



Chapter 3. The Vlasov-Maxwell system

and that by (3.14)

=X dRpL(R;u):/ dRdP f,(R, P;u) . (3.41)
Q Jre R4

We refer to pr, as the 2D charge density, J;, as the 2D current density and pr/Q as
the 2D spatial density. In the nonshielding scenario we write F = F™*" and in the

shielding scenario we write F = F*" and we abbreviate
FrEMR,u) = F™"R,0,u),  F"R,u):=F"R,0,u). (3.42)
Thus by (3.22)
0=F"Z X,+g,u). (3.43)

It is shown in Section A.1 that (3.35),(3.36),(3.43) imply

|
FUUR,Y,u) = = [ AR (u— /IR - R2+Y?)

T JR2

SR,u—+/R—-R[2+Y?)
VIR-R?+Y2
FIR,Y,u) =Y (1) F"R,Y —2kg,u) (3.45)

keZ

: (3.44)

where 1j,,00) is the indicator function of the set [ug, c0). Clearly F™*"(R,Y, u) and
F"(R,Y,u) are even in Y and only those values S(R, u) contribute to F™*" and F*"
for which u > wy. It follows from (3.42), (3.44),(3.45) that

S(R,u—|R —R/|)

1
nsh _ / . o /
Fi (R =~ [ R o= R - R ZEm i (340
Fi'R,u) =Y (1) F™(R, 2kg,u)
kEL
1
=— —1’“/ dR 1y 00)(u — 1/ |R — R/|2 + (2kg)?
i 2 [ TR VIR =R+ (2kg)?)

VIR - R[? + (2kg)?
Clearly Fpsh equals the k = 0 term in the expression (3.47) of F*". The integration
in (3.46),(3.47) is restricted to a very small part of R?, because of the small size of

15



Chapter 3. The Vlasov-Maxwell system

the bunch, but it is awkward to locate this region owing to the fact that spatial and
temporal arguments of the source both depend on R’. The task of integration is
greatly simplified if we take the temporal argument to be a new variable of integra-
tion. We first transform the integrand in (3.44) to polar coordinates (x, ), then take

the temporal argument v in place of the radial coordinate y. That is,

R'— R = xe(0) , e() = (cosf,sin )" | v=u—+/x*+Y?%2. (3.48)

This conveniently gets rid of the potentially small divisor in (3.44) giving the self
field simply as an integral over the source. In fact it is shown in Section A.1 that

Fh can be written as

u—|Y| T
FURR, Y u) = —— 0Ty ) (0) / d9S(R + /(u —0)? = Ve(9), 0)

4m
(3.49)
whence by (3.47)
Fi'Ru) =) (=) F"" (R, 2kg, u)
keZ
1 u—|2kg| ™
— S [ ) [ B8R a0 @R e(0).o)
g keZ > -
le.
1 o u—2kg 7r N
FiMR,u) —% (1 - 6k0/2)/ dvl[uom)(v)/ dIS(R(0,v;u),v) ,
(3.50)

where R(0,v;u) = R+ y/(u — v)? — (2kg)2e(f). Of course Fp*" is the k = 0 term
n (3.50), i.c

™

FrM (R, u) = —ﬁ/_ dvl[uo,oo)(v)/ dOS(R + (u —v)e(d),v) . (3.51)

—T

To estimate the effective region of the 6 integration in (3.50), note that the

source in (3.50) has significant values only for R(6, v;u) restricted to a bunch-sized
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neighborhood of R,.(5,v); i.e., the bunch is close to the reference particle (see Section
3.2 for the definition of R,) where f3, is the constant speed of the reference particle.
For Fi" at time u we are interested only in R in a bunch-sized neighborhood of
R, (6,u). Thus for R in a small neighborhood of R,.(3,u) the integrand is appreciable

only when

IR(0,v;u) — R,(B0)| & [R.(Bu) — Re(B,0) + 1/ (u— v)2 — (2kg)%e(0)] = O(A) ,

(3.52)
where A was introduced in Chapter 2. For k = 0 and u—v large compared to A, this
cannot be satisfied unless e(#) has nearly the same direction as R, (G,u) — R,.(5,v),
which is to say that the domain of 6 integration is tiny (and close to 8 = 0 for a
chicane with small bending angle). When u — v gets close to A the domain expands
precipitously to the full [—7, 7]. For k& # 0 the condition (3.52) cannot be met unless
u — v > 2kg, so for image charges there are no contributions to the v-integral close

to its upper limit.

The 6 integration is over an arc centered at the observation point R at time

u with radius \/(u — v)2 — (2kg)2, its extent being its intersection with the bunch
at time v. This is illustrated in Fig. 3 for £ = 0. When v is close to u the source
bunch and the observation region (the region of the bunch at time u) overlap and the
f—support of the source is large. However, for most v the —support is small and it
is important to determine the approximate support as shown in the figure. Currently
the 6 integration is done with the trapezoidal rule, which is superconvergent. The
remaining v—integrand varies with v, R and v in ways we have not yet quantified

and so we use an adaptive integrator (Gauss-Kronrod).

17



Chapter 3. The Vlasov-Maxwell system

Figure 3: Plan for # integration

3.2 Beam frame

3.2.1 Exact formulas

In our approach the Maxwell equations are solved in the lab frame (recall that Fp
depends on R) but the equations of motion are integrated in the beam frame (to
be defined in this section). Here we discuss the beam frame coordinates and the
transformation of the densities between the two frames. The beam frame is defined
in terms of the reference curve R,(s) = (Z,(s), X,(s))? which in turn is defined by
the Lorentz force without self field. We take s = 0 at the entrance of the chicane, i.e.,

R, (0) is the entry point of the reference curve into the chicane. We also write s = s;
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Figure 4: Beam Frame Coordinates (P = R,.(s) + zn(s))

for the end of the chicane. The unit tangent vector, t, to the reference curve is just
t(s) = R.(s) and we define the unit normal vector, n, by n(s) = (=X/(s), Z/.(s))"
so that n is a 7/2 counterclockwise rotation from t as shown in Fig. 4. It follows
from the equations of motion (3.27),(3.28) that t'(s) = —¢Best(Z,(s))n(s)/ P, where
P, = m,B.c is the momentum of the reference particle and 7, = (1 — 32)~'/2. This
determines the curvature x up to a sign and we choose k(s) = qBeyi(Z,(s))/P,. Thus
t'(s) = —kr(s)n(s) and n'(s) = k(s)t(s). In terms of Fig. 2 this makes k negative in

the first magnet, positive in the second magnet and so on.

The beam frame Frenet-Serret coordinates are s,x, where s is the arc length

along the reference curve and x is the perpendicular distance along n. Thus the
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transformation from (s,z) to (Z, X) is
R = R.(s)+ zn(s). (3.53)
Based on (3.53) our lab to beam transformation can be performed in three steps:
(2, X, Pz, Px;u) = (8,2, ps; paiw) = (4, @, Ps, Pas 8) = (2,2, P2, pai s) - (3.54)

The phase-space variables z, x, p., p, characterize the ‘beam frame’. The first step

in (3.54) is defined by (3.53) and by
P = P,(pst(s) + p.n(s)) . (3.55)

In the second step the variables s and u are interchanged making s the new inde-
pendent variable. In the final step z = s — G,u replaces u as a dependent variable

and p, = (v — v-)/7 replaces p, where v depends on pg,p, via (3.29),(3.55) as

v = /14 (P2/m2c?)(p% + p2). The variables z, z, p,, p, are small near the reference

curve which corresponds to z = x =p, = p, = 0.
To summarize, the coordinate transformation is written as

R =R, (s) + zn(s),

P = Pr[ s(pz’px)t(s) +pxn(5)]7

u=(s—2)/6,
(3.56)
with inverse
s=5R), z=2R,u) =5R) - Fu, z=2(R),
Pz = ﬁz(P> =1+ (1 +P- P/mQCQ)l/Z/%" )
p: = p(R,P):=P-n(3R))/P.,
(3.57)
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where
ps(p p)Z[(i)Q(Hp)Q—pQ— ! 1
s\Mzy Mx ﬂr z T 772‘572‘
= [1+ (2p. +p2)/32 — p2]"/* . (3.58)

The transformation (z,x,p,,p.;s) — (£, X, Pz, Px;u) in (3.56) is only considered
in a neighborhood of the reference curve R, i.e., for small z so that it is one-one.
Furthermore (3.56) is restricted to ps > 0 in order to have ds/du > 0 which allows to
use s as the independent variable. Under the transformation (3.57), the beam frame
equations of motion become

1+ k(s)x](1 + p.)

s Ps(pz: ) (3.59)
,_ Lt Rs)alp
T e (3.60)
, _ all +ak(s)] s Pe o). &)+ an(s): 22
P = [t( )+ps(pz’px) ()] - Ej (R (s) + an(s); 7 ), (3.61)
Po = Ds(Dz, P2)(s) — P%[l + K(8)x| Bext| 21 (s) — X (s)]
q(1+p.) 5=z
P Brcpa(p, po) [1+ k(s)z]n(s) - Ej(R,(s) + zn(s); 3 )
L[4 k()] BL(Ro(s) + an(s), ) (3.62)

PT ﬁr

where ' = d/ds. The beam frame equations of motion (3.59-3.62) can be written

compactly as
("= B(s,(), (3.63)
where ¢ = (2,2, p., p.)T. Thus the beam frame Vlasov equation is

asz + B(Sv C) : v(fB = 07 (364)

where fp is the beam frame phase space density and where we have made use of the

fact that the vector field B(s, ) is divergence free.

Our field formula is in the lab frame so the lab charge and current densities must

be determined from the beam frame phase-space density. The relation between the
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lab frame phase-space density, fr, and the beam frame phase-space density, fg, is

2
FulZ, X, Py, Pxiu) = 25 o(2(Ro) (R) 5.(P). 5, (R P) S(R)) . (3.65)

Here fp is normalized, i.e.,

1/ ddezdxdprB(Za$apzapx;S)7 (366)
R4

as is fr in (3.41). Even though the derivation of (3.65) is somewhat subtle (see,
e.g.,[StoT]) the end result is quite simple. To determine the charge density in terms

of the beam frame phase space density we use (3.38) and (3.65) to obtain
pr(Riu) =Q [ fr(R,P;u)dP
R2

= M z uw). T -5
_Q/Rz ps(pz’px)fB( (Ra )7 (R)vpmpx; (R))dpzdpx : (367)

To determine the current density in terms the beam frame phase space density we
use (3.39) and (3.65) to obtain

P
JL<R7 u) =@ w2 mv(P)

= c 5 —Prhs
= Qe [ [H6R) + —Ln(s(R))

fB(é(Rv u)vi‘(RLpzapx;§(R))dpzdpz : (368)

fo(R,P;u)dP

The formulas (3.67) and (3.68) are derived by substituting (3.65) and changing the

variables of integration from Py, Px to p.,p,. where the Jacobian is

OoP OP 52 aps aps
det {a—pz, 8pJ = P~ det [8p2t7 8pxt + n}

dp ops,  P? 1+p
:Pfdet{ St,n} =p? == _ "= 3.69
Ip- Op- B} ps(p=, pa) (3.69)
We define the beam frame spatial density pg by
pp(z,;8) = / dp-dp, [5(2, 2, P2, Pas ) (3.70)
R2
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and the longitudinal beam frame spatial density p by

pls) = [ duppleiais) = [ dudpdp,fu(cs). (3.71)

Note that fRQ pp(z,x;8)dzdx = 1 and that Qpp is the beam frame charge density.
For more background material on this section, see [MICRO, StoT].

3.2.2 Approximations

To approximate the inverse functions Z, z in a neighborhood of R = R, (s) we com-

pute by Taylor expansion

( §(R) — s

i(R) ) = MT(5)(R —R,(s)) + O(k(s)|[R = R,(s)||*), (3.72)

where
M(s) :=[t(s),n(s)] . (3.73)

To approximate the beam frame equations of motion (3.63) we linearize B w.r.t.
z,,p., P, and use that v, < 1. Using also (see Assumption A of Chapter 2) that
k(s)r < 1 we obtain

2 =—k(s)r, 2=p,,
Po= 5 [6(s) + pon(s)] - By(Ro(s) + on(s), (s = 2)/8)
Po=r()p-+ 5 [n(s) - By(Ry(s) + on(s), (s - 2)/5)

q
B\ (Ro(s) + n(s), (s — 2)/6)]
(3.74)

The approximate equations of motion (3.74) have F. (R, u) evaluated at R = R,.(s)+

zn(s) and v = (s — z)/f,. Since it is inconvenient for numerical computations
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to compute Fr(R,.(s) + zn(s), (s — z)/f, for different values of z, we perform the

following additional approximations:

FL(RT(S) + a;n(s), (S - z)/ﬁ?‘) ~ FL(RT(S + Z) + xn(s + Z)? 8)
~ Fr(R.(s) + M(s)(z,2)",5) . (3.75)

At the first approximation we use the fact that the self field is slowly varying in
s for fixed z,z (see Assumption B of Chapter 2) and that (., ~ 1. The second
approximation uses the fact that we are only interested in the self field in the bunch
for z, x small, which again uses Assumption A of Chapter 2 and drops the O term

in (3.72) giving us

(s+2): ( 5(Ry(s+2) + an(s + 2)) )

x T(Ry(s+ 2) + zn(s + 2))

~ MT(s)(R.(s+2) +an(s + 2) — R,(s)) + ( ; ) . (3.76)

From (3.74) and (3.75) we obtain the approximate equations of motion

2= —k(s)x, ¥ =p,,
plz = ZI(R7 S) +pxF22(R7 S) ’ p; = K‘(S)pz + Fl‘(Ra 5)7
(3.77)
where R = R(z,z,5) = R,(s) + M(s)(z,2)" and
Fa(R,s) = Pq E((R.s) t(s),  Fa(R.s)=—-—E|R.s) n(s),
rC PTC
F,(R,s) = ch [EH(R, s)-n(s) — ¢B. (R, s)] -
(3.78)
Including the self field we write the initial value problem for (3.77) as
("= A(s)¢ + G(C, 8 FL), (3.79)
¢(0)=¢o, (3.80)
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where
0 —kr(s) 0 0
0 0 0 1
A(s) = (3.81)
0 0 0 0
0 0 k(s) O

The vector field defined by the rhs of (3.79) is divergence free, thus the beam frame

Vlasov equation is

95 f8(G5) + (Ve f(C8)) - [A(s)C + G(C, 5 FL)] = 0. (3.82)

The equations of motion (3.79), without the self field, represent the Lorentz force in

linearized form and they can be written as

C=A), C0)=0¢- (3.83)

Eq. (3.83) can be solved and the solution reads as ¢ = ®(s, 0)(y where the principal

solution matrix ®(s,7) can be written in terms of the dispersion function,

D(s,7) :/ ds// ds"k(s") , (3.84)

and the momentum compaction function

Rs6(s, ) = —/ ds'k(s")D(s',T) , (3.85)
as
1 —=D'(s,7) Rs¢(s,7) D(s,7)—(s—1)D'(s,7)
0 1 D —
(s, 7) = (5,7) T . (3.86)
0 0 1 0
0 0 D'(s, 1) 1
where D'(s,7) = 0;D(s, 7). Note that without self field we have
f8(Cs) = fa(2(0,5)¢;0) . (3.87)
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The approximate equations of motion in the interaction picture become
C(/J = ®(0>S>G(®<570)<0a5;FL)‘ (388)

We have found that it is numerically more efficient to integrate (3.88) than to inte-
grate (3.77). Equations (3.67) and (3.68) lead by Taylor expansion of (3.58) in p,, p,

to

JL(R;u) = QBrclpp(2(R, u), #(R); 5(R))t(5(R))
+75(2(R, u), #(R); $(R))n(5(R))] , (3.90)

where 75(z,2;8) = [0 pafB(2, T, P2, pa; $)dp.dp.. Using (3.72) gives us the approxi-

R
mation

( 2R, u) ) _ < $(R) — Bu

~ M'(Bu)(R—-R,(3uw), (3.91)
#(R) #(R) )

and using the fact that pp(z, z; s) has its support for z, x small, we have
pu(3(R,u), #(R);3(R)) ~ pp(M(Bu)(R — R, (5,1)); 3(R)). Using also the fact
that fp(z,x,p., ps;s) is slowly varying in s we have

pp(2(R,u), #(R); 3(R)) = pp(M"(B,u)(R — R.(B.u)); Bu). With similar approxi-

mations of the current density we thus arrive at

pL(R; U’) ~ QpB(MT(ﬁru)(R - Rr(ﬁru)); ﬁru) ’ (392)
JL(R;u) = QB.clpp(M* (Bu)(R — Ry (B,u)); Bru)t(5ru)
+TB(MT(6TU) (R - R, (ﬁru))v ﬁru)n(ﬁru)] : (393)

For more background material on this section, see [MICRO, StoT].
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3.3 The FERMIQElettra first bunch compressor

system

We studied the microbunching instability in great detail for the FERMI@Elettra first
bunch compressor system [MICRO]. This bunch compressor system was proposed as
a benchmark for testing codes. The complete layout of the system is shown in Fig.
1. The system consists of a 4-dipole chicane between rf cavities and quadrupoles.

The initial beam frame phase-space density to be

fB(2,2,p:,p2;0) = (1 +&(2))ao(2, %, p2, pa) (3.94)
where
ao(z, T, Pz, pa) = p(2)pe(p> — hz)pe(, pa) (3.95)
u(z) = f—a[tanh((z +a)/b) — tanh((z — a)/b)] , (3.96)
pe(p) = exp[—p2/207] [V 20y (3.97)
pe(a,pz) = exp[—(2* + (aox + Bopz)®) /2€0B0] /27eo (3.98)
e(z) = Acos(2mz/X) = Acos(koz) . (3.99)

Note that the ‘linear energy chirp’ parameter h in (3.95) is unrelated to the shielding
parameter h = 2¢g in Fig. 2. The smooth ag is perturbed by a modulation, e,
with wave length A\g and small amplitude A. The purpose of « is to normalize fg,
as demanded by (3.66). However, since it is a good approximation, we use o = 1
in our computations. Taking the limit b — 0+ in (3.96) we get u — o where
po(z) = (a/2a)I(_q4)(2). The function yg is a rough pointwise approximation to f,
so that the bunch length is ~ 2a. We use the smooth u instead of p because the
discontinuous o gives rise to a Gibbs phenomenon which causes problems in our
numerics. Due to (3.71),(3.94),(3.95),(3.97), (3.98) the initial longitudinal spatial

density is

p(z0) = (1+e(2)u(z) (3.100)
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whence

fB(2, 2,02, p2:0) = p(2:0)pe(p= — h2)pe(, pa) - (3.101)

The density p.(p, — hz) contains the linear energy chirp which is created by ‘off-crest
rf acceleration” such that particles in front of the reference particle gain less energy
than particles behind the reference particle. This creates the correlation needed for

bunch compression. To discuss bunch compression we define
C(S) = [1 + hR56(3,0)]71, Cf = C(Sf) s Rf = R56(Sf, O) s (3102)

where Rsq is defined by (3.85). Note that C'(s) > 0 for s € [0, s¢] and that, by (3.85),
C(0) = 1. Recalling that sy is the s-value at the end of the chicane, we conclude
from (3.71),(3.87),(3.94) that

plzisy) = /RS dp-dzdp, f5(P(0, 5£)¢; 0)
= /}RS dp.dxdp, fp(z — Ryp., & — SfDu, Dz P 0)
= /]R dpp(z — Ryp:; 0)pe(p=/Cy — h2)
=y [ dw( it~ rpi0) o). (3.103)

where in the second equality we used the fact that D(0,s;) = 0 = D'(0,sy). It
is easy to check that p(-;ss) in (3.103) is even and so its first moment is zero. A
short calculation shows that the second moment of p(-;ss) is equal to 1/C} times
the second moment of p(-; 0) plus the term R7oy. For our parameters (see below) o,

is so small that we have, to very good approximation,
p(z;s1) = Cpp(Cyz;0) . (3.104)

This is just (3.103) with p. replaced by the delta function. The approximation (3.104)

of (3.103) clearly shows the compression and the meaning of the term ‘compression
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factor C(s)’. We limited our study in [MICRO)] to the chicane with the following

parameter values:

Energy of reference particle : E,. = 233MeV
Peak current : [ = 1204

Bunch charge : QQ = 1nC

Normalized transverse emittance : yeo = 10~%m
Alpha function : g = 0

Beta function : y = 10m

Linear energy chirp : h = —12.6m ™"
Uncorrelated energy spread : op = 2KeV
Momentum compaction : Rs6(ss,0) = 0.057m
Radius of curvature : ry = 5m

Magnetic length : L, = 0.5m

Distance 1st — 2nd, 3rd — 4th bend : L; = 2.5m
Distance 2rd — 3nd bend : Ly = Im

(3.105)

The external magnetic field B, is approximated by a hard edge model whence
Bewt(Z) in (3.3) is approximated by a step function of Z. Thus the lengths L,
Ly and Ly in (3.105) are in terms of the lab frame variable Z and the total length
of the chicane is 8m. The total arc length traversed by the reference particle is
s¢ = 8.029m and the compression factor at sy is C(sy) = (1+hRs6(sy,0)) " = 3.545.
The uncorrelated energy spread op = 2KeV gives 0, = og/FE, = 8.6 - 107% whence
(3.104) is a good approximation in the case without self field. In the calculations we

vary A\g and take A = .05, a = 1180um and b = 150um.

Next we present a typical density plot (with self field) computed by our code. In
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Figure 5: Spatial density in grid coordinates (z1,z2) at s = sy for Ay = 200pm (left)
and A\g = 100pm (right).

fact, Fig. 5 shows the spatial density in grid coordinates (xy,z3) for Ay = 200um
(left) and A\ = 100pm (right) at s = sy (the grid coordinates are explained in Section
3.4). Here we simply state that we are able to calculate accurately this 2D spatial
density, the basic quantity in our 4D+2D Vlasov-Maxwell system. In Fig. 6 we
show the longitudinal force F.; from (3.78), proportional to E(-,s) - t(s), at s = s;
for \g = 200pm (left) and 100pum (right). Notice that the maximum intensity of F;

increases as \g decreases.

The results are obtained in the free space case; i.e., neglecting shielding effects
from the vacuum chamber. In our simulations of the FERMIQElettra first bunch
compressor system we noticed that 75 in (3.93) has a negligible effect therefore we

ignored its contribution.
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Figure 6: Longitudinal force in grid coordinates (x1,x2) at s = sy for Ay = 200pum
(left) and Ao = 100pm (right).

3.4 The Monte Carlo particle method

3.4.1 Generalities

We have discussed our method for calculating the self field in the lab frame and the
determination of the lab frame charge and current densities from the beam frame
phase-space density. Here we discuss a method of solution of the coupled Vlasov-
Maxwell system similar to traditional particle methods, variously called ‘particle-
in-cell (PIC)” or ‘macro-particle methods’. We call it the ‘Monte Carlo particle
(MCP) method’, because it uses a Monte Carlo method to determine a smooth
charge distribution from an ensemble of particles. The MCP is self-consistent in the

sense that it takes into account the interaction between the bunch and its self field.

Before we developed the MCP method we considered solving the Vlasov equation
using the method of local characteristics (or ‘semi-Lagrangian method’), which has

been extremely effective in problems with a 2D phase space. This deals with the
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Vlasov equation in a very direct way, defining the phase-space density by its values
on a grid with interpolation to off-grid points. The density is updated by integrating
backward from grid points, with the collective force regarded as constant during a
time step. Since the backward orbits land at off-grid points, this update requires
interpolation. In comparison with usual particle methods, this method offers much
lower noise and the possibility of a relatively direct control of accuracy by monitoring
interpolation error. On the other hand, it is relatively expensive in computation time
and memory, and in the case of a chicane it is technically complicated because the
density is concentrated in a narrow region of phase space that evolves in time in
a manner that is not known a priori [Li]. We are studying ways to deal with this
evolving support, since it would be inefficient to use many grid points where the
density is negligibly small. Possible techniques include changes of variable [VWZ],
an evolving selection of fiducial grid points, and the use of forward characteristics
rather than backward [EPAC08-2]. Although we have high hopes for success in this
direction, at present we stick to the more modest goal of improving the particle
method, in which it is much easier to deal with the support question since one has to
work only with the charge density in 2D rather than the phase-space density in 4D.
In particle methods the connection to the Vlasov equation is unfortunately indirect,
and the control of accuracy relies entirely on the experiment of increasing the number
of particles. Even if one believes that a solution of the Vlasov equation is obtained in
the limit, it is usually too expensive to make a convincing empirical demonstration

of convergence.

An essential ingredient of the MCP method is the technique of density estimation
since, when marching forward in time, for every update of the sample of points the
charge/current density has to be updated. We consider three different methods of

density estimation.

One approach (‘Method 1’) to density estimation is based on orthogonal series
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and we have studied the Fourier series case in some detail following [Ef]. Here pp,
and Jp are obtained at every s step by computing the Fourier coefficients of the
truncated Fourier series via Monte Carlo integration of the sample of phase-space
points. Details are also given in [MICRO] and [PACO7-2]. The computational effort
is O(N J1Jo) + O(Ny Ny Jy J3), where N is the number of simulated points, Jy, Jo are
the number of Fourier coefficients, and Ny, Ny are the number of grid points in z1, x5
respectively (the grid coordinates xy, 25 are explained further below). Typical values
in our microbunching simulations are N' = 5 x 10%, J; = 150 and J, = 50. Therefore
the computational effort is O(10'?) and is of the same order as the computational
effort for the polar coordinate field calculation discussed in item 2 below. Method 1

is done in parallel as outlined in item 1 below.

A second approach (‘Method 2’) employs cloud in cell charge deposition where
at every s step the sample is placed on our fixed grid (see [BPT] and Section 3.5
of [Si]). Here p; and J, are obtained by computing the Fourier coefficients of the
truncated Fourier series by a simple quadrature. The computational effort in this case
is O(N) + O(N;NoJyJ5). We have found that using A, J;, Jo as above, Ny = 1000
and Ny = 128, gives the same approximation as for Method 1. This computational
effort of O(10?) is much smaller than for the orthogonal series method and negligible
with respect to the computational effort for the polar coordinate field calculation
(for the latter, see item 2, below). In Method 2 the Fourier coefficients are computed
in parallel by partitioning the N scattered phase space points into N, groups where
N,, is the number of processors and the quadrature is done in parallel by partitioning

the grid into N, groups.

A third approach (‘Method 3’) applies the kernel density estimation technique
to the sample. This approach is still in the testing phase where we are investigat-
ing standard kernels like bivariate Gaussians or bivariate Epanechnikov kernels (all

with a uniform bandwith, H). The computational effort for the bivariate product
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Epanechnikov kernel is O(N Nﬂ%), where N is as before but now NlNz is the num-
ber of grid points inside the square of diameter 2H centered at the scattered particle
position (z1,7s). For N = 5 x 108, N; = 1000, N, = 128 we approximately get
Ny = 24, N, = 3, O(N'N;N,) = O(10'°). Thus this method is comparable in speed
to Method 2 and is worthy of further investigation (for further details on the kernel
density estimation technique, see Sections 3.4.3 and A.3). In the kernel density esti-
mator method the densities are computed in parallel by partitioning the N scattered

phase space points into N, groups where N, is the number of processors.

For all three density estimation methods, the initial sample is generated from
pseudo-random numbers [Ca, Ni] by using the Acceptance-Rejection method [Ros],
assuming particles are independent identically distributed according to the initial

phase-space density.

In density estimation Methods 1 and 2 we represent the charge/current density
in the beam frame as a truncated Fourier series, thus giving ourselves a density that
is smooth, of class C'"°. Ideally one would use the resulting Fourier series and its
gradient to evaluate the source in the field formula. That is too expensive, however,
since it involves multiple summations of the Fourier series, at points not amenable to
the fast Fourier transform. Instead, we use the Fourier series to put the density and
its gradient on a grid, and then use low order polynomial interpolation for evaluations
at off-grid points. Thus we accomplish something similar to particle-in-cell codes,
but by a different route, and get the gradient as well as the density itself at grid
points. Our method gives low noise, but is costly at high levels of resolution. We
have not yet carried out a careful comparison with more usual methods at similar

levels of cost and resolution.

It is cost effective to make an s-dependent coordinate transformation so that the
2D spatial density can be accurately represented in a grid which does not depend

on s. Since in our studies the uncorrelated energy spread o, and the spread in the
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transverse momentum o,,, at entrance of the chicane are small, we found that the

coordinate transformation (z,z) < (Z,2) via

z= (14 hRs(s,0))z — D'(s,0)z , r="hD(s,0)24+2  (3.106)

gives an almost stationary situation, where particles are at rest in the limit of no self
field, and o, = 0 and o0,,, = 0. The chirp parameter h and D, R5s were introduced
in Section 3.2. The transformation (3.106) is obtained solving (3.79) without self
field, i.e., by solving (3.83) and with initial conditions z = Z, p, = hZ, * = ¥, and
p = 0. Since we do density estimation in the unit square [0, 1] x [0, 1], our final grid

transformation (Z, ) <> (x1,x2) is obtained by a simple scaling and translation.

We now describe our algorithm more concretely and to be specific we choose
Method 1 of the density estimation. Since the reference particle corresponds to
z = 0 and since z = s — (B,u, the reference particle arrives at the chicane entrance
at u = 0. At s = 0 our bunch effectively has z supported in (—a,a) where the
longitudinal size parameter a was explained in Section 3.2. Thus the particle at the
head of the bunch arrives at s = 0 at the time —a/f3, and we take the latter to be
up whence at u = uy the particles have s coordinates in the interval (—2a,0). The

field formulas (3.50),(3.51) can now be applied (we here confine to (3.51)).

For a small step s — s + As we proceed as follows:

1. Denoting pp, 75 in the grid coordinates (1, z2) by p,, 7, respectively, we expand

pg(x1, 225 5) and 7,(z1, z2; ) in a finite Fourier series

J1 J2

Pg $1,£L‘2, ZZGU ¢z T ¢]($2) (3107>
=0 j=0

g1, 203 5 ZZ@” )i (1) 5 (2), (3.108)
=0 7=0
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where
05(6) = [ dridead(01)0y ey o, ), (3.100)
A
0u(s) = [ doideadi (s (wa)ry v i o). (3.110)

Here {¢;} is the orthonormal basis ¢o(z) = 1 and ¢;(x) = v/2 cos(inz) fori > 1,
z € [0,1]. Note that p, is now the actual spatial density, in the coordinates

x1, T2, with nonzero o, and o,,, and with self field.

Since p, is a probability density the Fourier coefficients 6,; may be written as

the expected value E of ¢;(X1)¢;(X2) with respect to py(-; )

0;(s) = E{p:i(X1)o;(X2)}
= /Adxldx2¢i($1)¢j(w2)pg(x1,xg;s), (3.111)

where X = (X3, X3) is the random variable with probability density p,. To
estimate 7,, which is not a probability density, we notice that the Fourier
coefficients ©,; may be written as the expected value E of ¢;(X1)¢;(X2)Px
with respect to f,(-; s)

Oii(s) = E{¢i(X1)9;(X2)Px}
_ / dyde, / Apsdpuds(a1); (22)ps
A R2
X fg($17$27pzapx;5)7 (3112)

where X = (X1, Xy, Py, Py) is the random variable with probability density
fo(59).
It follows that the natural estimate of £ is the sample mean, i.e., we have the

following two Monte Carlo formulas:

1 N
Z Gi(X1n)95(Xan), (3.113)

Z|

o
=
2
z|~
M=

¢i(X1n)¢j(X2n)PXna (3114>
1

3
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where a realization of the random variable X = (X, X, Pz, Py) is obtained
from beam frame scattered phase-space points z;, ¥, D, pri at s, i=1,... N (via
the transformation: (z;, i, D, D2,) — (%14, T2, Payy Pr;))-  The Monte Carlo
computation is done in parallel, i.e., the sums in (3.113),(3.114) are each split
into N, pieces where N, is the number of processors. In other words, each

processor only computes the sum over N'/N, terms in (3.113),(3.114).

2. The force fields Ej (-, s) - t(s), Ey(-, s) -n(s), F,(-, s), which are needed in (3.78),
are computed by using the s-independent grid defined above. That is, given a
grid point (x1, z2), we compute the associated beam frame values z and z, then
compute R = R,.(s) + M(s)(z,z)T. The force fields can then be determined at
these R-values from F1 (R, s). Using (3.51) we have

1 S ™ ~
Fr(R, 8>:_47r/ dvl[uoyoo)(v)/ dOS(R(8,v;s),v) (3.115)

where

R(0,v;5) =R+ (s —v)e(6) . (3.116)
Here we have considered the nonshielding scenario since often the shielding
effect is not important. For some designs shielding could well play a role, so

our code allows it to be included.

To do the double integral in (3.115) we apply a Gauss-Kronrad adaptive algo-
rithm to the outer integral. Gauss-Kronrod picks a v and then we determine the
0 support, (@min, Omaz)- The inner € integral is then done with the trapezoidal
rule on a uniform mesh. For each point (R(#,v;s),v) of demand the source
value S(R(6, v; s),v) is determined by a tri-quadratic interpolation of S-values.
We notice that the Fourier method of item 1 not only gives an analytical rep-
resentation at s of p, and 7, but of Vp, and V7, as well. A representation of
dp,/0s and 07,/0s is obtained by differentiating the Fourier coefficients with a

finite difference scheme. Even though it is possible to construct the source term
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S by storing the ‘history’ of the Fourier coefficients, i.e. 6,;; and ©,;, db;;/ds
and dO;;/ds on a grid in s, we found it is more efficient to store p,, Vp, and
Jpg/0s (the same for 7,) on a 3D grid in (21,22, s). We use a uniform grid in

(21,2, s) with Ny Ny grid points in (1, x9).

The computational effort for the calculation of one component of the self field
is O(N1NyN,Ny), where N, is the number of evaluations for the v integration,
and Ny is the number of evaluations for the 6 integration. Typical values for our
simulations in [MICRO] are N; = 1000, Ny = 128, N, = Ny = 1000, therefore
O(N1NyN,Ny) = O(10'?). Note that the field computation is done in parallel
by letting each processor compute Ej (R, s) - t(s), E (R, s) - n(s), F,(R, s) for
only NyNy/N, points R where N, is the number of processors.

3. We use item 2 to push the particles in the interaction picture of (3.88). This
allows us to use an Euler scheme where the integration step As is determined
by the strength and smoothness of the self field. The force fields have been
calculated by using a grid in (x1, z5) as outlined in item 2 above. To calculate
the fields at particle positions needed in (3.78) we use a bi-quadratic interpola-

tion. The particle pushing is done in parallel, i.e., each processor only pushes

N/N, particles.

4. The procedure is iterated going back to item 1.

3.4.2 Causality issue

Because the code marches forward in s there is a causality issue as follows. First of
all one notes by (3.115) that F.(R,s) is, as one also expects from relativity, only
affected by source values S(R,v) for which (R,v) lie on the backward lightcone,
L(R, s), of (R, s) which is defined by

LR,s)={(R,s)eR*: | R-R|=s5—5}. (3.117)
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In particular according to the discussion in item 2 of Section 3.4.1, the self field
values, which are needed in (3.78) when the algorithm is at s, are affected only by
source values S(R, v) for which (R, v) lie on L(R,(s) + M(s)(z, )T, s). It is easy to
see that L(R,(s) + M(s)(z,2)T,s) contains points (R/,s’) for which §(R) < s and
S(R/,s") # 0 and points (R’ s) for which §(R’) > s and S(R/,s’) # 0. Obviously
the points (R’, s') in L(R..(s) +M(s)(z,2), s) for which §(R’) > s and S(R’, ') # 0
raise a causality issue. Nevertheless we believe that in general the causality issue is
not serious since, as one can easily see, for points (R’, s') in L(R,.(s)+M(s)(z,z)T, s)
for which $(R’) > s and S(R/,s’) # 0 we have that §(R’) — s is less or equal to the
z-size of the bunch. For more details on the causality issue, see [ICAP09, StoT].

Another aspect of the backward light cone is the fact that for points (R’,s’)
in L(R,(s) + M(s)(z,z)T,s) for which §(R’) < s and S(R/,s’) # 0 the differ-
ence s — §(R’) can be much bigger than the z-size of the bunch. For example for
the FERMI@Elettra first bunch compressor system and with the parameter values
(3.105) we have the situation that the reference particle at the end of a dipole is
subjected to a collective force which is even affected by the bunch at the entrance
into that dipole. Thus indeed the code has to store a lot of history of the bunch in

order to compute the collective force, see also item 2 of Section 3.4.1.
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3.4.3 Convergence study

I now discuss a technique which allows a convergence study of the error of various
quantities, computed by the code. We here concentrate on a convergence study
w.r.t. the parameter N, i.e., the particle number. I also present two applications of
this technique to the spatial density, i.e., I present some results we got by density
estimation via Method 3 (=kernel density estimation) resp. Method 2 (=cloud in
cell charge deposition). For more details on density estimation, see Sections 3.4.1

and A.3.

I now outline the technique (for more details, see Section A.4). Let U be a
normed space and let ¢ € ¥ be an unknown element approximated by the elements
PY(N) € ¥ where (N denotes the approximant of ¢ computed with N particles.
Underlying the technique is the assumption that, for N — oo, the error ||¢) —(N)]|

satisfies
[ — (N = ONTT) (3.118)

where d > 0 is called the ‘consistency order’ of the approximant ¢ (N'). Thus, by

assumption, a ¢ > 0 exists such that for large N” we have
1 = N[ = N7 (3.119)

In fact the technique we outline here allows to approximate d by d where

PO BRI [ B0
111(./\/2/./\/1)

"o e (2120

and where the particle numbers N;, N3, N3, N, are supposed to be sufficiently large
such that (3.119) is a good approximation for N' = N; (i = 1,2,3,4). Choosing,
in addition, N3/N; and N;/N; sufficiently large, we obtain for the relative error,
|1 —d/d|, of d that

dy o (Na/ND) ™+ (Na/N) ™ _

1-3l= dIn(Ny/N7)

(3.121)
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Thus d is a good approximation of d if N5/N; and N, /N, are sufficiently large. This
rule may be followed in practice and it does not involve aprori knowledge of d. In
fact, if one does not know d apriori, then one may apply (3.120) for different sets
of N7, Na, N3, N and may stop when d begins to converge to some fixed value, d.
Of course, due to (3.121), choosing also N3/N; large, may further improve d. To
discuss in more detail the quality of ci, we note that if one imposes, for some ¢ > 0,

the condition:

(N3/N) ™+ (N Na) ™

A <e, (3.122)

then by (3.121) one obtains

d
-9 <e. (3.123)
d
It is convenient to restrict the choice of N7, No, N3, N to
Ny = kN N3 = kN Ny = kikoN7 ky >k >1, (3.124)

which leaves N, ki, ko as the only free parameters. Note that k;, ks are not neces-

sarily integers and that (3.124) gives us the ordering
N4>N3 zNg >N1 . (3125)

Thus for (3.124) the particle numbers Nj, Ny are the smallest resp. largest whence
the minimization of Ny/N; under the condition (3.122) is an important issue here.

With (3.124) the condition (3.122) reads as

2y @ .

gy <€ (3.126)

whence, for (3.124), the condition (3.126) leads to (3.123).

We now need more detail for two special cases of (3.124), Choices 1 and 2. Choice

1 is that special case of (3.124) which minimizes A,;/N; under the condition (3.126)
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and Choice 2 is that special case of (3.124) which minimizes N;/N; under the con-
ditions (3.126) and k; = 2. We begin with Choice 1. Since N3/N; = kiks we have

to minimize kqky; whence we define

. 2k;
(kle)opt = 1nf{k,‘1k2 s ky > ]{Jl > 1,

dn(ky)

Choice 1 branches into Choice 1a where

2
e< =,
e

and Choice 1b where
e>2]e.

For Choice la we obtain from (3.127)

2e

(k1k2>opt - (k1>opt(k2)opt - ( - )l/d ’

2

(kl)c’pt = exp(l/d) ) (k2)0pt = (g)l/d :

Note that, for Choice 1a,
./\[4 > Ng > N2 > ./\[1 .
For Choice 1b we obtain from (3.127)

(k1k2>opt - (kl)opt(kZ)opt )
(k1 )opt = (K2)opt »

where (k1)op is the unique solution of

Note that, for Choice 1b,

Ni>Ns=MN >N .
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We now consider Choice 2. We thus define

vk )opt s 2 = {2k < iy > 2, dﬁi‘g) <e}. (3.137)
Choice 2 branches into Choice 2a where
1-d
€ d2ln(2) , (3.138)
and Choice 2b where
9l—d
€2 JIn(2) (3.139)
Clearly, for Choice 2a,
(k1ks)opt iy —2 = 2(ka)opt k=2 = 2(L)1/d , (3.140)
edIn(2)
(2)opt y =2 = %d%@))w : (3.141)

Also, by (3.124),(3.138),(3.141), we have, for Choice 2a, that (3.132) holds. Moreover,
for Choice 2b,

(k1k2) opt =2 = (k2>§pt’k;1:2 =4, (3.142)
(K2)opt k=2 1= 2. (3.143)

By (3.124),(3.143) we have, for Choice 2b, that (3.136) holds. Note also that, except
for the rather uninteresting Choice 2b, we observe that (kika)ope and (kika)opt k=2
are strictly decreasing functions of d whence the computational cost of d increases

with decreasing d (we will see this confirmed in our applications below).

I now present two applications of the above technique of approximating d by d
to the spatial density p,. In both situations ¥ = L?(R?) and ¢ is the spatial density

in grid coordinates at some fixed s, i.e.,

b= py(;s) - (3.144)
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Recall that the relation of p, with the beam frame spatial density pp is discussed
in Section 3.4.1. Note also that we choose the same initial condition for fz as in
Section 3.3 with the additional restriction that the initial modulation is zero, i.e.,

that A =0 in (3.99). We use, for the approximant 1)(N) of ¢, the abbreviation

YN) = pgn(s) (3.145)

where p, v denotes the density estimate of p, for A/ particles. Note that the explicit
form of p, - depends on the choice of the density estimator. Since ¥ = L*(R?), we
have for arbitrary particle numbers A", V', by (3.144),(3.145),

2
o= = [ donde, (pgm, 73:5) — po(an, o s>) , (3.146)

2

10N) = 6P = [ dondea (et anis) = pyavonens)) - (@140
In the first application p,  is computed by the kernel density estimation method (re-
ferred to ‘Method 3’ in Section 3.4.1) and in the second application p, - is computed
by the cloud in cell charge deposition method (referred to ‘Method 2’ in Section
3.4.1). Since for the first application we want a situation where we know d, we will
restrict our first application to the case s = 0. For both applications we compute
the integral on the rhs of (3.147) by the midpoint rule whence

N1 N2 . 2
Z1 19 .
NlN ZZ(’OQNN N ) pgN(Nl N2 S)) ’

11=1170=1

[P = p(N)II* ~

(3.148)

where the grid on [0, 1] x [0,1] has N; /N, points and where we also used the fact
that py(-;s) is supported in [0, 1] x [0, 1]. Note that for both applications we choose
N; = Ny = 128. Since for the first application we have s = 0, we here even know
1 whence, for s = 0, we compute the integral on the rhs of (3.146) by the midpoint
rule, i.e.,

1 2 . . 2
1 = V(N)|]* = NNZZ(pgN N') pg,N(%7%;0)> . (3.149)

i1=112=1
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Chapter 3. The Vlasov-Maxwell system

I now consider the first application in more detail which, at the same time, illustrates
the kernel density estimation method. Thus here p, or(+;0) is to be computed by the
kernel density estimation method. First I have to show that d = 1/3 and then
I present some results about d. Thus the emphasis in the first application is on
analyzing d in a situation where d is known apriori. For details on the kernel density
estimation method, see Section A.3. We begin with

() ()

l‘l_l‘l 1’2—1’2

N
1
Py (T1,22;0) 1= ———— Z Kei2p,p( ; ), (3.150)
H2N = H H

where the sample (xgl), xgl))T, . (fﬁgN), iUgN))T

, which is generated from pseudo-random
numbers by using the Acceptance-Rejection method, is distributed according to the
initial spatial density p,(-;0) and where H > 0 is called the ‘bandwith’ and the

‘kernel’” K¢ 9p,p is given by

225

Kciap.p(z1,29) = %(1 — (21)*)*(1 = (22)*)*L -1y (1) 11,y (22) . (3.151)

with 1;_; 1) being the indicator function of the interval [—1,1]. Note that

Jae dzrdrs Ko op p(1, 22) = 1 whence [g, duidzapg ar(21, x2;0) = 1. For kernels dif-
ferent from Keq op p(21, 2), see Section A.3. Note also that K¢q 2p p is continuously
differentiable whence p, nr(+;0) is continuously differentiable which is an important
property for being effective in our code. Moreover K¢y op p is essentially ‘optimal’
among those kernels which are continuously differentiable, but the ‘optimality’ is a
topic which is beyond the scope of this thesis (see however the textbooks on density
estimation in the reference list). To come to a situation where d = 1/3, the bandwith
H in (3.150) must not be arbitrary since it has to be optimized to the value Hyrsg,
as follows. We first have to discuss MISE(H). Let (2", 27, ., (igN), iéN))T be
R2-valued random vectors which are independent identically distributed with prob-

ability density py(-;0). We define

~ 1 N 1 — i’gj) Ty — i‘gj)
PN (21,225 0) := N ; Kei2p,p( I I ), (3.152)
DN = Py (50) (3.153)
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Chapter 3. The Vlasov-Maxwell system

whence, since pseudo-random numbers approximate random numbers, we obtain the

approximate equality:
YN = pon(10) & fau(50) = DN , (3.154)

where we also used (3.145),(3.153). Since s = 0 we have, by (3.144), ¢ = py(-;0)
whence, by (3.146),(3.154),

ISE(H) = [l — (NP = || = v (V)]

2
:/ dxlde(pg(xl,xQ;O)—pg’N(xl,x2;0)> : (3.155)
R2

where ISE(H) depends on H since ¢)(N) depends on H via (3.152),(3.153). One
approximates [SE(H) by its expectation value, MISE(H), i.e.,

[SE(H) ~ E(ISE(H)) = MISE(H), (3.156)
and approximates MISFE(H) by its large-N-asymptote AMISE(H), i.e.,
ot ?
MISE(H) =~ AMISE(H) = 4/12(K0172D7p)/ diﬂldiEQ <Apg($1, T, O))
R2
1
+NH2 /R2 drydea K 5p, p(T1,22) | (3.157)

where the positive constant p(K¢12p p) is determined by
1(Ke1op,p) = g dzrdazs(x1)? Ko op,p(21, ¥2) and where Apy(-;0) is the Laplacian
of py(+;0). One defines

HMISE = argmmH>0(MISE(H)) s (3158)
and approximates
Hyrrse = Hayrse = argmingso(AMISE(H))

_ ( 2 fR2 dmldszg’l,2D,P($1a ) >1/6
N2 (Ke1op,p) Jge deidas[Apg(zq, 22;0)]? ’

(3.159)
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leading to

MISE(Hyise) ~ AMISE(Hyisg)

3 .
~ ZN_2/5 (16#4(K0172D7p)[/ d$1dx2K%’172D7P(I17 $2)]4
R

2

1/6
'[/R2 dridzy(Apg(z1, 723 0))2]2> . (3.160)

Note that, by (3.159), Hyrrse = O(N~Y9). We conclude from (3.155),(3.156),(3.160)
that

[l = (M) ~ ISE(Haise) ~ MISE(Hyse)
3
~ ZNfQ/S (16/~L4<KC1,2D,P>[/ dSUldiEQK%LQD’P([El, [L'Q)]4
R2

1/6
-[/RQ daydza[Apy (21, 22 0)]2]2> : (3.161)

Note that, by (3.161), ||¢) — ¥(N)|| = O(N~Y3) so that, by (3.118), we have shown,
as promised, that d = 1/3. To finish off the first application, we now present some
results on d. Of course when we compute the pgn; (3 0) in d, we have to use the
bandwith Hyrsp. We compute Hyrsp by using (3.149),(3.155),(3.156), (3.158) and
by using the fact that we know p,(+;0):

Hyisg = argmingso(MISE(H)) = argming~o(ISE(H))
~ argmingso(||v — (N[

N1 N2

. 1 il ig Z.1 Z.2 ?
~ argmingso (N1N2 Z (pg(ﬁla E? 0) — pg,/\/(ﬁla ES 0)) > . (3.162)
1

i1=14ip=

Note that, if s > 0, then we could not use the generalization of (3.162) from s = 0
to s > 0 since do not know py(+;s) for s > 0. One wayout would be to approximate
Hyrsg without the knowledge of py(+; s) by using the technique of least squares cross
validation which is outlined in Section A.3. However, here I stick to s = 0 and I did

computations with the following particle numbers:

N =8-10°4-10°8-10°% 16 - 10° 32 - 10°% 64 - 105,80 - 10°,128 - 10° . (3.163)
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First of all, before discussing d, it is good to have numerical evidence for (3.159),(3.161).
Using (3.149),(3.162) we obtain

N =8-10° = (Hyzsp = 0.025 ,|]1) — ¥ (N)|| = 0.0382)
N =4-10° = (Hy1s = 0.02, ||v — »(N)|| = 0.0219)
N =8-10° = (Hyrse = 0.018 , || — w(N)|| = 0.017)

N =16-10° = (Hprsp = 0.016 , ||¢ — (N)|| = 0.0145)
N =32-10° = (Hys = 0.014 , |[1p — (N)|| = 0.0115)
N =64-10° = (Hyrsp = 0.012,|[1p — (N)|| = 0.00926)
N =80-10° = (Hprse = 0.012 , || — (N)|| = 0.00871)

N =128 -10° = (Hp195 = 0.011 , ||¢p — (N)|| = 0.00761) ,
(3.164)

where ¢ = py(+;0) and Y(N) = pyn(;0). Fig.7 plots In(Hyrse) versus In(N),
confirming that Hy;sp = ONTY6). 1In fact the eight circles in Fig.7 are data
from (3.164) and the dashed line in Fig.7 is the curve: Hyrsp = cN Y6 where ¢ is
fitted by the data point (N, Hyrse) = (8 - 10°,0.025), i.e., ¢ = 0.025 - (8 - 10%)'/S.
Fig.8 plots In(||t) — ¥ (N)]|) versus In(N), confirming that the L2-error of ¢ satisfies
1) — p(N)|| = ONTY3). In fact the eight circles in Fig.8 are data from (3.164)
and the dashed line in Fig.8 is the curve: ||[¢) —(N)|| = eN' ™3 where ¢ is fitted by
the data point (N, || — ¥(N)]]) = (8 - 10°,0.0382), i.e., c = 0.0382 - (8 - 10°)*/3.

We are now ready to discuss d and we do that in the same situation as Fig.’s

7 and 8, i.e., the situation when ¢ = p,(+;0) and P(N) = pyar(+;0) with py (-5 0)
given by (3.150) and where N is from (3.163). Using (3.120),(3.148) we approximate
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d by using the midpoint rule:

2
N N. T i dn .
R 1 Zi11:1 ¢22:1 (pQ:Nl(Nll’ FZ? 0) — pg’Mﬂ(Vll’ VQQ’ 0))
d~ ————1In )
In(N2/N7) ( NI N 0 i i i ?
21'1:1 in=1 pg,Nz(ﬁlv ﬁ?; 0) - pg,N4(F17 FQ; 0)

(3.165)

To choose the proper size of the particle numbers Ni, Vo, N3, N; in (3.165) we first
apply the theory outlined at the beginning of this section, i.e., we discuss Choices 1
and 2. Note that with the particle numbers in (3.163), the maximum possible value
of Ny/Nj is merely 160. If d = 1/3 and ¢ = 0.1 then (3.130), (3.131) give us, for
Choice 1a,

(1 )opt = 20.1 . (Ka)opt = 8000, (krka)ope ~ 160700,  (3.166)

whence N;/Ni =~ 160700. If d = 1/3 and € = 0.1 then (3.140), (3.141) give us, for
Choice 2a,

(k) opt—2 A 648600, (Kyks)optpy—z A 1297200 | (3.167)

whence N /N &~ 1297200. If d = 1/3 and € = 0.3 then (3.130), (3.131) give us, for
Choice 1a,

(F )opt =201, (k)opt 296, (kiko)op ~ 5950,  (3.168)

whence N;/N; ~ 5950. If d = 1/3 and ¢ = 0.3 then (3.140), (3.141) give us, for
Choice 2a,

(K)opt.k=2 = 24020, (K1ka)opt k=2 ~ 48040 , (3.169)

whence N, /N7 & 48040. We see that even for the modest choice e = 0.3 the theory
demands N;/N; = 5950 which is considerably larger than 160. In other words,

d = 1/3 is so small that rather large particle numbers are suggested. However the
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values of Ny/Nj, suggested by our theory, are merely sufficient for the validity of
(3.123), not necessary as we will see now. In fact, computing d for the modest particle

numbers (3.163) we obtain, by using (3.165),

(M =8-10°, Mo =8-10%, N5 =8-10°, A}y =80-10% = d = 0.369 ,
(M =4-10°, No=8-10%, N3 =64-10%, Ny =128-10°) = d = 0.351 .
(3.170)

Note that d = 0.369 gives |1 — d/d| = 0.11 and d = 0.351 gives |1 — d/d| = 0.05.
Thus indeed the modest particle numbers (3.163) give already rather good results
for d. This indeed gives evidence that the values of N/} /N1, demanded by our theory,
are sufficient but not necessary for the validity of (3.123). Note that the particle
numbers in (3.170) are selected from (3.163) via Choices 1,2, as follows. For the first
example in (3.170) we have 10 = k1 = Ny /N7 = N3/Nj = ko and

2k 2(No/NL)TT 6(10)71/3
din(k;)  dIn(No/AN;)  In(10)

~ 1.2,

whence, by (3.135), € & 1.2, so that (3.129) holds which implies that the first example
in (3.170) belongs to Choice 1b. For the second example in (3.170) we have ky =
M/Nl = 2,k2 :Ng/Nl =16 and, by (3141),

2ky? 2(N3/Ny)~? 6(16)7 /3

T Um@) T dm@) om0

whence (3.138) holds so that the second example in (3.170) belongs to Choice 2a.
This concludes our first application. In retrospective it is clear why for the first
application we restricted ourselves to the case s = 0. In fact, having s = 0 guarantees
(i) that the sample (xgl), xgl))T, o (ng), atéN))T approximates a sequence of random
vectors which are independent identically distributed with probability density py(-;0)

and (ii) that Hyrsp can be computed.
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Figure 7:

Loglog plot of the bandwith Hj;;sr versus particle number N

Figure 8: Loglog plot of the error |[t) — )(N)|| versus particle number A/
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I now consider the second application where pg A is computed by the cloud in cell
charge deposition method (referred to ‘Method 2’ in Section 3.4.1) for the parameter
values J; = Jo = 40. Here we deal with a situation where we neither know d
nor where we know if a meaningful d exists at all. Note that we choose the same
initial condition for fz as for the first application. We choose the particle numbers
N1, Na, N3, Ny in (3.120) via Choice 2 with N} = 8-10° and we vary ks from 2 to 32
with the aim to see if d converges to some d when ky grows. Thus we use the particle
numbers 8-106, 16-106, 32-10°, 64-10°, 128-10°, 256105, 512-10°. Fig.9 plots d versus
ko when s = 0 and Fig.10 plots d versus ky when s = s5. Fig.9 indicates d =~ 0.5
while Fig.10 indicates that d is around 0.35. Since the theory of the cloud in cell
charge deposition method is beyond the scope of this thesis and since the purpose
of Fig.’s 9 and 10 is to illustrate the application of (3.120), we leave the d-values

0.5, 0.35 uncommented.

0.7

06

05 F g —

04

0.3

0.2+

01 F

Figure 9: d versus ko when k; =2 and s =0
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0.5

04
03 |
02 p

01

Figure 10: d versus ko when ky = 2 and s = s¢
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Chapter 4

Summary of Vlasov-Maxwell

system and outlook

We have demonstrated a procedure with some new features for self-consistent simu-
lation with application to a bunch compressor. Although it is based on tracking an
ensemble of particles, as in usual macro-particle or PIC codes, the method of smooth-
ing the charge distribution is quite different, using density estimation methods. The
resulting smooth distribution is used in an accurate solution of the field equations
by applying exact field formulas. We hope that the resulting time evolution of the
spatial density approximates that which would be obtained from a solution of the
Vlasov-Maxwell system on the 4D phase space, but there is no direct check on accu-
racy of such an approximation. However, the evident lack of noise in the simulation

is encouraging.

We anticipate improvements in the code regarding treatment of the spatial den-
sity, but at present the most costly part is the field calculation. We intend to review
the choice of integration variables and the integration algorithms to see if the field

evaluation can be speeded up. Parts of the integration, for large retarded time in-
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tervals (see (3.50),(3.51)) may have been done more accurately than necessary.

We mentioned that the MCP method can be time consuming. We are attempt-
ing to improve the Monte Carlo integrations by trying variance reduction techniques,
which build on the Central Limit Theorem [Ca, Ros|, and also by trying quasi-random
sequences (also called ‘low-discrepancy sequences’) in place of pseudo-random se-
quences [Ca, Ni|. Quasi-random sequences allow one to break the ‘curse of dimen-
sionality’ in grid-based multi-dimensional integration, giving a true error bound (i.e.,
not probabilistic) of order (log NV)*~!/A/, with only logarithmic dependence on the
dimension k of the space. We are also attempting to improve the Monte Carlo
integrations by considering a FFT for nonequidistant points offered by the subrou-
tine library NFFT [NFFT]. Moreover we want to extend the convergence studies of
Section 3.4.3.

Furthermore we intend to take further advantage of the exact field formulas. For
example (3.44),(3.45) will allow us to study the energy balance between the bunch
and the self field by applying Poynting’s theorem. Moreover one of Maxwell’s eight

equations (3.10), i.e., the equation
cO,By = —0zEx + 0xEy ,
carries useful information about E| and B, since, at Y = 0, it yields to
cO,B| = —0zE x +0xEyL 7,

which can be used to reduce the computational cost of the field computation and/or

as a double check since the field formulas (3.50),(3.51) for Ey, x, Ey z, B, are exact.
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Chapter 5

Introduction to spin-orbit tori

I now come to the second part of this thesis which consists of Chapters 5-10 and
Appendices B-G. It presents the topic of spin-orbit tori as a mathematical theory

and it is based on the map formalism equations of motion (6.1),(6.2).

5.1 Physical context and mathematical approach

I begin with some brief general remarks on the physical context for the orientation

of the reader. More details can be found in [BEH04, Hof, MSY, Vo.

Spin is of central importance for the understanding of the behavior of fundamental
particles and their interactions. This is made clear, for example, in [SPIN09] where
up-to-date accounts of experimental and theoretical work are given. In particular,
the differential cross sections for particle-particle interactions depend on the spin
states of the particles. These interactions are typically studied by colliding a beam
of spin-1/2 particles (e.g. electrons or protons) either with another beam of spin-1/2
particles or with nuclei located at a fixed ‘target’. Various considerations, such as the

need for high energies, often dictate that the particles circulate in a beam consisting
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of a train of separate bunches in a so-called storage ring. Typically the motion of
a bunch for 10° turns around the ring is of interest. The particle interactions to
be studied in such a storage ring take place at the centers of detectors mounted
at specially configured interaction points. The task of Accelerator Physics is to
provide and describe the transport of the bunches through the interaction points
and it requires mathematical tools which are different from those needed to describe
the collision processes in the interaction points (the latter tools are from Quantum
Field Theory). This thesis deals exclusively with the Accelerator Physics aspects
and its tools are from Dynamical Systems Theory. Descriptions of storage rings
can be found in standard text books. See for example [CT, Wi]. However, to
summarize, the common feature of a storage ring is that the electrically charged
particles are confined by combinations of electric and magnetic fields to move in
bunches on approximately circular orbits in a vacuum tube. The dimensions of a
bunch are millimeters whence they are very small compared to the average radius
of the ring which can be kilometers. A bunch typically contains around N = 10!
particles. Accelerator Physics involves various levels of description depending on
how accurately one wants to study the bunches. So I now have to characterize
the level needed for this thesis. At this level a phase-space variable @ and a spin
variable S provide a classical description of a particle located at @ € R® with spin
value S € R®. Experiments aimed at exploiting the influence of spin on particle-
particle collisions usually require that the bunches be spin polarized. This means
that the polarization P := (1/N) 3.~ S, namely the average over the spin vectors
51, e Sy of the bunch be non-zero. Thus the task of Polarized Beam Physics is to
provide and describe the transport of bunches through the interaction points such
that | P| is ‘sufficiently’ large. Note that in the definition of P the spin vectors have
to be normalized, i.e., |S;| = 1. Nevertheless for the purposes of this work there is
no need to assume that the spin vectors are normalized. For the purposes of this

thesis I ignore all interactions between the particles, the emission of electromagnetic
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radiation by the particles and the effects of the electric and magnetic fields set up in
the vacuum pipe by the particles themselves. This leads to a classical Hamiltonian
description (for a derivation of the Hamiltonian from Quantum Physics, see [BH9S]).
Furthermore I shall neglect the extremely small Stern-Gerlach force acting from S
onto u [BEHO04] (for details on the relativistic Stern-Gerlach force in Accelerator
Physics, see e.g. [He96]). Then the particle motion is described by the equation for
the Lorentz force and the spin motion by the Thomas-Bargmann-Michel-Telegdi (T-
BMT) equation [Ja]. Thus the equations of motion for the combined @,S system are

no longer Hamiltonian (albeit the equations of motion for @ are still Hamiltonian).

Although dynamical systems are usually analyzed by taking time as the indepen-
dent variable, this is usually not convenient for storage rings since there, the vacuum
tube and the electric and magnetic guide fields have a fixed, 1-turn periodic, ap-
proximately circular spatial layout. It is then common practice to define the angular
distance, § = 27s/L, around the ring where s is the distance around the ring and
L is the circumference. The equations of motion for @ and S are then transformed
into forms in which 6 is the independent variable. The one-turn periodicity of the
positions of the electric and magnetic guide fields then becomes a 2w—periodicity in
of the equations of motion for u and S. As a next step one constructs the curvilinear
closed orbit, i.e., the orbit along which the particle motion is one-turn periodic and
one defines coordinates with respect to this orbit. Then @ consists of three pairs of
canonical variables. For example, two of the pairs can describe transverse motion
and one pair can describe longitudinal (synchrotron) motion within a bunch. One
of this latter pair quantifies the deviation of the particle energy from the energy of
a ‘reference particle’ fixed at the center of a bunch and the other describes the time
delay w.r.t. the reference particle [BHR]|. With respect to the average radius of the
closed orbit and the nominal particle energy, the canonical position variable and the

energy variable are very small.
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Spin and particle motion in storage rings is usually described using either the
‘flow formalism’ or the ‘map formalism’. In the flow formalism u and S are functions
of 0: @ = (f), S = S(6) and in the map formalism one samples S and @ at a fixed

0 turn by turn.

In this thesis I focus on the map formalism which I now derive from the flow
formalism. The magnetic and electric fields in storage rings are usually set up so
that the motion of the particles is close to integrable. In the following I shall assume
that it is exactly integrable. Once the spin motion has been classified on this basis,

the effect of non-integrability can be included as a perturbation. I therefore choose

@ to consist of d pairs of action—angle variables, i.e., u = _ |, where <Z>, J e R¢

and where d = 3 is the case of main interest. Then in the flow formalism one writes

fl_zi —o(0),  H(00) = (5.1)
Yoo, T =, (5.2)
ds T n G 5

g =A0.6.DS, S(0) =5, (53)

where the d components of @(.J) are called the ‘orbital tunes’” and A is a real skew—
symmetric 3 X 3 matrix, i.e., A = —As, A13 = — A3z and Az = — A3y, The
function A is derived from the rotation rate vector of the T-BMT equation [BEH04]
and it is 27-periodic in 6 and in the d components of ¢. Of course, (5.3) is an
incarnation of the T-BMT equation. Analogously (5.1),(5.2) are an incarnation of
the Lorentz force law. One can call the pair (©,.4) the ‘spin-orbit system’ in the flow

formalism and it was studied in [BEHO04].

To proceed from the flow formalism to the map formalism I write the solution of
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(5.1),(5.2),(5.3) as

&(9) = ¢o+ (0 — 6p)D(Jo) , (5.4)
J(0) = Jo , (5.5)
S(8) = (8, 6o; do, Jo)So , (5.6)

where W is the principal solution matrix for dS/df = A0, ¢o + (8 — 60)@(Jo), Jo)S
and where W (6, 6y; ¢, J) is 27-periodic in the d components of ¢o and ¥ is SO(3)-
valued. For the definition of SO(3), see after (6.2). It follows from (5.4),(5.5),(5.6)
that

U (62, 6; b0, Jo) = W (Ba, 01; 6o + (61— b0)@(Jo), Jo) ¥ (61, 6; do, o) .
whence, for integers m,n,

@(90 + 27 (n +m), 0o; do, Jo)
= \11(00 + 27Tn, 60, ¢0 + 27Tmt:)(<]0), Jg)@(@o + 27'1'7717 90, (j)o, Jo) s (57)

where I used the fact that, due to the 2m-periodicity of A(6,-,-) in 0,
T(0 + 2mm, O + 2mm; do, Jo) = U(6, 0o; b, Jo) - (5.8)

Without loss of generality one can take ; = 0 and so, by letting

¢(n) = ¢(2mn) , (5.9)
J(n) = J(2mn) , (5.10)
S(n) := S(2mn) , (5.11)

I obtain from (5.4),(5.5),(5.6)
o(n+1) = o(n) +270(J(n)),  6(0) = o, (5.12)
Jn+1)=Jmn),  JO)=J, (5.13)
S(n+1)=U(2r,0;6(n), J(n)S(n) , S0)=25; . (5.14)
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The initial value problem (5.12),(5.13), (5.14) characterizes the ‘spin-orbit system’
(@, \11(27r, 0;-,-)) taken in the map formalism. Letting

w:=o(JD), (5.15)
U(n;x) = \11(27m7 0;z,.Jo) , (5.16)

I obtain from (5.12),(5.13), (5.14)

dp(n+1)=0¢n)+ 21w, »(0) = ¢ , (5.17)
S(n+1) = A(¢(n)S(n),  S0) =S, (5.18)

where
A() == T0(2m,0;-, Jp) | (5.19)

and from (5.7) the ‘cocycle condition’
U(n+m;¢) = V(n; ¢+ 2rmw)¥(m; @) . (5.20)

Note that A(-) = W(1;-). The initial value problem (5.17),(5.18) characterizes the
‘spin-orbit torus’ (w, A) taken in the map formalism. Thus (5.17),(5.18) are the
basic equations for this second part of the thesis. We will see in Section 6.1 that ¥
is uniquely determined by w and A, whence I will use for ¥ the notation ¥, 4. In
this work I will assume that A is continuous and accordingly continuity is assumed
in many other definitions as well. For example, the generators of the invariant spin
fields (see Definition 6.2) and the transfer fields (see Definition 7.2) between spin-
orbit tori are continuous functions. In contrast, in [BEH04] A is of class C! since
(-, Jy) is of class C' (as well as the invariant spin fields and the transfer fields).
Note that assuming mere continuity in the present work is fruitful since I here deal

with the map formalism (in contrast, in the flow formlism of [BEH04] it is natural

to impose the C'-property since one has to deal with differential equations).

Although accelerator physicists tend to concentrate on studying spin motion in

real storage rings, many of the issues surrounding the so-called invariant spin field
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(introduced in Section 6.3) and the spin-orbit resonance (introduced in Sections 7.4
and 8.4) depend just on the structure of the initial value problem (5.17),(5.18) and
can be treated in isolation from the original physical system. This is the strategy to
be adopted here and it clears the way for the focus on purely mathematical matters,
in particular for the exploitation of theorems from Topology and Fourier Analysis.
For example, the Homotopy Lifting Theorem (see also Section 6.4) facilitates the
study of continuous functions (in particular it allows to apply the so-called quaternion
formalism to functions like W(n;-) in (5.16)). Another example is Fejér’s multivariate
theorem which facilitates the study of so-called quasiperiodic functions (in particular
it allows, via Theorem 8.6, to characterize the set of the so-called spin tunes of second

kind).

Now that the background to this work has been presented as well as an introduc-
tion to the map formalism, I finish this chapter with an outline of the structure of the
following chapters. For thorough overviews of the importance of the invariant spin
field and the so-called amplitude-dependent spin tune for classifying spin motion in
storage rings see [BEH04, Hof, Vo|. Note that the spin tunes of first kind introduced
in Section 7.4 are the amplitude-dependent spin tunes at a fixed, but arbitrary value

of the ‘amplitude’” Jy.

5.2 Synopsis

Chapters 5-10 and Appendices B-G are structured as follows.

In Chapter 6 I introduce the most basic concepts. In particular, in Section 6.1
I introduce the spin-orbit torus (w, A) where w is the orbital tune vector and A
is a l-turn spin transfer matrix which is modeled after the situation of (5.19). I
also introduce in Section 6.1 the symbol SOT (d,w) for the set of all spin-orbit tori
which have the orbital tune vector w € R? and the symbol SOT (d) for the set of
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all spin-orbit tori which have an orbital tune vector in R%. I then derive the n-turn
spin transfer matrix ¥, 4 from w and A and establish some basic relations between
the W, 4(n;-) for different values of the integer n. This leads naturally in Section
6.2 to the definition of the Z-action, L, 4, on R%3 which is a function associated
with every spin-orbit torus (w, A) € SOT (d,w) encoding the information about the
spin-orbit torus in a very useful form. Some group theoretical properties of L, 4
are discussed too. Also the Z-action L, on R? is introduced which formalizes the
orbital translations on R? associated with each (w, A) € SOT (d,w). In Section 6.3
I consider a distribution or field of spins constructed by attaching a spin to each
¢o € R? at n = 0 and thereby introduce the polarization fields (and, as a special
subclass, the spin fields) associated with every (w, A). I also define the Z-action
ng) which governs the evolution of the polarization fields. Polarization fields are
important tools to study the polarization of a bunch (see also Section 5.1), however
this aspect of polarization fields plays no role in this work. Chapter 6 is closed with
Section 6.4 where the impact of Homotopy Theory on the present work is outlined
and where some related concepts and facts are mentioned which are needed in this
work. In particular I show how to exploit the 27-periodicity of some functions and I
point out how Homotopy Theory is related with the SO(3)-index. The SO(3)-index
is based on the quaternion formalism of S* which is employed in this work to deal

with continuous SO(3)-valued functions.

One is particularly interested in spin-orbit tori for which spin precesses around a
fixed axis and perhaps even at a fixed rate. Such a fixed rate leads to the definition
of spin tune of first kind. Moreover to fully exploit those spin-orbit tori one needs
a transformation group which allows to transform the spin motion from one spin-
orbit torus to another. Thus in Chapter 7 I introduce the transformation group
(=group action), Ry, on SOT (d,w). The group action R, is motivated by some
observations made at the beginning of Section 7.1 of how spin-orbit tori should be

transformed into each other in an efficient way. This leads to the notion of the R,-
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orbit. Roughly speaking, an R4 -orbit of a spin-orbit torus, (w, A), is the set of spin-
orbit tori which can be reached from (w, A) by varying the parameters of R, over the
underlying group, Cpe,(R%, SO(3)). Thus with Chapter 7 I begin to consider the set
SOT (d,w) as a whole and we will see that spin-orbit tori, which belong to the same
R4 -orbit, share many of their properties. The way in which spin-orbit trajectories
and polarization fields transform with Ry, from one spin-orbit torus to another is
stated in Theorem 7.3 of Section 7.1. The aim of studying reference frames in which
spins precess around a fixed axis, possibly at a fixed rate, prompts the definition
in Section 7.2 of trivial, almost trivial and weakly trivial spin-orbit tori to embrace
these cases. Section 7.2 also shows how Homotopy Theory impacts on weakly trivial
spin-orbit tori via the SO5(2)-index. Then in Section 7.3 I use R,,, acting on trivial,
almost trivial and weakly trivial spin-orbit tori to classify spin-orbit tori into so-
called coboundaries, almost coboundaries, weak coboundaries, and those which are
not weak coboundaries. Thus I deal with four major subsets of SOT (d,w) (where
some of them overlap - see the inclusions (7.18)). The terminology of ‘coboundary’
and ‘almost coboundary’ is borrowed from Dynamical Systems Theory since, given
a spin-orbit torus (w, A) in SOT (d,w), the function ¥, 4 is a SO(3)-cocycle over
the topological Z-space (R%, L,). Section 7.3 displays the close connection between
the concepts of weak coboundary and invariant spin field (ISF) and the impact of
Homotopy Theory on weak coboundaries. In Section 7.4 I define for every spin-orbit
torus a (possibly empty) set of spin tunes of first kind (and the associated spin-orbit
resonances) which are reincarnations of the spin tunes introduced by Yokoya [Yol]
and show that this set is nonempty iff the spin-orbit torus is an almost coboundary.
Spin tunes of the first kind are always associated with almost coboundaries so that
they are always associated with invariant spin fields. In Section 7.5 I present the
celebrated uniqueness theorem of Yokoya [Yol], which relates the uniqueness issue
of the invariant spin field with the condition of spin-orbit resonance of first kind. In

Section 7.6 I put the present work, and weak coboundaries in particular, into the
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context of Polarized Beam Physics. Thus I relate the present work with other work of
Polarized Beam Physics. In Section 7.7 I address the question of whether two weakly
trivial spin-orbit tori belong to the same R;,-orbit. In particular the relevance of

the small divisor problem and Diophantine sets of orbital tunes is pointed out.

In Chapter 8 I widen and deepen the study of spin-orbit tori by using the tool of
quasiperiodic functions. In particular I show that, off orbital resonance, the existence
of just one quasiperiodic spin trajectory ensures the existence of an ISF. Then in
Section 8.2 I consider reference frames, called ‘simple precession frames’, in which
spins precess around an axis which can be any spin trajectory and I define a phase
advance for spin motion in such a frame. In Section 8.3 I introduce special simple
precession frames, called ‘uniform precession frames’, for which the phase advance is
the same from turn to turn and show their connection with the so-called generalized
Floquet Theorem. Armed with the concept of the uniform precession frame I define,
in Section 8.4, for every spin-orbit torus a (possibly empty) set of spin tunes of
second kind (and the associated spin-orbit resonances) and show that the spin tunes
of second kind are identical with the spin tunes of first kind in most situations. In
this work the spin tunes of second kind mainly serve to analyze the spin tunes of
first kind. In Section 8.5 I resume the theme of Section 7.7 and, on the basis of
Corollary 8.12, I am able to outline an algorithm employed in the code SPRINT for
computing spin tunes of first and second kind. In Section 8.6 I show how Homotopy
Theory has an impact on the individual values of the spin tunes of first kind, i.e.,
how it affects the structure of the sets =;(w, A). Section 8.7 returns to the question,
already addressed in Section 7.3, of whether the existence of an ISF implies that a

spin-orbit torus can be transformed to become a weakly trivial one.

Chapter 9 reconsiders the basic Z-actions L, 4 and LS;F) used in Chapters 6,7,8
and introduces further associated Z-actions. In particular, in Section 9.1 it is shown

how the peculiar structure of the cocycle condition (see (5.20) and (6.6)) follows from
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the fact that L, 4 is a skew-product of the orbital Z-action L. In Section 9.2 I show
that the Z-action L, 4 is an extension of the Z-action Liﬂ. I thereby relate the
orbital translations on R? to the corresponding orbital translations on the d-torus
T<. Thus Section 9.2 gives a brief glimpse into the T%treatment of spin-orbit tori. In
Section 9.3 I widen the perspective by showing how a single principal SO(3)-bundle,
Asot(d), underlies SOT (d). It leads in Section 9.3.5 to Theorem 9.5a, which is a
special case of Zimmer’s Reduction Theorem. As an application of this I obtain

Theorem 9.5b which shows the concept of the invariant spin field in a new light.

The appendices, B-F, provide material needed in Chapters 6-9. While most of the
material of Appendices B-E is standard, these appendices provide sufficient precision
and make this part of the thesis essentially self contained. Appendix F contains those
proofs which are not given elsewhere. Appendix G contains a guide which will help

the reader with some subjects appearing in this part of the thesis.

5.3 Scope and limitations

I now mention the possible merits and shortcomings of this part of the thesis.

The intention and flavor of this work is to present a piece of Mathematical Physics.
In fact an abundance of mathematical definitions is introduced, which transfigure the
topic of spin-orbit tori into a mathematical theory. Accordingly, an abundance of
lemmas, propositions, theorems, corollaries is stated and the proofs are, without

exception, intended to be rigorous.

Three important issues related with this work, but not covered by it at all, are the
spinor formalism, the synthesis of families of spin-orbit tori into spin-orbit systems
and the use of Borel algebras. Note that the spinor formalism deals with spinor valued

functions which are associated with the spin trajectories and spinor valued functions
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which are associated with the polarization fields (in contrast, the present work uses
the 3D formalism where the spin lives in R?). Note also that both associations can be
performed via liftings w.r.t. the so-called complex Hopf bundle whose projection has
domain S? and range S?. It turns out that that the spinor formalism can be pursued
along similar lines as the quaternion formalism in Sections C.2,C.3 (the latter is based
on the Hurewicz fibration (S*, ps, SO(3))). In fact if in the quaternion formalism one
replaces the Hurewicz fibration (S*, p,, SO(3)) by the complex Hopf bundle (the latter
is a Hurewicz fibration, too) then one obtains the spinor formalism [He| (for Hurewicz
fibrations, see Appendix C). In contrast, the issue of the synthesis of families of
spin-orbit tori into spin-orbit systems seems to have a less geometrical and more
analytical flavor. While in this work the emphasis is on continuous functions, large
parts of spin-orbit theory can be formulated by using Borel measurable functions
[He]. Such an approach is feasible for the statistical description of spin-orbit tori
(e.g., the study of the polarization) and it allows to apply more tools from Ergodic
Theory, e.g., Birkhoft’s Ergodic Theorem [EH].

This work puts some effort into the taxonomy of spin-orbit tori, in particular,
due to their importance, some effort into the taxonomy of weak coboundaries. A
minor shortcoming is that many results focus on the generic case where (1,w) is
nonresonant. However since the nongeneric case can be reduced to the generic case,
it would be easy to modify and prove many of my results for the nongeneric case
[He]. The following conjecture, which I call the ‘ISF-conjecture’, plays a fruitful role
in Polarized Beam Physics. The ISF-conjecture, which, at least to my knowledge
(see also Section 7.6), is unsettled, goes as follows: “If a spin-orbit torus (w, A) is
off orbital resonance, then it has an invariant spin field”. Albeit no attempt is made
in this work to settle the ISF-conjecture, the present work presents some conditions
which transform the ISF-conjecture into equivalent conjectures. For example, by
Theorems 7.9,7.10, a (w, A) € SOT (d,w) with d = 1 is a weak coboundary iff it has

an ISF. Note finally that numerical procedures exist which ‘solve’ the ISF problem
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numerically (see Section 7.6).
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Chapter 6

The spin-orbit tori

In this section I introduce the most basic concepts and facts needed for this work.

6.1 Introducing the spin-orbit tori (w, A)

The main purpose of this section is to state Definition 6.1 which introduces the
basic entity of this work, the ‘spin-orbit torus’. The orbital motion underlying the
definition of (w, A) is a translational motion in R?, where d is the number of degrees

of freedom (whenever I write R*, this implies that & is a positive integer).

As pointed out in Chapter 5, the orbital motion in the present work is assumed
to be integrable. So its simplest formulation is by choosing the orbital variables as
angles ¢1, ..., ¢4 which are the components of ¢ € R?. Accordingly the orbital motion
is a constant translation of ¢ per turn. In contrast, the spin motion is modeled by
A after the situation of (5.19), i.e., after the T—BMT equation so that the spin
variable S is R3-valued and its motion is a rotation which is affected by the orbital
motion and can therefore be very complicated. For more details on the T-—BMT

aspect see the remarks after Definition 6.1.
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In this work the spin-orbit trajectories z : 7 — RT3 are required to satisfy
the following map formalism equations of motion

o(n+1)=¢(n)+ 271w, (6.1)

S(n+1)=A(p(n))S(n), (6.2)

where n € Z and w € R4 A € Cp..(R% SO(3)). It is clear from Section 5.1 that
arbitrary initial values ¢(0) € R, S(0) € R? are allowed.

Here Z denotes the set of integers and C,.,.(R? SO(3)) denotes the set of 27—
periodic and continuous functions from R? into SO(3) (for the general definition of
Cper (R, X) with topological space X, see Section C.1). Note that a function on
R? is called ‘27-periodic’ if it is 27periodic in each of its d arguments. The set
SO(3) consists of those real 3 x 3-matrices R with det(R) = 1 for which RTR = I3.3
where RT denotes the transpose of R and 5.5 denotes the 3 x 3 unit matrix. As is
common, the topology of SO(3) is defined as the relative topology from R3*3 whence
each of the nine components of A are continuous functions from R into R. Thus
these components are functions in Cpe,(R?, R) where Cp.,(R?, R*) denotes the set of
21-periodic and continuous functions from R? into R¥. That the 27 periodicity of
A has to be imposed follows from (5.19). Loosely speaking, A is 2r—periodic since

®1, ..., pq are angle variables.

The terminology ‘orbital motion’ is common in Polarized Beam Physics and it
should not be confused with the mathematical meaning of ‘orbital” in the context of
group actions where one deals with orbit spaces (see Appendix B). For the present
work R? is the appropriate carrier of the orbital motion but if one would go deeper
into the matter of spin-orbit tori then the d-torus T? is an important alternative.
To give a brief glimpse into this matter see Section 9.2 where I employ the orbital
motion on T¢. While for the most part of this work R¢ is the arena of the orbital

motion, the d-torus T? plays an ubiquitous role in this work in the study of the sets

70



Chapter 6. The spin-orbit tori

Cper(RY, X)) as is outlined in Section 6.4.

The system (6.1),(6.2) is autonomous because its r.h.s. does not explicitly de-
pend on n (it depends on n only via ¢(n) and S(n)!). I summarize the three basic
facts about the system (6.1),(6.2): it is autonomous and nonlinear, it is uniquely
determined by w and A, and the ‘orbital trajectories’ ¢(-) are unaffected by the ‘spin

trajectories’ S(-).
By induction in n one obtains from (6.1),(6.2) that every spin-orbit trajectory

satisfies, for n € Z,

S
o(n) _ #(0) + 2mnw (6.3)
S(n) Wo,a(n; 9(0))S(0)

where, for ¢ € R,

‘I’w,A(O; ¢) = I3x3,

U, a(n; @) == A(p+ 2n(n — Nw) - - A(¢p + 271w) A(9) , (n=1,2,..),

U, a(n; @) = AT (¢ + 2mnw) - - AT (¢ — dmw) AT (¢ — 27w) , (n=—1,-2,...).

(6.4)

The function W, 4 : Z x RY — SO(3) defined by (6.4) is uniquely determined by
w and A. Clearly A(-) = WU, 4(1;-) and ¥, 4(n;-) € Cper (R4 SO(3)). For every
#(0) € R?,S(0) € R? the initial value problem of (6.1),(6.2) has the unique solution
(6.3). Tt also follows easily from (6.4) that a function ¥ : Z x RY — SO(3), which
satisfies for n € Z, ¢ € R? the initial value problem

U(n+ 10) = A(p+2mw)¥(nid),  W(0:0) = Iy, (65)
satisfies W = W,, 4. Note also that, by (6.4), for m,n € Z, ¢ € R,
U, a(n+m; ) =Yy, a(n; ¢+ 2mmw) ¥, 4(m; ¢) . (6.6)

I call S'in (6.3) the ‘spin trajectory over ¢(0)’. We are led to:
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Definition 6.1 (Spin-orbit torus) Given a w € R?, a pair (w, A) is called a ‘d-
dimensional spin-orbit torus’ if A € Cpe, (R, SO(3)). I callw the ‘orbital tune vector’
of the spin-orbit torus. The function U, 4 : Z x RY — SO(3) is defined by (6.4) and
W, a(n;-) is called the ‘n-turn spin transfer matriz of (w, A)’. I denote, for w € RY,
the set of those spin-orbit tori, whose orbital tune vector is w, by SOT (d,w). The
set of all d-dimensional spin-orbit tori I denote by SOT (d) and the set of all spin-

orbit tori by SOT. A function ¢ : 7 — R¥3 s called a ‘spin-orbit trajectory
S

of (w, A) " if it satisfies (6.1),(6.2). Accordingly ¢ is called an ‘orbital trajectory of
(w,A)” and S is called a ‘spin trajectory of (w, A) over ¢(0)’. O

In the remaining parts of this section I give some comments on Definition 6.1.

Clearly, for a given w € R?, there are as many elements in the set SOT (d,w) and
as many equations of moton (6.1),(6.2) as there are elements in C,..(R%, SO(3)). To
put this into perspective one has to recall that the spin-orbit tori are modeled after
the situation of (5.19), i.e., after the T—BMT equation. Therefore the spin-orbit
tori obtained from (5.19) constitute only a small subset of SO7. Thus in effect
the present work demonstrates that important features of the spin-orbit tori can be
studied without using (5.19), i.e., without referring to the actual T-——BMT equation
at all. For example, while the uniqueness theorem of Yokoya (see Section 7.5) holds
for a vast set of spin-orbit tori, only a small (but, of course very important) subset

of those spin-orbit tori is connected with (5.19) and the T-——BMT equation.

Since ¥, a(n; ¢) € SO(3), the angle between two spin trajectories over the same
¢(0) is a constant of motion. Of course the Euclidean norm [S(n)| of S(n) is a

constant of motion, too.

It follows from (6.6) that, for n € Z, ¢ € RY, we have the useful formula

Ul 4(n;¢0) = U, a(—n; ¢+ 2mnw) . (6.7)
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Picking, for (w, A) € SOT (d,w), a ¢y € RY, then the equation of spin motion (6.2)

for the corresponding orbital trajectory ¢(n) = ¢g + 2mnw reads as
S(n+1) = A(pg + 2mnw)S(n) . (6.8)

Of course, every function S : Z — R3, which satisfies (6.8), is a spin trajectory

over ¢g of (w, A) (and vice versa). Moreover if S : Z — R? satisfies (6.8), then the

function ¢ , with ¢(n) = ¢g + 2mnw, is a spin-orbit trajectory of (w, A).
S

While the system of equations of motion (6.1),(6.2) for is autonomous

S

and nonlinear, the equation of motion (6.8) for S is linear and non-autonomous.

Furthermore, if (w, A) € SOT (d,w) and if w,w’ € R differ only by an element
of Z then, due to the 27— periodicity of A, the spin-orbit tori (w, A), (w’, A) are
essentially the same since the associated equation of motion (6.8) is the same for

both.

To interpret Definition 6.1 along the lines of Section 5.1 in the context of the map
formalism for polarized beams in storage rings, the reader should view ¢(n) as the
value of the orbital angle variable and S(n) as the value of the spin variable after n
‘turns’ around the storage ring. This means that n can be as large as 10° whence the
present section is definitely not the last word to be said about spin-orbit trajectories.
In particular the numerical calculation of W, 4(n;-) for large n is a challenging task.
Furthermore this calculation can be hampered by the circumstance that A is only
approximately known. These circumstances warrant the more involved discussion of

spin-orbit tori in this work.
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6.2 Introducing the Z-action L, 4 associated with

every spin-orbit torus (w, A)

Since the equations of motion (6.1),(6.2) are autonomous, each spin-orbit torus (w, A)
is associated with a Z-action L, 4 which determines the evolution of the spin-orbit
trajectories as follows (for details on group actions in general and Z-actions in par-
ticular, see Appendix B). Defining the function L, 4 : Z x R*3 — RI3 for
neZ ¢cR,ScR3 by

Loa(n; ,S) := \11¢+(27TZ)US , (6.9)
w, AT

I obtain from (6.3) that, for every spin-orbit trajectory ¢ of (w, A) and every
S

n € 7,
= Lu,a(n; ¢(0), 5(0)) . (6.10)

Clearly, by (6.4),(6.6),(6.9), we have, for m,n € Z,¢ € R%, S € R3,

L,(0; ¢ (6.11)
Lw A(m + n; ¢ S Lw,A m; Lw,A(n;¢7S)> ) (612)
Lya(m+n;¢,8) = Ly a(n; Ly a(m; ¢,.5)) . (6.13)

One concludes from (6.11),(6.12) that L, 4 is a left Z-action on R%*3 and from
(6.11),(6.13) that L, 4 is a right Z-action on R*™3. In fact since the group Z is
Abelian, every left Z-action is a right Z-action and every right Z-action is a left
Z-action. Left actions are also called ‘actions’. Since L, 4 is a Z-action on R4+3,

one calls (Rd+3,Lw7 4) a ‘Z-space’. In a more loose sense, L, 4 would be called
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the ‘general solution map’ of (6.1),(6.2). Note that L, a(n;-) is continuous whence
(R4+3, L, 4) is a topological Z-space. Note also that, because L, 4 is a Z-action,
we have, for n = 1,2, ..., that L, a(n;-) is the n-fold composition of L, 4(1;-) and,
for n = —1,—2, ..., that L, a(n;-) is the |n|-fold composition of L, 4(—1;-). While
all these details on L, 4 are trivial, they are meant for setting the stage for later

chapters where I have to study more group actions.

If w € RY then I define the function L, : Z x R? — R? for n € Z, ¢ € R%, by
L,(n; @) == ¢+ 2mnw . (6.14)
Clearly L, is a Z-action on R? and moreover (R%, L,,) is a topological Z-space.

In Section 9.1 it will be shown how the peculiar structure of (6.6) follows from

the fact that L, 4 is a so-called skew-product of the orbital Z-action L.

Given a spin-orbit torus (w, A) in SO7 (d,w), it follows from (6.6) and Ap-
pendix B that ¥, 4 is a SO(3)-cocycle over the topological Z-space (R?, L,,) whence
(L, ¥, 4) € COC(RY Z,SO(3)). 1 thus have a natural injection
psor) : SOT (d) — COC(R?, Z,SO(3)), defined for (w, A) € SOT (d) by

psor(d)(w, A) == (Ly, Yy a) - (6.15)

6.3 Introducing the polarization fields of every spin-

orbit torus (w, A) and the associated Z-action

PF
Ly

Each spin-orbit torus is associated with a set of functions, called ‘polarization fields’,
which are introduced in this section. The evolution of the polarization fields of a

spin-orbit torus (w, A) is determined by the Z-action Lg:f) introduced below.
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In this work the main impact of polarization fields is that invariant spin fields
(which are special polarization fields) show up in Theorem 7.9, i.e., polarization fields
impact the group action Ry, on SOT (d,w). This group action, to be introduced
in Section 7.1, allows to study SO7T (d,w) as a whole and exploits some fundamen-
tal symmetry properties of SOT (d,w) leading in particular to a definition of spin
tune (see Definition 7.11). Not pursued in this work (and only briefly mentioned in
Sections 5.1 and 7.6) is a second purpose of polarization fields being an important
tool in the statistical treatment of the polarization [EH]. The statistical treatment
is needed for coping with the fact that a storage ring bunch contains many particles

(typically 10*1).

To motivate the concept of polarization field, consider an initial assignment of

spins G : R? — R3?, i.e., a spin attached to every point ¢y € R?. Under the Z-action

+ 2mnw
L, 4 the point %o evolves to %o at n-th turn. Denoting

G(¢o) W,,a(n; ¢0)G(o)
¢o + 2mnw by ¢ and Y, 4(n; ¢0)G(¢o) by Se(n, ¢) one obtains

Sc(n, @) =V, a(n; ¢ — 2mnw)G (¢ — 2mnw) . (6.16)

The 27m—periodicity of G has to be imposed for the same reason as mentioned in
Section 6.1, namely because the components of ¢ are angle variables. One is thus

led to:

Definition 6.2 (Polarization field, spin field) Let (w, A) be a spin-orbit torus. I call
a function Sg : Z. x RY — R® a ‘polarization field of (w, A)’, if it satisfies (6.16) for
all g,n and if G € Cpe (R, R3). The function G will be called the ‘generator of S¢”.

I call a polarization field S¢ ‘invariant’ if Sg(n,-) is independent of n. A polar-
ization field S¢ with |Sa(n, ¢)| = 1 is called a ‘spin field’. An invariant polarization
field which is a spin field is called an ‘invariant spin field (ISF)". O

Remark:
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(1) It follows from Definition 6.1 and (6.16) that if S is an invariant polarization
field then, for n € Z, ¢ € RY,

G(¢) = Uy a(n; ¢ — 2mnw)G (¢ — 2mnw) . (6.17)

This has an interesting implication in the case when the components of w
are rational since then I can choose n in (6.17) sufficiently large such that the
components of nw are integers. Then (6.17) becomes, due to the 27-periodicity

of W, a(n;-) and G, an eigenvalue value problem for G(¢):

G(¢) = Vu,a(n; 9)G(0) - (6.18)

It also follows that if the components of w are not rational then, by rational
approximation of w, one obtains an approximation of an invariant polarization

field by solutions of eigenvalue problems. O

By (6.5),(6.16) I get the following equation of motion for a polarization field S¢
Sa(n+1,0) = A(¢ — 27w)Sa(n, ¢ — 27w) . (6.19)

If Sg is a polarization field then S¢(0,) = G(-) € Cper (R4 R?) and Sg(n,-) €
Cper (R4, R3). Clearly, the equation of motion (6.19) for Sg is linear and autonomous.

Defining the function Luif) : Z X Cper(RE,R3) — Cper (R4, R3) by
Lgfj) (n;G) == Sg(n, ) = VY, a(n; - — 2mnw)G(- — 2mnw) (6.20)

it follows easily from (6.6),(6.16) that L(}if) is a Z-action on Cper(R%,R3), i.e., that

w

(Cper(RE, R?), Lgif)) is a Z-space. Thus by (6.16)
Sa(n,-) = L (n —m; Se(m, -)) . (6.21)

Loosely speaking, Lfff) is the transport map associated with (6.19). Clearly, every

G € Cper (R4, R?) gives a unique polarization field Sg for a given spin-orbit torus. In
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particular, each d-dimensional spin-orbit torus has as many polarization fields as the
set Cper(R?, R?) has elements. We see that the role which the Z-action ij) plays
for polarization fields, is analogous to the role which the Z-action L, 4 plays for spin-

orbit trajectories. Note also that G is a fixpoint of Lgif) iff the polarization field Sg

PF)

is invariant. Since LL 4 1s a group action of the group Z one easily concludes:

Proposition 6.3 Let (w, A) be a spin-orbit torus. A polarization field Sg of (w, A)

18 invariant iff
LIV1;6)=G . (6.22)

In other words, S is invariant, iff for all ¢,

G(¢) = A(p — 21w)G (¢ — 27w) . (6.23)
O
Proof of Theorem 9.5: See Section F.30. O

Note that (6.23) will be interpreted by Theorem 9.5b as a symmetry property of
(w, A) along the lines of reduction theory.

A polarization field S¢ is a spin field iff |G(¢)| = 1 for all ¢. Defining the 2-
sphere §? := {z € R? : |z| = 1} and equipping it with the relative topology from
R? we see that the set Cp.,(R%, S?) of 2n—periodic and continuous functions from R?
into S? is equal to the set of 27r—periodic, normalized (w.r.t. the Euclidean norm),

and continuous functions from R into R3. Thus for every spin field Sg we have

Sc(n, ) € Cper (R, S?). Clearly each ISF is a polarization field.

Due to Definition 6.2, every polarization field S¢ fulfills three different conditions:
the ‘dynamical’ condition (6.16), the ‘kinematical” condition that G is 2r—periodic,

and the ‘regularity’ condition that G is continuous. In contrast to the dynamical and
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kinematical conditions, the regularity condition is a matter of choice. The regularity
of G can basically vary between the extremes ‘no regularity condition” and ‘G being
real analytic’. In this work I choose G to be continuous since the spin-orbit tori are

built on continuity, i.e., the U, 4(n;-) are continuous functions.

Since the equation of motion (6.19) for Sg is linear, Lffif) (n;-) is a homomorphism

of the additive group Cpe(R%, R3), i.e., for n € Z,G, G’ € Cpe, (R, R?),
LIV G+ 6 =L (n;6) + LY (567 (6.24)

Eq. (6.24) allows, by the technique of twisted cocycles [HK1, HK2, Zil], to define co-
homology groups for any spin-orbit torus, which give further insight into SO7 (d,w)
in general and into the ISF conjecture in particular [He|]. However this is beyond the

scope of the present work.

6.4 Homotopy Theory relevant for spin-orbit tori

Throughout this work I will see some impact of Homotopy Theory on the theory
of spin-orbit tori and in this section I introduce some basic features (the details are

worked out in Appendix C).

Let X be a path-connected topological space. In the context of spin-orbit tori,
one is especially interested in X = SO(3) and X = S? (recall that spin transfer
matrices are SO(3)-valued functions and that spin fields are S*-valued functions).
The use of Homotopy Theory for Cp.,(R?, X) is twofold. Firstly, I use it by applying
the Homotopy Lifting Theorem (see Lemma C.6 in Section C.1) which in turn is used
in many of those proofs of this work which involve the sets Cper(R% X). Secondly,
Homotopy Theory gives us the useful equivalence relation ~% on C,.,.(R%, X), as
follows. To explain this equivalence relation I first note, by Proposition C.4, that

any two functions in Cpe,(R%, X) are homotopic w.r.t. X, i.e., [R% X] is a singleton.
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In other words, the equivalence relation ~x on C.,.(R? X) is of little use. However,
since the functions in Cper(Rd, X) are 27-periodic, one can associate, as detailed in
Section C.3, every function g € Cpe,(R% X) with a function G := FACy(g; X) €
C(T?, X) which is uniquely determined by g via the relation G o pyg = g. Thus
I call two functions go, g1 € Cper(R%, X) ‘27-homotopic w.r.t. X, written gy ~37
g1, if FACy(go; X), FACy(g1; X) are homotopic w.r.t. X i.e., if FAC;(go; X) ~x
FACy(g1; X). Clearly ~27 is an equivalence relation on C,.,.(R% X) and I denote
the set of equivalence classes by [R? X],,. Obviously the function which maps the
~x-equivalence class of a F' € C(T¢ X) to the ~3-equivalence class of F o py g,
is a bijection from [T?, X] onto [R?, X],,. Thus every statement about [R? X]o,

corresponds to a statement about [T¢, X].

The point to be made here is that for the topological spaces X of interest, in gen-
eral two functions in C(T?, X) are not homotopic w.r.t. X whence, in general, two
functions in Cper(Rd, X) are not 27-homotopic w.r.t. X, i.e., [R? X]a, is not a sin-
gleton. In particular we will see below that, for no positive integer d, is [R?, SO(3)]ax
a singleton and that, by Proposition C.18¢c and Theorem C.24, [R? S?],, is not a
singleton for any d > 2. The meaning of this is, loosely speaking, that, among
the functions in Cpe, (R, X), the ones which are especially simple are the g which
are ‘2m-nullhomotopic w.r.t. X', i.e., for which FFAC,(g; X) is nullhomotopic w.r.t.
X (the latter condition means that FAC,(g; X) is homotopic w.r.t. X to a con-
stant function). Note that, by Proposition C.18¢, all 2r-nullhomotopic functions in
Cper (R, X) are 27-homotopic w.r.t. X, i.e., belong to the same element of [RY, X]s,.
Thus if [R?, X],, is not a singleton then C,.,(R?, X) contains functions which are not
2r-nullhomotopic w.r.t. X. As we will see in this work, the fact that [R%, SO(3)]a,
and, for d > 2, [R? S?]5, are not singletons, contributes to the structural richness of
the sets SO7 (d,w). Note that, in the context of polarized beams in storage rings,
the case d = 3 is the most important one whereas the cases d = 1,2 come next in

terms of importance.
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I wrap up this brief section by mentioning several important facts and concepts
valid for the case X = SO(3) and it first of all has to be pointed out that in my
study of SO(3)-valued functions in Appendix C the ‘quaternion formalism’ is em-
ployed which consists in representing SO(3)-valued functions by S3-valued functions.
For every positive integer d there is a function Inds g : Cper(R9, SO(3)) — {1, -1},
defined by Definition C.14 and called the ‘SO(3)-index’, which, due to Proposi-
tion C.18e, has the property that, if go, g1 € Cper(R?, SO(3)) and go :é’é@ g1,
then Indsq(go) = Indsq(g1). Since, by Theorem C.15a, the function Inds, is onto
{1, —1}4 one observes that [R%, SO(3)]s, is not a singleton. Moreover, for d = 1, 2,
the function I'nds 4 completely determines [R%, SO(3)]a, since, by Theorem C.22¢, we
have, for go, g1 € Cper(R%, SO(3)), that go 2?0(3) g1 iff Indsq(go) = Indsa(g1). For
the most important case, d = 3, the structure of [R%, SO(3)],, is even richer. In fact,
Definition C.21 gives a function DEG : Cper(R?, SO(3)) — Z, which is onto Z and,
due to Theorem C.22f, has the property that, for go, g1 € Cper(R?, SO(3)), we have
90 ~<o) 9 iff DEG(go) = DEG(g1) and Indy 3(go) = Inds 3(g1). Thus, for d = 3,
R, SO(3)]a, has infinitely many elements. One also concludes that, for d = 1,2, 3,
the SO(3)-index and the function DEG are sufficient to determine the equivalence
class of every g € Cpe(R?, SO(3)) w.r.t. the equivalence relation :%’6(3) whence to
determine the equivalence class of every F' € C(T? SO(3)) w.r.t. the equivalence

relation ~go(3).

Before I state the following proposition, note that I consider {1, —1} as a multi-
plicative group with identity 1 and {1, —1}% as the d-fold direct product of the group
{1, —1}. The following proposition is the most basic result of how Homotopy Theory
impacts spin-orbit tori via the SO(3)-index.

Proposition 6.4 If (w, A) € SOT (d,w) then, for an arbitrary integer n, we have

Inds 4(Vy a(n;-)) = (Indsq(A))", (6.25)
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where (Inds 4(A))" denotes the n-th power of Inds 4(A) w.r.t. the group multiplica-
tion in {1, —1}9.

Proof of Proposition 6.4: See Section F.1. U
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Transforming spin-orbit tori

In this chapter I study the right group action R, on SOT (d,w) for the group

Cper (R, SO(3)) and the associated equivalence relation ~g4,, by which two spin-orbit
tori SOT (d,w) are equivalent iff they belong to the same R, -orbit. The right group
action R, is an outgrowth of the observation (see Section 7.1) that spin-orbit tori
can be transformed into each other in a natural way. In fact in each SO7 (d,w) one
has a large family of pairs of spin-orbit tori whose topological Z-spaces (R4™3, L, 4)
are conjugate by conjugating homeomorphisms which form a family Ly labelled by
the T' € Cper(R?, SO(3)). In particular I obtain in Section 7.1 a transformation law

for spin-orbit tori and polarization fields.

The right group action Ry, allows to define the spin tune (spin tune of first kind)
in an elegant way. We will see that two spin-orbit tori which belong to the same
R, -orbit, share important properties, e.g., they have the same spin tunes of first
kind (see Proposition 7.12) and either both of them have an ISF or both of them
have no ISF (see Theorem 7.3e). In other words, spin-orbit tori, whose topological
Z-spaces (RT3 L, 4) are conjugate by a homeomorphism Ly, resemble each other.

Thus to a large extent the study of SOT (d,w) reduces to the study of just one
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spin-orbit torus per R, -orbit.

This, of course, raises the question, of whether an Ry ,-orbit contains spin-orbit
tori which are more ‘simply structured’ than others. Indeed (see also Section 7.6)
it is widely believed and based on numerical evidence that, generically, the spin-
orbit tori of practical relevance are ‘weak coboundaries’ (see Definition 7.6) which
means that each of them lies on the same R, -orbit as a ‘weakly trivial” spin-orbit
torus (see Definition 7.4). Thus, generically, many features of spin-orbit tori can
be studied on weakly trivial spin-orbit tori, which indeed are simply structured.
Note also that the SO(3)-indices and the SO3(2)-indices associated with a weakly
trivial spin-orbit torus carry important topological information (see Proposition 7.5).
There is strong evidence that, generically, the spin-orbit tori of practical relevance
are not only weak coboundaries but also ‘almost coboundaries’ (see Definition 7.6).
As their name suggests, almost coboundaries lie on the same R, ,-orbit as ‘almost
trivial’ spin-orbit tori. Most importantly, almost coboundaries are those spin-orbit
tori which carry spin tunes (in fact, spin tunes of first kind - see Definition 7.11).
‘Coboundaries’ (see Definition 7.6) are those almost coboundaries which are on spin-
orbit resonance of first kind. Coboundaries, by definition, lie on the same R4 -orbit
as ‘trivial’ spin-orbit tori, which indeed are the simplest spin-orbit tori of all (see

Definition 7.4).

7.1 Introducing the transformations of spin-orbit

tori and the right group action R;, on SO7 (d,w)

In this section I introduce the right group action Ry, and the associated equivalence

relation ~g,.

The motivation for 74, comes from the practical need to transform spin trajecto-
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ries in order to simplify (analytical and numerical) computations. The archetypical
way to transform a spin trajectory goes, in the context of spin-orbit tori, as fol-
lows. Let a spin-orbit torus (w, A) be given with a spin trajectory S(-) over some ¢y.
Then a function ¢ : Z — SO(3) transforms S(-) into the function S’ : Z — R3 via
S'(n) :=t"(n)S(n) (using t* instead of ¢ is just a convention). Of course, since S(-)
satisfies the equation of motion (6.8), one observes that S'(-) satisfies the equation

of motion
S'(n+1) =t"(n+1)A(¢o + 2mnw)t(n)S’ (n) , (7.1)

where n € Z. Clearly S’(-) has many features of a spin motion, e.g., |S’(n)| = |S(n)|
is independent of n and S’(n) is uniquely determined by S’(0) and n. Perhaps
surprisingly however, in general S’(+) is not a spin trajectory of any spin-orbit torus!
This follows from the fact that A(¢g + 2mnw) is an w-quasiperiodic function of n
whereas t7(n + 1)A(¢y + 2mnw)t(n) in general is not a quasiperiodic function of n
at all, since ¢t may not be quasiperiodic. Thus in general there is no spin-orbit torus
(w'; A") with the spin trajectory S’(+), i.e., which satisfies t (n+1) A(¢o+2mnw)t(n) =
A'(pg + 2mnw’) since A'(¢g + 2mnw’) is a w'-quasiperiodic function of n while, in
general, t7(n + 1)A(¢ + 2mnw)t(n) is not a quasiperiodic function of n. Note that
quasiperiodic functions play a major role in Chapter 8 and are defined in Section

D.1.

Part d) of the following proposition now comes as a relief.

Proposition 7.1 a) Let T € Cpe,(R?, SO(3)). Then the function Ly : RT3 — RT3,
defined by

Lr(¢,S) = (6, T"()S) , (7.2)

is a homeomorphism onto R and its inverse L;l 1s defined by L;l(cé, S) =

(¢, T(9)S), i.e., Ly' = Lyr.
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b) Let (w,A) € SOT (d,w) and T € Cpe,(R% SO(3)). Then, forn € Z,¢ € R4, S €
R3,

(o Luntoso i) Z ) TT<¢+2wj;$jZn; or@s )
Moreover (w0, A') € SOT (d, w) where
H(6) = TT(6 + 2m) AGT(0) (7.49)
Also
W (15.0) = T7( + 2meo) Wi 4 (s HT(9) (75)

Furthermore, Ly is a continuous Z-map from the topological Z-space (R¥3 L, 1) to

the topological Z-space (R¥3, L, 4), i.c., forn € Z,

Loa(n;-) = LyoLy,a(n;-)o Lyt (7.6)
Thus the topological Z-spaces (RT3 Ly, 4) and (RT3, L, a) are conjugate.
¢) (Transformation rule of spin-orbit trajectories) Let (w, A) € SOT (d,w) and T' €

Cper(R4,SO(3)). If ¢() is a spin-orbit trajectory of the spin-orbit torus (w, A),
S(-)

then ¢() is a spin-orbit trajectory of the spin-orbit torus (w, A’) where A’ is
S'(:)
giwen by (7.4) and where, for n € Z,

¢(n) ¢(n)
= Lyp(p(n), S(n)) = : i
( S'(n) ) oS ( T*(¢(n))S(n) ) o

d) (Transformation rule of spin trajectories) Let (w,A) € SOT(d,w) and T €
Cper (R, SO(3)). Let also ¢g € R? and let t : Z — SO(3) be defined by t(n) =
T(¢o + 2mnw). If S(-) is a spin trajectory, over ¢o, of the spin-orbit torus (w, A)
then S'(+), defined by S'(n) := tT(n)S(n), is a spin trajectory, over ¢y, of the spin-
orbit torus (w, A") where A’ is given by (7.4).
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Proof of Proposition 7.1: See Section F.2. ]

With Proposition 7.1b we see, for every w € R?, that every T € Cpe,(R?, SO(3))
associates any (w, A) € SOT (d,w) with onother (w, A") € SOT (d,w). This I cast

into the following definition:

Definition 7.2 Letw € R?. [ define the function Ra,, : Cper(R%, SO(3))xSOT (d,w) —
SOT (d,w) by Ry(T;w, A) := (w, A") where (w, A) € SOT (d,w), T € Cper (R, SO(3)),
and where A’ € Cper (R4, SO(3)) is given by (7.4). If Ryu(T;w, A) = (w, A') then I
call T a ‘transfer field from (w, A) to (w, A’)". O

The following theorem states the basic properties of Ry,.

Theorem 7.3 a) Let (w, A), (w, A") € SOT(d,w) and T € Cpe(R%, SO(3)) such
that Ry, (T;w, A) = (w, A’"). Then (7.5) holds for alln € Z,¢ € R<.

b) Let w € R Then, for T € Cpe.(R%, SO(3)), (w, A) € SOT (d,w),
Ly (rw.a) = Ly o Ly a(n;-) o L' (7.8)

Furthermore Cpe,.(R%, SO(3)) is a group under pointwise multiplication of SO(3)-
valued functions and Ry, is a right Cpe, (R, SO(3))-action on SOT (d,w).

¢) (Transformation rule of spin-orbit trajectories) Let (w, A) € SOT (d,w) and
T € Cper(R%, SO(3)). If o) is a spin-orbit trajectory of the spin-orbit torus
S()

(w, A), then ¢(()) , defined by (7.7), is a spin-orbit trajectory of the spin-orbit
S'(-
torus Ry(T;w, A).

d) (Transformation rule of polarization fields) Let (w,A) € SOT(d,w) and T €
Cper(R%,SO(3)). Let also Sg be a polarization field of the spin-orbit torus (w, A).
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Then §', defined by

S'(n,¢) :=T"($)Sa(n, ¢) , (7.9)

is a polarization field of the spin-orbit torus Ry (T;w, A) and the generator of S’ is
TTG. Thus for everyn € Z, G € Cper (R, R?)

LD (;6) = T7L D (0 TG) (7.10)

If the polarization field Sg is invariant, then so is 8. If the polarization field Sg is
a spin field, then so is S'.

e) Let (w, A), (w,A") € SOT (d,w) belong to the same Rg,-orbit. Then either both

spin-orbit tori have an ISF or neither of them.

f) Let (w,A), (w,A") € SOT (d,w) belong to the same Rg,-orbit. Then, for every
integern, Wy, 4(n; ), ¥y, a/(n;-) have the same SO(3)-index, i.e., Inds 4(V, a(n;-)) =
Inds 4(Wy a(n;-)). If d = 1,2 then, for every integer n, ¥y, a(n;-) 2%7(3(3) W, a(n;-).

Proof of Theorem 7.3: See Section F.3. O

If (w,A), (w,A") € SOT (d,w) lie on the same Ry -orbit then I write (w, A) ~g,,
(w, A"). It follows from Theorem 7.3b that ~g4,, is an equivalence relation on SO7 (d,w).
It also follows from Theorem 7.3b that, for each T € Cp..(R%, SO(3)), the function
Ry, (T;-) is a bijection from SOT (d,w) onto SOT (d,w). Clearly each Ry, (T’;-)
transforms spin-orbit tori into spin-orbit tori and the associated transformation of
spin-orbit trajectories and polarization fields is given by parts c),d) of Theorem 7.3

respectively.

Since Cper(R?, SO(3)) is a group under pointwise multiplication of SO(3)-valued
functions, the constant function in C,.,.(R?% SO(3)) whose constant value is I3y3, is
the unit element of the group. If there is no danger of confusion, I denote the unit

element by I3y3. Furthermore the inverse of f € Cpe.(R%, SO(3)) is the transpose f7
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since (fTf)(¢) = f1(¢)f(¢) = I3x3. Since the group SO(3) is not Abelian, so is the
group Cpe, (R, SO(3)).

As announced at the beginning of Chapter 7, spin-orbit tori on the same Rg-
orbit share some important properties and with parts e,f of Theorem 7.3 we have got
a first glimpse on that and more in that vein will follow. This raises the following
issue. While, by Proposition 7.1b, spin-orbit tori on the same Ry ,-orbit have conju-
gate topological Z-spaces (R¥3 L, 4) this does not exclude more general conjugacy
relations in SO7 (d,w). Although I here cannot pursue more general conjugacy re-
lations, it is in fact conceivable that there are pairs of spin-orbit tori in SO7 (d,w)
whose topological Z-spaces (R?*3, L, 4) are conjugate but which do not lie on the
same R, ,-orbit. Nevertheless it is questionable whether those pairs of spin-orbit tori

would share properties like the one in Theorem 7.3e.

Since the group Cper(RY, SO(3)) is not Abelian, it is easy to see that Ry, is
not a left Cpe.(R?, SO(3))-action on SOT (d,w). However, as every right action has
its ‘dual’ left action, I could use the left Cp.,(R¢, SO(3))-action L, on SOT (d,w)
defined by Ly, (T;w, A) := Ry, (T";w, A) and the subsequent theory would be just

‘dual’ to the theory based on R;,. Nevertheless I stick, for convenience, with R4, .

Remark:

(1) That Ry, is so useful in this work is due to the fact that the equations of
motion (6.1), (6.2) are autonomous. In a more general situation where the ring
is not a storage ring but where the beam is accelerated, (6.1), (6.2) maybe

generalized to a non-autonomous system of the form
d(n+1)=0¢(n)+2mw, S(n+1)=A(n;¢(n))S(n). (7.11)

Accordingly the definition of SOT (d,w) would be modified and the right group
action Ry, would be modified to a right G-action where G consists of functions

T:7Z x R* — SO(3) where T(n,-) € Cpe,(R%, SO(3)). O

89



Chapter 7. 'Transforming spin-orbit tori
7.2 Introducing weakly trivial spin-orbit tori

As mentioned at the beginning of Chapter 7, simply structured spin-orbit tori will
play an important role in this work and the following definition specifies what a

‘simply structured’ spin-orbit torus is.

Definition 7.4 (Trivial, almost trivial, weakly trivial spin-orbit tori) A spin-orbit
torus (w, A) is called ‘trivial” if U, a(n; ¢) = Isxs. The set of trivial spin-orbit tori in
SOT (d,w) is denoted by T (d,w). A spin-orbit torus (w, A) is called ‘almost trivial’
if Wy.a is SO3(2)-valued and if, for every integer n, U, s(n; @) is independent of
¢ where SO3(2) C SO(3) is defined by Definition C.2. I denote the set of almost
trivial spin-orbit tori in SOT (d,w) by AT (d,w). A spin-orbit torus (w, A) is called
‘weakly trivial” if U, 4 is SO3(2)-valued and the set of weakly trivial spin-orbit tori
in SOT (d,w) is denoted by WT (d,w). O

It is clear by (6.4) that a spin-orbit torus (w, A) is trivial iff A = I3.3.

I now draw some simple consequences from Definition 7.4. Firstly, for each w €
R?, there exists exactly one trivial spin-orbit torus (w, A), i.e., 7 (d,w) = {(w, I3x3)}.
Secondly

7T(d,w) C AT (d,w) C WT (d,w) C SOT (d,w) . (7.12)

Thirdly it is clear by Definition 6.2 that every weakly trivial spin-orbit torus has the
constant ISF’s Sg = €3 and Sg = —e® where ¢’ denotes the i-th unit vector (see

Definition C.2).

For the following proposition, I note that the topology of SO5(2) is defined as
the relative topology from R3*3 (see also Definition C.2). Thus if (w, A) € WT (d,w)
then, for every n € Z, the function ¥, 4(n;-) belongs to Cpe.(R?, SO5(2)) whence

has a unique phase function (which is an element of Cp.,.(R% R)) and has a unique
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SOj3(2)-index (which is an element of Z?). Note that the SO3(2)-index is defined by
Definition C.12. Note also that, for C,.,.(R? SO3(2)), each of the d components of
Indsy 4(g) can be interpreted, in an obvious way, as a winding number in the plane
R2. However this aspect of the SO3(2)-index plays no role in this work. Denoting

the fractional part of a real number x by |z, I obtain

Proposition 7.5 a) (Structure of weakly trivial spin-orbit tori) Let (w, A) € WT (d,w).
Then, for every positive integer n,

n—1

U, a(n;¢) = exp (j[nNTqS +7mn(n — 1)NTw + 27 Z g(o+ 27rjw)]> , (7.13)

=0

where N = Indy 4(A),g := PHF(A) and J is defined by (C.1). Also, for every
n €7,

Inds g(¥y, a(n;-)) = nindsq(A) . (7.14)

Thus defining f : Z x RY — R by f(n,-) := PHE(V, a(n;-)), I have f(1,-) = g(*)

and, for everyn € Z,
Woa(n; ) = exp(TINT 6 + 21 f(n, 9)) (7.15)

Moreover U, 4(n;-) is 2w -nullhomotopic w.r.t. SO(3) iff Inds 4(¥y, a(n;-)) = (1,...,1)T.
Furthermore the SO(3)-index of ¥y, a(n;-) reads as Indsq(¥, a(n;-))
= (1) ()T,

b) (Structure of almost trivial spin-orbit tori) If (w, A) € AT (d,w), then, for n €
Z,¢ € RY,

U, a(n; @) = U, 4(n;0) = exp(J2mnv) , (7.16)
where v := PH(A) (recall Definition C.2). Moreover if (w,A) € AT (d,w) then,

for everyn € Z, Indy(Vy, a(n;-)) =0 and PHEF (U, 4(n;-)) is the constant function
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in Cper (R, R) whose value is |nv| where v := PH(A). Furthermore, a (w,A) €
AT (d,w) is trivial iff PH(A) = 0.

¢) (The one-turn criterion) Let (w, A) € SOT (d,w). Then (w, A) € WT (d,w) iff A
is SO3(2)-valued. Moreover (w, A) € AT (d,w) iff A is SO3(2)-valued and constant.

d) Let (w,A), (w,A") € WT(d,w). If n is an even integer then W, a(n;-) :25”0(3)
U, a(n;-). If nis an odd integer then W, a(n;-) :g’ro(g) U, ar(n; ) iff Indsq(A) =

Inds 4(A'). For every integern, (w, A) ~g., (w, A") implies W,, a(n;-) :?9“0(3) Wy, ar(n; ).

Proof of Proposition 7.5: See Section F.4. O

Note that the last claim in Proposition 7.5a confirms Proposition 6.4. Note also
that, by Proposition 7.5¢ and (6.4), there are as many weakly trivial spin-orbit tori
in every SOT (d,w) as there are elements in Cper(R%, SO3(2)) and that there are as

many almost trivial spin-orbit tori in every SO7 (d,w) as there are elements in [0, 1).

7.3 Introducing weak coboundaries

Recalling Section 6.2, given a spin-orbit torus (w, A) in SO7 (d,w), the function
W, 4 is a SO(3)-cocycle over the topological Z-space (R? L,). This terminology
comes from Dynamical Systems Theory and, in fact, from this terminology I also
borrow the terms ‘coboundary’ and ‘almost coboundary’ which will be introduced
now (the weaker notion ‘weak coboundary’ is my terminology). Note also that, in
this terminology, if (w, A), (w, A’) lie on the same R ,-orbit then the SO(3)-cocycles

Wy, 4, VU, 4 are called ‘cohomologous’.

Definition 7.6 (Coboundary, almost coboundary, weak coboundary)

A spin-orbit torus (w, A) € SOT (d,w) is called a ‘coboundary’ if it belongs to the

Ry -orbit of the trivial spin-orbit torus (w, Isxs). I denote the set of coboundaries

92



Chapter 7. 'Transforming spin-orbit tori

in SOT (d,w) by CB(d,w). A spin-orbit torus (w,A) € SOT(d,w) is called an
‘almost coboundary’ if it belongs to the Ry,-orbit of a spin-orbit torus in AT (d,w).
I denote the set of almost coboundaries in SOT (d,w) by ACB(d,w). A spin-orbit
torus (w,A) € SOT (d,w) is called a ‘weak coboundary’ if it belongs to the Rg,-

orbit of a spin-orbit torus in W7 (d,w). I denote the set of weak coboundaries in

SOT (d,w) by WCB(d,w). O

Thus a spin-orbit torus (w, A) is called a ‘coboundary’ iff ¥, 4 is a coboundary in
the terminology of Dynamical Systems Theory and is called an ‘almost coboundary’
iff ¥,, 4 is an almost coboundary in the terminology of Dynamical Systems Theory.
Note also that the terminology coboundary is also borrowed from Nonabelian Group

Cohomology.

Recalling Section 7.1, ~g,, is an equivalence relation on SO7 (d,w) whence, by

Definitions 7.4,7.6,

7(d,w) C CB(d,w), AT(d,w)C ACB(d,w), WT(d,w)C WCB(d,w) ,(7.17)
CB(d,w) C ACB(d,w) C WCB(d,w) C SOT (d,w) . (7.18)

For the relevance of coboundaries, almost coboundaries, and weak coboundaries, see

Section 7.6.

Proposition 7.7 a) Let (w, A) € WCB(d,w) and T € Cpe,(R%, SO(3)) with (w, A") :==
Ryw(Tiw,A) e WT (d,w). If N := Indy 4(A’) then
Indz g(V, a(n;-)) = ((=1)"M1 . (=1)"N)T for arbitrary integer n.

b) Let (w,A) € ACB(d,w). Then, for every n € Z, VY, a(n;-) is 2mw-nullhomotopic
w.r.t. SO(3) and Indy 4(V, a(n;-)) = (1,...,1)T.

Proof of Proposition 7.7: See Section F.5. O

93



Chapter 7. 'Transforming spin-orbit tori

Lemma 7.8 a) Let R be in SO(3) and Re®* = e*. Then R € SO5(2).

b) A spin-orbit torus (w, A) is weakly trivial iff A(¢)e® = €.

Proof of Lemma 7.8: See Section F.6. O

The following theorem expresses the most important property of weak cobound-

aries.

Theorem 7.9 Let (w, A) € SOT (d,w). Then, for every T € Cpe,(R%, SO(3)), we
have Ry, (T;w, A) € WT (d,w) iff the third column, Te3, of T is the generator of an
ISF of (w, A). Moreover (w, A) € WCB(d,w) iff there exists a T € Cper(R?, SO(3))
such that Te® is the generator of an ISF of (w, A).

Proof of Theorem 7.9: See Section F.7. O

Theorem 7.9 shows that the existence of an ISF is a necessary condition for a
spin-orbit torus to be a weak coboundary. However Theorem 7.10, below, shows that

this is not a sufficient condition.

As we just learned from Theorem 7.9, every weak coboundary has an ISF. I now
address the converse question: is a spin-orbit torus a weak coboundary, if it has an
ISF? A partial answer is given by the following theorem which uses some concepts

introduced in Section 6.4 and which are borrowed from Homotopy Theory.
Theorem 7.10 Let G € Cpe(R%, S?) and let (w, A) € SOT (d,w) such that G is the
generator of an ISF S¢ of (w, A). Then the following hold.

a) If G is 2m-nullhomotopic w.r.t. S* then (w, A) € WCB(d,w) and a T € Cpe,(R?, SO(3))
exists such that Ry, (T;w, A) € WT (d,w) and G = Te>.

b) If d = 1 then (w,A) € WCB(1,w) and a T € Cper(R,SO(3)) exists such that
Rio(T;w, A) € WT (1,w) and G = Te>.
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c) If d =2 then a T € Cpe,(R?, SO(3)) emists such that Ry, (T;w, A) € WT (2,w)
and G = Te?® iff G is 2m-nullhomotopic w.r.t. S*.

Proof of Theorem 7.10: See Section F.8. O

Let G € Cpe, (R, S?) and let (w, A) € SOT (d,w) such that G is the generator of an
ISF of (w, A). It is clear by Theorem 7.10a that if (w, A) is not a weak coboundary,
then G is not 27-nullhomotopic w.r.t. S?. That this situation does occur, is the

content of Theorem 8.17 (of course, due to Theorem 7.10b, this situation only occurs

if d>2).

Let G € Cpe, (R%,S?) and let (w, A) € SOT (d,w) such that G is the generator
of an ISF of (w,A). If Sy € S? exists such that neither Sy nor —Sjy belong to the
image G then it follows easily from Theorem 7.9 that (w,A) € WCB(d,w) (and
thus, by Theorem 7.10c, that, for d = 2, G is 2r-nullhomotopic w.r.t. S?). This
also implies that if (w, A) € SOT (d,w) has an ISF S then the question, whether
(w,A) € WCB(d,w), is connected with the issue of ‘how complete’ the image of G

covers the sphere S%.

7.4 Introducing spin tune and spin-orbit resonance

of first kind

Definition 7.11 (Spin tune of first kind, spin-orbit resonance of first kind) Let
(w,A) € SOT (d,w). Then the subset =;(w, A) of [0,1) is defined by

Ei(w,A) :={PH(A") : (w,A") € AT (d,w) & (w, A") ~g4p (w,A)}.  (7.19)
I call v a ‘spin tune of first kind of (w, A)” if v € Z1(w, A).

I say that (w, A) is ‘on spin-orbit resonance of first kind’ iff 0 € Z1(w, A). I say
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that (w, A) is ‘off spin-orbit resonance of first kind’ iff =1(w, A) is nonempty and

Definition 7.11 will be discussed, in the Physics context, in Section 7.6.

It is clear that if (w, A) € AT (d,w) then, since (w, A) ~q, (w,A), PH(A) €
Z1(w, A). Of course, Z(w, A) is nonempty iff (w, A) is an almost coboundary. Thus

(w, A) has no spin tune of first kind iff (w, A) is not an almost coboundary.

By Proposition 7.5 it is clear that there is a vast supply of spin-orbit tori which
have spin tunes of first kind. On the other hand in Section 7.7 I will find a vast supply

of spin-orbit tori which have no spin tune of first kind (see Remark 1 in Section 8.5).

In Section 8.4 (see Proposition 8.9a) we will observe that the sets =;(w, A) have
a simple structure and (see Proposition 8.10c) I will show that the definition of the
spin-orbit resonance of first kind is equivalent to the familiar condition (8.15). These
results, as several others, go beyond Chapter 7 since they rely on the machinery of

quasiperiodic functions worked out in Chapter 8.

Proposition 7.12 a) Let (w, A), (w,A") € SOT (d,w). If (w, A) ~qu (w,A"), then
E(w,A) =1 (w, A). If (w,A) € ACB(d,w) then (w, A) ~aw (w, A) iff E1(w, A) =
El(w,A').

b) (w,A) € SOT (d,w) is on spin-orbit resonance of first kind iff (w, A) € CB(d,w).
Moreover, (w,A) € SOT (d,w) is off spin-orbit resonance of first kind iff (w, A) €
(ACB(d,w) \ CB(d,w)).

c) Let (w, A), (w,A") € SOT (d,w) with (w, A) ~gq, (w, A"). Then either both spin-
orbit tori are coboundaries or neither of them, and either both are almost cobound-

aries or neither of them, and either both are weak coboundaries or neither of them.

d) Let (w,A) € SOT (d,w). Then (w,A) € ACB(d,w) iff there exists a (w,A") €
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SOT (d,w) such that U, s(n; @) is independent of ¢ and (w, A) ~g. (W, A).

Proof of Proposition 7.12: See Section F.9. (]

Propositions 7.12a, 7.12c give again properties shared by spin-orbit tori which

belong to the same Ry -orbit.

It follows from Proposition 7.12d that (w, A) is an almost coboundary iff W, 4 is

an almost coboundary in the terminology of [KR].

Concerning Proposition 7.12d, I also note that, by (6.4), ¥,, 4(n; ¢) is independent
of ¢ for all integers n iff A(¢) is independent of ¢. Moreover it is easy to see that if
A(¢) is independent of ¢, then the function W, 4(n) of n is a group homomorphism
from the additive group Z into the multiplicative group SO(3), i.e., ¥, a(n +m) =

U, 4(n)¥, a(m). In particular this is the case for almost trivial (w, A).

7.5 Yokoya’s uniqueness theorem

If a spin-orbit torus has an ISF Sg then also —S¢ is an ISF. Thus for spin-orbit tori
which have an ISF, the question arises of whether they have more than two ISF’s.
The following celebrated theorem gives a partial answer (its importance is pointed

out in Section 7.6).

Theorem 7.13 (Yokoya’s uniqueness theorem) Let (w,A) € SOT(d,w) and let
(1,w) be nonresonant. Let (w, A) have an ISF Sg and an ISF which is different

from Sg and —Sg. Then (w, A) is on spin-orbit resonance of first kind.

Proof of Theorem 7.13: See Section F.10. O
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7.6 Putting weak coboundaries into perspective

I now can begin to put things into perspective. On the basis of numerical and
experimental evidence from storage rings, it is widely believed that the practically
relevant spin-orbit tori are almost coboundaries (whence weak coboundaries) which
is a strong motivation for many of the concepts introduced in Chapter 7. Part of
the numerical evidence comes from the code SPRINT which, among other things,
contains a numerical procedure which transforms a given almost coboundary into
a weakly trivial spin-orbit torus and then transforms this weakly trivial spin-orbit
torus into an almost trivial spin-orbit torus which then yields a spin tune of first

kind (for more details on this code, see Section 8.5).

Nevertheless one knows of counterexamples, since one has discovered [BV], by
numerical means, spin-orbit tori on orbital resonance which do not have an ISF,
i.e., which, by Theorem 7.9, are not weak coboundaries (and these results were
subsequently confirmed by analytical means). However, I am not aware of a spin-
orbit torus off orbital resonance which does not have an ISF. It is therefore useful
here to state the following conjecture, which I call the ‘ISF-conjecture’: ‘If a spin-
orbit torus (w, A) is off orbital resonance, then it has an ISF’. While, at least to my
knowledge, the ISF-conjecture is unsettled, it is definitely true that spin-orbit tori

exist off orbital resonance, which are not weak coboundaries (see Theorem 8.17).

Spin tunes of first kind are important tools in the simulation and analysis of
polarized beams in storage rings since spin-orbit resonances of first kind impose
serious limitations on the polarization in a storage ring. On the other hand, by
Theorem 7.13, one sees that, off orbital resonance and off spin-orbit resonance of
first kind, the invariant spin field is unique up to a sign, i.e., only two ISF’s exist in
that situation. Thus in this case one can expect that the invariant spin field is an

important characteristic of (w, A) and so it perhaps comes as no surprise that, off
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orbital resonance and off spin-orbit resonance of first kind, the invariant spin field
allows to compute the maximal possible polarization in a storage ring [BEH04, Hof,
Vol. This makes the invariant spin field an important tool in the statistical treatment

of spin-orbit motion.

This is the right place to make also some remarks on the relation of the con-
cept of spin tune of first kind with other works. Let (w, A) € WCB(d,w) and T €
Cper(R?,SO(3)). Then, in the context of the flow formalism, 7" is called, in the ter-
minology of [BEHO04], an ‘invariant frame field’ of (w, A) if Ry, (T;w, A) € WT (d,w)
and T is called a ‘uniform invariant frame field’ of (w, A) if Ry, (T;w, A) € AT (d,w).
The point to be made here is that in Yokoya’s fundamental paper [Yol], uniform in-
variant frame fields are used (in the context of the flow formalism) to define spin
tunes so that indeed spin tunes of first kind are reincarnations of Yokoya’s spin
tunes. In contrast, the spin tunes, defined for the flow formalism in [BEHO04] and
their counterparts in the map formalism (introduced in Section 8.4 of the present
work), are the spin tunes of second kind which are based on the tool of quasiperiodic
functions and are nonetheless essentially equal to the spin tunes of first kind. In fact,
by Proposition 8.9a, the spin tunes of first and second kind are identical for almost
coboundaries. In this work the main purpose of the spin tunes of second kind is to
enhance the knowledge of the spin tunes of first kind. Note also that [Yol] builds
on earlier work by Derbenev and Kondratenko [DK72, DK73] and that [BEHO04] can
be roughly characterized as refining [Yol] by employing quasiperiodic functions. In
turn, the present work refines [BEH04] by employing right and left group actions

allowing thus to systematically build up a transformation theory of spin-orbit tori.
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7.7 Transformations between weakly trivial spin-

orbit tori

Clearly each SOT (d,w) is the disjoint union of the R, ,-orbits. Thus of obvious
interest is the issue of how this foliation looks, e.g., how it depends on d and w.
Since (recall Section 7.6) I am mainly interested in almost coboundaries (or, slightly
more generally, weak coboundaries), I will only study the subset of SOT (d,w) which
consists of the R; . -orbits of weak coboundaries. Thus I have to deal with the
following question: when do two weakly trivial spin-orbit tori in SO7 (d,w) belong
to the same R, -orbit? Perhaps surprisingly, this question can be pursued rather
easily. As a matter of fact I only treat the generic case where spin-orbit tori are
off orbital resonance (the case on orbital resonance can be tackled by the same
techniques). Therefore in this section I state and prove Theorem 7.14 which gives
sufficient and necessary conditions for two weakly trivial spin-orbit tori to be on the
same Ry -orbit. I also point out (see Remark 1 of this section) how these conditions
are related to small-divisor problems and Diophantine sets of orbital tunes. Corollary
7.15 then shows how things further simplify if one of the spin-orbit tori is almost
trivial. In Sections 8.4, 8.5 I will, by using the machinery of quasiperiodic functions,
obtain results related with, and going beyond, Theorem 7.14 and Corollary 7.15. In
particular in Section 8.5 I will see the practical importance of the material from the

present section.

Defining
1 0 O
J =10 -1 0 : (7.20)
0 0 -1
and using
JIT =-T, (7.21)
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I obtain:

Theorem 7.14 Let (1,w) be nonresonant and (w, A;) € WT (d,w) where i = 1,2.
Thus, by Proposition 7.5a, I have, for ¢ € R?, i =1,2,

Ai(9) = exp(T[M] ¢ + 21 fi(9)]) | (7.22)

where M; := Inds(4;), fi := PHF(A;). Then, abbreviating the zeroth Fourier co-

efficient by fio := (1/2m)? 027r . "fo% fi(¢)dpy -+ - dpg and defining ﬁ = fi— fio €
Cper (R4, R), the following hold:

a) If T € Cper(R?,SO3(2)) such that Ry, (T;w, Ay) = (w, Ay) then, after abbreviating
N :=Indy(T), g :== PHF(T), I get

My = M, , (7.23)
(fio — foo— N'w) € Z, (7.24)

and, for all ¢ € R,
9(¢+2mw) — g(¢) = f1(9) — fa(9) - (7.25)

If T € Cper (R, SO5(2)) such that Ry ,(TJ';w, A1) = (w, Ag) then, after abbreviating
N :=1Indy(T), g:= PHF(T), I get

My =—-M,, (7.26)
(fro+ fao—N'w) € Z, (7.27)

and, for all ¢ € RY,
9(¢ +27w) — 9(6) = f1(¢) + fa(0) - (7.28)

b) If (w, A1) ~aw (w, As) then a T € Cpe, (R, SO5(2)) exists such that either
Ryw(Tiw, A1) = (w, As) or Ryw(TT s w, Ay) = (w, As).
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c) (w, Ay) ~au (w, As) iff the following criterion holds:

Either

or

M, = My and g € Cper (R4, R), N € Z% exist such that (7.24), (7.25) hold,

My = —M; and g € Cper(RYLR), N € Z% exist such that (7.27), (7.28) hold.

In the former case Ry, (T;w, Ay) = (w, As) where

T(¢) = exp(J[N"¢ + 2m9(9)]) . (7.29)

and in the latter case Ry, (TJ ;w, A1) = (w, As) where T' is given by eq. (7.29).

Proof of Theorem 7.1/: See Section F.11. O

Note that the nontrivial part of the proof of Theorem 7.14 is part b).

Remarks:

(1) Perhaps the most important conclusion from Theorem 7.14 is that the spin-

orbit tori (w, A1), (w, A2) need not belong to the same Ry -orbit. To make this
point clear, let (1,w) be nonresonant and let me adopt the notation of Theorem

7.14.

If ]\412 — ]\422 #0, fio— foo & Ys, and fio+ fao € Y, then, by Theorem 7.14c,
one has (w, A1) %4 (w,As) (recall the definition (D.1) of Y,,). In addition,
a small divisor problem enhances this effect as follows. Even if M; — M, =
0 and fio — foo € Y., in general one cannot solve eq. (7.25) for g since
the Fourier coefficients of a provisional g are in general hampered by a small
divisor problem preventing them to decay sufficiently fast to make g an element
of Cper (R4 R). Note also that these Fourier coefficients are, except for the

zeroth Fourier coefficient, uniquely determined by fi, fo. Analogously, even if
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M, + My =0 and f1o+ foo € Y, in general one cannot solve eq. (7.28) for g
due to an analogous small divisor problem. Note however that if one restricts
w to some appropriate Diophantine sets, then one can solve eq. (7.25),(7.28)
(whence, in that case, (w, A1) ~4. (w, A2)). For further details on Diophantine

sets and related references, see [DEV].

We conclude, for nonresonant (1,w), that the right group action R, is not
transitive (recall the definition of ‘transitive’ in Appendix B). This comes as
a relief since ~4,, would be rather useless if all spin-orbit tori in SOT (d,w)
would lie on the same Rg4,-orbit. Note also that, even without Theorem 7.14,
it is obvious that the R, ,-orbits of (w, A;) and (w, A3) contain many spin-orbit

tori.

Of course, by the definition of weak coboundaries, I also conclude for nonreso-
nant (1,w) that weak coboundaries in SO7 (d,w) need not belong to the same

R -orbit.

(2) Let me again adopt the notation of Theorem 7.14 and let (1,w) be nonres-
onant and (w,A;) ~gw (w,As). Theorem 7.14b does not claim that every
T € Cper(R%, SO(3)) with Ry (T;w, Ay) = (w, Ag) is either in Cper(RY, SO3(2))
or of the form T = T"7" with T" € Cp..(R?, S03(2)). However the proof of
Theorem 7.14b implies that, if (w, A;), (w, A3) are not coboundaries, then ev-
ery T € Cpe,r (R, SO(3)) with Ry (T;w, A;) = (w, Ag) is of this simple form,
ie., either T € Cper(R%, SO5(2)) or T =T"J" with T" € Cper(R?,505(2)). O

Note also that Theorem 7.14c¢ confirms Proposition 7.5d.

The following corollary reconsiders the situation of Theorem 7.14 in the special

case when the spin-orbit torus (w, As) is almost trivial.

Corollary 7.15 Let (1,w) be nonresonant and (w, A1) € WT (d,w), (w, As) € AT (d,w).
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Thus, by Proposition 7.5, we have, for ¢ € RY,

Ai() = exp(T[M{ ¢ + 21 f1(9)]) , (7.30)
As(¢) = exp(J27v) , (7.31)

where My := Indy(Ay), f1 := PHF(A,), v:= PH(A,) € [0,1). Then, abbreviating

the zeroth Fourier coefficient of f1 by fio = (1/27)¢ OQW e 027r fi(@)dgy - - - dpg and
defining fi == f1 — f1.0 € Cper(RER), the following hold:

a) If T € Cper(R?, SO5(2)) such that Ry, (T;w, Ay) = (w, As) then, after abbreviating
N :=Indy(T), g:= PHF(T), I get

(fio—v—Nw) ez, (7.33)
and, for all ¢ € RY,
9(¢+2mw) — g(¢) = f1(9) - (7.34)

If T € Cper (R, S0O3(2)) such that Ry (T JT';w, A1) = (w, Ag) then we have eq. (7.52)
and, after abbreviating N := Indy(T'), g := PHF(T), I get

(fio+v—NTw)eZ, (7.35)
and, for all ¢ € RY, I get eq. (7.34).
b) (w, A1) ~au (w, A2) iff the following criterion holds:
Either
M; =0 and g € Cper(R4L,R), N € Z% exist such that (7.33), (7.84) hold,

or

M; =0 and g € Cper(R4LR), N € Z% exist such that (7.34), (7.35) hold.
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In the former case Ry, (T;w, A1) = (w, A2) where T is given by eq. (7.29) and in
the latter case Rq,(TJ";w, A1) = (w, As) where T is given by eq. (7.29).

Proof of Corollary 7.15: See Section F.12. U
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Quasiperiodic functions as tools

for studying spin-orbit tori

Quasiperiodic functions on Z come up naturally for spin-orbit tori since, as already
pointed out at the beginning of Section 7.1, the expression A(¢pg + 2mnw), occurring
in the equation of spin motion (6.8), is an w-quasiperiodic function of n. Note that
quasiperiodic functions are defined in Section D.1. In Sections 8.1-8.4 I develop the
basic machinery of quasiperiodic functions needed for spin-orbit tori. While some of
the results of Sections 8.1-8.4 are interesting per se (notably Theorems 8.1,8.3,8.5),
their main purpose is to improve, in Sections 8.5-8.7, on the themes which I started
in Chapter 7. Thus the tranformation theory of spin-orbit tori, developed in Chapter
7, stays in the foreground also in the present section. In particular I stick with my

credo mentioned in Section 7.6, that the emphasis is on weak coboundaries.
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8.1 Relations between polarization fields and spin

trajectories

The following theorem is about the characteristic curves of polarization fields.

Theorem 8.1 a) Let (w, A) € SOT (d,w). Let Sg be a polarization field for this
spin-orbit torus and let ¢ € R Then the ‘characteristic curve’ S : Z — R3,
defined by S(n) := Sg(n, ¢o + 2mnw), is a spin trajectory over ¢o for (w, A). If the
polarization field S¢ is invariant, then S(n) = G(¢o + 2mnw) and the spin trajectory

S is w-quasiperiodic.

b) Let (w, A) € SOT (d,w) and let (1,w) be nonresonant (for the definition of ‘non-
resonant’, see Section D.1). Let (w, A) have, for some ¢y € R, an w—quasiperiodic
spin trajectory S over ¢o. Then (w, A) has a unique invariant polarization field Sg

such that, for all integers n,
S(n) = G(¢po + 2mnw) . (8.1)

If in addition S is normalized to 1, i.e., |S(n)| = 1 then Sg is an ISF of (w, A).

Proof of Theorem 8.1: See Section F.13. O

Note that by Theorem 8.1, and off orbital resonance, a nonzero w—quasiperiodic spin
trajectory over ¢q exists for every ¢q, if a nonzero w—quasiperiodic spin trajectory

exists over some ¢q.

Since for every spin trajectory S the function |S| is constant, it follows from
Theorem 8.1b that if, off orbital resonance, at least one nonzero w—quasiperiodic

spin trajectory exists, then (w, A) has an ISF.

In spite of Theorem 8.1b, every spin trajectory S over a ¢ is the characteristic

curve of infinitely many polarization fields. In fact, every polarization field Sg for
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which G(¢g) = S(0) also satisfies, for every integer n, S(n) = Sg(n, ¢o + 2mnw) =
U, a(n; ¢0)G(¢p). However it follows from Theorem 8.1b that, in the special case
when (1,w) is nonresonant and S is w—quasiperiodic, there is among those infinitely
many polarization fields Sg, which satisfy S(n) = Sg(n, ¢o + 27nw), only one that

1S invariant.

Recalling Section 7.6, I do not try to solve the ISF-conjecture. Thus by Theorem
8.1b I leave open the question of whether nonzero w—quasiperiodic spin trajectories

exist off orbital resonance.

However, as mentioned in Section 7.6, relevant spin-orbit tori are almost cobound-
aries whence, by Theorem 7.9 and Theorem 8.1a, they have nonzero w—quasiperiodic

spin trajectories.

Since, for every spin trajectory S, |S| is constant, it follows from Theorem 8.1b
that if, off orbital resonance, at least one nonzero w—quasiperiodic spin trajectory

exists, then (w, A) has an ISF.

Moreover, it follows from the proof of Theorem 8.1b that the invariant polariza-
tion field S is uniquely determined by S(0). One takes advantage of this fact if
one computes the ISF by the technique of stroboscopic averaging (for remarks on

stroboscopic averaging, see Section 8.5).

8.2 Simple precession frames

With the right group action R4, introduced in Chapter 7, we arrive, in the present
section, at the concept of the simple precession frame. We recall from Defini-
tion 7.2 that if (w,A),(w,A") € SOT(d,w) and T € Cper(R?, SO(3)) such that
Ryo(T;w, A) = (w, A’) then (7.4) holds. Thus picking a ¢y € RY, the function
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t:Z — SO(3), defined by t(n) := T(¢po + 2mnw), satisfies
th(n 4+ 1)A(¢po + 2mnw)t(n) = A'(¢g + 27nw) . (8.2)
Let in addition (w, A") € W7 (d,w). Then by Lemma 7.8b, eq. (8.2) implies
t(n+1)e® = A(go + 2mnw)t(n)e’ . (8.3)

Comparing (6.8),(8.3), one finds that the third column of ¢ is a spin trajectory of
(w, A) over ¢g. This leads to the following definition.

Definition 8.2 (Simple precession frame)

Let (w,A) € SOT (d,w) and let ¢y € RL. A function t : Z — SO(3) is called
a ‘simple precession frame (SPF) of (w,A) over ¢o’ if its third column is a spin

trajectory over ¢y, i.e., if (8.3) holds for all integers n. O

By the remarks before Definition 8.2 it is clear that if T € Cp.(R% SO(3)) and
Raw(Tiw, A) € WT (d,w) then T'(¢g+ 2mnw), as a function of n, is an SPF over ¢y.
Thus the ‘characteristic curves’ of T are SPF’s (for more details on this, see Theorem

8.3 below).

If t is an SPF over ¢q then, by (8.3), €3 = tT(n + 1)A(¢y + 2mnw)t(n)e. Hence,
by Lemma 7.8a, a function \ : Z — [0, 1) exists such that for all n

tT(n + 1) A(pg + 2mnw)t(n) = exp(2rA(n)J) . (8.4)

Clearly A is unique. I call A the ‘differential phase function’ of t. We see that
t ‘transforms’ A(¢g + 27mnw) via (8.4) into the matrix exp(27rA(n)J) which has a
simple block diagonal form and this is the origin of the term ‘simple’. Defining the

function p: Z — [0,1) by

0 ifn=20
p(n) =< [M0)+ ...+ A(n—1)] ifn>0 , (8.5)
[-A(=1) — ... — \(n)] ifn <0
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I obtain, by (6.4),(8.4), that, for n € Z,

W,(n3 60) = H(n) exp(2mp(n)T)E7(0) (8.6)

Note that p is uniquely determined by W, 4, ¢o, ¢ via (8.6) and satisfies [p(n + 1) —

wu(n)] = A(n) so that I call p the ‘integral phase function’ of t. Clearly a function
t:Z — SO(3) is an SPF over ¢, iff a function p : Z — R exists such that (8.6) holds

for all integers n.

Remarks:

(1)

Let (w, A) € SOT (d,w) and let ¢y € R% If f is an arbitrary function f : Z — R
and if R is a constant SO(3)-matrix then, by using (8.4) and the remarks on
(6.5), the function ¢, defined by t(n) := U, s(n; ¢o) Rexp(—T 27w f(n)), is an
SPF over ¢o with the differential phase function A(n) = [f(n + 1) — f(n)].
One sees by this construction that, for every ¢q, a large abundance of SPF’s,

over ¢, exists.

I here discuss a sometimes useful property of SPF’s. Let (w, A) € SOT (d,w)
and let ¢t be an SPF of (w, A) over some ¢y with differential phase function
A. Let j be an integer and let the function ¢’ : Z — SO(3) be defined by
t'(n) :==t(n+ j). It follows from (8.3) that for all integers n

fn+1)e® =tn+1+5)e* = A(go + 2n(n + jw)t(n + j)e*
= A(go + 2m(n + j)w)t'(n)e*

whence, by (6.8), the third column of ' is a spin trajectory over ¢g + 2mjw.
Thus ¢ is an SPF over ¢y + 2mjw. I also obtain from (8.4) that for all n

tT(n+1)A(¢o +2m(n+ Jw)t'(n) = tL (n+1+5)A(go + 21(n+ jw)t(n+j) =
exp(2mA(n + 7)J). Hence the differential phase function X of ¢’ is given by
N(n) := A(n + j). If t is w-quasiperiodic and # is an w-generator of ¢ then

f(~ + 2mjw) is an w-generator of ¢’ whence t’ is w—quasiperiodic. (]
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Since an w—quasiperiodic SPF ¢ is SO(3)-valued, it follows from Definition D.1
that ¢ has an w-generator ¢ which is R**3-valued, albeit in general not SO(3)-valued.
Nevertheless, the situation simplifies when (1,w) is nonresonant, as Part b) of the

following theorem shows.

Theorem 8.3 a) Let (w,A) € WCB(d,w) and (w,A") := Rq(T;w, A) € WT (d,w)
with T € Cper(R4,SO(3)). Then, for an arbitrary ¢ € R? the function t : Z —
SO(3), defined by t(n) := T (¢ + 2mnw), is an w—quasiperiodic SPF of (w, A) over
¢o. Furthermore the differential phase function X of t satisfies, for n € Z,

T
A = [SE20 + NI+ (1,60 -+ 20
N{ %o T
= | o +nNy w+ f(1, ¢ + 2mnw)| , (8.7)

and the integral phase function u of t satisfies, forn € Z,

Ny¥ 9o
27

”N1T¢o

p(n) = | o

+ f(n,d0)] = | +f(n,¢0)] (8.8)

where N, := Indy(V, 4 (n;-)), f(n,-) == PHF (Y, a(n;-)).

b) Let (w,A) € SOT(d,w) and let (1,w) be nonresonant. Let also (w,A) have
an w—quasiperiodic SPF t over some ¢o. Then a unique T € Cpe, (R, R¥3) eists
such that, for all integers n, t(n) = T(¢o + 2mnw). Moreover T € Cpe,(R?, SO(3)).
Furthermore, (w, A) € WCB(d,w) and Ry,(T;w,A) € WT (d,w).

Proof of Theorem 8.3: See Section F.14. ]

As mentioned in Section 7.6, relevant spin-orbit tori are weak coboundaries whence,
by Theorem 8.3a, they have w—quasiperiodic SPF’s. However as Theorem 8.17
shows there are spin-orbit tori off orbital resonance which are not weak cobound-

aries whence, by Theorem 8.3b, they have no w—quasiperiodic SPF.
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8.3 Uniform precession frames

In this section I introduce ‘uniform precession frames’ which are special SPF’s. As
one shall see in the next section, uniform precession frames lead to the definition of

the ‘spin tune of second kind’.

Definition 8.4 (Uniform precession frame)

Let (w,A) € SOT(d,w) and let ¢g € R Let also t be a simple precession frame
of (w, A) over ¢o and let its differential phase function be denoted by A. Then t is
called a ‘uniform precession frame (UPF) over ¢’ if A(n) is independent of n. The
constant value, say v, of X is then called the ‘uniform precession rate (UPR) of t.

Thus by (8.4)
th(n + 1) A(¢g + 2mnw)t(n) = exp(27v.T) , (8.9)

and, by (8.5), the integral phase function u of t reads as p(n) = |nv| and whence by

(8.6)

W, a(n; do) = t(n) exp(J2mnv)th (0) . (8.10)
I denote by Zo(w, A, o) the set of those UPR’s which correspond to an w—quasiperiodic
UPF over ¢g and I define Za(w, A) := Uy, cpa Z2(w, 4, ¢o).- O
It follows from Definition 8.4 that a function ¢ : Z — SO(3) is a UPF over ¢ iff a
v € [0, 1) exists such that either (8.9) or (8.10) holds for all n € Z.

Of course any UPR is uniquely determined by the corresponding UPF but the
converse is not true, i.e., different UPF’s can have the same UPR. It is also clear

that Zs(w, A, -) is 2m-periodic.

Remarks:

112



Chapter 8. Quasiperiodic functions as tools for studying spin-orbit tori

(1) Let (w, A) € SOT (d,w) and let ¢ be a UPF of (w, A) over some ¢, € R Let
v denote the UPR of ¢ and let j be an integer. From Remark 2 of Section 8.2
we know that the function ¢’ : Z — SO(3), defined by t'(n) := t(n + j), is
an SPF over ¢g + 2mjw and that its differential phase function X\ is given by
N(n) := A(n + j) = v, where X is the differential phase function of ¢. Thus
A has the constant value v whence t' is a UPF over ¢y + 27jw with UPR v.
It also follows from Remark 2 of Section 8.2 that t' is w—quasiperiodic if ¢ is

w—quasiperiodic. Thus, for every integer j, Za(w, A, ¢+ 2mjw) = Za(w, A, ¢y).

(2) Let (w,A) € SOT (d,w) and ¢y € R% By Remark 1 of Section 8.2 we know
that W, 4(+; ¢o) is an SPF over ¢y with the differential phase function A(n) = 0.
Thus U, 4(+; ¢o) is an UPF over ¢y with UPR 0. O

Theorem 8.5 a) Let (w,A) € SOT (d,w). If v € Zyh(w, A, ¢y) for some ¢y € R?

then every spin trajectory of (w, A) over ¢q is (w, v)-quasiperiodic.

b) Let (w,A) € ACB(d,w) and (w,A") = Ryq,(Tiw,A) € AT (d,w) with T €
Cper (R, SO(3)). Then for an arbitrary ¢o € R the function t : Z — SO(3), defined
by t(n) := T (po+2mnw), is an w—quasiperiodic UPFE over ¢y with UPR v = PH(A').

c) Let (w,A) € SOT(d,w) be a and let (1,w) be nonresonant. Let (w,A) have
an w-quasiperiodic UPF t over some ¢y € R? with UPR v. Then a unique T €
Cper (R, R3*3) exists such that, for all integersn, t(n) = T(¢o+27nw). MoreoverT €
Cper(R%, SO(3)).  Furthermore, (w, A) € ACB(d,w) and (w, A") = Ry.(T;w,A) €
AT (d,w) with PH(A) = v € Z1(w, A).

Proof of Theorem 8.5: See Section F.15. (]

As mentioned in Section 7.6, I am mainly interested in spin-orbit tori that are almost

coboundaries whence, by Theorem 8.5b, they have w—quasiperiodic UPF’s. However,
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as mentioned after Theorem 8.3, there are spin-orbit tori off orbital resonance which

have no w—quasiperiodic SPF whence they have no w—quasiperiodic UPF.

Theorem 8.5a enables to do spectral analysis of spin trajectories as follows. In
fact if v € Z5(w, A, ¢g) and S is a spin trajectory of (w, A) over ¢g then, by Lemma
D.4d and Remark 1 in Section D.3, the spectrum of each component S; of S is a
subset of Y{,, ) (the spectrum of a complex valued function on Z is defined in Section

D.3).

It is enlightening and easy to obtain a connection between Floquet theory and
UPF’s as follows. I say that (w, A) € SOT(d) satisfies the generalized Floquet
Theorem over ¢y € R? if a quasiperiodic SO(3)-valued function p and a real 3 x 3
matrix B exist such that p(0) = I3x3 and such that, for all integers n, ¥, 4(n; ¢y) =
p(n)exp(nB). In fact it follows from Definition 8.4 that if ¢ is an w—quasiperiodic
UPF over ¢g with UPR v then the generalized Floquet Theorem holds over ¢, since
one can define p and B by p(n) = t(n)t’ (0), B := 27vt(0)Jt*(0). In particular
one concludes from Theorem 8.5b that if (w, A) is an almost coboundary then the

generalized Floquet Theorem is satisfied over every ¢, € R%.

The following theorem (Theorem 8.6) reveals the structure of the sets Za(w, A, ¢y)
(and this in turn will reveal, in the next section, the structure of the sets = (w, A)).

To prepare for the following theorem let (w, A) € SOT (d,w) and let ¢, € R%.

[ first recall from Definition D.1 that, for w € R? Y, is defined by Y, := {mw +
n:m € Z%n € Z}. For the following theorem I need the equivalence relation
~, on [0,1) by which elements vy,v5 € [0,1) are equivalent iff there exist (g,y) €
{1, -1} x Y, such that vy = ev; +y. The equivalence class of a v € [0,1) is denoted
by [v].. Clearly

We={(ev+y)e0,1):ee{l,-1},y e Y.}
={lev+y|:ee{l,-1},yeV,} ={lev+jTw] e € {1,—-1},j € Z%} . (8.11)
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To get a feel for the equivalence relation ~,, I now show that if v is in Z5(w, A, ¢p)

then

[V C Ez(w, A, ¢o) - (8.12)

In fact if v € Z9(w, A, ¢g) then by Definition 8.4 an w—quasiperiodic UPF ¢ exists
over ¢y which has UPR v. I pick a y € Y,, and define the function ¢ : Z — SO(3) by
t'(n) := t(n) exp(—J2mny). Clearly t' is an w—quasiperiodic function. Furthermore

for n € Z we have, by (8.9),

tT(n + 1)A(¢o + 2mnw)t'(n)
= exp(J27(n + Dy)t" (n + 1) A(¢o + 2mnw)t(n) exp(—T 2mny)

=exp(J2n(n+ 1)y) exp(2mvT) exp(—T 2mny) = exp(J 27 (v + y)) .

Thus ¢’ is an w—quasiperiodic UPF over ¢ with UPR |v + y|. I define the function
t":Z — SO(3) by t"(n) := t(n) exp(J2mny)J’, where J' is given by (7.20). Clearly

" is an w—quasiperiodic function. Furthermore for n € Z we have by (8.9)

" (n + 1)A(¢o + 2mnw)t” (n)

= J exp(—TJ27m(n + Dy)t" (n + 1) A(¢o + 2mnw)t(n) exp(T 2mny) T’

= J exp(—T2n(n + 1)y) exp(2nvJ) exp(T2mny) T’ = T exp(T2n(v — y)) T’
= exp(J' T T 2n(v —y)) = exp(=T 27 (v — y)) = exp(T 27(—v + y)) ,

where in the fifth equality T used (7.21). Thus ¢” is an w—quasiperiodic UPF over
¢o with UPR |—v + y|. I have therefore shown that if v € Zy(w, A, ¢g) and € €
{1,—1},y € Y, then |ev + y]| € Za(w, A, ¢) so that, by (8.11), the inclusion (8.12)
holds, as was to be proven. While obtaining (8.12) was elementary, the following
theorem strengthens this inclusion to an equality. Since the proof of Theorem 8.6
involves rather sophisticated properties of quasiperiodic functions, this indicates that

(8.13) is a much deeper property than (8.12).
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Theorem 8.6 (Structure of Zo(w, A, ¢g)) Let (w, A) € SOT (d,w) and let ¢y € R
If v e Zs5(w, A, ¢p) then

Ea(w, A, ¢o) = [V]w - (8.13)

Proof of Theorem 8.6: See Section F.16. U

8.4 Introducing spin tune and spin-orbit resonance

of second kind

In this work the main purpose of UPF’s and UPR’s is to enhance the knowledge of
the spin tunes and spin-orbit resonances of first kind. The following theorem gives a
first glance at the relation between spin tunes of first kind and UPR’s, in particular

between Z;(w, A) and Za(w, A, ¢o).

Theorem 8.7 a) Let (w, A) be a spin-orbit torus. If v € Zi(w, A) then [v], C
Z1(w, A). Moreover, if y € ([0,1)NY,,) then [yl, = [0,1) NY,,. Furthermore either
([0,1)NY,) C Ey(w,A) or Z1(w, A)NY, = 0.

b) Let (w, A) € SOT (d,w). Then for all ¢y € R?
El(w, A) C Eg(w, A, §Z50) . (814)

Moreover, if =, (w, A) is nonempty, then, for all ¢ € R, Z1(w, A) = Zp(w, A, ¢y).

c¢) Let (w,A) € SOT (d,w) and let (1,w) be nonresonant. Then, for all ¢y € R,
El(wﬂ A) = EQ(wv A7 ¢0)

d) Let (w, A), (w,A") € SOT (d,w) with (w,A) ~q. (w,A’) and let ¢y € R?. Then
EQ(WJ Al’ ¢0) = 52((")7"47 ¢0>
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Proof of Theorem 8.7: See Section F.17. ]

In the case of most practical interest, i.e., when (w, A) is an almost coboundary,
the sets Z1(w, A) and Zy(w, A, ¢g) are equal by Theorem 8.7b. The following defini-
tion of spin tune of second kind transfers the spin tune definition in [BEH04] from

the flow formalism to the map formalism.

Definition 8.8 (Spin tune of second kind, spin-orbit resonance of second kind) Let
(w,A) € SOT (d,w). Then (w,A) is said to be ‘well-tuned’ if all Z5(w, A, ¢o) are
nonempty and equal, where ¢ varies over RY. Otherwise (w, A) is said to be ‘ill-
tuned’. Of course, if (w, A) is well-tuned, then, due to Definition 8.4 all Zo(w, A, ¢g)
are equal to Zy(w, A), where again ¢ varies over R, For a well-tuned spin-orbit

torus I call the elements of Za(w, A) ‘spin tunes of second kind’.

If the spin-orbit torus is well-tuned then it is said to be ‘on spin-orbit resonance
of second kind’ if 0 is a spin tune of second kind and it is said to be ‘off spin-orbit

resonance of second kind’ if 0 is not a spin tune of second kind. U

Proposition 8.9 a) Let (w, A) € SOT (d,w). If (w,A) € ACB(d,w) then (w, A) is
well-tuned and the spin tunes of first and second kind are the same. If v € Zy(w, A)
then Z1(w, A) = [V]o. If (w, A) is well-tuned and if v is a spin tune of second kind
then, for all ¢g € R?, Zy(w, A) = Za(w, A, ¢g) = [V]..

b) Let (w, A), (w, A") € SOT (d,w) and (w, A) € ACB(d,w). Then either =;(w, A) N
Ei(w, A) =0 or Zy(w, A) = Z1(w, A"). In the former case (w, A) %4, (w, A") and in
the latter case (w, A) ~qup (w, A’), (w, A") € ACB(d,w).

c) If (w, A) is a spin-orbit torus and if (1,w) is nonresonant then the following hold.
The spin-orbit torus (w, A) is well-tuned iff (w, A) € ACB(d,w). If (w, A) is well-
tuned then =) (w, A) = Z3(w, A).

d) For every spin-orbit torus (w, A) the following hold. If v is a spin tune of second
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kind of (w, A) then each spin trajectory of (w, A) is (w, v)—quasiperiodic. If v is a spin
tune of first kind of (w, A) then each spin trajectory of (w, A) is (w, v)—quasiperiodic.

e) A (w,A) € SOT (d,w) is well-tuned iff the Z5(w, A, ¢o) have a common element

when ¢g varies over R?.

) If (w,A) € SOT(d,w) then the following hold. The set =;(w, A) and the sets
Za(w, A, ¢g), where ¢y varies over RY, have countably many elements. The spin-

orbit torus is ill-tuned if Zo(w, A) has uncountably many elements.

g) If (w,A), (w,A") € SOT (d,w) with (w,A) ~aqn (w,A") then the following hold.
Fither both spin-orbit tori (w, A), (w, A") are well-tuned or both of them are ill-tuned.
Moreover if the spin-orbit tori (w, A), (w, A") are well-tuned then they have the same

spin tunes of second kind.

Proof of Proposition 8.9: See Section F.18. U

Remark:

(1) Animportant conclusion from Proposition 8.9a is that two almost coboundaries
(w, A), (w, A") € ACB(d,w) need not belong to the same R, -orbit, as follows.
In fact, picking v € Z;(w, A),V € Z;(w, A’) such that [v], # [V]., we have,
by Proposition 8.9a, that = (w,A") = V], # [V = E
Proposition 7.12a, (w, A) %4, (w, A").

1(w, A) whence, by

I now address the topic of spin-orbit resonances of first and second kind.

Proposition 8.10 a) If a spin-orbit torus is on spin-orbit resonance of first kind
then it is on spin-orbit resonance of second kind. If a spin-orbit torus is off spin-orbit

resonance of first kind then it is off spin-orbit resonance of second kind.

b) Let (w, A) be a spin-orbit torus. Then (w, A) is on spin-orbit resonance of second

kind iff all of its spin trajectories are w—quasiperiodic.
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c) A (w,A) € SOT(d,w) is on spin-orbit resonance of first kind iff =;(w, A) =
0,1) NY,. Furthermore a (w,A) € SOT (d,w) is on spin-orbit resonance of first
kind iff (w, A) has a spin tune v of first kind such that m € Z%, n € 7 exist with

v=mlw+n. (8.15)

d) A (w,A) € SOT (d,w) is on spin-orbit resonance of second kind iff, for all ¢y €
R?, Zy(w, A, ¢g) = [0,1) NY,,. Furthermore a (w, A) € SOT (d,w) is on spin-orbit
resonance of second kind iff it has a spin tune v of second kind such that m € Z% n €

Z which satisfy (8.15).

e) If (w,A),(w,A") € SOT(d,w) are on spin-orbit resonance of first kind, then
(w,A) ~dw (W,A/).

f) If (w, A), (w,A) € SOT(d,w) with (w,A) ~4.w (w,A") then the following hold.
Fither both of (w, A), (w, A") are on spin-orbit resonance of second kind or neither of
them. Furthermore either both of them are off spin-orbit resonance of second kind or

neither of them.

g) (Yokoya’s uniqueness theorem revisited) Let (w, A) € SOT (d,w) and let (1,w) be
nonresonant. Let (w, A) have an ISF S¢ and an ISF which is different from Sg and

—S¢. Then (w, A) is on spin-orbit resonance of second kind.

Proof of Proposition 8.10: See Section F.19. 0

8.5 The SPRINT theorem and a corresponding

spin tune algorithm

I now resume the theme of Section 7.7 and pose a question about the circumstances

for which a weakly trivial spin-orbit torus is an almost coboundary. As a matter of
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fact, as in Section 7.7, I confine to the case off orbital resonance for which Theorem
8.11 answers the question. On the basis of Theorem 8.11 I then prove the ‘SPRINT
Theorem’ (Corollary 8.12) and demonstrate its practical importance by outlining,
after Corollary 8.12, an algorithm, used in the code SPRINT, to compute spin tunes
of first and second kind.

Theorem 8.11 Let (1,w) be nonresonant and (w, A;) € WT (d,w). Thus, by Propo-
sition 7.5a, eq. (7.30) holds for ¢ € R, where M, = Indy(A,), fi := PHF(A;).
Then, abbreviating the zeroth Fourier coefficient of f1 by

Jio0 = (1/27T>d OZW T 027T f1(¢)dgy - - -dgy and defining fl =fi—fio € Cper(RdvR)7
the following hold:

a) (w,Ay) € ACB(d,w) iff the following conditions are satisfied: My = 0 and a
g € Cper (R R) exists such that (7.84) is true for all ¢ € RY.

b) Let My = 0 and let g € Cpe, (R4, R) exist such that (7.34) holds for all ¢ € R?
(thus, by Theorem 8.11a, (w, Ay) € ACB(d,w)). Then picking a N € Z* and defining
T € Cper(R%,S05(2)) by (7.29), the following hold. The spin-orbit torus (w, Ag) :=

Ryo(T;w, Ay) is almost trivial and, for ¢ € RY, we have

Ay(¢) = exp(J2m1s) (8.16)

where vy := | fio— NTw|. Moreover vy € Zi(w, Ay). The spin-orbit torus (w, Az) :=

Ry (TJ';w, Ay) is almost trivial and, for ¢ € R, we have
As(¢p) = exp(J2mvs) (8.17)

where v3 := | —f10+ NTw|. Moreover v3 € =1 (w, Ay).

¢) Let (w, A1) € ACB(d,w). Then (w, Ay) is well-tuned and

(L fiolle =Z1(w, A1) = Ea(w, A1) . (8.18)
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Proof of Theorem 8.11: See Section F.20. ]

Remark:

(1) Clearly, those spin-orbit tori in Theorem 8.11a, with M; # 0, are not almost
coboundaries. Another consequence of Theorem 8.11a is the following. Let
(1,w) be nonresonant and let (w, Aq), (w, As) € WT (d,w) such that M;, My #
0 and M? — M3 # 0 where M; := Inds(A;) (i = 1,2). Thus, by Theorem
7.14c, one observes that (w, A1) %#4. (w,As). Moreover, by Theorem 8.11a,
(w, A1), (w, As) are not almost coboundaries whence =;(w, A1) = Z1(w, Ay) =
(). Therefore (w, Ay), (w, A3) provide an example of two spin-orbit tori in the
same SO7 (d,w) and with identical Z; but which are not on the same Ry~
orbit. Thus this example shows that, in general, the converse of the first claim

in Proposition 7.12a is not true. 0

The following corollary to Theorem 8.11 I call the ‘SPRINT Theorem’ since it
presents the facts used by the code SPRINT for the numerical calculation of spin
tunes (of first and second kind) via stroboscopic averaging (for details on this code,
see the remarks after Corollary 8.12). Note that the notation Ay, My, fi, fi0 used in

Corollary 8.12 serves to facilitate the comparison with Theorem 8.11.

Corollary 8.12 (The SPRINT Theorem) Let (w, A) € ACB(d,w) and let (1,w) be
nonresonant. Let us choose aT € Cper(RY, SO(3)) such that (w, Ay) = Ry, (T;w, A) €
WT (d,w). Thus, by Proposition 7.5a, eq. (7.30) holds for ¢ € R, where M :=
Indy(Ay), f1 := PHF(Ay). Abbreviating the zeroth Fourier coefficient of f1 by
fro = (1/2m) [Z7 o [27 £1(¢)dy - - - da, the following hold:

a) The spin-orbit tori (w, A) and (w, A1) are well-tuned and their spin tunes of first

and second kind satisfy

(L fiolle = Eilw,A) =Es(w,A) = Z1(w, A1) = Za(w, 4y) . (8.19)
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b) We have My =0 and, for ¢ € R4 n=1,2,..,

n—1

W, 4, (n;6) = exp (j27r > file+ zij)> . (8.20)
§=0
Moreover, the zeroth Fourier coefficient of f1 reads as
1 n—1
fro= lim 2; hi2mjw) . (8.21)
]:

¢) The function t : Z — SO(3), defined by t(n) = T(2rnw), is an w-quasiperiodic
SPF of (w,A) over 0 € R? and for n = 1,2, ... we have

n—1

U, 4(n;0) =t(n)exp (jQﬂZfl(Qﬂjw))tT(O) : (8.22)

=0
The function S : Z — S?, defined by S(n) := W, 4(n;0)t(0)e! is a spin trajectory of
(w, A) over 0 € RY. Moreover forn =1,2, ...,

exp (i27rifﬂ27rjw)) = (e + i)t (n)S(n) . (8.23)

J=0

where, as usual, i denotes the complex root of —1 lying in the upper complex plane.

Proof of Corollary 8.12: See Section F.21. ]

Corollary 8.12 is of practical interest for the numerical calculation of spin tunes
(of first and second kind) via stroboscopic averaging in the code SPRINT [EPAC98,
BHV98, Hof, Vo, BHV00, BEH00]. Note that SPRINT also employs a second
method, which is due to Yokoya [Yo2] and different from stroboscopic averaging,
but which is of no relevance for the point [ want to make here. Thus in the following
paragraph I sketch, by using the notation of Corollary 8.12, that particular algorithm
in SPRINT which computes, via stroboscopic averaging, spin tunes of first and sec-
ond kind. Note that SPRINT performs this algorithm not just for a single spin-orbit

torus but for a whole family of spin-orbit tori (which constitute the spin-orbit system
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to be dealt with in a storage ring). This important circumstance, which is explained

in Remark 2 of this section, is essential for putting the algorithm into perspective.

Now I outline the algorithm as it is used, up to some modifications which do
not matter here, by the code SPRINT. Let (w,A) € SOT(d,w) be an almost
coboundary and let it be off orbital resonance, i.e., let (1,w) be nonresonant. As
a first step the algorithm computes an ISF Sg of (w, A) via the technique of stro-
boscopic averaging, which is a certain way of summing tracking data. As a matter
of fact, the algorithm merely computes S at the points ¢ = 0 and ¢ = 27 Nw
for some sufficiently large positive integer N, i.e., it computes the points G(0) and
G(2rNw) in S?. From that, by a simple orthonormalization procedure, the algo-
rithm computes a T € Cpe,(R% SO(3)) whose third column is G. In fact, the
algorithm merely computes T at the points ¢ = 0 and ¢ = 27Nw, ie., com-
putes the points 7'(0) = t(0) and T'(2nrNw) = t(N) in SO(3). Note incidentally
that, by Theorem 7.9, one has Ry, (T;w,A) € WT(d,w). So, let us abbreviate
(w, A1) == Ryo(T;w,A) € WT(d,w) because we are in the situation of Corollary
8.12. On the other hand the algorithm computes in a recursive way, via spin track-
ing, the points S(1),..., S(N) in S* where S(n) := ¥, 4(n;0)t(0)e'. Now Corollary
8.12 comes into play since the algorithm uses the data t(N), S(N) to compute a spin
tune as follows. If IV is sufficiently large (order of magnitude N = 100000), then, by
Corollary 8.12b, we have

N-1

Nf1,0 ~ Z f1(27rjw) )
j=0

whence by Corollary 8.12c,

2

exp(i2nN | f10]) = exp(i27 N f19) =~ exp (z'27r f1(27rjw))

Il
o

J

= (e! +ie))TtT (N)S(N) .
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Thus for large N a (unique) v € [0, 1) exists such that

exp(i2rNv) = (e' +ie*)"t'(N)S(N) , (8.24)

Lfiol = v. (8.25)

To summarize: Solving (8.24) for v € [0,1) the algorithm obtains an approximation
of | fio]. However, by Corollary 8.12a, | f1 0] is a spin tune of first and second kind of
(w, A). Thus v is an approximation of a spin tune of first and second kind of (w, A)

which completes my outline of the algorithm.

In retrospect one sees that the algorithm, being a blend of concepts and facts
established in Chapters 7 and 8, computes t(N),S(N) and applies (8.24). The
computation of ¢(N),S(N) is done by tracking, i.e., by solving the equations of

motion (6.1),(6.2) in a recursive way.

Remark:

(2) We recall from the Introduction (see Section 5.1) that, in the situation of
a storage ring, one is not only faced with a single spin-orbit torus but with a
continuous family of spin-orbit tori labelled by an action-parameter J, i.e., with
a spin-orbit system. Then the spin tune | f1 o] unfolds into a family of spin tunes
paramterized by J. This function | fi o] of J is called the ‘amplitude dependent
spin tune (ADST)” and experience shows that it is piecewise continuous in J.
The piecewise continuity in J is due to the continuity of w in J and to the fact
that T is constructed in a way such that it depends piecewise continuously on
the parameter J. The latter is achieved, thanks to the stroboscopic averaging
technique, by constructing the above mentioned ISF Sg (whose generator G is
the third column of T') such that G is a piecewise continuous function of the
parameter J and by performing the orthonormalization procedure, which leads

from G to T, in a piecewise continuous way.
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Of course, the code SPRINT has to discretize the continuous J-values into
a grid, and, once having choosen this grid sufficiently dense, SPRINT nicely

exhibits the piecewise continuous dependence of | f1] on J. ]

A completely different method of computing spin tunes is based on the spectral
analysis of spin trajectories which is briefly outlined in Section 8.3. This method is

outlined in even greater detail, for the flow formalism, in [BEHO04].

8.6 The impact of Homotopy Theory on spin tunes
of first kind

In this section I state and prove Theorem 8.15. Parts ¢) and d) of this theorem display
how Homotopy Theory has an impact on the individual values of the spin tunes of
first kind. In fact, in the situation of Theorems 8.15¢,d, = (w, A) partitions into sets
in a way, such each of these sets is associated with a certain subset of [R? SO(3)],.
For more details and the practical implications of this, see the remarks after Theorem

8.15. Recall that [R?, SO(3)]a, is defined in Definition C.19.

Definition 8.13 Let (w, A) € SOT (d,w) and s € {1,—1}%. Then Z5(w, A) is de-
fined by

El(w,A) :={PH(A") : (w,A") = Ry(T;w, A) € AT (d,w),
T € Cper(R%,SO(3)), Inds 4(T) = s} .

Clearly for every (w, A) € SOT (d,w) we have

Siw, A= |J EwA4). (8.26)
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With x € RF, s € {1, —1}F I define

Vi={m"x+n:meZfneZs=((-)™ . (1))} CY,,

T
ylal = {%*" neZymeZF (—1)™, o (=1)™) £ (1, .., 1)},
where Y, is given by Definition D.1. (|

Proposition 8.14 If (w, A) € WCB(d,w) and s € {1,—1}¢ then there exists T €
Cper (R, SO(3)) with SO(3)-index s such that Ry, (T;w, A) € WT (d,w). If (w, A) €
ACB(d,w) then, for everyt € {1, —1}¢, 2t (w, A) is nonempty.

Proof of Proposition 8.14: See Section F.22. ]

If Z(w, A) is nonempty then, by Proposition 8.14, each Z5(w, A) is nonempty
which raises the option to see some structure in =3 (w, A) leading to the question of
whether the Z%(w, A) overlap or don’t, i.e., the question of whether the union on
the rhs of (8.26) is disjoint or not. Theorem 8.15 gives conditions under which the
=3 (w, A) indeed don’t overlap. For the implications of this, see the remarks after

Theorem 8.15.

Theorem 8.15 Let (w,A) € SOT(d,w) and let (1,w) be nonresonant. Then the
following hold.

a) Let (w,A) € ACB(d,w) and let Ty, Ty € Cper(R%, SO(3)) such that (w, A;) =
Ry (Ti;w, A) € AT (d,w) where i = 1,2. Abbreviating v; := PH(A;), wherei = 1,2,
and s := Indz 4(TT'Ty) then either (v, — 1) € Y2 or (11 + 1) € V2.

b) Let (w, A) € ACB(d,w). If one picks, by using Proposition 8.14, av in 2" (w, A)

then one obtains, for every s € {1,—1}4,

El(w,A) C{ev+y:yeY;ee{l,—-1}}. (8.27)
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¢) If 21 (w, A)NY W =0 and s,t € {1, —1}¢ with s # t then Z5(w, A)NZ (w, A) = 0.

d) Let (w, A) have an ISF S¢ and let it also have an ISF which is different from Sg
and —Sg. Then Z1(w, A) # 0 and, for s #t, Z5(w, A) N = (w, A) = 0.

e) Either Z1(w, A) C YU or = (w, A) N Y/ = ().

Remark: The burden of the proof of Theorem 8.15 is on the proof of Theorem 8.15a.
Proof of Theorem 8.15: See Section F.23. O

Since Theorems 8.15¢,d give conditions under which the =5(w, A) don’t overlap
they display at the same time how Homotopy Theory impacts the spin tunes of
first kind, as follows. Let (w,A) € ACB(d,w) and s' # s® such that =5 (w, 4) N
=5 (w, A) = 0. If v; € Z5 (w, A) then, by Definition 8.13, a T; € Cpe,(R?, SO(3))
exists with Inds4(T;) = s' and such that (w, 4;) := Ry (T;;w, A) € AT (d,w) and
v; = PH(A;) where i = 1,2. Since s' # s* we have Inds 4(T1) # Indsq(Ts) whence,
by Proposition C.18e, T} ¢2S7Z)(3) Ty, i.e., Ty, Ty are not 2w-homotopic w.r.t. SO(3).

I now discuss some aspects of the situation, in which the =Z5(w, A) don’t overlap,
that are not only of theoretical but also of practical interest. Let (w, A) € ACB(d,w)
such that the =5 (w, A) don’t overlap. Then the elements of E&l’“"l)(w, A) are rather
exceptional as follows. I recall from Definition 8.13 that for each element v of
Egl““’l)(u},A) a T € Cpr(RY, SO(3)) exists with Inds4(T) = (1,...,1)T and such
that (w, A’) := Ry (T w, A) € AT (d,w) and v = PH(A’). Note that, by Definitions
C.12,C.14, every lifting of T w.r.t. (S? py, SO(3)) is a function T € Cper (R, S?),

i.e., is 2w-periodic. Thus in computer codes which compute 7" in the quaternion for-

malism, i.e., which deal with 7', the elements of Egl """ 1)(cu, A) require a 2m-periodic
T whereas each element of Z;(w, A) Egl""’l)T (w, A) requires a T which is not 27-

periodic. In other words, the spin tunes of first kind which are associated with

2m-periodic T"s, are rather exceptional. This phenomenon, which occurs in a sim-
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ilar way also in the spinor formalism (the latter formalism is mentioned in Section
5.3), was observed in [Hof, Section 4.1],[Yo2] and accordingly the present section is

inspired by these two works.

8.7 Further properties of invariant spin fields

Lemma 8.16 Let G € Cpe. (R4 S?) be of class C and let w € RY. Then a (w, A) €
SOT (d,w) exists which has an ISF S¢ generated by G.

Proof of Lemma 8.16: See Section F.24. O

I now resume the theme of Theorem 7.10.

Theorem 8.17 Let w be in R? such that (1,w) is nonresonant and d > 2. Then
there exists a (w, A) € (SOT (d,w) \ WCB(d,w)) which has an ISF Sg. For every
such spin-orbit torus, Sqg and —S¢q are the only ISF’s.

Proof of Theorem 8.17: See Section F.25. O
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Chapter 9

Reconsidering the Z-actions L, 4

(PF)
and L A

W,

In this section I reconsider the Z-actions L, 4 and ng) introduced in Chapter 6.
9.1 Carving out the topological Z-spaces (R L, 4)
as skew products of the topological Z-spaces

(RY, L)

Proposition 9.1 Let (w, A) be a d-dimensional spin-orbit torus. Then the function
h: R — R? defined, for ¢ € RL S € R3, by h(¢y, ..., 04, S) = (o1, ..., 0a)T, is
a continuous Z-map from the topological Z-space (R¥3 L, 4) to the topological Z-
space (R% L,,). Moreover, the topological Z-space (RT3 L, 4) is a skew product of
the topological Z-space (R%, L,,).

Proof of Proposition 9.1: See Section F.26. O
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With Proposition 9.1 I can now put (6.6) into perspective. In fact, while in Section
6.1 T derived (6.6) from (6.1),(6.2) I now derive (6.6) in a different way. Since, by
Proposition 9.1, (R¥3 L, 4) is a skew product of (R¢, L) I can apply Remark 1 in
Appendix B. According to that remark we get, for n € Z,¢ € R% S € R?,

where the function L” : Z x R — R3 satisfies, for m,n € Z, ¢ € R%, S € R?,
L'(n+m;,8) = L"(n; ¢ + 2mmw, L"(m; ¢, 5)) (9.2)

where I also have used (6.14). Imposing the condition that L”(n; ¢,.S) is linear in S
I get, forn € Z,p € R%, S € R?,

L'(n;¢,8) = L"(n;¢)S , (9.3)

where L is a function from Z x R? into the set of real 3 x 3 matrices. It follows

from (9.2),(9.3) that, for m,n € Z,¢ € R, S € R3,
L"(n+m;¢)=L"(n; ¢+ 2rmw)L" (m; ¢) , (9.4)

which is indeed (6.6) expressed in terms of L. We conclude that (6.6) follows from
the facts that (RT3, L, 4) is a skew product of (R?, L) and that the S-dependent

components of L, 4(n; ¢, S) are linear in S.

9.2 Carving out the topological Z-spaces (R"™ L, 4)
as extensions of the topological Z-spaces (T? x

T
R?, L))

As mentioned in Section 6.1, the spin-orbit motion in R¥*3 is closely related to an

associated spin-orbit motion in T¢ x R? which is characterized by the Z-action Lwﬂ
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on T¢ x R? that is defined in Proposition 9.2b. In fact while the emphasis in the
present work is on orbital motion in R?, a deeper study of spin-orbit tori will need a

stronger focus on orbital motion in T¢ and therefore the present section give a brief

glimpse into this.

The d-torus T? is defined by Definition C.2. Proposition 9.2, stated below, ex-
hibits the relation between Lf’zl and L, 4. But before I come to that I define the
function ps 4 : R — T x R3, for ¢ € R?, S € R?, by

poa(,8) = | P2 ) _ [ expl9) (9.5)
s s

will turn out to be a Z-map from (R, L, 4) to (T? x R3, LEUTA) Note that, choosing

the product topology on T¢ x R3, we see that ps 4 is a continuous. Moreover, ps 4 is
onto T¢ x R3. One can even show that (R?™3, ps 4, T? x R?) is a Hurewicz fibration

(see Appendix C) but this property is not needed in this work.

If (w,A) is a d-dimensional spin-orbit torus then W, 4(n;-) € Cpe,.(R%, SO(3))

whence it has a unique factor ¥/, 4(n;-) € C(T% SO(3)) wr.t. (R% pyq, T, ie.,

La(n; ) = FAC (W, 4(n;-); SO(3)). In other words, ¥/, , : Zx T — SO(3) is the
unique function such that for n € Z, ¢ € R,

Vo,a(n; @) = W, 4(n: paa()) - (9.6)

I can now state the proposition.

Proposition 9.2 a) Let w € RY and let the function L5 7 % T4 — T4 be defined,
forn € Z,z € T?, by

T
LT (n; 2) = (exp(i27rnw1)z1, ...,exp(ianwd)zd) : (9.7)

Then LL(UT) is a Z-action on T?. Moreover (']I‘d,quT)) 15 a topological Z-space and

Pad 15 a continuous Z-map from the topological Z-space (R%, L) to the topological
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Z-space (']Td,LE)T)). Furthermore the topological Z-space (RY, L,,) is an extension of

the topological Z-space (T4, LE,T)).

b) Let (w, A) be a d-dimensional spin-orbit torus and let the function ngx 7 x T x
R3 — T4 x R3 be defined, forn € Z,z € T¢, S € R3, by

L (n;
L0 (3 2, S) = e ) (9.8)
’ /
w,A(n; Z)S
where W, 4 is defined by (9.6), i.e., U, 4(n;-) = FACq(V,, a(n;-); SO(3)).

Then LLT}‘ is a Z-action on T? x R3. Moreover (T% x R3, LEUTA) is a topological Z-
space and ps 4 is a continuous Z-map from the topological Z-space (R43, L, 4) to the
topological Z-space (T4 x R3, LEJTA) Furthermore the topological Z-space (RT3 L, 4)

is an extension of the topological Z-space (T4 x R3, LEJTA)

c) Let (w, A) be a d-dimensional spin-orbit torus and let (T? x R3, L) be a topological
Z-space. If the function ps g4 is a Z-map from the topological Z-space (R*3, L, 4) to
the topological Z-space (T¢ x R3, L), then L = Lg) .

d) Let (R43 L) be a topological Z-space, let (w, A) be a d-dimensional spin-orbit
torus and let the function psq be a Z-map from the topological Z-space (RT3 L)
to the topological Z-space (T x R%Lg%). Then a N € Z% exists such that, for
neZ,¢eRLS eR?,

L(n: 6,8) = ¢ + 2mnw + 2tnN ‘ (9.9)

Woy,a(n; @)S
Conversely, if N is an arbitrary element of Z¢ and if a function L : 7 x R4*+3 — RI+3
is defined, forn € Z,¢ € R4, S € R3, by (9.9), then (R*3, L) is a topological Z-space
and ps q 15 a Z-map from the topological Z-space (RT3 L) to the topological Z-space

(T x R3, L&TA) making the former an extension of the latter.

Proof of Proposition 9.2: See Section F.27. O
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Due to (F.103) in the proof of Proposition 9.2b and due to Appendix B the

function W], 4 in Proposition 9.2b is a SO(3)-cocycle over the topological Z-space
(T, L.

9.3 A principal SO(3)-bundle underlying SO7 (d)

The theory of spin-orbit tori developed so far in this work will in the present section
be reconsidered in terms of the principal SO(3)-bundle Asor(q), defined by (9.12).
For every (w, A) € SOT (d) we recall from Section 6.2 that U, 4 is a SO(3)-cocycle
over the topological Z-space (R?, L,). In Section 9.3.1 I will show that this allows
me to encode (w, A) into a group homomorphism, P, 4, from the group Z into the
automorphism group 2Aut gun(so)) (Asor()) of Asor(). This technique was appar-
ently introduced, in the context of Dynamical Systems Theory, by Zimmer in the
1980’s [Zi2] and further developed by Feres and coworkers in the 1990’s [Fe, Section
6]. Thus for brevity I call this technique the ‘Feres machinery’. The Feres ma-
chinery shows us in Sections 9.3.3 and 9.3.4 how, via ®, 4, the associated bundle
Asor(a)[R?, LBD) which is defined by (9.33), carries the two basic Z-actions, L, a
and LEfF), of spin-orbit theory. I thus fulfill the motto, mentioned at the beginning
of Chapter 9, of reconsidering L, 4 and Liif). Furthermore I prove in Section 9.3.5
a theorem, Theorem 9.5a, which is a special case of the reduction theorem which
apparently was introduced by Zimmer. In particular our theorem shows the relation
between invariant spin fields and invariant SO3(2)-reductions of Aso7(4). Note that
a reader who is interested in Section 9.3.5 can skip Sections 9.3.3 and 9.3.4. Clearly
the present section widens the perspective since it demonstrates how the principal

SO(3)-bundle Aso7(g) underlies the theory of spin-orbit tori.

The facts and features of principal bundles and their associated bundles which

are needed here are presented in Appendix E where I follow the elegant treatment
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of Husemoller’s book [Hus| which uses Cartan principal bundles (another textbook

which uses Cartan principal bundles is [Mac]).

9.3.1 The principal SO(3)-bundle Aso7 ()

The principal SO(3)-bundle Aso7(g) I introduce in this section is a product principal
bundle and its underlying bundle is defined by

é‘(Sl<)9T(d) = (]Rd X 50(3),p§<)97(d),Rd) ) (9.10)

where the function pg()gﬂ e R? x SO(3) — R? is the projection onto the first
component, i.e., pg()gT(d)(qﬁ, R) := ¢ for ¢ € R4 R € SO(3). Clearly, by Definition
C.1, 5‘(;()97( d) is a bundle and, since pg()oT( d) is onto R?, it is a fiber structure. Of
course fél()oT( d) is a product bundle. To ‘unfold’ the bundle 5‘(91()97( d) into a principal

bundle I define the right SO(3)-action RS}, on RY x SO(3) by
R$rw (R0, R) = (6,RR) (9.11)

where ¢ € R4 R, R’ € SO(3). Clearly (R? x SO(3), Rgl()QT(d)) is a topological right

SO(3)-space. One thus arrives at the quadruple

() 1) _ (md 1) d p()
Asot() = (5o Bsor@) = R x SO3), pgorwy R, Rsorw) - (9-12)

In Section E.6.1 it is shown that the topological right SO(3)-space
(RYx SO(3), RES‘I()DT( d)) is principal and that Aso7(q) is a principal SO(3)-bundle. Note
that )\g()”.( 4 Is called a ‘product principal SO(3)-bundle’.

Following Section E.6.1, T denote the set of morphisms from 5&)”( a to itself
in the category Bun of bundles by morBun(fél()QT( d)). Note that, by definition,
mtoer(gggT(d)) consists of the pairs (¢, @) for which ¢ € C(R4x SO(3), R¢x SO(3))
and ¢ € C(R?,RY) such that

= 1) _ @
YO Psord) = Psora) ¥ - (9.13)
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Following Section E.6.1, I denote the set of morphisms from Asorq) to itself in the
category Bun(SO(3)) of principal SO(3)-bundles by 9or gun(so(s)) (Asor@)). Note
that, by definition, 9Mor gun(so)) (Asor(a)) consists of the pairs (¢, @)

in WorBun(fél()QT( o) for which ¢ is a SO(3)-map from the right G-space (R? x
SO(3), R$by(y) to itself. Tt follows from (E.79) that Mor pun(so(s) (Asor() has

the following simple form:

IMor pun(so@)) (AsoT(a)) = {(90, @) € C(R? x SO(3),R% x SO(3)) x C(RY, R?) :
¢(¢)
flo)R
Note that if (¢, ®) € Morpunsom) (Asor@) then by (9.14) the functions @, f are

(V¢ eRY R e SO3))p(o, R) = . f € C(RY, 50(3))} . (9.14)

uniquely determined by ¢ and ¢ is uniquely determined by @, f. Given (p;, @;) €

IMOr Bun(so)) (Asor(a)) for i = 1,2 and writing, by (9.14), ¢;(¢, R) = (¢:(9), fi(¢)R),
the composition law of Bun(SO(3)) gives the morphism (2, ¥2)(p1,91) = (2 ©
p1, P20 (,0_1) c mOTBun(SO(i’)))(}\SOT(d)) where for QZ5 S Rd, R e SO(3>

<¢20¢1><¢,R>:¢2(¢1<¢>,f1<¢>1%>)= f((f(;;?(fzm - (9.15)

Denoting by 2Aut gun(sos)) (Asor(a)) the set of isomorphisms in Mor pun(so()) (Aso7d))

it follows from (E.82) that
Qut pun(so) (Asot(@) = {(% p) € C(R? x SO(3),R? x SO(3)) x HOMEO(R?,R) :
?(¢)
f(o)R

where HOMEO(R?,RY) denotes the set of homeomorphisms from R? onto itself.

(Vo eRY Re SO3))p(¢,R) = . f € C(RY, 50(3))} . (9.16)

Note that, for every category, isomorphisms from an object to itself are called ‘au-
tomorphisms’, which explains the notation 2Aut Bun(so(g))()\soq’(d)). Note that
Aut gun(so3)) (Asor(q)) has a canonical group structure where the multiplication is

given by the composition law of Bun(SO(3)).
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Following Section E.6.5 I now encode the spin-orbit tori in SOT (d) into subgroups
of Aut pun(so(3))(Asor@). Recalling Section 6.2, we have the function psor) :
SOT(d) — COC(R?,7Z,S0(3)), which is defined for (w, A) € SOT(d) by (6.15).
Since psor(q) is an injection it allows to encode spin-orbit tori into cocycles. More-
over, recalling Section E.4, I denote by HOMz(Asor(q)) the set of group homo-
morphisms from Z into Aut pun(so()) (Asor()) so Section E.6.5 gives us an injection
praz.so@ @ COCRYZ,SO(3)) — HOMz(Asor() which is defined for (I, f) €
COC(RY,Z,50(3)) by

prezso@)(l, f) =@, (9.17)
where, for n € 7Z,
®(n) == (p(n;-), Un; ), (9.18)
and where, for n € Z, ¢ € R4 R € SO(3),

smo R = W) (9.19)
f(n; )R

Note that the injection praz go(3) is a special case of a more general construction
which is outlined in Remark 1 of Section E.6.5 and which is based on the cross
sections of the bundle 5&)97((1). It follows from (6.15), (9.17),(9.18) (9.19) that for
(w,A) € SOT (d)

(Praz,50(3) © PsoT(a)) (W, A) = praz.50(3)(Lwy Ywa) = Py a (9.20)

where, for n € Z,

Py, a(n) = (Pu,a(n; ), Lu(n;-)) , (9.21)

and where for n € Z,¢ € R4, R € SO(3)

L .
Pu,a(n; @, R) := ‘ = : (9.22)
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Since psor(d) and pra 7, s0(3) are one-one, it follows from (9.20) that every spin-orbit
torus (w, A) € SOT(d) is uniquely characterized by the group homomorphism @, 4
whence (w, A) is encoded in the subgroup @, 4(Z) of Aut gun(so(s))(Asor@))- I call
the group homomorphisms @, 4 ‘tied” to SOT (d).

Equipping Z with the discrete topology one concludes from Section E.6.5 that
Priz,50(3) 15 a bijection onto HOMz(Asor@)). Thus, given a & € HOMz(Asor(a))
and since praz so(3) is a bijection onto HOMz(Asor(a)), eq. (9.17) holds where
(I, f) € COC(R? Z,S0O(3)) is defined by (I, f) := pﬂgi,Z,SO(S)(q))' It is easy to see
by (9.17),(9.18) (9.19) that ® is tied to SOT (d) iff I(1;-) is a translation on R? and
f(1; ¢) is 2m-periodic in ¢. Thus not every group homomorphism in HOMz(Aso7(a))
is tied to SOT (d).

It is also worthwile to note that since, for (w, A) € SOT(d), the function @, 4
is a group homomorphism it follows from the composition law of Bun(SO(3)) and

(9.21) that ¢, 4 is a Z-action on R? x SO(3).

To discuss Ry, in the context of Asor(q), let (w,A), (w,A") € SOT(d),T €
Cper(R4,SO(3)) and Ry, (T;w, A) = (w, A’). Thus by Theorem 7.3a we have, for
n€Z,¢cRY,

Vo (1 9) = T (Lo (15 9)) Vo a(n; )T () - (9.23)
It follows from (9.20) that
(PR z,50(3) © PsoT@) (W, A') = priz s0@) (Lws You) = Py ar,  (9.24)
where, for n € Z,
Dy ar(n) = (Cw,a(n; ), Lu(n;-)) (9.25)
and where for n € Z,¢ € R4, R € SO(3)

o a6, R) = Lo(n; ¢) _ L,(n; ¢) (9.26)
Wy (n; 0)R TT(Ly(n;0)) Wy a(n; o) T (o) R
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where in the second equality I used (9.23). I define 7 € C(R? x SO(3),R? x SO(3)
for ¢ € RY, R € SO(3) by

er(9, R) == : (9.27)
T(¢)R

Using (E.12),(E.141) the gauge group of Aso7(g) reads as

Satpun(som) (Asor)) =

{¢ € C(R? x SO(3),R* x SO(3)) : (i, idga) € Aut pun(so))(Asor()}
={p € C(R? x SO(3),R? x SO(3)) :

¢

(V¢ € RY, R € SO(3))p(¢, R) =
f(@)R

,feCRY SO(3))},(9.28)

whence pr € Saupun(sos)(Asor@) and P = (pr, idge) € Aut pun(sos)) (Asor(a))-
I define " € HOMz(Asor(ay) for n € Z by
& (0) = B a (1)1 = (o dgs) (P (15), Lls ) (o1 idga)

= (7" 0 pua(n;) o or, Lu(n; ) (9.29)

where I also used (9.21). One concludes from (9.22),(9.29), (E.146) that for n €
Z,p € RY R e SO(3)

) L(n; ¢)
q) n ¢,R - 7Lw n?
e 1 ( TT(Ly(n; )Wy a(n; )T (0)R ( >>
B Ly (n; ¢) .
_ ( B L ,¢>) . (9.30)

One concludes from (9.25),(9.26),(9.30) that ®,, 4 = ®" whence I have shown that the
transformation via Ry, (T’ -) corresponds in Aut gy (soe)) (Asor()) to a conjugation
by ®r. In other words, on the level of Aso7(q), the gauge group Saupun(so)) (Asor(d))

takes over the job from the group C,.,(R%, SO(3)).
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9.3.2 The bundle A\so7r(g)[R? LBP)] associated with Asor(a)

In this section I introduce the bundle Aso7(q) [R3, L(3D)] which in the ensuing sections
will be the substratum by which Aso7(4) carries the Z-actions L, 4 and Lu(fj). I define
the topological left SO(3)-space (R?, L®)) where the function LB3P) : SO(3) x R? —
R? is defined by

LBP)/(R;S) .= RS, (9.31)

with S € R}, R € SO(3) and where RS is the matrix product of R and S. Fol-
lowing the standard technique of constructing associated bundles, which is outlined
in Section E.2 and, for the case of product principal bundles, in Section E.6.2, one
defines the function Rg()oT(d) 1 SO(3) x RY x SO(3) x R? — R? x SO(3) x R? for
¢ €RY R, R € SO(3),S € R? by

¢
R(l) (R"(}5 R)
R?  (R:$,R,S):= [ SCT@V ™ - ol (9.32
sor)(f5 9 ) LOD) (R-1. §) RR (9.32)
RS

and observes that (R x SO(3) x R?’,Rg()gﬂ 1)) is a topological right SO(3)-space.
Denoting the orbit space of (R? x SO(3) x RB,RfSQ()OT(d)) by Eé?gT(d), i.e., in the
notation of Appendix B, Eé%T( g = (R4 x SO(3) x R?)/ RgQ()QT( o) and the canonical

surjection: R? x SO(3) x R? — Eggﬂ 4 by pg()ﬁ( 4)> One obtains the bundle:

3 3 3
Asor@[R?, LEP)] =: fé(%T(d) - (Eéc)OT(d)7pfsf)97(d)’Rd) ’ (9.33)

where the continuous function pgg)ﬂ Nk Eg’()gﬂ Q) R? is the unique function:

Eé?g)T( 9 = R? which satisfies

(3) (2) _ (@)
Psor) ° Psor(a) = Psor(d) - (9.34)

One calls 5;%7( d) the ‘bundle associated with Asp7(4) via the topological left S 0(3)-
space (R3, L(3D))’. Note again that the above properties of the associated bundle
follow from Sections E.2 and E.6.2.
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9.3.3 How Aso7() carries the Z-action L, 4

I now have all ingredients at my disposal to apply the Feres machinery. As out-
lined in Sections E.3 and E.6.4, this machinery provides us with a canonical left
Aut pun(so3)) (AsoT(a))-action, LS()?T( 4 on Eéi)?T( d) and this will allow us in the
present section to recover L, 4. Specializing (E.41) to the present case it is shown in
Section E.3.1 that the function Lfs%ﬂ g Aut pun(so3)) (AsoT(ay) X E‘(S?z)?T( 3~ EéBgT( 4)
which is defined for (¢, ) € Aut pun(so@)(Asor@) and ¢ € R, R € SO(3), S € R?
by

1 @ 2
L@y (#: 8 Psdrray (@, B, S)) = Didra(#(0, R), S) , (9.35)
is a left Aut pun(so)) (Asor(a))-action on Eég()oT( 0) whence (EéB(;T( i) Lg()of( d)) is a left

Aut pun(so)) (Asor(q))-space. Note that by Section E.3.1 Lf;()oT(d)(‘/’v @;+) is a home-

omorphism onto Eég()gT( D With now showing that the bundle fé%ﬂ 4 18 trivial I con-

struct a left Aut pun(so)) (Asor(q))-space which is conjugate to (Eég()QT( 4 Lfg%T( d)).
Specializing (E.84) to the present case I define the function rél()QT( 0 R? x SO(3) x
R3 — RS for ¢ € R4, R € SO(3), S € R3 by

) ¢ ¢

O (6, R, S) == = (9.36)
ST LBP)(R; S) RS

and conclude by Section E.6.2 that there exists a unique function rgQ%T( nE Eég(;T( 0

R3 guch that

(2) (2) _ .
Tso1(d) © Psot(@y = TsOT () (9.37)

and that Té2()97( o isa homeomorphism onto R¥*3. Defining the bundle

(4) _ (Tpd+3 (4) d
SSOT(d) =(R N 7pSOT(d)aR ), (9.38)
where pg()gT(d)(ng, S) = ¢, we know from Section E.6.2 that (réQ()OT(d),ide) is an

isomorphism from fég()”( o to 5;4()97( d) in the category Bun of bundles. Thus the
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bundle 5;32)7( d) is trivial. Specializing (E.102) to the present case I define the function

Egc)of(d) s Aut pun(s0(3)) (Asor(a)) X R — R for (¢, ) € Aut pun(so() (Asor())
and ¢ € R? S € R? by

EQBQT(@(%@?@ S) = TéZ()gT(d)<Lg()97(d)(907@§ (7"(92()97(@)71(@5))) , (9:39)

whence

7 (1) <. 2) ) (1) .
LSOT(d)(% @;-) o T'sor@ = "sor(a) © LSOT(d)(% @) - (9.40)

Since L‘(slgof( D is a left Aut pun(so()) (Asor(a))-action on Eé%ﬂ D and ré2()97( a is a bi-
jection onto R¥*+3 it follows from (9.40) that flg()gT( ! left Aut gun(so(s)) (AsoT@))-
action on R and that the left Autp.ns0(3) (AsoT(a))-spaces (EéS()OT( d),ng)T( d)),
(R4+3, Ef'sl()of( 4) are conjugate. Note also that since Lg()of( o (@, #;+) is a homeomor-
phism onto E‘(SP)()?T( 0) and réz(;T( g 152 homeomorphism onto R4*3 it follows from (9.40)
that Efsl()oT( d)(go, @;-) is a homeomorphism onto R¥*3. In fact we will now see that
Lsora
for (¢, ¢) € Aut pun(so@) (Asor@) and ¢ € RY R € SO(3), S € R?

has a very simple structure. Specializing (E.104) to the present case I obtain

Lty (#: 26, 5) = 1504 (9(6, R), LA (R 9)) = 1§70 (0(6, R), R7'S) .
(9.41)

Of course if (¢, p) € Wut pun(so@)) (Asor(a)) then by (9.16) we have for ¢ € R, R €
SO(3)

@(0)
flo)R
where f € C(R?, SO(3)). Thus by (9.36),(9.41) I obtain for

(¢, @) € Qut punso) (Asor@)) and ¢ € RY, R € SO(3),S € R? the simple formula

p(¢, R) = : (9.42)

L3y (0.2:0.8) = S a)(0(0). F($)R.R'S) = f(z;; - (9.43)
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Note also that (9.43) confirms our assertion that fﬂ(sl()oT( 4 (¢, @; ) is a homeomorphism
onto R4, To bring spin-orbit theory into the picture I now pick a spin-orbit torus

(w, A) € SOT (d) and conclude from (9.21),(9.41) that for n € Z,¢ € R4, S € R3

LS()QT(d)( a(n); ¢, 8) = LSOT(d)(SOw,A(m )y Lu,a(n;-); ¢, 5)

- Tg(Sl()?T(d) (‘;Ow A(n; ¢7 )7 - ) ) (944)

where @, 4 is given by (9.22). It follows from (6.9),(9.22),(9.36), (9.44) the remark-
able result that forn € Z, ¢ € R4, S € R3

LS()DT(d (Pu,a(n); ¢, S) = TS(DT(d)(SOw,A(n;QSa R),R™'S)

+2
- Tél()of(d)(¢ + 2mnw, U, a(n; )R, R71S) = ¢ ( 7m<;)
\ij,A n; ¢ S

Having thus recovered L, 4 I put this into perspective by defining the function [A/w’ A

®3) ®3) ®3)
7 X ESOT(d) ESOT(d) forneZ,z € ESOT(d) by
> 1
Lua(n:2) = Lghrq)(@u,a(n); 2) - (9.46)
Since Lg()DT( g Is a left. Aut pun(so)) (Asor(a))-action on Eé%ﬂ d) and since @, 4 is
a group homomorphism into Aut gun(so)) (Asor(a)) it follows from (9.46) that I:w, A
is a Z-action on E‘SS?)()DT( g Since ng)T( a)(®u,a(n);+) is continuous, it follows from
(9.46) that L, A(n;-) is continuous whence (Eég()oT( i) Ly, 4) is a topological Z-space.

Furthermore one concludes from (9.40),(9.45),(9.46) that for n € Z

(2) 1) (2) (2) (1) .
Lia(n;-) o T'sor) = LSOT(d)((I) an);-) e Tsor = "sor) ° LS(’)T(d)<(D a(n);-)

2
= Té()OT(d) o Lya(n;-) . (9.47)

In other words, since ré()gT(d) € HOMEO( é%T(d),Rd+3), (9.47) tells us that the
topological Z-spaces (ES()QT( 0): L, 4) and (R™3, L, 4) are conjugate. This fact demon-

strates how Asp7(q) carries L, 4 in a canonical way and it thus establishes Aso7(a)
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as an appropriate principal bundle. Note also that specializing (E.40) to the present

case one observes, for every integer n,

(Loa(n:), L(n5-)) € MO pun (€57 ()

A

and, by Remark 1 in Section E.3.1, obtain that (L, a(n;-), L,(n;-)) is a fibre mor-
phism on fg’()gﬂ g S0 that (9.47) reveals a close relationship between spin-orbit tra-

jectories and the fibre morphisms on the associated bundle.

9.3.4 How Asor(g) carries the Z-action ij)

In the previous section I employed the canonical left QlutBun(So(g))()\goy(d))—action
Lg()DT( d) and in the present section I build up on that. In fact, as outlined in detail
in Sections E.3.2 and E.6.4, the Feres machinery provides us with a canonical left
Aut gun(so3)) (AsoT(a))-action, ngﬂ( 4 O the set I'(¢€(3)) of cross sections of the asso-
ciated bundle and it will allow me in the present section to recover ng). Specializing

(E.46) to the present case it is shown in Section E.3.2 that the function ng)T( a0

Aut pun(so@) Asor@) X T(E®) — T(€®)) defined for (¢, @) € Aut pun(sos) (AsoT(a))
and o € T'(€®)), ¢ € RY by

(L?éﬂd)(so’so;a))w) = Loy (0 8 0(671(9))) (9.48)

is a left Aut pun(so)) (Asora)-action on I'(¢€®)) whence (T(£®), Lg()DT(d)) is a left

Aut pun(so)) (Asor(a))-space. Clearly nggﬂ 0) builds up on nggﬂ 0)- Specializing
(E.107) to the present case I define the function rg’()ﬁ( 0 LB — T(EW) for

o€ F(§(3)) by

3 2
ré()oT(d)(a) = ré()oT(d) oo . (9.49)

It is shown in Section E.6.4 that 74593()97( g 18 a bijection onto I'(¢™). Specializing

(E.110) to the present case I define the function ig()?T(d) s Aut un(so(3)) (AsoT @) *

143



Chapter 9. Reconsidering the Z-actions L, 4 and ij)

L(EW) — D(EW) for (¢, @) € Aut pun(soe) (Asor() and o € T(EW) by
Lo (#:#9) = 150r (0 (Lsor)(#: % (o) ' (@) , (9.50)
whence in analogy with (E.111)
zg()of(d)(% @) o Tég()DT(d) = Tég()DT(d) © Lg()of(d)(@> @) - (9.51)
Since nggﬂ o 18 a left Aul pun(so) (Asor(a))-action on I'(¢®) and r?()gﬂ 4 18 a bijec-

S
action on I'(€™) and that the left Aut gun(so)) (AsoT(a))-spaces (F(£(3)),Lg()97(d)),

tion onto I'(¢@) it follows from (9.51) that i(Q()QT(d) is a left Aut punsom) (Asor))-

(F(£(4)),I~/g()97( 1)) are conjugate. We will now see that zfch)oT( g has a very simple
structure. In fact specializing (E.113) to the present case one obtains for (p, @) €

Aut gun(soE)) (Asor@) and o € LEW), ¢ e R?
(iffém)(so, 7 o>) () = Lo (9. 50(571(9)) - (9.52)

Recalling Definition C.1 we have for ¢ € T'(¢%)) that pg%ﬂ OO0 = tdra whence for

¢ € R? we have

¢
o(@)=| . : (9.53)
(¢)
where 6 € C(R? R3). 1 thus obtain by specializing (E.114) to the present case the

simple formula

_ ¢ , (9.54)
fe™Hd)a(e™ ()

where f € C(R%, SO(3)) is determined from ¢ by (9.42). To bring spin-orbit theory
into the picture I now pick a spin-orbit torus (w, A) € SOT (d) and define the function
[Ajgj) :Zx T(EW) = T(EW) for n € Z, 0 € T(EW) by

o .
LYY (n:0) = Ly (Pua(n); o) . (9.55)
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Since [:592()97( 0) is a left Aut pun(so(s)) (AsoT())-action on I'(§ @) and since P, 4 is a
group homomorphism into Aut punso@)) (Asorw)) it follows from (9.55) that Lffj)
is a Z-action on I'(¢®) whence (F(§(4)),pr) is a Z-space. We conclude from

(9.21),(9.22), (9.45),(9.52),(9.53), (9.55) that for n € Z,¢ € R% 0 € T(¢W)

(LY (0;0))(0) = (Lgdrr 4y (Pu,a(); 0))(0)

= (LS @y (Pwa(n ), L a(ni ) 0))(0)

= LSz ay (a5 ), Ly a(n;); 0Ly a (=15 9))
= Liora s Looa(13); L a (=15 ), 6( Lo, a(—n: )

(w,a(n;
= Lffsl()gf d)(@w a(n;+), Lo,a(n;-); ¢ — 2mnw, 6(¢ — 2mnw))
(Pu A

n); ¢ — 2mrnw, (¢ — 2mnw))

= . (9.56)

Since by (9.53) the first component of no o € T'(¢®) carries any information about o
it is not a surprise that the Z-space (I'(¢@), [A/fjf)) is conjugate to a Z-space which
does not carry the redundant first component of (9.53). In fact I define the function

rsor@ | CRER?) = T(E5d ) for G € C(RY,R?) and ¢ € RY by

(o (@)(9) == Giﬁ) : (9.57)

(4)

@ ). For o0 = r557,)(G) we have by

Note that r?()ﬁ( g 15 a bijection onto I’(f’SOT( a)-
(9.53), (9.57) that G = ¢ whence one concludes from (9.56),(9.57) that for G €
C(RY,R3) and n € Z,¢ € R?

(£ 018 (@) (0) = ’

U, a(n; ¢ — 2mnw)G (¢ — 2mnw)

— <Té4()97(d) (\I/w,A(n; - 2mnw)G(- — 27mw))> ()
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so that by (9.50),(9.55) for G € C(R%,R?) and n € Z

4 T (PF 4
rsor (%,Am; = 2mnw)G(- - 2mw>) = L03 (:7507) (@)
7(2) (B
= Lsor(®Puw.a(n);rsora(G))
3) 2  (3) -1/,.(4)
= Tso7(d) (LSOT(d)(q)wvA(n>7 (rsor) 1(7"507(d)(G)))) :

(9.58)

: . 5 3 5 3 -
Defining the function Té()DT(d) : C(RY,R3) — F(Sé(;T(d)) by ré()gﬂd) = (rg()QT(d)) Lo
(4) (5)

TsoT(g) One observes that rgpor, is a bijection onto r? ) and that by (9.58)

SOT(d)
for G € C(R%,R?) and n € Z

U, a(n; - —2mnw)G(- — 2mnw)
(4) - ®3) 2 (3 ~1¢,.(4)
= (rsor) ' <TSOT(d) <LSOT(d)<q)W7A(n)7 (rsor() 1(TSOT(d)(G)))>)

= (Té5()97(d))_1 (Lg()DT(d) (Po,a(n); 7”?297(@ (G))> : (9.59)

By (6.20) we have for G € Cpe(R%, R?) and n € Z that
U, a(n; - —2mnw)G(- —2mnw) = LE)I;F) (n; G) whence by (9.59) we obtain the remark-
able result that for G € Cper (R4, R3) and n € Z

PF _
LYV (:G) = (r$hria) 1(L%ﬂdx@w,A(n);ré%T(d)<G>>) ., (9.60)

)

. . PF) . : . .
which tells us how Aso7(q) carries LL 4 in a canonical way. In particular since

Lgc)oT( 4 acts on F({égg)ﬂ 4) we see in (9.60) a close relationship between polarization

fields and cross sections of the associated bundle.

9.3.5 Reducing the structure group SO(3)

The most important objectives of the Feres machinery are the reduction theorems

and the rigidity theorems [Fe| and in this section I will be concerned with the former
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(the latter are beyond the scope of this work). The reduction theorems deal, in
our context, with the reduction of the structure group SO(3) of Asor(q) to a closed
subgroup of SO(3) and its impact on the dynamics, i.e., on SOT (d). This leads to
Theorem 9.5.

Let H be a closed topological subgroup of SO(3). Recalling Section E.5, a prin-
cipal H-bundle, ), is called a ‘H-reduction of Asor(@) if the total space of \is a
closed subset E of the total space R? x SO(3) of Asor(q) and if \ has the form

~

N - 1 - 1
A= (B, D507 | B R, Rl o |(H x E)) . (9.61)

Note that two H-reductions of Asor(q) are different iff their total spaces are different.
The set of all H-reductions of Asor(q) is denoted by REDy(Asor(a))- The condition
that \ is a principal H-bundle is a strong restriction on the possible forms of E and

the following proposition gives an account of this.

Proposition 9.3 Let H be a closed topological subgroup of SO(3).
If f € C(RY, SO(3)/H) then E;y, defined by

Erg={(¢,R) € R* x SO(3) : f(¢) = RH} , (9.62)

is a closed subspace of R? x SO(3) where RH := {RR' : R' € H} and where the
space SO(3)/H is defined in Section E.5. Moreover, if f € C(R?, SO(3)/H) then the
quadruple:

MAIN g 11(F) = (Bt D570y | Ert RY R | (H % Ep ), (9.63)

is a H-reduction of Aso7(a). Furthermore m,\smmﬂ s a bijection from
C(RY, SO(3)/H) onto REDy(Asor@))- In particular, every H-reduction of Asor(a)
is of the form (9.63).

Proof of Proposition 9.3: See Section F.28. O
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While Proposition 9.3 states a one-one correspondence between REDy(Aso7(a))
and C(R?, SO(3)/H) there is also a one-one correspondence between RE Dy (Aso7(a))
and the cross sections of the associated bundle Aso74)[SO(3)/H, Lso(s)/u) where the
left SO(3)-action Lgo)/u is defined by (E.62). In fact it follows from Theorem E.3b
in Section E.6.6 that the function MAINy; ., 7 : T'(Asor(a)[SO(3)/H, Lso)/u]) —
REDp(Aso7(a)), which is defined by (E.162), is a bijection onto REDy(Aso7(a))-

However I here do not need MAIN)\SOT(EI):H but rather focus on ]\m,\wﬂd)ﬂ.

The following proposition builds up on the fact that SO3(2) is a closed topological
subgroup of SO(3) (see Definition C.2).

Proposition 9.4 a) The function F : SO(3)/S03(2) — S?, defined for R € SO(3)
by
F(RSO4(2)) := L®P)(R; %) = Re® | (9.64)

is a homeomorphism onto S* where RSO3(2)) := {RR' : R’ € SO3(2))} and where
LBP) s defined by (9.31). Moreover for S € S*, R, R' € SO(3)

F(Lso)/sos@ (R RSO3(2))) = L¥P)/(R'; F(RSO5(2))) (9.65)
FYLBPN(R; S)) = Lso@)sos (R F7(9)) , (9.66)

where Lgo3)/s04(2) 15 defined by (E.62).
b) For every f € C(R?, SO(3)/S05(2)) we have
Ej 504 = {(¢, R) € R! x SO(3) : (F o f)(¢) = Re’} . (9.67)

The function MAIN)\SOT(d)7SO3(2) : C(R%,S?) — REDgo,2)(Asot()). defined, for
G € C(R%,S?), by

MAIN sy .505(2)(G) 1= z\mksom)wg@)(ﬁl 0G), (9.68)

is a bijection onto REDgo,(2)(Asor(a)) where mASOT(d>,503(2) is defined by (9.63).
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Proof of Proposition 9.4: See Section F.29. ]

We recall from Proposition 9.3 that ]\m\f Asor(aH is a bijection from
C(R%,SO(3)/H) onto REDy(Asor(a)) whence every H-reduction of Asoz(q is of the
form ]\m,\soﬂd)ﬂ(f). I now define REDy per(Asor(a)) by

REDy per(Asor(@) = {MAIN ;o1 (f) : | € Cper(RL SO(3)/H)} . (9.69)

If (p,9) € Autpun(som) (Asor@) and if f € C(RY SO(3)/H) then, recalling Sec-
tion E.5, ]\m,\sm(lnﬂ(f) is called ‘invariant under (¢, )’ if the total space,
Ef,H, of ]\m,\soﬂd)ﬂ(f) is invariant under ¢, i.e., @(Ef,H) = EﬁH where Ef,H
is defined by (9.62). Furthermore if (w,A) € SOT(d) and f € C(R¢, SO(3)/H)
then MAIN rsor.H(f) is called ‘invariant under the group @, 4(Z)" if it is invari-
ant under each @, 4(n). Recalling from Section 9.3.1 that ¢, 4 is a Z-action on

R? x SO(3), one here observes that the restriction of ¢, 4 to Z x E; j is a Z-action

if ]\m,\soﬂd)ﬂ(f) is invariant under @, 4(Z).

Of course, by the special structure of the group Z and since ®, 4 is a group
homomorphism, MAIN rsor.H(f) is invariant under the group &, 4(Z) iff it is

invariant under @, 4(1), i.e., iff v, 4(1; Ef,H) = Evf’H where ¢, 4 is defined by (9.22).
Part a) of the following theorem is a special case of Zimmer’s reduction theorem

[Fe].

Theorem 9.5 Let (w, A) € SOT (d). Then the following hold.

a) Let H be a closed topological subgroup of SO(3) and let f € C(R? SO(3)/H).
Then the H-reduction J\vasom),H(f) of Asor(a) 18 invariant under the group
®,.4(Z) iff, for every ¢ € RY,

f(Lu(150)) = Lso)u(A(9); f()) , (9.70)

where Lgo) n is defined by (E.62).
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b) Let G € Cper(R%,S?). Then the SO3(2)-reduction MAIN sy, 5052 (F" 0 G)
of Asot(ay is invariant under ®,, A(Z) iff S¢ is an invariant spin field of (w, A). In
particular (w, A) has an invariant spin field iff Asor@y has a 2m-periodic SO3(2)-

reduction which is invariant under @y, (7).

Proof of Theorem 9.5: See Section F.30. O

Note by (9.63),(9.67) and Theorem 9.5b that if (w, A) € SOT(d) and Sg is an
invariant spin field of (w, A) then the total space of the invariant SO3(2)-reduction
]\Zélﬁ\hsoﬂd),503(2)(F_1 o G) of Asor(q) has the form

EFfloG,SO?,(?) = {(¢7 R) € Rd X SO<3) : G(Qﬁ) = R63} : (97]‘)

Thus (9.71) represents the invariant spin field Sg by a subset of R? x SO(3), i.e.,
we have a ‘geometrization’ of invariant spin fields. Another aspect of Theorem 9.5b

is that the existence of an invariant spin field of (w, A) is a symmetry property of

(w, A).

One more aspect of Theorem 9.5 is the following. While, by Theorem 9.5b,
invariant spin fields are linked to 2m-periodic invariant SO3(2)-reductions of Aso7 (),
it is easy to show, by Theorem 9.5a, that spin-orbit resonances of first kind are linked
to 2m-periodic invariant H-reductions of Aso7(q) where H is the trivial subgroup of
SO(3). Thus the existence of spin tunes of first kind of (w, A) is a symmetry property
of (w, A).

9.3.6 Closing remarks on Aso7(q)

I have now completed my coverage of principal bundles since my only objective in
this regard was to show how the principal SO(3)-bundle Aso7(4) underlies the theory
of SOT (d).
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Following the Feres machinery one could extend my study. However this would
go beyond the scope of the present work. So I just mention four points. Firstly,
by using the linearity of L&P)(R:S) in S, one can extend the structure group from
SO(3) to GL(3) and study, by a ‘prolongation’ of the principal SO(3)-bundle Aso7(a)
to a principal GL(3)-bundle, the Z-actions L, 4 and ng) in terms of vector bundle
techniques (G'L(n) denotes the group of real nonsingular n x n—matrices). Secondly,
one can go beyond Theorem 9.5 to study invariant H-reductions of Asp7 () in a more
general way by asking what closed subgroups H of SO(3) allow for 2m-periodic H-
reductions which are invariant under a given spin-orbit torus in SO7 (d). For such
a study the ‘algebraic hull” is an important tool which was introduced by Zimmer in
the 1980’s. Thirdly one can apply rigidity theorems which allow to discuss proper-
ties which are stable (=‘rigid’) under the extension of the group Z of the evolution
variable. Fourthly, the choice of Aso7(4) is not unique. For example an alternative
choice is to employ T rather than R in the definition of the total resp. base space
of the principal SO(3)-bundle. In fact this alternative choice is very convenient when
one would go deeper into the matter of spin-orbit tori but for the purposes of the
present work the choice of Aso7(q) is sufficient and leads to analogous results as if

one would use T? instead of R<.
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Summary of spin-orbit tori and

outlook

As pointed out in the Introduction, the second part of this thesis studies spin-orbit
tori in terms of the map formalism equations of motion (6.1),(6.2) which plays a

central role in the mathematical study of polarized beams in storage rings.

From a technical point of view a distinguishing feature of the present work is
to formulate all concepts and properties in mathematical terms. Accordingly the
mathematical notion of spin-orbit torus is introduced and a number of properties
of spin-orbit tori are derived. Most of my definitions that are related to spin-orbit
tori are distilled from established concepts in Polarized Beam Physics which are then
translated into the language of Mathematics. The subsets CB(d,w) C ACB(d,w) C
WCB(d,w) of the set SOT of spin-orbit tori have been introduced and discussed in
some detail. T noted that spin-orbit tori (w, A) of interest are almost coboundaries,

i.e., are in ACB(d,w) and they have the form A(¢) = T7 (¢ + 27w) exp(T 27v)T ().

To my knowledge the results of the thesis are either new (e.g., Theorem 9.5b

about the impact of Principal Bundle Theory on invariant spin fields) or were never
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formulated in mathematically precise terms whence were never rigorously proved
before (e.g., Corollary 8.12 aka the SPRINT Theorem). Note that some results
(e.g., Yokoya’s uniqueness theorem 7.13) were rigorously proved before for the flow

formalism (see [BEH04]).

I have gathered quite a bit of insight into the invariant spin field (as well as into
the spin tune) which is central for Polarized Beam Physics, as explained in Section
7.6. From Section 6.3 we know that an invariant spin field is tied with the equation
G(¢) = A(¢p — 27w)G(¢ — 27w). I formulated the ISF conjecture which states that
if (w, A) is off orbital resonance, i.e., (1,w) nonresonant, then an invariant spin field
exists. Theorem 7.9 states that if (w, A) is a weak coboundary, then an invariant
spin field exists. Theorem 7.10a states that if Sg is an invariant spin field and
if G is 2m-nullhomotopic then (w, A) is a weak coboundary. Theorem 8.17 states
that there are spin-orbit tori which have an invariant spin field and which are not
weak coboundaries. Finally Theorem 9.5b shows that the existence of an invariant
spin field of (w, A) is a symmetry property of (w, A). In fact Theorem 9.5b ties the
existence of an invariant spin field to an SOs5(2)-reduction of the principal SO(3)-

bundle )\SOT(d) .

It is also worthwile to mention that the machinery of Chapter 9 can be applied
to any linear n-dimensional nonautonomous ODE y = Y (¢)y since the standard
procedure of making it autonomous, encodes the ODE into a G L(n)-cocycle over the
time translations whence encodes it into a principal GL(n)-bundle with base space

R. This will be addressed in a future publication of the author.

For a detailed outline of this work see Section 5.2. Avenues for further work are
of course plentiful. In addition to those mentioned in Section 5.3, one topic of further
studies could be the continuation of the work of Section 9.3. In fact, as outlined in
Section 9.3.6, there are further applications of the principal SO(3)-bundle Aso7(q) in
waiting which will shed further light into the matter of spin-orbit tori.

153



Appendices

154



Appendix A

A.1 Details on the self field

Maxwell’s equations (3.10) imply

OE = S | OB = 8™ | (A1)
where
cOzp + OuJz
S“ = (5%, 5%, S = Zo(cVap+0.d) = Zo | cOxp+duJx | . (A.2)
C@y[)—f— auJ_Y
axjy — 8ij
= Z _ _
§mag — (g9 gmes GmenT . e § = —?0 OyJy— 00y | . (A3)
azjx — 8sz

In the nonshielding scenario we obtain from (3.16),(A.1) that

ER,u) =E™"(R,u) := —/ AR du/G(R — R, u — )11 00) (1)) S (R, ')
R4

B(R,u) = B™"(R,u) := —/ AR du'G(R — R u — )11 00y (u')S™ (R, 0')
R4
(A.4)
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where

G(R,u) = ﬁé(u “IR)). (A5)

In the shielding scenario we obtain from (3.16),(3.22),(3.23), (A.1) that for Y €
[~9, 9]

Ez(R,u) = B (R,u) := —/ AR du'Gp(R, u, R, 0') 11y 00) (1) SH (R, 0)
Ex(R,u) = BM(R,u) = — /R ARG (R, R )1y ) () S5 (R )
— /R4 AR du'G (R, u, R, 1) 1y 00y (W) SP (R, )
Bz(R,u) = BJ(R,u) := —/ AR du/ Gy (R, u, R, ) Ly 00y (1)) S5 (R, ')
Bx(R,u) = BY(R,u) = — / AR du/ Gy (R, R ) Ly ooy (/) 5279 (R )

BY (Ru U) = B§h<R7 U) == / dR/dulGD (Ra u, Rlv ul)l[uo,oo) (UI)S}T%] (Rlv U’/) )
(A.6)

Gp(R,u, R ) == (-1)'G(Z - 2, X = XY = (=1)"Y" = 2kg,u— ') ,
keZ

Ro):=)GZ-7 X -XY = ()Y = 2kg,u—u).

kEZ

)
=z
=
IS

(A.7)
Note that G is a fundamental solution of the wave equation without shielding, i.e.,
OG(R,u) = —3(2)5(X)5(Y)6(u) . (A.8)

See, for example, [Ja]. Note also that one can construct Gp, Gy by the method of

image charges.

From now one we confine in this section to the sheet beam whence we have by

156



Appendix A.

(3.40), (A.2),(A.3)

S5 (R,u) = Zo[cdzp(R,u) + 0y Jz(R, u)]

= Zo0(Y)[cOzpr(R,u) + 0, J1z(R, u)] =: 6(Y) ST ,(R,u)
SR, u) = Zo[cOx p(R, u) + Dy Jx (R, u)]

= Zo0(Y)[cOx pr(R,u) + 0, J1 x (R, u)] =: 6(Y) ST (R, u)
SY (R, u) = Zo[cdy p(R,u) + Oy Jy (R, u)]

d d
= Zocpr(R, u)dY(S( ) =: S§'y (R, u) 6(Y)
ST R, ) = —anJX(R, ") = @JLX(R ) d‘;am
ma, d
= SLZg(R u)dY(S(Y) )
ma M — Z d
Sx“(R,u) = ——8YJZ(R, u) = ——OJLZ(R w) -8V
ma, d
= SR, W) ()

S$GQ<R, U) = —?(8Z<])((R, u) — 8sz(R7 U))

B _%5(Y)(32JL,X(R7 w) = Ox Jpz(R,u)) = 6(Y)Sp Y (R, u) .
(A.9)

Note that by (3.37), (A.9)

S = (S;’Z, Sl % SZjC;,g)T . (A.10)
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In the nonshielding scenario we obtain from (A.4),(A.5),(A.9) that

Euh (R, u) = — / AR AU'GR —RY — V' 1t — )y ooy (/) SR 1)
R4
_ / AR du/'GR —RY — V't — )Ly ey (u)5(Y") S5 (R 1)
R4

_ /IR ARy 0 (0GR — R Y, 0= )5 (R )

1 '~ JR-RP Y2
_ deUl[uooo)( )5(u u \/|R R|?+Y?)

SEZ,Z(RI> u/)

47T \/|R—R’\2+Y2
1 Se (R,u—+/R—R[]2+ Y2
= dR/luooo) u— \/!R R[> +Y?) A | ) |
47T \/|R—Rl|2—|—Y2
(A.11)
and analogously
E¥MR, )
1 Sel leu_ R_Rl2+y2
T dR,l[uo,oo)(U - \/|R— R/|2+Y?) L’X( \/’ | ) :
41 R2 \/|R—Rl‘2—|—Y2
By (R )

I Smag( u— \/‘R R/’2+Y2)
—_/ de[uooo)u—\/|R RI[? +17?) == VIR-R]2+Y?

(A.12)

Note by (A.11),(A.12) that E2*"(R,u), E¥"R,u), BY*"(R,u) are even in Y. Ab-

breviating

Frh = (Ey" B, BEMT, FPMRu) = FPMR,0,u), (A13)
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we obtain from (A.10),(A.11),(A.12) that

F™MR,Y,u) = (EZ"(R,Y,u), E¥"(R,Y,u), By*"(R, Y, u))"
_ _L/ IR M. <)~ [R-R]>+1?)
Ar Jr VIR-R[2+Y?2
S¢ (R u—+/R-R[>+Y?)
S¢ (R u—+/[R-R|2+Y?)
STYR u—+/[R—R]>+Y?)

1

/! _ _ 1192 2
ARy o (11— /R~ R v2) SR~ VIR - R+ V)
[uOOO) 7 )
AT w2 \/|R—R‘2+Y2

(A.14)
whence, by (A.13),
1 S(R,u—|R—R/|)
nsh / / )
R,u) = —— [ dR'lp, .0 (u—|R—R : (A5
fL ( 7u) 47T R2 [ 0, )(U | |) |R_R| ( )
Also in the nonshielding scenario we obtain from (A.4),(A.9) that
Eph(R,u) = — / AR/ dWGR —RY =Y u— )1y 00 (W) SER, )
R4
_ d
_ / IR AGR ~RLY — Y, u — )Ly ooy () S5y (R, )~ 6(Y7) |
R4 ’ ’ dY/
By"(R,u) = — / AR/ dU'G(R ~ RY — Yt — )1y o) () S5 (R, )
R4
_ d
— / AR/ dU/'GR ~R)Y — Y 4 — )1y 00) () STY (R, 1) =0 (Y")
R4 ’ ’ dY/
BEMR,u) = —/ AR/ dV/GR -R)Y =Y u u')l[uOm)(u’)S;?ag(R/, u')
R4
_ d
- / dR'dUGR—R,Y — Y, u— /)1y 00) () STE (R, W) dY,é(Y’)
R4
(A.16)

Note by (A.5) that G(R,u) is even in Y whence, by (A.16), E2"(R, u)
BYMR,u), B¥"(R,u) are odd in Y.
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In the shielding scenario we obtain from (A.6),(A.7),(A.9) that

B (R, u) = — / AR du/ G p (R, R )Ly ey (/) S (R, o)

R4

__ / AR du/Gp(R, Y, 1, R, Y )11y o (1)5(Y") S5, (R, u)
R4

_ / AR 'y ooy ()G p (R Y, 10, R, 0, /) S5, (R, )

R3
= — (—1)’“/ AR du/1[yy 00) (W )G(R — R, Y — 2kg,u — ') S5 , (R, ),
R3

kEZ

whence, by (A.11),

EfR,u)=> (1)'EF"(R,Y — 2kg,u)

keZ

1

47
kez

SR u— R-RP+ (¥ —2kg)?)
VIR=RE+ (Y 2Ky

and analogously

B Rou) = S (- ERMR,Y — 2kg, )

kEZ

- (0 [ R Y= IR~ R (V= 2k9)2)
]R2

(A.17)

— e 2 [ AR (u = IR R (v =209

S (R u—/[R=R|2+ (Y — 2kg)?)
VIR =TR/2+ (Y — 2kg)?
BR,u) = > (~1)'By"(R,Y — 2kg,u)

kEZ

Y

1

47
k€EZ

Syst(R,u— VIR—RP+ (¥ = 2kg))
VIR-RP+(V -2k

- (0" [ R Y= IR~ R (V= 2k9)2)
R2

(A.18)

Since E¥"MR, u), ¥R, u), B¥"(R,u) are even in Y, it follows from (A.17),(A.18)
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that E3*(R,u), E3(R,u), Bi#(R,u) are even in Y. Abbreviating
P (B B BT FPRow) = FURO0u),  (A19)
we obtain from (A.13),(A.14),(A.17), (A.18) that

FMR,Y,u) = (B (R,Y,u), BEL(R,Y,u), By (R, Y, u))"

T
=N (=D EENR,Y — 2kg,u), EEMR,Y — 2kg,u), BE"R,Y — 2kg, u
Z X Y

kEZ

=Y (~DFFMR,Y - 2kg,u)

SR ,u— /R —-R[2+ (Y — 2kg)?)
VIR=TR/2+ (Y — 2kg)?

. (A.20)

Since F™"(R,Y, u) is even in Y and since, by (A.20),
FMR,Y,u) = > p(wDFF™MR,Y — 2kg,u), it follows that F*" satisfies the
Dirichlet boundary condition (3.43). It also follows from (A.19),(A.20) that

Fi'(Ryu) =) (=DFFM(R, —2kg,u) = Y (=1)*F""(R, 2kg, u)

keZ kEL

1
kEZ

S(R,u— /R — R + (2kg)?) _
VIR =R + (2kg)?

(A.21)
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Also we obtain from (A.6),(A.7), (A.9),(A.16) that
B (R, u) = — / AR A/ G (R, 1, R )11y o) (1) SEL (R 1)
R4

i5(Y’)

_ / AR Gy (R, 0, R 0 Ly ey () S5y (R ) 2

:—Z/ AR du'GR ~R)Y — (=1)*Y" — 2kg,u — )14 00) (')
R4

keZ
d
. qQel ! !
SL,Y(Rau>dY/6(Y)
=Y (-1 / dR'dU'GR —RY =Y’ — 2kg, u — )1y 00 (1)
keZ
d
el / ! k rnsh
Sy (R u)=0(Y) =3 (-1 B (RY = 2kg,u) . (A22)

keZ

and analogously

B}R,u)=—> (~1)*By"(R,Y — 2kg,u),

keZ
B[R, u) ==Y (~1)!BY"(R,Y — 2kg,u) .
keZ

(A.23)

Since E"(R,u), B¥"(R,u), B¥"(R,u) are odd in Y it follows from (A.22),(A.23)
that E3"(R,u), B (R, u), B¥(R,u) are odd in Y and satisfy the Neumann boundary
condition (3.23).

We conclude that, in both scenarios, Ey (R, u), Bz(R,u),
Bx(R,u) are odd in Y and Ez(R,u), Ex(R,u), By(R,u) are even in Y.

As explained in Section 3.1 it is useful to rewrite the field integral in (A.14) by
applying a string of substitutions. To do so we first write (A.14) in the form

F / _ _ 112 Y2
R? VIR-R/]2+ Y2
where
1
FR,u) = ——1[g,00(w)S(R, u) . (A.25)

47
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Using polar coordinates we obtain from (A.24)

f‘nsh(R Y U) / dR//F(R+ R” -V ’R”|2 + Y2)
VIR +Y?
2
:/ dxx/ g B e, u= VEEYR) oy o
VX2 +Y?

where e(6) := (cos(f),sin(f))”. Performing in (A.26) the substitution y — & =

VX2 + Y2 we obtain

fnSh(R,KU) — /00 dgé—/ﬂ d@F(R_‘_ V 52 - Y2€(9)7U - 5)
v —r §

= / d§/ dOF (R4 /&> —Y?e(0),u — &) . (A.27)
Y] -
Performing in (A.27) the substitution £ — v := u — { we obtain

Frh(R, Y, u) = /m / dOF R+ +/(u—v)? — Y2e(h
:/_mm dv/_ﬂ dOF (R + /(4 —v)? — Y2e(0),v) , (A28)

whence by (A.25)

u—|Y| T
FMR,Y,u) = —ﬁ / dvl[uom)(v)/ dIS(R+ /(u —v)? —Y?%e(0),v

(A.29)
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A.2 Derivation of the 4D Vlasov equation

For the sheet beam the 6D Vlasov equation (3.6) reads by (3.2),(3.8),(3.9), (3.24) as

0=0,f(R,P;u)+ R Vi f(R,P;u) + P - Vs f(R,P;u)
= (R P )3 (V)3(Py) + =021 (R P )b (V)6 )

F oo O (R PS(Y)S(Py) + (R P u)d(Py) - 6(Y)
+Pz0p, fL.(R, P;u)d(Y)3(Py) + PxOp, f1.(R, P;u)d(Y)3(Py)
+Py f1 (R, P; u>5<y>£5<py>

= 0ufL(R, P;u)d(Y)d(Py) + n%aZfL(Ra P;u)d(Y)(Py)

P P d
+m—;aXfL(R, P;u)o(Y)é(Py) + m—;fL(R, P; u)é(Py)d—Y(S(Y)
—I—% (Ez(R, u) + ::—);[BY(R, u) + Bemt’Y(R)]

B g R+ Bm,X<R>1)aPZfL<R,P;u>6<Y>6<Py>

mry

q o Pz 5 (R Bty (R
+ (Ex(R> u) — %[BY(R, u) + Beary (R)]

—f—% [Bz(R,u) + Bemt,Z(R)]) Opy [ (R, Pru)d(Y)o(Py)

_|_% (EY (R’ u) =+ % [BX (R, u) + BextX(R)]
—%[Bz(R, u) + Bewt,Z(R’)]) fr(R,P; u>5(Y)£5(PY) - (A30)
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Since, by Section A.1, Ey(R,u), Bz(R,u), Bx(R,u) are odd in Y and due to (3.3),
(3.5),(3.29) we have

Py P Px _ Ix
SZOYV)IP) = S ESWNRY) . A(YI(RY) = AV ISR
Prd(Ry)-0(1) =0,
(EZ(R, u) + %[Bym, W) + By (R)]

Py

B g R+ Beﬁ,x(R)]) 5(V)5(Py)

my

_ (EX(R, 0,u) — TJZ[BY(R,O,U) + Bm(Z)])a(Ywa) |

(Eym, )+ %[me, ) + Bon x (R))
d

—:;[BZ(R, u) + Bem,z(R)})Ny)mﬂpy) =0.

(A.31)
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It follows from (3.29),(3.28),(3.31), (A.30),(A.31) that

P P
0=4(Y)d(Py) <aqu(R,P;u> + —Z 9, f1(R, P;u) + ——8x fr(R, P;u)
mey mcey

+% (EZ(R, 0,u) + Z—);[BY(R, 0,u) + Bm(Z)]> Op, f1(R, P; )
+% (EX(R, 0,u) — %[BY(R, 0,u) + Bext(Z)]> Op. f1(R, P; u)>

— 5(V)5(R) <aqu<R, Piu) + = Vafu(R.Piu)

+4 (EL(R, ) + TT;(PX, —P)T[B. (R, u) + Bm(Z)]) Ve (R, P;u)

= 6(Y)d(Py) (aqu<R, P;u) + R Ve fr(R,P;u) + P Vpfr(R,P; u)) :
(A.32)

whence the 4D Vlasov equation (3.26) holds.

Since we assume that our 6D+3D Vlasov-Maxwell problem is well-posed in both
scenarios (shielding and nonshielding) we thus conclude from Section A.1 and the
present section that if f is initially of the sheet beam form (3.24) then f remains in

this form and F, satisfies (A.15) resp. (A.21).

As mentioned in Chapter 1, the first part of this thesis (consisting of Chapters 2-4
and Appendix A) does not aim at rigorousness. For example in the above derivation
of (3.26) T used (A.31) which contains the term Ey (R, u)d(Y) which, as a function
of Y, is proportional to %(5 (Y). A rigorous treatment therefore warrants to deal
with |—¥|(5(Y) which however is not defined in the theory of Schwartz distributions.

Nevertheless modern generalizations of Schwartz’ distribution theory (see, e.g., [Hos])

cope with %5(3/) which allows to study (A.31) rigorously.
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A.3 Kernel density estimation

In this section I present some material on kernel density estimators (in Section A.3.7

I comment on practical aspects w.r.t. our code).

A.3.1 Generalities

Let Y3, ..., Yy be Ré-valued random vectors which are independent identically dis-
tributed with probability density, f, and let Y := (Y1, ..., Yy). Let the ‘kernel’ be a
function K : R? — [0, 00) which is continuous, even, has finite second moments and

satisfies
/ dyK(y)=1. (A.33)
]Rd
For H > 0 we define Ky : R? — [0, 00) for y € R? by
Ku(y) = K (L) (A.34)

Clearly Ky is continuous, even, and satisfies
/ dyKuly) =1 (A.35)
R

Given a kernel K the density estimation gives a random variable f which is parametrized

by y € R? and H > 0 and which is defined by

. . 1 1 &~ y-Y
j=1 Jj=1

The selection of the bandwith H will be discussed in later sections so it suffices here
to say that we will deal with a M ISFE driven bandwith selector. Note also that, by
(A.33),(A.36),

/Rd dyf(y,H)=1. (A.37)
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A very common kernel in the univariate (d = 1) case is the 1D Epanechnikov kernel

K = K¢o,1p which is defined by

Keoanly) = 30— ) lon(e?) = 30— )1 am0) . (A33)

Another kernel in the univariate case is K = K¢q,1p which is defined by

15
Keiap(y) == 1_6(1 — )’ 1py®) = =1 —y*)* 1 -1y(y) - (A.39)

On the basis of (A.38),(A.39) one defines in the bivariate (d = 2) case the kernels
K = Kcoap,p and K = Kci2p,p by

KCO,QD,P(yla Z/z) = KCO,ID(yl)KCO,lD(yZ)

9
= 1_6(1 - y%)ﬂ - y%)l[—1,1]<y1)1[—1,1}(92)
9
= T6(1 —y1) (L — ¥l ax -1 (M1, v2) S (A.40)
Ker2p,p(Y1,y2) == Ke1ap(y1) Ke110(y2)
225
= T%(l — )2 (1= 13)* 1oy (1) -0 ()
225 2\2 2\2
= 2—56(1 — 1) (1 —v3) 1[—1,1]><[—1,1](ylay2) . (A.41)

An important class of kernels is of the radial form
K(y)=K(y'"y) (A.42)

where K : [0, 00) — [0, 00) is continuous. Note that in the case (A.42) we have

o dR() itd=1

1= [ ag) = L (A
R¢ T [ dtK(t) if d=2
and, for y € R,
1 yly
Ku(y) = ok () - (A.44)
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Radial examples in the univariate case are Kco1p (see (A.38)) and Kcii1p (see

(A.39)) since

. - 3

Keoip(y) = Kcoin(y?) Keoip(t) == 1(1 —t)10,1(t) , (A.45)
. . 15

Keiip(y) = Kevan(y?) . Kewan(t) = T6<1 —t)*10(t) . (A.46)

A radial example in the univariate case with global support is the Gaussian kernel

K = Kgaussip which reads as

KGauss,1D<y) = KGauss,lD(yZ) ) KGauss,1D<t> = (27T)_1/2 eXp(_t/Q) . <A47)

Radial examples in the bivariate case are the kernels K = K¢ 2p g and K = Kc12p,r

which read as

Kcoap.r(Y1,y2) == Kcoap(yi +v3) Keoap(t) == =(1 — t)1,1(t) , (A.48)

Kc120,0(y1,42) == Kc12p(y; + 3) Kerap(t) == =(1 —1)*1p,1(t) - (A.49)

Nlwx |

Note that the functions Kco1p, Kcoz2p,p, Kco2p,r are of class CY but not of class
C'. In contrast the functions Kei1p, Kev2p,r are of class C" but not of class C?.
A radial example in the bivariate case with global support is the Gaussian kernel

K = Kgauss,2p which reads as

KGauss,QD(?J) = KGauss,ZD(y% + ys) 3 KGauss,QD(t) = (277)71 eXp(_t/Q) <A50)

In Section A.3.6 we will see that the Fourier transforms of kernels are of interest. We

thus define for a real valued function g on R? its Fourier transform by

g9(y) == (27T)_d/2/ dy exp(iy"y )g(y) . (A.51)

Rd
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To give an example, we conclude from (A.38),(A.51) that

Keoap(y) = (2m) 72 / dy" exp(iyy") Kcoip(y')
R

3t ,
= (2m) 1/24/ dy’ exp(iyy) (1 — y)
—1

[ 9 o* . -, [ 9 0?2
= %[14'872] /1 dy' exp(iyy’') = %[Pra—yg](; sin(y))

B gsin(y) —ycos(y)
- \/; Y3 ) (A.52)

whence by (A.40),(A.51)

Ronan(y) = (2n) ™ [

dy' exp(iy"y') Kco2n(Y)
RQ

= (27T)_1/2 dy" exp(iyryy) exp(iy2ys) Kcop (Y1) Keoip(ys)
R

= f(co,lD(yl)f(cmD(?/Q)
_ gSin(?h) — y1 cos(y1) sin(yz) — y2 cos(yz) (A.53)
2w Z/% y% ' |

A.3.2 Algorithmic aspects of the kernel density estimator

In this section we outline two algorithms, A1 and A2, for computing f on a grid and
by estimating their costs we show that for compact support kernels they are very

efficient. We here restrict to the bivariate case where we define the grid points y, 3

by

, Tg = g , (a, B€Z), (A.54)

(0%
Ya,8 = (Zaawﬁ) ) Za = E

where m, n are fixed positive integers characterizing the grid spacings. We also define

the random variables X1, ..., Xy, Z1, ..., Zy by

Y = (Z;,X) . (A.55)

170



Appendix A.

Thus in this section we are interested in the values of f on the grid points y, g.
However in our applications we are faced with the situation where the Y; are concen-
trated in [0,1] x [0,1] whence we are only interested in the values of f(ya5) when

a=0,...m,3=0,..,n Thus defining for a =0,....m,5=0,...,n

N
fgrid<a7ﬁ7 H7 Y) = fgrid(aaﬂ) = f(ya,ﬂy H Y 1 Z K yaﬁ <A56)

Jj=1

we develop two algorithms, A1 and A2, to compute fgrid. Note that algorithm A2,
which for us is the one of practical interest, builds up on algorithm Al so we will
outline algorithm Al first. We define B; as that set of indices (o, 3) for which
K((yap —Y;)/H) is nonzero, i.e., for j =1,..., N we define

B; = {(a5>622o<a<mo<g<nf<(y” 1y £0}. (A57)

We now outline algorithm A1 which works for arbitrary kernels and which marches
forward in j (where 7 = 1,..., N). One first initializes the 2D array fgrid to zero.
Then, for j = 1, one computes the set By via (A.57) and then, for every (o, 5) € By,
one computes (1/NH2)K(%7_YI) and adds it to the (a, 3)-element of the array fy,q.
One then repeats this procedure for 7 = 2 and so on until one has completed with
j = N. The resulting expression of ngid obviously satisfies for a = 0,...,m, [ =

0,..,n

frae®) = > K (A
JE{kEZ:1<k<N,(a,B)EBy }

whence, due to (A.57) f,iq has the desired form (A.56). The number of function
evaluations (=‘computational cost’), C, of algorithm Al is C' = Zj\le #(B;) with
#(B;) being the cardinality of the set B;. Note that if K has global support (e.g., if K
in is the Gaussian Kgauss2p of (A.50)) then, by (A.57), B; = {(a, ) € Z*: 0 < a <
m,0 < <n} whence #(B;) = (m+1)(n+1) so that C' = N(m+1)(n+1) =~ Nmn.
In contrast, if K has compact support then #(B;) can be notably smaller than
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(m+1)(n+ 1) and so the cost can be notably smaller than Nmn (we come back to

this point after we have outlined algorithm A2).

The motivation for algorithm A2 is the simple observation that in general the B;
are subsets of Z? which are not rectangular. This is an inconvenience of algorithm A1l
and so algorithm A2 resolves this inconvenience by replacing the B; by rectangular
sets (the B; defined below). To make algorithm A2 work we assume that the kernel
function K has support in [—1,1] x [—1,1]. Algorithm A2 is now easy to define: it
is identical with algorithm Al except that the B; are replaced by the Bj which are
defined as follows. We define for j = 1,..., N the square S; C R? by

Sj = [Zj—H,Zj+H]X[Xj—H,Xj+H], <A59)

and the rectangles B;, Ej by

B; = {(a,8) € 7% : yap € S;}, (A.60)

Bin{(a,f)€Z*:0<a<m,0<B<n}. (A.61)

Bji

Note that by (A.54),(A.59), (A.60)

Bj={(,8)€Z*: Z;— H< 2o < Z;+ H X; —H<z3< X;+ H}

:{(a,ﬂ) QZQ:m(Zj—H <Mz, §m<Zj+H)7

)
n(X; —H) <nzg <n(X;+ H)}
={(a,8) €Z® :m(Z; — H) <a<m(Z; + H),

n(X;—H)<p<n(X;+H)}. (A.62)

Eq. (A.62) shows us that B; is a rectangle. Of course, by (A.60),(A.61), B; is the
intersection of the rectangle Bj and the rectangle {(a,3) € Z*: 0 < a<m,0< 3 <
n} whence éj is a rectangle. To show that algorithm A2 computes fgmvd in agreement

with (A.56), we conclude from (A.57) that if (o, 3) € B; then K(%_Yj) # 0 so
that, since K has support in [—1,1] x [—1,1] and due to (A.54), we obtain that

172



Appendix A.

-1< Z“;Izj <1,-1< % < 1 which implies by (A.62) that (a, 3) € Bj. Thus

we have shown that
B; C B; . (A.63)

Since by (A.57) B; = B;N{(a,3) € Z*: 0 < a < m,0 < 3 < n}, we conclude from
(A.61),(A.63) that

B; C B;. (A.64)

Obviously the resulting expression of fg”-d for algorithm A2 is given by

7 1 Ya,8 — YJ
JE{kEZ:1<k<N,(o,8)€ By}
It follows from (A.57),(A.64) that
ya, —-Y ya, —-Y;
> K(=0—) = > K=
JE{KEL:1<k<N,(a,3)EBy } je{keZ:1<k<N,(a,8)€By}

whence algorithm A2 produces the same correct fgm-d as algorithm A1 which com-
pletes the proof that the resulting expression, (A.65), of fgrid in algorithm A2 has
the desired form (A.56).

The computational cost, C, of algorithm A2 is C' = Z;\le #(Bj). It is clear by
(A.61),(A.62) that the cost C is independent of the kernel K. Recalling that the
computational cost of algorithm Al is C' = Zjvzl #(B;) it follows from (A.64) that

c<C. (A.66)

If H < 1 (which is usually the case) then the average of #(Bj) over j is approx-
imately the average of #(B;) over j whence C' = Zj\;l #(B;) ~ Z;\Ll #(B;). To
estimate the cost of algorithm A2 let H < 1. Then the average of #(Bj) over j is
approximately 4H?mn whence C ~ 4H*mnN. In particular by (A.66) the cost of
algorithm A1 satisfies C<4H?mnN. For example if m = n = 100, H = 0.01 then
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~

C' =~ 4N. In contrast, in the global support case the cost of algorithm A1l would be
C ~ Nm? = 10*N which is about a factor 2500 higher than C.

We now compare C' and C for special kernels. Firstly we consider K = K¢o2p,p
in which case (see (A.40)) the support of K is contained in [—1, 1] x [—1, 1] so that
one can apply algorithm A2 (recall that algorithm A1 can be applied for any kernel).
Furthermore by (A.40), (A.54),(A.55),(A.57), (A.61),(A.62)

Bj:{(@;ﬂ)GZz3Oﬂaﬁmaoﬂﬂﬁn,Kco,zD,P(yaﬂ )750}
={(,3)€Z*:0<a<m,0<3<n,
"7 X,
(- (20 - (P ))hn}x[u}(y i 5)#0)

2. 2 g — Xj\o
—{(,B)€Z2:0<a<m0<B<n (1— (222 i Ziyy (1 - (J%rﬂ)#@

W=7 _ X,
uﬂmmez%ogagmﬂgﬁgnﬁqgi7ri§L—1§ﬂ%fi<1}

(a 5)6Z2 O<Oz<m0<ﬁ<n(1—(ZQI__[Zj)2)(1—(m%)(j)2)7é0}

{
U{(e, /) €Z?:0<a<m,0< 8 <n,(a,f) € B}
{

(a,)€Z*:0<a<m,0< B <n,

Z;

(- (- (b

= )?) A0} UB; . (A.67)

)1 -

Since the cases where (1 — %%)2(1 — IB%XJ')Q = ( are exceptional we have by (A.67)
that, in the average over j, #(B;) ~ #(Bj) whence C' ~ C'. We thus conclude that if
K = K¢o2p p then algorithms Al and A2 have essentially the same cost. Secondly it
is clear that the kernel K' = K¢ 9p p has the same cost C' as K = Ko 2p p and the
same cost (' as K = Kcoop,p. Thirdly we consider K = Keoop.r and K = Kei2p.r
in which cases (see (A.48),(A.49)) the support of K is contained in [—1, 1] x [—1, 1] so

that one can apply both algorithms. Furthermore by (A.48),(A.49), (A.54),(A.55),
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(A.57) we have

Bj:{(a’ﬂ)EZQ:Ogo‘gmaoﬁﬂﬁn,f{cuw}%(yaﬁ L) # 0}

= {(a,B) € 2" : O<a<m0<ﬁ<nK012DR(yaB )3&0}

:{(a,ﬁ)EZzz()gagm,Ogﬁgn,

s g

(1= - <xﬂ]}Xﬂ?)lm,lm(z“[;zj')u<H) ) #0)
:Kmmezﬁogagmﬁgﬁgnxy%ﬁ%;z) (& _ Xivy 2oy
2o — L xg—X-

UW{(a, ) €Z?:0<a<m,0<3<n,( H]f+( H1Y§1y(A%)

It is clear by (A.68) that the kernel K = K¢y 9p g has the same cost C' as K =
Keoap r (and we already mentioned that the cost C' is the same for all kernels).

(ZQ;IZJ' )2 _ (:EﬁfXj

7 )?) = 0 are exceptional we have by

Since the cases where (1 —

(A.68), in the average over j,

#(Bj) ~ #({(,f) € Z?: 0 < <m,0< 3 <n,

oy (R <1y (469

Since the disc around Y; with radius H has area mH? and the square around Y; of
side length 2H has area 4H? we have, by (A.62),(A.69) that, in the average over j,
#(B;) ~ (m/4)#(B;). Under the assumption that H < 1, the average of #(B;) over
j is approximately the average of #(B;) over j whence, by (A.69), the costs satisfy
O =YV, #(B) ~ (r/4) T, #(By) ~ (m/4) S, #(By) = (n/4)C. We see that
for the four kernels, Kco2p.p, Kcoz2p,r: Kc120.p, Kc1,2D,r, the cost of algorithm A2
is not much larger than the cost of algorithm A1 which justifies the use of the more

convenient algorithm A2.
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A.3.3 Estimators of MISE and of related quantities

In this section we consider M IS FE which is defined by
MISE(H) = MISE(H,Y)i= B(| dy(f(y. H.Y) = f@)) . (A.T0
R4

MISE is an important figure of merit for the accuracy of f and so its minimization
w.r.t. H is of great interest. In fact we want to use a MISFE driven bandwith

selector, i.e., we define the optimal bandwith, Hy/;5g, by
Hyrsp = argming-o(MISE(H,Y)) . (A.71)

Since we want to estimate and approximate Hy;sg in Sections A.3.5,A.3.6, we first
have to introduce quantities related with M ISE. We define for real valued functions

g, h

@)= [ | daly =) (A7)

Since Y7, ..., Yy are independent identically distributed with probability density f,

the expectation value of f reads as

Z S EKuly-Y;)
= %Z /Rd dy' f(y) Ky — )

= [ K= 9) = (K x 1)) (AT

E(f(y, H,Y))

2 \

We define for y € RY and H > 0

RSE(y,H)= RSE(y,H,Y) = f(y, H.Y) = 2f(y, H.Y) f(y) , (A.74)
SE(y,H)= SE(y,H,Y) := RSE(y, H,Y) + f*(y)
= 2y, H,Y) = 2f(y, H.Y) f(y) + f(v) = (fy, H,Y) — f(y))*. (A.75)
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We define for real valued and square integrable functions g, h

(g2 = [ dugluhly). (A7)
R
We now define for H > 0

RISE(H)= RISE(H,Y) := / dyRSE(y, H,Y)
Rd

_ /Rd dy(f2(y, H,Y) — 2f(y, H,Y) f(y))

= <f<'7H> Y)vf('7H7 Y))Q - 2<f('a Ha Y)vf)2 ) <A77)
ISE(H)=1I1SE(H,Y) ::/ dySE(y,H,Y) :/ dy(RSE(y,H,Y) + fQ(y))

R R4

= RISBUHY)+ [ o) = [ ay(ilo 1.Y) = )

We now define for y € R? and H > 0

RMSE(y, H) = RMSE(y, H,Y) := E(RSE(y, H,Y))
= E(f*(y, H,Y)) = 2f () E(f(y, H,Y))
=E(f*(y. H,Y)) = 2f(y)(Ku * f)(y) . (A.79)
MSE(y, H) = MSE(y, H,Y) := E(SE(y, H,Y)) = E((f(y, H,Y) = f(y))°)
= B(RSE(y, H,Y)) + f*(y) = RMSE(y, H,Y) + f*(y)

= E(f*(y, H,Y)) = 2f () (K = f)(y) + f*(y) - (A.80)

Note that by (A.36)
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whence and since Y, ..., Yy are independent identically distributed with probability
density f

E(f*(y,H,Y)) 1§N:EK2 Y;))
(v, 5 (y —

v =1

> B

j#i

/ 7y =)
N
Z;/ dy'f(y /Rd dy"f(y" ) Ku(y =y ) Ku(y —y")

K \

|- an ‘-

i=1

— K2 )
N/Rddyfy ay—1v)

+% /R ) dy'f(y') /R ) dy"f (") Ku(y —y ) Ku(y —y")
N

= (35 D)) + = (B () (482

so that by (A.79),(A.80)

RMSE(y, H,Y) = E(f*(y. HY)) — 2f (y) (Ku * f)(y)
= Lz )+ N K 120) - 20 0) (K s D), (A83)

N N
MSE(y,H,Y)=RMSE(y,H,Y) + f*(y)
= K )+ (K 1)~ 20) (K 1))+ )

(A.84)
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We now define for H > 0

RMISE(H) = RMISE(H,Y) := E(RISE(H,Y)) = E( / dyRSE(y,H,Y))

~

_ / dyRMSE(y, H,Y) = / dy(E(f(y, B.Y)) - 24 (2)(Kir % )(1))

Rd

- /Rd dyE(f*(y, H,Y)) = 2(f, K % f)a

- / Ayl (K3 * F) ) + (Ko« 1)2(0)) — 207, K x )y
-5 » A(KGy F) ) + S (K £ K fla =2 K v o (A85)

whence by (A.70),(A.78),(A.80), (A.84),(A.85)

MISE(HY) = E(| dy(f(y.H.Y) = §0)) = EUSE(H,Y)

R4

— B / dySE(y, H,Y)) = / dyMSE(y, H,Y)
R4 R4

_ / dy(RMSE(y, H.Y) + f(y)) = RMISE(H,Y) + / dy f(y)

R4
N_
= [ ik )+ == K e

=2(f, K * f)2+ (f, f)2 - (A.86)
Since [p. dyf*(y) is independent of H, we obtain from (A.71),(A.86) that
Hyrrse = argming=o(RMISE(H,Y)) . (A.87)
With (A.87) our aim of estimating H s boils down to estimating RMISE.

To perform the asymptotic approximation of MISFE in Section A.3.4 it is conve-

nient to define for y € RY and H > 0

~

BIAS(y,H) = BIAS(y, H,Y) := E(f(y, H,Y)) — f(y) = (Ku * f)(y) — f(y) ,

(A.88)
VAR(y,H) = VAR(y, H.Y) := E(f*(y, H,Y)) = (E(f(y, H,Y)))*
= (= D)+ K ()~ (s 20)
= (D) — (K 1) (A8
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whence

(BIAS(y, H,Y))* + VAR(y, H,Y) = (E(f(y, H,Y) = f(y))* + E(f*(y, H,Y))
—(E(f(y. HY))? = =2f () E(f(y, H.Y)) + f*(y) + E(f*(y. H,Y))

= B(f*(y, HY) = 2f () f(y, HY) + f*(v)) = E((f(y, H,Y) = f(1))*)

— MSE(y,H,Y) . (A.90)

It follows from (A.86),(A.90) that for H > 0

MISE(H,Y) = / dyMSE(y, H,Y)

R4

:/ dy((BIAS(y, H,Y))> + VAR(y, H,Y)) . (A.91)

A.3.4 Asymptotic approximation of MISFE

In this section we outline the asymptotic approximation of MISE(H,Y) when
H—0, N — oo, (NHHY™ —0. (A.92)

The resulting formula (A.99) is arguably the most important analytical fact about the
kernel density estimators. Because of (A.91) MISE(H,Y') has two terms and so the
asymptotic approximation of MISFE(H,Y') is performed by doing Taylor expansion
of (BIAS(y,H,Y))*> w.r.t. H and by doing asymptotic expansion of VAR(y, H,Y)
w.r.t. H by Taylor expansion of H¥V AR(y, H,Y) w.r.t. H. In this section we make
the additional assumption on K that for 7,57 =1,....d

[, A ) = su5) (4.9

where 6, ; is the Kronecker symbol and where ;1(K) is a constant depending only on
K. Note however that the condition (A.93) is satisfied for all special kernels defined
in Section A.3.1 as will be shown further below after (A.101). We first compute by
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(A.34),(A.72)

1

(s D)0) = 772 [, " KCEZE)60)

- [ k@)1 (290

Taylor expansion gives us

gl
=)~ )~ B Y5 L Sy - (A5

=1 =1 j=1

Inserting (A.95) into (A.94) yields, by (A.35),(A.93) and the evenness of K,

(Kn* )~ F0) + T u(K)AF) (4.96)
whence by (A.88)
(BLAS(. ) ~ ) ar )2 (A97)

where A is the Laplacian. We also compute by (A.34),(A.76),(A.89), (A.95),(A.96)

"

Y H Y N

- ﬁ/R dy' K*(y') fly — Hy') — %(f(y) + H?”(K)Aﬂy))Q
L .y Loof K&, of

NHd/d dy' K (y)<f(y)—H;yia_(y)+7; — ”&yzé’y]( ))
L+ s = o [ e S
) arw)?
N 1 du K2 1 K. K A
NNde(Z/)/R VEW) = gl WK KDz A

We conclude from (A.90),(A.97),(A.98)

MSE(y. H.Y) = (BIAS(y, H,Y)) + VAR(y, H,Y)
H* 9

~ BRSP4y ad W K
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whence by (A.86)

MISE(H,Y) = / dyMSE(y, H,Y)
d

R
H4
~ T [ v AT+ KK,
4
_ HTMQ(K)(A £+ N}qd(K, K)s = AMISE(H,Y) . (A.99)

It follows from (A.99) that

HAMISE = argmmH>0(AMISE(H, Y))

- d(K, K)» 1/(d-+4)
~(wetoiaram) .

whence by (A.99)

d+4

AMISE(Hanise,Y) = 1d

1/(d+4)
N <u2d<K>d4<<K, K)2) (AF, Af)z>d> |
(A.101)

Equalities (A.99),(A.100),(A.101) are of practical and theoretical significance. In
particular (A.101) quantifies the curse of dimensionality. Note that our derivation
of (A.99) is schematic in some aspects and it can improved by rigorous asymptotic

analysis. Nevertheless, (A.99) apparently is the result all textbooks agree on.

We now show that all the special kernels of Section A.3.1 satisfy the condition
(A.93). In the univariate case K always satisfies (A.93) and we have

u(r) = [ KG). (A.102)

If in the univariate case K is of the radial form (see (A.42)) then by (A.42),(A.102)

WK = / Ay K (5?) = 2 / T PR = / Ty R () (A103)

0
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It follows from (A.45),(A.46),(A.47), (A.103) that

= ! % ! 3 ! / / 1
w(Kecoip) = / dy'\/y'Kco1p(y') = —/ dy'\y' (1 —y) = = (A.104)

0 40 57

> / > / 15 ! / / 1
i(Keiip) = / dy'\/yKerap(y') = T / dy'\/y'(1 —y')? = - (A105)
0 0

,U'(KGauss,lD) = / dyy2KGauss,1D <y2)

R

— (27r)_1/2/]R dyy* exp(—y*/2) = 1. (A.106)

We now consider the bivariate case and we start with the product kernels. It follows

from (A.38),(A.39),(A.40), (A.41)

/2 dyylycho,QD,P(y) = /2 dyy1y2Kco,1D(y1)Kco,1D(y2) =0,
R R

/2 dyy?Kcoop.p(y) = /2 dyy:Kco1p (1) Kcoap(y2) :/ dyyi Kcoip(vi)
R R R

/ dyy1y2Kc10p0.p(y) = / dyy1y2 K110 (1) Kerap(y2) =0,
R2 R2

/ dyyiQKCLw,P(y) Z/ dyy?K(,‘l,lD(yl)KCl,lD(yQ) Z/ dyiyiQKCl,lD(yi) ,
R2 R2 R
whence (A.93) is fulfilled and we get from (A.38),(A.39),(A.93)

N(Koo,zD,P) = /2 dyy%KCO,QD,P(y) Z/ dyly%Kco,w(Zh)

R R
3 [ ) o 1
= - dyryi(1—yi) = -, (A.107)
4 /4 5
W(Kerapp) = / Ay Kerap.p(y) = / Ay Kern()
R2 R
15 [t

21

— | dpyi(l —yd) =

= A.108

If in the bivariate case K is of the radial form (see (A.42)) then by (A.42),(A.102)
and by the substitution rule

/ dyy1y2 K (y) = / dyyryoK (y + y3) = — /
R2 R2

R
/ dyny(y)Z/ dyyi K (y; + v3) =/ dyys K (yi +93)
R2 R2 Rz

. dyyryK (7 +y3) =0,
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whence (A.93) is fulfilled and we get from (A.42),(A.93)

. 1 .
u“)n/dw%@)u/dw%@%w@i/dw%KM+ﬁ>
R2 R2 R2

= 7T/ drr® K (r?) = g/ dr'r' K (1) . (A.109)
0 0
It follows from (A.48),(A.49),(A.50),(A.109) that
0 . 1 1
1(Kcoz2p,r) = g/ dr'r' Keoap(r') = / dr'r'(1—7") = 5 (A.110)
0 0
T [~ . 3 [t 1
1(Kc2p,R) = —/ dr'r' Keiop(r') = —/ dr'r’'(1 -7 ==, (A.111)
2DR) =5 ) : 2/, 8
o0 . 1 oo
(K Gauss2ap) = g/ dr'r' KGaussap (1) = Z/ dr'r’ exp(—r'/2) = 1.
0 0

(A.112)

A.3.5 Least squares cross validation - general properties

Any technique which estimates H ) rsg is called ‘least squares cross validation’. Since
RMISE depends on f one has to estimate Hy;sp in (A.87) and our estimator will
be Hyrsp in (A.178). In this section we estimate RMISE by LSCV. Since the
computational cost of LSCV is of order N? we will, in Section A.3.6, by following
Silverman approximate LSCV by LSCV and LSCV by LSCVs; since the compu-
tational cost of the latter is only of order N. We will thus define the estimator,
ﬁM]SE, of Hyrrsp as the minumum bandwith w.r.t. LSCVy;. We first define for

yeRYH>0andi=1,...N

N
ol ) = Fuly, HY) o= 023 Kuly =), (A1)
J#

and

LSCV(H) = LSCV(H,Y) /

N
A 2 N
dyf(y, HY)— =Y fu(Vi, H Y
Rd yf (y7 Y ) N — f ( )

N N

= [ P Y) = o 3 Ka(i- ) (A114)

i=1  j#i
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At first sight LSCYV looks awkward because it employs the mysteriously looking f_i.
However we will show below that LSCV has the important and useful property that
it is an unbiased estimator of RMISE and even further below we will argue that
LSCV is maybe the simplest possible unbiased estimator of RMISE! It follows from

(A.113) that for H >0 and i =1,.... N
N

E(f_i(Y;, HY)) = N_1 > B(Eu(Y;—Y)))
J#

g / dyf(y /R dy' f(y) Kuly — o)
yf(y)

/Rdyf( VKu(y =)

/

= [, At @) ) = (£ K+ P (A.115)
so that by (A.114)
E(LSCV(H,Y)) :/ dyE(f*(y, H,Y)) Z (Y;, H,Y))
_ /R dyE(P(y, HY)) — 2(f, Ky  f)s | (A.116)
whence by (A.85)
E(LSCV(H,Y)) = RMISE(H,Y) , (A.117)

i.e., LSCV is an unbiased estimator of RMISE. To get further insight into LSCV we
define for H > 0

KO) = (K« K)) = [ (= )KW), (A118)

Ki0) = (K= Kn)) = [ ay/Kuty =) Kulw)

__1 kY L
=g ||, ECORG)

o 1 " g_ " AN 1 2
=i [ R =K = (K K
1 Yy
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Note that since K is even, so are Ky, Kg), K® . Tt follows from (A.81),(A.113),(A.119)

[ ey =553 30 [ dukut =YKt =)

(A.120)

= T L X Knl¥i= V) - 5 Ka(0). (A121)

_ﬁz S Ku(Yi- V) + %KH(O). (A.122)

Due to (A.122) the computational cost of LSCV is of order N? which is forbiddingly

large for real time applications with N = 108.

To better understand the awkward structure of LSCV we first note that by
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(A.73),(A.113)

Bl H)) = oy 32 By =) Z [ avtwKats - )
j#i e
- / ay' f ) Kuly — o) = (K f)(y) = EGFly, H)) (A.123)

whence it seems plausible to replace the f_ (Y, HY) in the definition (A.114) of
LSCV by f(YZ-, H,Y). Thus we modify LSCV by defining for H > 0

o —

N
ESCVULY) = [ dyff(n 1Y) = 530 FORHLY)

]\1;2 Z Z Kp(Yi=Yj), (A.124)

where for y € R, H > 0 we defined

K*(y) = K®(y) = 2K(y) = (K * K)(y) — 2K(y) , (A.125)
Kirly) = K () — 2Kn(y) = 7250 (L) — ZK(Y)
Loy
= k) (A.126)

Note that since Ky, Kg) are even, so are K*, Kj,. Eq. (A.124) is a straightforward
modification of LSCV whose definition is in fact simpler and looks more natural
than the one of LSC'V. However by (A.122),(A.124) we obtain
oo L5 N o
LSCV(H,Y) — LSCV(H,Y) = SO K-

=1 j=1

2 Vo P
N(N — 1)Z D K, oy o a0

i=1 j=1

| NN 5 N
_WZZKQ) +WZZKH(Y;_YJ)

i=1 j=1 i=1 j=1

) i Ku(Yi =Y;) + LKH(O) . (Aa27)

1=

B 2
T ON2(N —1)

,_.
<.
Il

—
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—

While the estimator LSCV of RMISFE is unbiased, the estimator LSCV of RMISE
is biased due to (A.127). Moreover, asymptotic analysis indicates that the bias of
I;/C\\V is not much smaller than RMISFE which indicates that ZE/C\\V is (unlike
LSCV) not a reliable estimator of RMISE. This indicates that it is not easy to
define an unbiased estimator of RMISE which has a simpler structure than LSC'V
and it may even indicate that LSCV is the ‘simplest’ unbiased estimator of RMISFE.

Thus we have somehow demystified the f_; in (A.114).

A.3.6 Least squares cross validation - Silverman’s algorithm

Following Silverman [Si] we approximate, in this section, LSC'V to reduce the com-
putational cost of LSCV from order N? to order N. We first approximate LSCV by
approximating the factor 1/(N —1) in (A.122) by 1/N. Thus we obtain the definition

1 N N 9
=32 O Kil¥i=Y) + K (0)
i=1 j=1
N N
- NszZ Z K % )+NHdK(O). (A.128)
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It follows from (A.122),(A.128) that

2 > i Ku(Y; —Y;) + LKH(O) . (A129)

While the estimator LSCV of RMISE is unbiased, the estimator LSCV of RMISE
is biased due to (A.129). Nevertheless using asymptotic analysis (small H, large N)
one can argue by (A.129) that the bias of LSCV is of order 1/N smaller than RMISE
so that the estimator LSCV of RMISE is as useful as the estimator LSCV .

We now continue following Silverman’s approach by rewriting LSCV asa quadra-
ture (see (A.140)). We thus define the ‘generator’ @gen of LSCV for ye R H >
0 by

— - Y, —Y;
LSCV gen(y, H,Y) := YN K(——2 -y . (A130)

N2Hd £ £ H
=1 j=1
so that by (A.128)
— — 2
LSCV(H,Y) = LSCV 4, (0, H,Y) + NHdK(O) . (A.131)
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Defining for y € R¢

=2

u(y,Y) = (zw)—dﬂ; Z exp(iy’Y;) | (A.132)
oy, V) = (212 u(y, V)2 = (27r)d/2]é2 > (i) Y esp(—iy" )
— (27) dﬂ%z S expliy” (Vi — V7)), (A.133)

i=1 j=1

we obtain from (A.130), (A.51),(A.133)

mgen(y,H, Y) = (27T)d/2/ dy'exp(iny')mgm(y',H, Y)
R4
N N
Yi— Y
d/2 / - T w1 !
= (2m)” /NszE E /R dy' exp(iy"y )K" (= =)

N N
— (2m) /2 1 Z Z dy’ expli T(Yz‘ -y NV (y")
= o | Ay expliy" (< —y y

He Y H’
= —o(L.Y) / df expliyTy K () = 7 (2m) V(1 VIR ()
= () (L VPR () (A13)

where we also used the fact that K* is even. Of course by (A.51)

—_——

(2m) /2 / dyLSCV yen(y, H,Y)
Rd

= (27r)_d/ dy/ dy' exp(iny’)mgen(y’, H)Y)
]Rd R‘i

= (277)_d/ dy’mgen(y/,H, Y)/ dy exp(iy"y)
R4 Rd

_ /R Ay LSCV genly', H,Y)i(y)

= LSCV 3en (0, H,Y) | (A.135)
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whence by (A.134)

LSCV e (0, H,Y) = (27) /> / dyLSCV yen(y, H,Y)
]Rd

— a0 [ dylaIPE )

H
= n) [ ayluty,Y)PR (1Y) (A.136)
R
so that by (A.131)

LSCV(H,Y) = (2m)%? / K(0) . (A.137)

8 2
d V) 2K (Hy) + ——
g yluly, )K" (Hy) + ~7rg

We obtain from (A.118),(A.51)

ROy = (20) " [ ay expliy) K o)
R
= (2m)~/? / dy' exp(iy"y') / dy"K(y —y")K(y")
Rd ]Rd
— (27T>7d/2 / dy"K(y") / dy' exp(iny')K(y' . y//)
R R4
= (2m)" 2 / ) dy"K(y") / ) dy' exp(iy" (v + y") K (v)
R R
= (2m) 0 [ expliyy ) K() [y exslig (W)
R R
— f((y) /Rd dy’ exp(iny')K(y’) = (2w)d/2K2(y) , (A.138)

whence by (A.125),(A.51)

R = ) [y expli) K ()
= (2m)~ /R oy expliy"y) (KD () = 2K (y)) = K9 (y) — 2K (y)
= (2m)?K?(y) — 2K (y) . (A.139)
It follows from (A.137),(A.139) that
LSCV(H,Y) = (27r)d/2/
5 R
NHd

dyluly, Y)[*((2m)"2 K2 (Hy) — 2K (Hy))

+

K(0) . (A.140)
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Note that (A.140) is exact and that it boils the computation of LSCV down to an

integration problem.

We thus move on with Silverman’s approach by approximating LSCV via linear
binning to the equality (A.140). To keep the formalism concise and due to our aims
we confine to the case d = 2 and we do linear binning where each point contributes
to four grid points (this version of linear binning is called ‘cloud-in-cell charge depo-
sition” in Physics and it is employed by our density estimation ‘Method 2’ mentioned
in Section 3.4). Using the definition (A.54) of the grid points y, s we partition R?

into the rectangles:

Lo = [Zas 2at1) X [T5, 2511) = |

For convenience we assume that the integers m, n are even. We define for j = 1,..., N

where Int denotes the greatest lower integer bound function on the reals and where
the Z;, X; are given by (A.55). Thus (M, N;) labels the rectangle surrounding Y,
i.e., I(a;,n;) 1s the unique rectangle from the partition which contains Y. In particular
the grid points yas; N, Ynr;+1,8,5 Yar; N;+1, Yu;+1,8,+1 are the left lower, right lower,
upper left, upper right corner respectively of the rectangle I(y; ;). Note that right,
left, lower, upper are meant w.r.t. the convention where the z-axis is horizontal and
the z-axis is vertical. The linear binning we consider here is the procedure where the
‘unit charge’ at Y; is replaced (‘deposited’) by four fractional ‘charges’: the ‘charge’

4 b ¢ )
wrr; at Yy, n;, the ‘charge’” wrg; at yu, 1N, the ‘charge” wyr ; at ya, n;+1, and
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the ‘charge’ wyr; at yar,+1,5,+1 where we define

WLL,j = [1 - m(Z] - ZM]’)][]‘ - n(XJ - xNj)] )
wrrj = m(Z; — zuy)[1 —n(X; —ap,)]
WyL,j = [1— m(Z; — ZM]-)]"(XJ‘ - xNj)

wyr,; = m(Z; — zMj)n(Xj — $Nj) )

(A.143)

The interpretation of wrr j, wrrj, wur,;, wur,; as charges will now be justified by

proving (A.144),(A.150). It follows from (A.143) that wr j+wrr; = 1—-n(X;—zy;)

and wyr,; + wyr; = n(X; — zy,), whence
wrr; +wWrr, + wyr,; +wyr; = 1.
Moreover by (A.142) we have
0<mZ;— Int(mZ;) <1,
and by (A.54),(A.142)
m(Z; — zy;) = mZ; — My = mZ; — Int(mZ;)

whence

0<m(Z; —zm;) <1,
and analogously

0<n(X;—an)<1.

It follows from (A.147),(A.148) that

0<l—m(Zj—z) <1, 0<l—nX;—ay)<1.
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We conclude from (A.143),(A.147),(A.148), (A.149)
O<wLL7j§1, OSZULRJ<1, OS’LUULJ'<17 OS’LUURJ'<1. (A150)

Note that the wy ; are independent identically distributed (the some holds for the
WLRj, WUL,;, WuR, respectively). The above linear binning procedure can be in-
terpreted in terms of probability measures as follows. The empiral measure, py,

determined by Y7, ..., Yy is replaced in linear binning by the measure p» where

[y = (A.151)

2=
=

<
Il
—

=l

M2 = (wLL,jgyMj,Nj + wLRij?JMj—H,Nj + wUL,jgyMj,NjH + wUR,jgyMj+1,Nj+1) )

1

J

(A.152)

where £, denotes the unit point measure at y € R?. We define for a, 3 € Z

mn
o= N wLL,j5Mj—a,Nj—,3 + wLR,j5Mj+1—a,Nj—ﬁ + wUL,j5Mj—a,Nj+1—ﬁ
j=1
+wUR,j5Mj+1a,N]~+1B) ; (A.153)

where 6, 5 is the Kronecker symbol. Note that by (A.144),(A.153)
mn o
Z Z fa,ﬁ = N Z Z Z (wLL,j(SMj—a,Nj—[i + wLR,j5Mj+1—a,Nj—[3
acZ BEL Jj=1 a€Z BeZ
+wWuL,j0M;—a,N;+1-8 T wUR,j5Mj+1—a,N,-+1—,3)

mn

N

mn

- N (wrrj+wrrj +wyrj +wur,) = N E . (A.154)
j=1 =

We see by (A.153) (or by (A.152)) that &, s is proportional to the number of particles
binned at y, 3. In fact (A.154) shows that the proportionality constant is N/mn,
i.e., N&, g/mn is the number of particles binned at y, 3. Note that this number in
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general is not an integer since the binning procedure ‘splits’ each original particle

into four particles. Defining

) 2a0—1 2a+1. 28—1 28+1

]@ = y 5
P [ 2m 2m )< 2n 2n

), (, 6€Z). (A.155)

we observe that the I, 3 form a partition of R? into rectangles whose center points are
Ya,p and that 1/mn is the volume of each Ivaﬁ. Note that the faﬂ are just translates
of the 1, . Since N, 3/mn is the number of particles binned at y, g it is also the
number of particles binned in I, 5. Note that g, is the only grid point in I, 4.
On the other hand, since 1/mn is the volume of I, 4, the quantity N f(y,.s)/mn

approximates the number of particles in Ivaﬁ, ie.,

N

N yaﬁ Z i (A.156)

We conclude that N f(ya,g)/mn ~ N, g/mn, ie.,

f(Yap) = Eap - (A.157)

This allows us to apply the midpoint rule w.r.t. the partition Iva,g which reads for a

real valued function F on R? as

/Rg dyf(y) Z > (Was) F(yas) - (A.158)

aEZ BEL

Applying (A.158) to (A.157) results in

/m dyf(y) Z > CasF () (A.159)

aGZ BEL

On the other hand by the law of large numbers we have the Monte Carlo approxi-

mation

| aswrw~ 5y F). (A.160)
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whence by (A.159)
1 & 1
NZ F(Y)) = — >N basF(Yas) - (A.161)
j=1 a€Z [EZ

We will see below (see (A.163)) that we are interested in the case where F(y) =
exp(iy’t) where t € R?. Applying then (A.161) we get

N

1

NZ exp(iy’Y;) ~ Z Z a5 exXP(iY Yar5) (A.162)
j=1

an BEZ

whence by (A.132)

N
1 - 1 .
u B 2r N g Xp Zy Y 27‘(‘mn Z Z ga”fj eXp(,Ly ya,/@) 5 (A163)

o€l PBEL

so that by (A.140)

L?(TV(H Y) = 2n / dyluly, V) 2(2r R2(Hy) — 2K (Hy)) + K (0)

NH?
|, S 3 tasexplin®o o) P2 R¥ (1) 2K (1)

a€Z PEL

K(0). (A.164)

27Tm2n2
2

+NH2

Moving on with Silverman’s procedure the integral in (A.164) will be approximated

by the midpoint rule as follows. Defining for a,b € Z
Sap = 2m(a, D)7, Iy = [1(2a —1),7(2a + 1)) x [1(2b — 1), 7(2b+ 1)) ,(A.165)

we observe that the fa,b form a partition of R? into squares whose center points are
Sap and that 472 is the volume of fa’b whence the midpoint rule gives us for a real

valued function F on R?

2
/}RQ dyF(y) =~ 47> " Y " F(sas) (A.166)

a€l beEZ
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Thus approximating (A.164) by the midpoint rule results in

LSCV(H,Y) m2n2 DD DD apexplistyyas)l

a€Z bel —a€l PBeZ

-(27rf(2(Hsa p) — 2K (Hsap)) + K(0)

NH?

- TN TIE Y csexpleni(“Y 1 P

a€? beZ «a€l [BEZ

2
NH?

(21 K* (Hsq) — 2K (Hsap)) + K(0) . (A.167)

Defining the discrete Fourier transform of £ for a,b € Z by

1 b
moi= 303 Gopesplami(™ + ). (A168)

a€EZ BEL

we obtain from (A.167)

LSCV(H,Y) ~ 21 Y 3" s (20 K3 (Hsap) — 2K (Hsap)) +

a€Z bEZ

k0.
(A.169)

To make LSCV amenable to the Fast Fourier Transform technique we now truncate
the infinite sequence in (A.169) which is justified if the Y; are concentrated in [0, 1] x

[0, 1] (which is the case in the situation we are interested in). Then we have

N
1
1—szl Lioyxo(Y;) < 1. (A.170)
Note that by (A.153),(A.170)
1 m—1 n—1
— wp <1, A1T1
o ap < ( )

0

«

I
=)
»
I

The lhs of (A.170),(A.171) are always nonnegative. Definining for a,b € Z

- 1
1 b
— o exp(27rz(faa + b
mn n

«

3
3
|

g = )8 (A.172)

I
o
T
o
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we observe by (A.168),(A.171) that
Na,b ~ f/a,b . (A173)
Thus replacing 7,4 by 7. in (A.169) we obtain

LSCV(H,Y) ~ 21y > |ias2(20 K (Hsap) — 2K (Hs44))

a€Z bEZ

+ g (0). (A.174)

Following Silverman, we restrict the a,b in (A.174) to the range a = —m/2,...,m/2

and b = —n/2,...,n/2 whence we obtain

LSCV(H,Y) ~ LSCVsu(H,Y) ,
m/2 n/2
LSCVSZ‘I(H, Y) =27 Z Z |ﬁa,b‘2(2ﬂf~{2(HSa7b) — 2K<H8a,b))
a=—m/2 b=—n/2
2
K(0). (A.175)

+NHz

To apply the Fast Fourier Transform technique to the computation of LSCVyy, it
can be convenient to have, in (A.175), the indices a, b starting at a = 0,b = 0 rather

than at a = —m/2,b = —n/2. Thus we define for a,b € Z

m—1 n—1
. X 1 (a—m/2)a  (b—n/2)p
ab = Ta—m —-n/2 — o 2
Tab = Na-m/2b-n/2 = — 2 2 Eap exp(2mi( - + - )
1 m—1 n—1 ac bﬁ
- ag(—1)0ts 2mi(— + — A.176
3 s ep2mi( + L)) (A176)

I
<)

o

B=0
whence by (A.175) we get the following alternative expression of LSCVgy:

m n

LSCVSil<H7 Y) =27 Z Z ’ﬁa,b|2(QFKQ(HSa—m/Q,b—n/2) - 2K<H8a—m/2,b—n/2)>
a=0 b=0
2
. Al
+NH2K(0) (A.177)

Since the computational cost of each &, g is of order N, it follows from (A.176) that
the computational cost of each 7, is of order N, whence by (A.177) the computa-
tional cost of LSCVyg;; is of order N. On the other hand since LSCVy;; approximates
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LSCV and LSCV approximates the unbiased estimator LSCV of RMISFE we define

the estimator of Hyrsp by

[:IMISE = argminH>0(LSCVS¢l(H, Y)) . (A178)

A.3.7 Practical considerations

I implemented the bivariate product Epanechnikov kernel K¢ 2p p into our code by
using algorithm A2 of Section A.3.2. The accuracy obtained with this kernel, tested
with the known initial spatial density p, of Section 3.4, is competitive with that
of the density estimation Methods 1 and 2 of Section 3.4. Moreover, in terms of
computational cost, K¢y 2p p is competitive with density estimation Method 2 and
outperforms density estimation Method 1. For more details on the performance of
the kernel density density estimator in our code, see Section 3.4.3. We next aim to
implement the cross validation formula (A.178). Another issue to be addressed is
the fact that, in the situation of our code, the random variables Y, ..., Yy are not
independent anymore when the code marches forward in s (although they are ini-
tially independent). However the dependence of the Y7, ..., Yy may be weak and the
Y1, ..., Yy may still be identically distributed when the code marches forward in s.
Note also that since in the previous sections we assumed that Y7, ..., Yy are indepen-
dent identically distributed, some results change when the Y;, ..., Yy are dependent
(in particular the asymptotic formulas for MISE will change). Thus we plan to
implement a routine in the code which quantifies the dependence of the Y7, ..., Yy

and tests if they are identically distributed.
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A.4 Convergence study

I now discuss a technique, which is applied in Section 3.4.3 and which allows a
convergence study of the error of various quantities computed by the code. We here
concentrate on a convergence study w.r.t. the parameter NV, i.e., the particle number.
Thus let ¥ be a normed space and let ) € ¥ be an unknown element approximated
by the elements ¢)(N) € ¥ where 1)(N) denotes the approximant of 1) computed with
N particles. Underlying the method is the assumption that, for N' — oo, the error
|10 — (N)|| satisfies |[¢p — Y(N)|| = O(N ™) where d > 0 is called the ‘consistency
order’ of the approximant ¢ (N\'). Thus, by assumption, a ¢ > 0 exists such that for

large N' we have
[ =N = N2 (A.179)

In fact the method we outline here allows to approximate d in terms of the ¢(N)

to arbitrary accuracy. Using the triangle inequality we have for arbitrary particle

numbers N, N/

[ = oM =1l = vN)| < [[9N) =N
<l =M+ 119 = NI

whence, for particle numbers N7, N3, N3, Ny which are constrained by
No # Ny, (A.180)

we get

19 = dNOI = (19 = dN)I| _ ([P N — DN
[t = DN+ ([ = NI T [[P(N2) — DN
< = WO+ [ = p(Ns)]
Tl = b N[ = [l = N
If N1, N3, No, N, are sufficiently large then, by (A.179), we have, for i = 1,2,3,4,

[t — (NG| = CM_d whence

[ = vWDIF [ — NIl NP5 (N3) ¢
[ = (NI £ ([ = NIl (N2)~ & (Na)~

(A.181)

a1l F (N3/N)~
1+ (./\/’4/./\/2)751 '

5 = (No/AD)
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so that by (A.181)

a1l = N /N _ ([ (N) =Nl a1+ (N3 /Ny~
Wl N T RN = o) — o)l = MM T/ )
(A.182)
Assuming in addition to (A.180) that
Ng > M , N4 > NQ , (A183)

we can take the logarithm in (A.182) and obtain

L OB <
L4+ (Ny/Ny)=d7 &

(
< dIn(No/NY) + ln(i i— Eﬁffiﬁj\\ggid

[[¥(N) = (N3)]
[ (N2) = (N

). (A.184)

dIn(N3 /N7 + In( )

We will exploit (A.184) to approximate d whence, from now on, we assume, in
addition to (A.180), (A.183), that N7 # N,. Without loss of generality we thus

assume that
No >Ny, (A.185)
whence, by (A.183),
Ny >Ny > N N3 > N . (A.186)

Dividing (A.184) by In(N3/N;), we obtain

1 1— (N3/Np)~
NIV ITA S BT VAR
1 1+ (N3/Np)™

(Ve AR T = (VG

)5 d

<d+ (A.187)

where

1 [ (N) = (N5

SNV R YA R EYAT]

). (A.188)
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Note that d is the promised approximant of d. Choosing N3/N; and N /N5 suffi-
ciently large, we can Taylor expand (A.187) w.r.t. (N3/N;)~¢ and (Ny/Nz)~¢ which

results in
d— (Na/ND) ™4+ (Na/Na)™ I<d+ (Na/N1) ™+ (N /Ny) ™
In(Nz /A7) S In(N2/N7) ’
d—d| < o/ N~ + NG/ Na) ™ (A.189)

1D(N2/N1)
To estimate the relative error, |1 — d/d|, made by d we conclude from (A.189)

(Na/N1) ™"+ (Na/No) ¢
dIn(Ny/N7) '
Note that (A.186) contains all restrictions on N7, Na, N3, N; we made so far. Of

course it follows from (A.186) that if N is sufficiently large such that (A.179) is a

d
1-2% (A.190)

good approximation for N = N, then all N; are sufficiently large such that (A.179)

is a good approximation for A" = N;. If one imposes, for some ¢ > 0, the condition:

(N3/N1) ="+ (Na/Na) ™

< A.191
dIn(Na/NY) = (A.191)
then, by (A.190), we get
d
1-Zlge. (A.192)

Clearly (A.186) is equivalent to
NQ = klNl , N3 = kQNl s N4 = /{33./\/2 s kl,kg,k’g > 1 , (A193)

which leaves N, k1, ko, k3 as the free parameters. Adding to (A.193) the constraints:
ki < ko = ks we get the following convenient choice of N7, Ny, N3, Ny:

NQZklNl 5 Ngzngl 5 M:klkgM y k’ng’l > 1, (A194)

which leaves N7, k1, ks as the only free parameters. Note that (A.194) entails (A.193)

and also gives us the ordering

N4 > Ng > NQ > Nl . (A195)
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Group actions

If X is a set, G a group with identity eq and L : G x X — X a function satisfying,
for g,h € G,z € X,

Lieg;z) ==z (B.1)
L(gh;x) = L(g; L(h; x)) , (B.2)

then L is called a ‘left G-action on X’ and the pair (X, L) is called a ‘left G-space’.
Note that the group law of G is written multiplicatively in (B.2) and it is obvious how
(B.2) would read if the group law of G is written additively (the latter convention
is common if the group G is Abelian). It follows from (B.1),(B.2) that each L(g;-)
is a bijection from X onto X. A left G-action L on X is called ‘transitive’ if for
every pair of elements =,y of X a g € G exists such that L(g;z) = y. If G,G" are
groups and ® : G — G’ is a group homomorphism and if (X, L') is a left G’-space
then (X, L) is a left G-space where I define, for g € G,z € X,

L(g;x) == L'(®(g); ) . (B.3)
In this work a topological group is defined in the common, broad sense as in [Hus]. If

X is a topological space, G is a topological group, and (X, L) is a left G-space such
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that the L is continuous, then (X, L) is called a ‘topological left G-space’. Of course
in that case each L(g;-) is a homeomorphism from X onto X. In the important
subcase when the topology of G is discrete (e.g., when G = Z) the condition that L

is continuous is equivalent to L(g;-) being continuous for all g € G.

If (X, L), (X', L) are left G-spaces and if f : X — X' is a function satisfying, for
geG re X,

f(L(g;x)) = L'(g: f(x)) , (B.4)
then f is called a ‘G-map from (X, L) to (X', L’)’. G-maps are also called ‘equivari-
ant’. One calls (X, L), (X', L') ‘conjugate’ if the G-map f is a bijection onto X’. In

the special case G = Z the function f is a G-map iff (B.4) holds just for g = 1,z € X.

If the G-map f is onto X’ then the left G-space (X, L) is called an ‘extension
of the left G-space (X', L')’. In the special case where the extension (X, L) has the
form (X’ x Y, L) for some set Y and if f is the natural projection from from X’ x Y
onto X', then the left G-space (X, L) is called a ‘skew product of the left G-space
(X', L)

Remark:

(1) Let (X', L"), (X' xY, L) be left G-spaces and let (X’ x Y, L) be a skew product

of (X', L'). This is a strong restriction on L, as follows.

By (B.2), we have, for g € G,2' € X',y €Y,

L'(g;z')
L(gia',y) = : (B.5)
L"(g;2',y)
where the function L” : G x X' XY — Y satisfies, for g,h € G,2' € X',y €Y,
L'(eq;2',y) =y, (B.6)
L'(gh;a',y) = L"(g; L'(h; '), L" (ks 7', y)) (B.7)
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which is the announced restriction on L. O

If (X,L),(X’, L") are topological left G-spaces and if a continuous G-map f exists
from (X, L) to (X', L") which is a homeomorphism onto X', then the topological
left G-spaces (X, L), (X', L') are called ‘conjugate’. If (X, L), (X', L") are topological
left G-spaces and if a continuous G-map f exists from (X, L) to (X', L’) such that
f is onto X', then the topological left G-space (X, L) is called an ‘extension of the
topological left G-space (X', L')’. In the special case where the extension (X, L) has
the form (X’ x Y, L) for some topological space Y and if f is the natural projection
from from X’ x Y onto X', then the topological left G-space (X, L) is called a ‘skew
product of the topological left G-space (X', L')". Note that X’ x Y is equipped with
the product topology.

If (X, L) is a topological left G-space and H is a topological group then a function
f€C(G x X, H) is called a ‘H-cocycle over the topological left G-space (X, L) if,
for g, € G,x € X,

flag',x) = flg, L(g's2)) f(d, x) . (B.8)

I define, for given X, G, H, the set COC(X,G, H) as the collection of pairs (L, f)
with the property that (X, L) is a topological left G-space and that f is a H-cocycle
over (X, L). For literature on cocycles, see, e.g., [HK1, KR, Zil]. Note also that two
conventions for the definition of cocycles are used: my and the ‘dual’ one. In the
latter convention (see e.g. [KR, Zil]) (f(g,z))!, not f(g,z), is a cocycle. However

for convenience I stick to my convention which is the same as in [HK1].

Right G-actions are defined in direct analogy to left G-actions. In fact, if X is
a set, G a group with identity ez and R : G x X — X a function satisfying, for
g,he Gz e X,

R(eg;z) =z, (B.9)
R(gh;z) = R(h; R(g; 7)) , (B.10)
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then R is called a ‘right G-action on X’ and the pair (X, R) is called a ‘right G-
space’. Due to the close analogy of the concepts of right G-action and left G-action
it is obvious how a topological right G-space, a G-map etc. are defined. Note that

left G-spaces and right G-spaces are also called ‘transformation groups’.

As is common, I will often skip the word ‘left’; i.e., I often call a left G-action a
‘G-action’, and a left G-space a G-space etc. This convention is especially useful if

(G is Abelian since in that case left and right G-actions are the same.

The following facts about right G-spaces are important for principal bundles (the
latter are treated in Appendix E) so let (X, R) be a right G-space. Let the set X* be
defined by X* := {(z, R(g;z)) : g € G,z € X} and the function op : Gx X — X* be
defined by or(g,z) := (x, R(g;x)). Clearly og is onto X*. The right G-action R is
called ‘free’ if, for all z € X, the equality: R(g;x) = z implies: g = eg. It is easy to
see that R is free iff o is one-one. In fact, if og(g, 2) = og(¢’, 2') then (z, R(g; x)) =
(', R(g¢’; ")) whence, if R is free, x = 2/, g = ¢’ so that op is one-one. Conversely,
let R(g;x) = x. Thus ogr(g,z) = (z,R(g;7)) = (x,2) = (x, R(eg; ) = orl(eg,x)
whence, if o is one-one, g = e so that R is free. I thus have shown that R is free iff
o is one-one. Therefore, since oy is onto X*, R is free iff o is a bijection from G'x X
onto X*. Of course if R is free the inverse o' is well defined and one then defines the
function 75 : X* — G by 7 1= pri o 05" where pri(g,z) == g. If R is free one calls
Tr the ‘translation function’ of R. Note that if R is free then for g € G,z € X we
have R(7r(x, R(g,x));x) = R((pr1 0 03" )(x, R(g,x));x) = R(pri(g,x); ) = R(g;v)
whence for z, 2’ € X we have R(tgr(x,z’);x) = /. Of course if R is free then 7 is
the only function 7 : X* — G which satisfies, for z,2’ € X, R(7(z,2/);x) = 2/. A

topological right G-space (X, R) is called ‘principal’ if R is free and if 75 is continuous.

If (X, R) is a right G-space and x € X then the set {R(g;z) : g € G} is called the
‘orbit of z under R’. The set of orbits under R is denoted by X/R and the function
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pr: X — X/R is defined by

pr(z) = {R(g;z): g € G} = | J {R(g;2)} . (B.11)

geG

Clearly pgr is onto X/R. Note that, for z,y € X, we have that pr(z) = pgr(y) iff
y € pr(x). Thus, for z € X,

pr' (pr({2})) = pr' ({pr(2)}) = {y € X : pr(y) € {pr(z)}}
={ye X :pr(y) =pr(®)} ={y € X :y € pr(2)} =pr(z) . (B.12)

It follows from (B.11),(B.12) that for A C X

P (o(A)) = 7 (or(J {2)) =p;;(U pR<{x}>) — U »r' (or({2))

=J prt@)=J U Rga)r = U B2} =] R(g:4) . (B.13)
€A zeA geG geG z€A geG

If X is a topological space and (X, R) is a topological right G-space then one equips
X/R with the quotient topology w.r.t. pg, i.e., a subset U of X/R is open iff p;'(U)
is open in X. Thus the function pg is identifying and one calls X/R an ‘orbit space’.

To show that pg is open, let U be open in X whence, by (B.13),
71 _ .
P (or()) = | Rlg:U) . (B.14)
gelG

Since each R(g;-) is a homeomorphism from X onto X we have that R(g;U) is open
in X whence J . R(g;U) is open in X. Thus, by (B.14), PR (pr(U)) is open in X,
Since the topology of X /R is the quotient topology w.r.t. pr we have that pr(U) is

open in X/R whence pg is open.

There are many textbook treatments of group action. Two useful textbooks,

dedicated to group actions, are [tDi2, Ka].
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Topological concepts and facts

In this section I provide some concepts and facts from Topology, in particular some
know-how about ‘liftings” and ‘factors’ of ‘bundles’” and ‘fiber structures’ (see Defi-
nition C.1). This know-how is especially useful for continuous and 27-periodic func-
tions like W, 4(n;-) arising in the study of spin-orbit tori (w, A). The concept of
bundle is also of importance for me in Appendix E where I refine it to the concept
of principal bundle. As in Appendix B, I present the material in such detail that it

is essentially self contained.

‘Hurewicz fibrations’ (see Definition C.5) are fiber structures which satisfy a cer-
tain condition. In fact, for my purposes, a Hurewicz fibration has sufficient structure
to obtain from a continuous function a lifting which is a continuous function as well.
While liftings provide a tool to obtain continuous functions, factors provide another
tool to obtain continuous functions (namely to turn 2-periodic functions on R¥ into
functions on the ‘k-torus’ T* defined below). For these matters I introduce with
Definition C.2 four well-known fiber structures and demonstrate in Section C.1 that
all four of them are Hurewicz fibrations. They will be used for liftings and one of

them will be used for factors. Three of the four ‘projections’ (see Definition C.1) are
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covering maps (see Definition C.7). Note that fiber structures (and even Hurewicz
fibrations) are rather simple concepts which do not involve any group actions. Thus
in this section I neither employ the machinery of principal bundles nor do I need
Category theory (see however Appendix E). The know-how I use about liftings and
Hurewicz fibrations can be found in [Du, Sp] and the know-how about factors in [SZ].

See also [Bre, Di, Rot, tDil]. My terminology is close to [Du, Hus].

C.1 Bundles, fiber structures and Hurewicz fibra-

tions

In this section I choose my four fiber structures and show that they are Hurewicz
fibrations. The search for liftings w.r.t. my fiber structures is the content of Sections
C.2 and C.3. In Section C.3 this search will be facilitated by the use of ‘factors’ (see
Definition C.1) w.r.t. one of the four fiber structures (the latter fiber structure is

also used in Section D.2).

Definition C.1 (Bundle, fiber structure, lifting, factor, cross section, locally trivial)
Given topological spaces X,Y, I denote the set of continuous functions from X into

Y by C(X,Y) and the set of homeomorphisms from X ontoY by HOMEO(X,Y).

A triple (E,p, B) is called a ‘bundle’ if E and B are topological spaces and if p
is in C(E,B). A bundle (E,p,B) is called a ‘fiber structure’ if p is onto B. One
calls E the ‘total space’, B the ‘base space’ and p the ‘projection’ of the bundle. For

be B, pt(b) is called the ‘fibre of p over b’ and its topology is defined as the relative
topology from E.

If £ = (E,p,B) is a bundle, X is a topological space and g € C(X,B), then
f €C(X,E) is called a ‘lifting of f’ w.r.t. the bundle £ if g=po f. If g € C(F,X)
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then a f € C(B,X) is called a ‘factor of g” w.r.t. the bundle & if g = fop. If
o € C(B, E) satisfies idg = po o, where idg is the identity map on B, then one calls

o a ‘cross section of £°. The set of cross sections of £ is denoted by T'(&).

A fiber structure (E,p, B) is called ‘locally trivial’ if for every b € B an open
neighborhood U of b, a topological space Y and a homeomorphism ¢ : UxY — p~1(U)
onto p~Y(U) ewist such that, for allz € Uy € Y, po o(x,y) = x where U X Y has
the product topology, U has the relative topology from B and p~*(U) has the relative
topology from E. U

Remark:

(1) My notion of ‘bundle’ is from [Hus|] and my notion of ‘fiber structure’ is from
[Du] and all concrete examples of bundles in this work are fiber structures. Note
that a bundle which has a cross section is a fiber structure. If £ = (E,p, B)
is a fiber structure and X a topological space then, since p is onto B, every

g € C(E, X) has at most one factor w.r.t. &.

Clearly the concepts of bundle and fiber structure are trivial and the topologies
of the fibres in a fiber structure are in general largely unrelated - in particular
they are in general not homeomorphic. However a fiber structure has a lot of
structure if it is locally trivial. In particular for locally trivial fiber structure
(E,p, B), every b € B has an open neighborhood U such that the fibres p~!(u)
with v € U are homeomorphic. We will see that the four fiber structures to be
introduced in this section are locally trivial, a circumstance which makes it easy

to show, again in this section, that all four of them are Hurewicz fibrations. [

Definition C.2 A function on R* is called 2n-periodic’ if it is 2m-periodic in all k
arguments. If Y is a topological space, I denote the set of 2m-periodic functions in

C(R*)Y) by Cper(R¥,Y). The set SO(3) consists of those real 3 x 3—matrices R with
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det(R) =1 for which RT R = I3y3 where RT denotes the transpose of R and I3x3 the

3 x 3 unit matriz. I define

0 -1 0
J=11 0 01, SO3(2) :=={exp(2rzT) : x € R} € SO(3), (C.1)
0 0 0

and consider SO3(2) as a topological subspace of SO(3). Denoting the fractional part

of a real number x by |x|, I obtain for x € R

cos(2mzx) —sin(2wz) 0
exp(2rmzJ) = exp(2rm|z]T) = | sin(2rz) cos(2mz) 0 [ . (C.2)
0 0 1

Thus SO3(2) is, under matriz multiplication, an Abelian subgroup of SO(3). Clearly
for every R € SO5(2) a unique r € [0,1) exists such that py(2nr) = exp(27rJ) and
I abbreviate PH(R) := r and call PH(R) the ‘phase of R’. The function p; : R —
S05(2), defined by p1(y) == exp(yJ), clearly belongs to Cper(R, SO3(2)) and is onto
SO3(2) whence (R, py,SO3(2)) is a fiber structure.

I define the k-sphere SF := {z € R¥! : |z| = 1} (k positive integer) and equip
it with the relative topology from R*™L. [ define the function py : S* — SO(3) by
p2(F)z == (2r2 — V) + 2r(rTx) + 2ro(r x x), where 7 =: (ro,r) € S*, 19 € R,r € R?
and x € R3. Since the topology of SO(3) is defined as the relative topology from
R3%3 py € C(S?,50(3)). Note that the trace of po(T) reads as Trlpy(F)] = 4r2 — 1.
On S? one introduces a multiplication by (ro, ) (s, 5) = (1950 — 115,795+ 807 +7 X 5)
where o, 50 € R,r,s € R3. One observes that S® is a topological group whose unit
element is (1,0,0,0)T. The inverse of (ro,r) is (ro, —7). Moreover py is a group
homomorphism, i.e. pa(T5) = pa(7)p2(5). 1t is thus easy to show that py is onto

SO(3) whence (S*,pa, SO(3)) is a fiber structure.

I define the function ps : SO(3) — S? by p3(R) := Re®, where €® denotes the third

unit vector, i.e., e = (0,0,1)T. More generally, €' denotes the i-th unit vector in any
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R, i.e., (€); :=1 and, fori# j, (€'); := 0. It is easy to see that p3 € C(SO(3),S?)
and is onto S* whence (SO(3), p3,S?) is a fiber structure.

I define the complex unit circle T := {x € C : |z| = 1} and the k-torus T, i.e.,
the k-fold cartesian product of T (whenever I write T*, this implies that k is a positive
integer). I consider T as a topological subspace of C and T* as the topological product
of its k factors. Defining psy : R¥ — TF by pys(¢) = (exp(igy), ..., exp(igy))T it
is easy to see that pyj € Cper(RF, T%) and is onto T* whence (R¥, pyy, T%) is a fiber

structure. O

Having defined my four fiber structures, the remaining task of this section is to
show that all of them are Hurewicz fibrations. Since the notion of Hurewicz fibration

is closely related to Homotopy Theory I first need

Definition C.3 (Homotopic functions) Let X,Y be topological spaces and let f; €
C(X,Y) be continuous functions where i = 0,1. Then I write fo ~y f1 if a h €
C(X x [0,1,Y) exists such that h(-,0) = fo and h(-,1) = fi where X x [0,1] is
equipped with the product topology and [0,1] is equipped with the relative topology
from R. One then says that fo, fi are ‘homotopic w.r.t. Y . It is easily shown (see,
e.g., [Rot, Sp]) that ~y is an equivalence relation on C(X,Y") and I denote by [X,Y]

the set of all equivalence classes.

Note that for cartesian products like X x [0,1] I choose the product topology if
not mentioned otherwise. A g € C(X,Y) is called ‘nullhomotopic w.r.t. Y, if it is
homotopic w.r.t. Y to a constant function in C(X,Y). O

If two functions have different domain then they cannot be homotopic. It is
also clear that, in the notation of Definition C.3, always functions exist in C(X,Y)
which are nullhomotopic w.r.t. Y. Note that continuous functions with common

domain are often not homotopic. Note that the suffix in ~y is important. In fact,
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for every pair fy, f1 of continuous functions on a topological space X one can choose
Y sufficiently large such that fy ~y f; [Du, Section XV.1]. Nevertheless one often

does not mention Y when the context is clear.

Proposition C.4 a) Let X and Y be topological spaces and let g; € C(R*, X) and
fi € C(X,Y) where i =0,1. If fo ~y fi and go ~x g1 then f1 091 ~y fo0 go.

b) If X is a topological space and if g € C(R*, X)) then g is nullhomotopic w.r.t. X.

c) Let X and Y be topological spaces and let Y be path-connected. Then all g €
C(X,Y) which are nullhomotopic w.r.t. Y, are homotopic w.r.t. Y. In other words,
all g € C(X,Y), which are nullhomotopic w.r.t. Y, belong to the same element of
(X, Y].

Proof of Proposition C.4a: Let X and Y be topological spaces and let g; € C(R*, X)
and f; € C(X,Y) where ¢ = 0,1. Thus a F € C(X x [0,1],Y) exists such that
F(.,i) = f;(-) and a G € C(R* x [0,1], X) exists such that G(-,i) = g¢;(-). The
function H : R* x [0,1] — Y, defined by H(z,t) := F(G(x,t),t), is continuous and
satisfies H(z,i) = F(G(x,1),1) = F(g;(x),1) = fi(g;(x)). Thus f1 091 =y foogo. O

Proof of Proposition C.4b: See [Du, Section XV.1]. O
Proof of Proposition C.jc: See [SZ, Section 2.1]. O

It follows from Proposition C.4 that if X is a path-connected topological space,

then all g € C(R¥, X) are homotopic w.r.t. X.

For a fiber structure (F,p, B) and a nonempty subset U of B the function
plp~ " (U) : pY(U) — U is onto U since p is onto B. Choosing for p~*(U) the
relative topology from £ and for U the relative topology from B, it is clear that
plp~1(U) is a continuous function whence (p~*(U), p|p~1(U), U) is a fiber structure.
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Definition C.5 (Hurewicz fibration) Let X be a topological space. A fiber structure
(E,p, B) is called a ‘fibration for X if it has the following property: if G € C(X x
0,1], B) and if G(-,0) has a lifting f w.r.t. (E,p, B) then G has a lifting F' w.r.t.
(E,p, B) such that f(-) = F(-,0).

A fiber structure (E,p, B) is called a ‘Hurewicz fibration’ if it is a fibration for

arbitrary topological spaces X .

A fiber structure (E,p, B) is called a ‘local Hurewicz fibration’ if every b € B has
a neighborhood U such that the fiber structure (p~"(U),plp~*(U),U) is a Hurewicz
fibration. Recall that p~*(U) has the relative topology from E and that U has the
relative topology from B. ]

Note that the concept of local Hurewicz fibration will play a role in the proof of

Lemma C.6.

One sees by Definition C.5 that liftings w.r.t. Hurewicz fibrations can be found
by the following method. If (E,p, B) is a Hurewicz fibration and if one looks for a
lifting of a continuous function g : X — B w.r.t. (F,p, B) then one just tries to find
a continuous function ¢’ : X — B with g ~p ¢’ which is so simple that a lifting of ¢’
w.r.t. (E,p, B) can be easily found. As a matter of fact, in Sections C.2, C.3 I will
often apply this method.

To show that my four fiber structures are Hurewicz fibrations, the following

lemma is crucial.

Lemma C.6 (Homotopy Lifting Theorem) Let (E, p, B) be a fiber structure which is
locally trivial and let B be a compact Hausdorff space. Then (E,p, B) is a Hurewicz
fibration.

Proof of Lemma C.6: Since B is a compact Hausdorff space, the claim follows by

applying [Du, Corollary XX.3.6] if (£, p, B) is a local Hurewicz fibration.
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Thus I only have to show that (E,p, B) is a local Hurewicz fibration so let b €
B. By Definition C.1 an open neighborhood U of b, a topological space Y and a
homeomorphism ¢ : U x Y — p~1(U) onto p~1(U) exist such that, for all b € U,y €
Y, po(b,y) = b. I only have to show that the fiber structure (p=*(U), p|p~*(U), U)
is a Hurewicz fibration. Thus let G € C(X x [0,1],U) and let g(-) := G(-,0) have
a lifting f wor.t. (p~'(U),plp~*(U),U). I define the function F : X x [0,1] —
p 1 (U) by F(z,t) := o( G(z,t),pra(p ' (f(2))) | where pry is the projection on the
second factor, i.e., pro(b,y) = y. Since ¢ is a homeomorphism onto p~'(U), F is
a continous function. Clearly p(F(z,t)) = G(x,t) whence F is a lifting of G w.r.t.
(p~2(U),plp~"(U),U). Furthermore, for every e € p~*(U), we have e = (¢~ *(e)) =
© prl(gol(e)),prg(gol(e))) = go(p(e),prg(gpl(e)) where pry is the projection on

the second factor, i.e., pri(b,y) = b. Hence F(z,0) = go(G(:c, 0), pro(¢~ (F(x, O))))

Since also F(x,0) = ¢ (G(x, O),prg(gp_l(f(m)))) and since ¢ is a bijection I conclude
that F(-,0) = f(-). Since b and X were chosen arbitrarily I thus have shown that
(E,p, B) is a local Hurewicz fibration. O

Since the base spaces S03(2),S0(3),S? and T* of my four fiber structures are
compact Hausdorff spaces, one sees by Lemma C.6 that my aim of proving that
these fiber structures are Hurewicz fibrations reduces to showing that they are locally

trivial.

I first introduce

Definition C.7 (Covering map) Let X,Y be topological spaces and p € C(X,Y") be
onto Y. Then p is called a ‘covering map w.r.t. X and Y " if every point of Y has
an open neighbourhood U such that p~'(U) is a disjoint union \J,c, Uy of open sets
Uy € X with p(Uy) = U and such that every p|Uy : Ux — U is a homeomorphism
onto U. O
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To relate the fiber structures (R, ps;, T) and (R, p;, SO3(2)) I define the function
q:T — SO3(2) by g(exp(iz)) := exp(xJ ) where x € R.

Proposition C.8 a) pyy is a covering map w.r.t. R¥ and T*.

b) The function q is a homeomorphism from T onto SOs(2) and satisfies qops 1 = p1.

Furthermore py is a covering map w.r.t. R and SO3(2).
c) po s a covering map w.r.t. S* and SO(3).

d) Let p: E — B be a covering map w.r.t. topological spaces E,B. Then (E,p, B)

15 a locally trivial fiber structure.

e) The fiber structure (SO(3),ps,S?) is locally trivial.

Proof of Proposition C.8a: See [SZ, Section 6.1]. O

Proof of Proposition C.8b: The function ¢’ : SO3(2) — T, defined by ¢/(exp(zJ)) :=
exp(iz) where z € R, is inverse to ¢q. Clearly ¢ and ¢’ are continuous so that ¢
is a homeomorphism from T onto SO3(2). Furthermore ¢ o py;(x) = g(exp(ix)) =

exp(xJ) = p1(z) whence g ops1 = pr.

To show that p; is a covering map, let y be in SO3(2) and let v = ¢'(y) €
T. Since, by Proposition C.8a, ps; is a covering map w.r.t. R and T, there is
an open neighbourhood U’ of ' such that pﬁ(U’) is a disjoint union (J,., Ux of
open sets Uy C R with ps1(Uy) = U’ and such that every ps;|U, : Uy — U’ is a
homeomorphism onto U’. Since ¢ is a homeomorphism we have that U := ¢(U’) is
an open neighbourhood of y. Furthermore p; ' (U) = (qopa1) ' (U) = py1(¢*(U)) =
pii(@(U)) = pii(U") = Usea Un. Also pi(Uy) = gopsi(Uy) = q(U') = U and
p1|Ux = q o pyq|Uy is a homeomorphism onto ¢(U') = U.

Since y is an arbitrary element in SO3(2), I thus have shown that p; is a covering

map w.r.t. R and SO3(2). O
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Proof of Proposition C.8c: See [SZ, Section 6.1]. O

Proof of Proposition C.8d: Let p : E — B be a covering map w.r.t. topological
spaces I, B. Clearly (F,p, B) is a fiber structure.

To show that this fiber structure is locally trivial, let b € B. Thus b has an
open neighbourhood U such that p~'(U) is a disjoint union (J,., U\ of open sets
U, C E with p(Uy) = U and such that every p|U, : Uy — U is a homeomorphism
onto U. T pick for A the discrete topology. Hence the function p': p~*(U) — U x A
defined, for e € Uy by p'(e) := (p(e),A), is a homeomorphism onto U x A. The

inverse of p/ is a homeomorphism ¢ : U x A — p~!(U) and, for e € p~!(U), we have

p(e(ple), A)) = p(e(p/'(€)) = ple).

Since b € B is an arbitrary point I conclude that the fiber structure (E,p, B) is
locally trivial. ]

Proof of Proposition C.8e: See for example [Bre, Section I1.13],[Sw, Section 4]. O

I conclude from Lemma C.6 and Proposition C.8:

Corollary C.9 The fiber structures (R,py, SO3(2)), (S, pa, SO(3)),(SO(3), p3, S?)
and

(R*, pag, T%) are Hurewicz fibrations. O

I will use Corollary C.9 to obtain liftings w.r.t. the four fiber structures. I will use
the fiber structure (R¥, pyy, TF) to obtain factors (see Section C.3) and to show that

certain subsets of R* are dense (see Section D.2).
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C.2 Basic liftings

Crucial for this work are liftings of functions ¢ on the domain R* w.r.t. my four
fiber structures (R, p;, SO3(2)), (S?,pe, SO(3)),(SO(3),ps, S?), (R¥, pas, T*) and in
this section I will provide basic properties of those liftings. As a byproduct I will
obtain the concepts of phase function, SOs3(2)-index, SO(3)-index, and S3-index.

The following lemma is essential for this section.

Lemma C.10 Let (E,p, B) be a Hurewicz fibration and X be a topological space.
Then the following hold. If g € C(X, B) is nullhomotopic w.r.t. B then it has a
lifting f w.r.t. (E,p, B). Each of these f is nullhomotopic w.r.t. E. If g € C(R*, B)
then it has a lifting w.r.t. (E,p, B).

Proof of Lemma C.10: Let g € C(X, B) be nullhomotopic w.r.t. B. Then a G €
C(X x [0,1], B) exists such that ¢g(-) = G(-,1) and such that ¢'(-) := G(-,0) is a
constant function. Because p is onto B, a constant function f’ : X — FE exists
such that ¢ = po f’. Since (F,p, B) is a Hurewicz fibration it follows that a
F € C(X x[0,1], F) exists such that G = poF and f'(-) = F(-,0). Clearly f := F(-,1)
is a lifting of g w.r.t. (F,p, B) and f is nullhomotopic w.r.t. FE.

To prove the second claim, let X = R*. Then, by Proposition C.4b, ¢ is nullho-
motopic w.r.t. B whence, by the first claim, g has a lifting w.r.t. (E,p, B). O

Theorem C.11 a) Let g € C(R*,SO5(2)). Then g has a lifting f w.r.t. (R, py,SO5(2)),
i.e., a f € C(RF,R) exists such that g = py o f = exp(Tf). Any lifting f of g w.r.t.
(R, p1, SO5(2)) has the form f(¢) = f(6)+2rN where N is an integer. Furthermore,
for every integer N, f is a lifting of g w.r.t. (R,p1,SO3(2)).

b) Let g € Cper(R*, SO3(2)). Then every lifting f of g w.r.t. (R,p1, SO3(2)) has the
form f(¢) = foer(¢)+NT ¢ where N € ZF and where fyer € Cper(R¥,R). Furthermore
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N is uniquely determined by g.

c) Let g € C(R™,T*). Then g has a lifting [ w.rt. (R¥ pyp,TF), ie., a f €
C(R™,R*) exists such that g = pyy o f = (exp(ifi),...,exp(ify)). Any lifting fofg
w.r.t. (R pyg, T%) has the form f(¢) = f(®) +2aN where N € Z*. Furthermore,
for every N € ZF, f is a lifting of g w.r-t. (R*, py, TF).

d) Let g € Cpe,(R™,T*). Then every lifting f of g w.r.t. (R* pyx, TF) has the form
(@) = fper(9) + No where N € ZF*™ and where fpe, € Cper(R™, R¥). Furthermore
N is uniquely determined by g.

e) Let g € C(R¥,S?). Then g has a lifting f w.r.t. (SO(3),ps,S?), i.e., a function
f € C(R¥, SO(3)) exists such that g = p3o f = fe?.

Proof of Theorem C.11a: Let g € C(R¥, SO5(2)). Since, by Corollary C.9, (R, p;, SO5(2))
is a Hurewicz fibration we know from Lemma C.10 that ¢ has a lifting f w.r.t.
(R,p1, SO5(2)), ie., a f € C(RF,R) exists such that g = p; o f = exp(Jf). If f is
any lifting of g w.r.t. (R, p1, SO3(2)), then

cos(f — f) —sin(f—f) 0
Iys =exp(T(f =)= | sin(f =) cos(f—F) 0
0 0 1

and the remaining claim follows from the continuity of f, f. U

Proof of Theorem C.11b: Let g € Cper(R¥, SO3(2)). By Theorem C.11a a lifting f
of g wrt. (R,py,S05(2)) exists. Since g is 2m-periodic, we have for i = 1,..., k,
I3z = g(¢ + 2me')gT (¢) = exp(T f(¢ + 2me?) — T f(4)). Since f is continuous I
conclude that for i = 1, ..., k an integer N; exists such that f(¢+2mwe’) — f(¢) = 27 N;.
Therefore the function fo. : R¥ — R, defined by fo.(¢) := f(¢) — NT¢, is in
Cper(R¥,R), where N := (Ny,..., N). That N is uniquely determined by g follows
by applying once again Theorem C.11a. U
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Proof of Theorem C.11c: Let g € C(R™, T*). Since, by Corollary C.9, (R¥, pyy, T%)
is a Hurewicz fibration we know from Lemma C.10 that g has a lifting f w.r.t.
(R, pax, TF), ie., a f € C(R™, RF) exists such that g = pyof = (exp(ifi), ...,exp(ifx)).
If f is any lifting of g w.r.t. (R*, pyr, T*), then

(1,.,1) = (exp(ifi —ifr), .y exp(ifi —ify))
and the remaining claim follows from the continuity of f, f. U

Proof of Theorem C.11d: Let g € Cper(R™, T%). By Theorem C.11c a lifting f of g

w.r.t. (R¥, pyy, TF) exists. Since g is 27-periodic, we have for i = 1,...,m,

(L,..,1) = (g1(¢ + 2m€") g1(0), ... gi(® + 2m€") gi(9))
= (exp(ifi(¢ + 2me")) exp(—ifi(9)), .., exp(i fr(¢ + 2me")) exp(—ifi(e))) -

Since f is continuous I conclude that for ¢« = 1,...,m,7 = 1,...,k an integer N;;
exists such that f;(¢+2me’) — f;(¢) = 2N, ;. Therefore the function f,e, : R¥ — R,
defined by fpe,(¢) := f(¢) — N, is in Cper(R*, R), where N is the k x m-matrix with
elements N;;. That N is uniquely determined by ¢ follows by applying once again
Theorem C.11c. ]

Proof of Theorem C.11e: Let g € C(R*,S?). Since, by Corollary C.9, (SO(3), ps, S?)
is a Hurewicz fibration we know from Lemma C.10 that g has a lifting f w.r.t.
(SO(3), p3,S?), i.e., a function f € C(R*, SO(3)) exists such that g = p3o f = fe’.
0

Definition C.12 (SO;(2)-index, S*-index, phase function) Let g € Cpe,(R*, SO3(2)).
Then the constant N € ZF in Theorem C.11b will be called the ‘SO5(2)-index of g’
and I define the function Indyy, : Cper(R¥, SO3(2)) — Z* by Inday(g) := N. It fol-
lows from Theorem C.11a,b that for every g € Cper(R¥, SO3(2)) there exists a unique
h € Cper(RE,R) such that g(¢) = exp(T[NT¢ + 27h(9)]) and h(0) € [0,1) where
N = Indy(g). I call h the ‘phase function’ of g and abbreviate PHF(g) := h.
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Let f € C(R* S®) and let, fori =1,....k, a s; exist in {1, —1} such that, for all ,
[+ 2me’) = s, f (@), i.e., f(d+2me’) = (8;,0,0,0)T f(¢). Then s := (s1,...,5%)" €
{1, —1}* is called the ‘S*-index of f’ and I denote the collection of those functions by
CE,.(R*, S%). I define the function Indy - C= (RF,S*) — {1, =1}* by Indyi(f) == s
where s is the S*-index of f. The S*-index s is uniquely determined by f since S?
is a group and (1,0,0,0)T is its identity whence f(¢ + 2me’) f~H(p) = (s4,0,0,0)7.
Clearly Cper(R¥,S?) consists of those functions in C. (R¥,S?) whose S*-index is the
identity. I consider {1,—1} as a multiplicative group with identity 1 and {1, —1}* as
the k-fold direct product of {1,—1}. Note also that (1,...,1)T is the identity of the
group {1,—1}* and that each f in Cpier (R¥,S?) is 4m-periodic in its k arguments. O

Theorem C.13 a) Let g € C(R*, SO(3)). Then g has a lifting g w.r.t. (S, ps, SO(3)),
i.e., a g € C(RF S?) exists such that g = pyog. Any lifting f of g w.r.t. (S?, ps, SO(3))
has the form f = (1,0,0,0)7§ = k§ where € {1,—1}, i.e., g has exactly the two
liftings £g.

b) If g € Co (RF,S?) then py 0 g € Cper(R*,SO(3)). Let g € Cper(R¥,SO(3)).
Then both liftings £f of g w.r.t. (S?, ps, SO(3)) have an SP-index, i.e., are ele-
ments of Cpier(Rk,S?’). Furthermore, both liftings +f have the same S3-index. If
h € Cper(R¥, SO(3)) is a constant function then both liftings of h w.r.t. (S?, pa, SO(3))

are constant functions and their S*-index is the identity.

¢) The set Cper(R¥,S?) consists of those functions in C,,,.(R*,S*) whose S*-index is
the identity. If §,q' € CX

peT(Rk, S*) have S*-indices s, s’ respectively then their product

(under pointwise multiplication) gg' is in C (R*,S*) and has S*-index ss'. The set
C;T(Rk783) is a group under pointwise multiplication of S* wvalued functions. The
function Indy . is a group homomorphism of the multiplicative group C= (R* S3)

per

into the multiplicative group {1, —1}*.

d) Let G € C(R* x [0, 1], SO(3)) such that, for allt € [0,1], G(-,t) € Cpe,(R¥, SO(3)).
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Then, there exists a lifting G w.r.t. (S? py, SO(3)), i.e., a G € C(R* x [0,1],S?)
exists such that G = py o G. Any lifting H w.r.t. (S*,py, SO(3)) has the form
H = (5,0,0,0)7G = kG where k € {1, =1}, i.e., G has exactly the two liftings £G.
Moreover, fort € [0,1], G(-,t) and —G(-,t) are in CE,.(R*, S%) and Indy 1 (G(-,0)) =

Indy 1, (G(-,t)) = Indy 1, (—G(-, 1)) = Indy 1(—G(-,0)).

e) The set Cper(RF,SO3(2)) is a group under pointwise multiplication of SO3(2)-
valued functions. The function Indyy, s a group homomorphism from the multiplica-

tive group Cpe,r(RF, SO3(2)) onto the additive group ZF.

Proof of Theorem C.13a: Let g € C(R¥, SO(3)). Since, by Corollary C.9, (S, p2, SO(3))
is a Hurewicz fibration we know from Lemma C.10 that ¢ has a lifting g w.r.t.
(S, p2, SO(3)), i.e., a § € C(RF,S?) exists such that ¢ = py o g. If f is any lift-
ing of g w.rt. (S%,pg, SO(3)) then py o § = py o f. Recalling from Definition C.2
that ps is a homomorphism from the group S? into the group SO(3) I conclude that
po(f(@)37(9)) = pa(F(@)pa(371(9) = pa(f(9)(02(3(0)) 7" = 9(9)(9(8))" =
I3x3. By Definition C.2 we have p,'(Isx3) = {(1,0,0,0)",(~1,0,0,0)"} whence
F(9)g ' (¢) € {(1,0,0,0)T,(~1,0,0,0)T}. The continuity of f(¢)5'(¢) in ¢ gives
me that f(¢)§ () is independent of ¢ whence either f§~' = (1,0,0,0)T or f§—* =
(—1,0,0,0)T. Thus ¢ has exactly the two liftings +g w.r.t. (S, ps, SO(3)). O

Proof of Theorem C.13b: Let g € CE,(R*,S?) and let me abbreviate s := Ind; 4(g).

per

Thus §(¢ + 2me?) = (s;,0,0,0)7G(¢). Since py is a group homomorphism and since
p2(£1,0,0,0) = I3x3 T obtain py(g(¢ + 2me?)) = pa((s:,0,0,0)1g(¢))
= pa(5i,0,0,0)p2(9(#)) = p2(3(¢)) whence py 0 § € Cper (R, SO(3)).

Let g € Cper(R*, SO(3)). By Theorem C.13a a lifting f of g w.r.t. (S, py, SO(3))
exists. Since g = ps 0 f is 2m-periodic we have for i = 1,...,k that I35 = g(¢ +

27 ) g (0) = pa(f (6 + 27¢) (2(F()) ™ = pa( (¢ + 2me"))pa(f71(0)) = pa(f (6 +
ome’) f1(¢)) where I also used the fact that p, is a group homomorphism. By
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the definition of p, it follows that f(¢ + 2me?) f~'(¢) € {(1,0,0,0)T,(~1,0,0,0)T}.
By the continuity of f(¢ + 2me’)f~(¢) in ¢ I conclude that f(¢ + 2mwe’)f~'(¢) is
independent of ¢ whence f(¢ + 2me’) = (k;,0,0,0)7 f(¢) with x; € {1, —1} so that
f has the S*-index (kq, ..., k)T Clearly

—f(¢+2met) = (=1,0,...,0) f(¢ + 2me’) = (=1,0,...,0)7(k;,0,0,0) 7 f ()
= (£1,0,0,0)"(=1,0,....,0)" f(¢) = (5:,0,0,0)" (= f()) ,

whence — f has the same S*-index as f.

Let h € Cper(R¥,SO(3)) be a constant function having a constant value, say
z, and let +h be the liftings of & w.r.t. (S3 ps, SO(3)). Since p, is onto SO(3),
there exists & € S such that ps(7) = x. Because py is a group homomorphism and
Py (Isxs) = {(1,0,0,0)T,(=1,0,0,0)7}, the range of h is a subset of {#, —Z} whence,
by the continuity of iL, h is constant and its S3-index is the identity. I conclude that
both liftings of A w.r.t. (S?, ps, SO(3)) are constant functions and their S*-index is
the identity. O

Proof of Theorem C.13c: Since the S*-index of a function § € C;;T(]Rk,@) is the
identity iff g is 27-periodic one observes that the set Cpe,(R*,S?) consists of those
functions in C%, (R¥,S?) whose S*-index is the identity. Let g,g' € Cx,(R",S*) and

let me abbreviate s := Indy (g),s = Indix(g'). Thus, for ¢ € RF i =1,.. k, I

compute

(o + 2me)g (6 + 2me’) = (54,0, ...,0)7 () (s}, 0, .., 0) 77 (9)
= (Sia 0,..., O>T(S;7 0,..., O)T§(¢>§/(¢) = (Sisgv 0,..., O)T§(¢)§/(¢) ) (CB>

where in the second equality I used the fact that (£1,0,...,0)” belong to the center
of the group S*. Since gg’' € C(R*,S?) I conclude from (C.3) that gg’ € C;;,.(R", S?)
and Ind; 1(gg') = ss'. Using again the fact that (+1,0,...,0)” belong to the center
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of the group S*, one obtains

§_1(¢+ 27Tei> = ((Si707 "'>0)T§(¢)>_1 = (§(¢))_1(Si7ov "'7O)T
= (si707 7O)T<LE](¢))71 s

whence g~ € C;..(RF,S?). Here I also used the fact that g~' € C(R*,S*) which
follows from the facts that § € C(R*,S?) and that S? is a topological group. Since
CE (R* S?) is a subgroup of the multiplicative group C(R*,S?) and since, for §,§’ €

pEer

+ (Rk Sar o + Tk + Tk -
Cper(R*,S?) we have gg', g € C,..(R*,S?) I conclude that the set C,,.(R*,S?) is a

subgroup of Cpe,(R¥,S?). In particular, since Ind; (gg’) = ss', Indyy is a group

homomorphism of the multiplicative group Cs.,.(R¥,S?) into the multiplicative group

{17_1}k' O

Proof of Theorem C.13d: Let G € C(R¥ x [0,1],S0(3)) such that, for all t €
0,1], G(+,t) € Cper(R¥,SO(3)). By Theorem C.13a, G(-,0) has a lifting of g w.r.t.
(S3, p2, SO(3)) and by Corollary C.9, (S?, pe, SO(3)) is a Hurewicz fibration. Thus,
by Definition C.5, a G € C(R* x [0,1],S?) exists such that G = p, o G. Tt thus
follows by Theorem C.13b that, for all ¢ € [0, 1], we have that G(-,t) € C;EST(]R’“, S?)
whence G(-,t) has a S*-index, say s(t). By the group multiplication in S* and due to
Definition C.12, we have, for i = 1,..., k, G(¢ + 2me’, t)(G (¢, 1))~" = (s4(1),0,0,0)7.

By the continuity of G' one concludes that s;(t) is continuous in ¢ whence constant.

Let H be an arbitrary lifting of G w.r.t. (S*,ps, SO(3)). By Theorem C.13a, for
t € [0,1], a w(t) € {1,—1} exists such that H(-,t) = (k(t),0,0,0)TG(-,t) whence
H(-,t)G7'(-,t) = (k(t),0,0,0)7. Since G and H are continuous functions and S* is
a topological group, it follows that x is constant. It follows by Theorem C.13b that

Indy 1 (G(-,0)) = Indy 4 (G(-,£)) = Indy 4 (—G(-,1)) = Indy4(—G(-,0)). O

Proof of Theorem C.13e: Since SO3(2) is a topological group w.r.t. matrix multi-
plication, C(R*, SO3(2)) is a group under pointwise multiplication of SO3(2)-valued
functions. Let g, ¢ € Cper(R¥, SO3(2)). Since SO3(2) is a topological group w.r.t.
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matrix multiplication, it follows that gg’ and g~' are in C,.,.(R*, SO3(2)) whence
Cper (R¥, SO3(2)) is a subgroup of C(R*, SO3(2)). By Definition C.12 we have

9(¢) = exp(T[N"¢ +27h()]), () = exp(T[N" ¢ + 271/ (9)]) ,

where N := Indy;(g), N' := Inds(¢’') and h:= PHF(g),h' :== PHF(g'). Clearly

9(9)9'(6) = exp(T[(N + N')"6 + 2xh(¢) + 271 (9)]) ,

whence Indsi(99’) = N + N' = Indyi(g) + Indsi(g') so that Indsy is a group
homomorphism. Of course Indsy, is onto ZF which completes the proof that [ nds

is a group homomorphism from Cp,(R*, SO3(2)) onto Z*. O

Dealing with liftings of functions g € Cpe,.(R¥, SO(3)) w.r.t. (S3, ps, SO(3)) is, in
the context of polarized beams in storage rings, called the ‘quaternion formalism’.
We see by Theorem C.13 that every continuous function g € Cp.,(R¥, SO(3)) has two
counterparts +g € C;;T(Rk, S?) in the quaternion formalism. Beyond its importance
for the study of [T%, SO(3)] (see Section C.3), the quaternion formalism also has
advantages in terms of numerical efficiency (this aspect is not covered in this work -

see however the references mentioned in the context of the code SPRINT in Section

8.5).

Definition C.14 (SO(3)-index) Let g € Cper(R¥,SO(3)). Then the common S*-
index of both liftings +f of g in Theorem C.13b will be called the ‘SO(3)-index of
g’ and I define the function Indsy : Cper(R*,SO(3)) — {1,—=1}* by Inds(g) =
Indy (f). Note that, by Theorem C.13b, the SO(3)-index of a constant function in
Cper(R¥, SO(3)) is the identity. Furthermore I define the function Indyy, : C(T*, SO(3)) —
{1,=1}* by Indy,(F) := Inds;(F o psy) and I call Indyy(F) the ‘SO(3)-index of

F’. For s € {1,—1}* I define the function g,(j) € C(R*,S?) by

=] =
=] =

D (1= 51)¢4), 0,0, sin( Z(l—si)qﬁi)) . (C4)

i=1 i=1

()= (st
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and the function g,(cs) € Cper(R¥,505(2)) by gl(j)(qﬁ) = exp(3J Zle(l — 8:)}i)-
Clearly g,(j) has the S*-index s whence §,(f) € CE (RF,S?). Thus every s € {1, —1}F is
the S3-index s of some function in CpieT(]Rk, S3) whence, by recalling Theorem C.13c,
the group homomorphism Indy j, is onto {1, —1}*. Note also that (1 —s1,...,1—sz)”

is the SO3(2)-index of g,(:). O

Theorem C.15 a) If g,g' € Cper(RF, SO(3)) with SO(3)-indices s,s' respectively
then their product gg' is in Cpe,(R¥, SO(3)) and has SO(3)-index ss'. The set

Cper(RF, SO(3)) is a group under pointwise multiplication of SO(3) valued func-
tions. The function Indsy is a group homomorphism of the multiplicative group

Cper(R¥, SO(3)) onto the multiplicative group {1, —1}*.

b) Let g € C(RF, SO3(2)) and let f € C(R*,R) be a lifting of g w.r.t. (R, py, SO3(2)).
Then the function g € C(R*,S?), defined by

g9(9) = (cos(@),o,o,sin(%@o , (C.5)

is a lifting of g w.r.t. (S®,p2, SO(3)). If g € Cper(R¥, SO3(2)) then
Indsi(g) = (=)™, ..., (=1)N)T where N := Inda 1 (g).

¢c) Let s € {1,=1}*. Then g\ = pyo g\, ie, g\ is a lifting of g\ w.r.t.
(S3, pe, SO(3)). Moreover Ind&k(g,gs)) =s.

Proof of Theorem C.15a: Let g,g' € Cper(R¥,SO(3)) with SO(3)-indices s, s re-
spectively and let g, g be liftings of g, ¢ w.r.t. (S? ps, SO(3)). Clearly, by Def-
inition C.14, g, ¢ have S*-indices s, s’ respectively. Since SO(3) is a topological
group, g9’ € Cper(R*,SO(3)) whence gg’ has an SO(3)-index. Because py is a
homomorphism we have gg' = p2(§)p2(9’) = p2(gg’). Since, by Theorem C.13c,
gg' has S*-index ss’, one finds that g¢g’ has SO(3)-index ss’. Of course g=! = g7
whence g1 € Cpe-(R*, SO(3)). Since Cper(R¥, SO(3)) is a subset of the multiplica-
tive group C(RF,SO(3)) and since gg',g* € Cper(R¥,SO(3)) one concludes that
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Cper(R¥,SO(3)) is a subgroup of C(R*, SO(3)). In particular, since Inds.(gg') =
ss' = Indsk(g)Inds(g’), Indsy is a group homomorphism of the multiplicative
group Cpe,(R¥, SO(3)) into the multiplicative group {1, —1}*. Since Indlyk(f],(:)) =s
and since, by Theorem C.13b, py o g},(f) € Cper(R¥, SO(3)) we have that Inds(ps o
g,‘j)) = s whence Indsy, is onto {1, —1}*. O

Proof of Theorem C.15b: Let g € C(R* SO3(2)) and let f be a lifting of g w.r.t.
(R, p1, SO5(2)). Then the function g € C(R* S?), defined by (C.5), satisfies, for
x = (r1,79,23)7 € R3, by using Definition C.2,

),0,0,Sin(@))x

= (2 COS2(@) — 1)x + QSiHQ(M):@)e?’ + 2COS(f(2¢))SiD(fT¢))<63 X )

pali@)a = pa cos( L

2
= cos(f(¢))x + (1 — cos(f(¢))zse’ +sin(f(¢))(e” x x) ,

whence pa(3(68))) = exp(T£(8)) = (1 0 £)(6) = 9(6), ie., § is a lifting of g wort.
(S%,p2, SO(3)). Let g in addition be in Cper(R¥, SO3(2)). By Theorem C.11b and

Definition C.12 there exists a fpe, € Cper(R¥, R) such that

f(¢) = NT¢ + fper(¢) ) (06)
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where N := Indsy(g). It follows from (C.5) and (C.6) that for j =1,...,k

T
G(¢ + 2me’) = (cos( 1f(<;5 + 2me’)), 0,0, sin(%f((b + 27T€j)))

[NT(¢ + 27m€7) + fper(d + 2me7)])

cos(}

\—/OO\_/

[NT(¢ + 27T€‘7 + fper(¢ + 27T€J)])

sin(3

N fper<¢>1>)

— <cos( N 1[NT¢ + fper(¢)]), 0,0,Sin(ﬂ'Nj + 5

( SNTO 4 01,0050 NG+ fua(6)) )

: 0.0m ) =150
Thus ((—=1)M, ..., (=1)¥)T is the S3-index of g
whence ((=1)™, ..., (=1)")T = Ind, 1(g) = Inds(p2 © §) = Inds x(g). O

Proof of Theorem C.15¢: Let s € {1, —1}*. We first observe, by Definition C.14, that
the function f € C(R*,R), defined by f(¢) := 3 LS (1 — s;)¢y, is a lifting of g(s)
w.r.t. (R, p;,SO3(2)). Thus, by Theorem C.15b, the function § € C(R*,S?), defined
by

k k

i(9) = <COS(%Z(1—sﬁ@),0,0,sin(iZ(l—si)qbi)) .

i=1 =1

is a lifting of g,(f) w.r.t. (S pa, SO(3)). However, g in (C.7) is equal to g ) whence g( °)

is a lifting of g](:) w.r.t. (S, ps, SO(3)). Since, by Definition C.14, [nde(gk )=s,1
conclude by Definition C.14 that Inds(g{"”) = s. O

Since Indgyk(g,(f)) = 2(1 = s1,...,1 — s;)7, the claim of Theorem C.15¢c, that
Indg,k(g,(:)) = s, confirms the last claim of Theorem C.15b.
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C.3 Liftings of 2r-periodic functions on R* and ba-

sic properties of [T* SO(3)]

With Section C.2 I have obtained a string of theorems about liftings w.r.t. the
four fiber structures in Corollary C.9, giving important clues about C,.,.(R¥, X) for
various topological spaces X. The final touch on C,..(R*, X) will be provided in the
present section where I make systematic use of factors of functions g € Cpe,(R¥, X)
w.r.t. (R¥ pyx, TF). Most importantly, the factors will allow me to define equivalence
classes on Cpe(R¥, X) in terms of the homotopy classes in C(T*, X). This, in turn,
will give insight into the relevance of the SO3(2)-index, SO(3)-index, and S*-index
for Homotopy Theory and, in particular, will allow me to determine the homotopy

classes in C(T*, SO(3)) for k = 1,2, 3.

Lemma C.16 Let X' be a set and ¢’ : RF — X' be a 2n-periodic function. Then

there exists one and only one function f':TF — X' such that ¢ = f" o pyy.

Let X be a topological space and g € Cper(R*, X). Then there exists one and only
one function f € C(T* X) such that g = f o pyy, i.e., g has the unique factor f
wort, (RE pyy, T,

Proof of Lemma C.16: Let X’ be a set and ¢’ : R¥ — X’ be a 2m-periodic function.
Since py, is onto T*, f” is unique (if it exists). To prove existence I define the function
T — X’ by f(exp(i27xy), ..., exp(i27ay)) := ¢'(2mx) where x = (21, ..., 23)T €
[0, 1)%. Clearly, for arbitrary z € R*, we have

¢ (2nx) =g (2m |21 ], ..., 27 |2 ]) = f'(exp(i27 |21 ]), ..., exp(i27 | xx]))

= f'(exp(i27xy), ..., exp(i27xy)) = f'(py,(272)) , (C.8)

where in the first and third equalities I used the 27-periodicity of ¢’. It follows from
(08) that g/ = fl O P4 k-
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Let X be a topological space and g € Cp..(R¥, X). By the first claim there
exists one and only one function f : T* — X such that g = f o py. To prove the
continuity of f I first note by Proposition C.8a that py is a covering map w.r.t. R¥
and T*. Tt follows (see [SZ, 6.1.3]) that py is identifying whence (see [SZ, 1.2.9])
f is continuous. Using Definition C.1, this implies that f is the unique factor of ¢

w.r.t. (R¥, pyy, TF). O

Lemma C.16 leads to the following definition.

Definition C.17 Let X be a topological space. Then, by using Lemma C.16, I de-
fine, for every positive integer k, the function FAC(+; X) : Cper(R¥, X) — C(T*, X)
by FAC(g; X) := f where [ is the unique factor of g € Cper(RF, X) w.r.t. (RF, pyg, TF).
Let g; € Cper(R¥, X) where i = 0,1. Then gy and g1 are called 2w-homotopic
w.r.t. X7, written go ~% g1, if FAC(g0; X) ~x FACy(g1;X). Moreover, a
g € Cper(R¥, X) is called 2m-nullhomotopic w.r.t. X " if FACy(g; X) is nullhomotopic
w.r.t. X. 0

Proposition C.18 a) Let X be a topological space and G € C(RF x [0,1], X) such
that each G(-,t) is in Cper (R, X). Then the function F : T x [0,1] — X, defined by
F(-,t) .= FACL(G(-, 1), X), is in C(T* x [0,1], X).

b) Let X be a topological space and let g; € Cper(RF, X) where i = 0,1. Then
go =3 g1 iff a G € C(RF x [0,1], X) exists such that G(-,i) = g; and G(-,t) €
Cper(RF, X)), Moreover ~37 is an equivalence relation on Cpe(RF, X).  Further-
more a hy € Cper(RF, X) is 2m-nullhomotopic w.r.t. X iff a constant function

hy € Cper(R*, X)) exists such that hg ~3 hy.

c¢) Let X be a path-connected topological space. Then all functions in Cpe,(RF, X),

which are 2m-nullhomotopic w.r.t. X, are 2w-homotopic w.r.t. X.

d) Let X and Y be topological spaces and let g; € Cpe,(R¥, X) and f; € C(X,Y) where
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i =0,1. Then the f; o g; are in Cpe,(R¥,Y) and, if fo ~y fi and go ~% g1, then
Jiog 2%” Jo© go-

e) If go: g1 € Cper(R*,SO(3)) with go ~&H) g1 then Indsy(go) = Indzi(gr). If
g € Cper(R¥, SO(3)) is 2m-nullhomotopic w.r.t. SO(3) then Indsy(g) is the identity.

f) Let X be a topological space. Let g be in Cpe.(R*, X) and ¢g € RE. Then g(-) ~3F
9(- =+ o) and Indsk(g(-)) = Indsx(g(- + ¢o))-

Proof of Proposition C.18a: Let X be a topological space and G € C(RF x [0, 1], X)
such that each G(-,t) is in Cpe,(R¥, X). T define the function F : T x [0,1] — X
by F(-,t) := FAC,(G(-,t), X). Of course, G(¢,t) = F(par(¢),t) whence G = Foh
where the function h : R¥ x [0, 1] — T* x [0, 1] is defined by h(¢,t) := (psr(9),t). We
know from the proof of Lemma C.16 that psy is identifying. Since [0, 1] is compact
and Hausdorff, I conclude that the function & is identifying (see [Du, Section XII.4]).

Because G = F o h and h is identifying I thus conclude that F' is continuous (see

SZ, 1.2.9]).

Proof of Proposition C.18b: Let X be a topological space and let g; € Cpe,(R¥, X)
where i = 0, 1. T abbreviate f; := FACy(g:; X) € Cper(TF, X).

[ first assume that gy ~%° ¢;. Then, by Definition C.17, fy ~x f; whence
a function F € C(T* x [0,1], X) exists such that F(-,i) = f;(-). The function
G : R* x [0,1] — X, defined by G(¢,t) := F(psr(0),t), is continuous and G(¢,?)
is 2m-periodic in ¢ whence G(-,t) € Cpe, (R, X). Moreover G(¢,1) = F(par(¢),i) =
fipar(9)) = gi(9).

To prove the other direction I assume that a function G € C(R* x [0, 1], X) exists
such that G(-,i) = g¢; and such that each G(-,t) is in Cpe (R*, X). I define the
function F: T* x [0, 1] — X by F(-,t) := FACy(G(-,t),X). Clearly F(-,i) = f; and,
by Proposition C.18a, F € C(T* x [0, 1], X). Therefore fy ~y fi whence gy ~% g;.
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The second claim follows from the facts that ~y is an equivalence relation on

C(T*, X) and that FAC(-, X) is a function from C,..(R*, X) into C(T*, X).

To prove the third claim I first consider a hg € CpeT(Rk, X) which is 2r-nullhomotopic
w.r.t.  X. Then, by Definition C.17, FAC)(hg,X) is nullhomotopic w.r.t. X
whence a function K € C(T* x [0,1], X) exists such that K(-,0) = FACy(hg, X)
and such K (-,1) is a constant function. Clearly the function hy € Cpe,(R¥, X), de-
fined by hy := K(-,1) o pyy, is constant and satisfies K(-,1) = FACy(hy, X). Thus
FACy(hy,X) = K(-,1) ~x K(-,0) = FACk(ho, X) whence hg ~¥ hy, ie., ho is

2m-homotopic w.r.t. X to the constant function h;.

To prove the other direction I consider hg, b1 € Cper (Rk, X) such that h; is con-
stant and hg ~3 hy. Thus FAC)(ho, X) ~x FACy(h,X) and FAC)(hy, X) is
constant. It follows that F'ACy(hg, X) is nullhomotopic w.r.t. X whence hg is 27-

nullhomotopic w.r.t. X. ]

Proof of Proposition C.18c: Let X be a path-connected topological space and let
90, 91 € Cper(R¥, X) be 2r-nullhomotopic w.r.t. X. Thus FAC(go, X ), FACk(g1, X)
are nullhomotopic w.r.t. X. Since X is path-connected I conclude from Proposition
C.4c that FAC),(go, X) ~x FACy(g1, X). Tt follows from Definition C.17 that gy ~37
91- ]

Proof of Proposition C.18d: Let X and Y be topological spaces and let g; € Cpe, (R, X)
and f; € C(X,Y) where i = 0,1. Clearly the f; o g; are in Cpe(R¥,Y). Let
also fo ~y fi and g9 ~¥ ¢;. Thus a F € C(X x [0,1],Y) exists such that
F(-,i) = fi(-). Furthermore, by Proposition C.18b, a G € C(R* x [0,1], X) ex-
ists such that G(-,i) = g¢;(-) and such that each G(-,t) is in Cp, (R, X). The
function H : R* x [0,1] — Y, defined by H(z,t) := F(G(x,t),t), is continuous
and satisfies H(z,i) = F(G(x,7),i) = F(gi(x),i) = fi(g:(z)). Furthermore each
H(-,t) is in Cp,(R¥,Y). Using again Proposition C.18b, we thus have shown that
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fiog = foo go. O

Proof of Proposition C.18¢: Let gy, g1 € Cper(R¥,SO(3)) with go 2?0(3) g1. By
Proposition C.18b a G € C(R* x [0, 1], SO(3)) exists such that g;(-) = G(-,4) and
G(-,t) € Cper(RF, SO(3)) where i = 0, 1. It follows from Theorem C.13d that a G €
C(R* x [0, 1], S?) exists such that G = py 0 G and such that, for all t € [0,1], G(-,t) €
CE (R* S?) and Ind, ,(G(-,0)) = Indy;(G(-,t)). Defining §o, g1 € CE,(R¥,S?) by

per per

f]l() = G(,Z) we get ]nde(QO) = [ndl’k(G(,O)) = I’I’Lde(G(,l)) = Indl,k(fh)
and g; = py o g; whence Inds(go) = Indsi(p2 o go) = Ind k(o) = Indyx(g1) =
Ind&k(pz o §1) = Ind‘;yk(gl)

Let g € Cpe,(R¥, SO(3)) be 2r-nullhomotopic w.r.t. SO(3). Thus, by Proposition
C.18b, a constant function h € Cpe(R¥, SO(3)) exists such that g 2?9770(3) h. Since,
by Definition C.14, Inds(h) = (1,...,1)T one concludes from the first claim that
Indsi(g) = (1,...,1)T. O

Proof of Proposition C.18f: Let X be a topological space. Let g be in Cpe, (R, X)
and ¢y € R*. T define the function G € C(R* x [0,1], X) by G(¢,t) := g(¢ + t¢y).
Clearly G(-,0) = g(-), G(, 1) = g(- + ¢o) and each G(-,t) is in Cpe,(R*, X). Thus, by
Proposition C.18b, g(-) ~37 g(- + ¢o) whence, by Proposition C.18e, Inds(g(-)) =
Inds gl + 60)). 0

Definition C.19 Let X be a topological space. Using the fact from Proposition
C.18b that ~3F is an equivalence relation on Cpe,(R¥, X) I denote the set of equiva-

lence classes w.r.t. ~% by [RF, Xy,

Let go, g1 € CE,(R*,S?). Then, by Theorem C.13b, p20go, p20g1 € Cper(RF, SO(3))

per

and I write go :gg’i J1 if p20go :%7’0(3) paogy. Clearly :g;f’i 1s an equivalence relation

on CE (R*,S?). I denote by [R*, S*|5, the set of equivalence classes w.r.t. :gg’i. O
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Recalling Definitions C.17,C.19 and using the fact that F AC}(-, X) is onto C(T*, X),
it follows that [R¥, X],, and [T*, X] have the same cardinality. Moreover, by Theorem
C.13b, each g € Cper (R, SO(3)) has a lifting f € CE,(RF,S%) w.r.t. (S%,pa, SO(3))
whence [RF,S%5. and [R*, SO(3)]s, have the same cardinality so that [RF S%]3;,
[R*, SO(3)]ar, and [T*, SO(3)] have the same cardinality.

Proposition C.20 Let G be a topological group and X be a topological space. Then
the following hold.

a) Let g, 9o, g1 € C(X,G). Then go ~c 91 iff 909 ~c G19 and go ~¢ g1 iff 990 ~c 991 .

b) Let f, fo, fi € Cper(R¥,G). Then fo =& fu iff fof ~& fif and fo ~& fi iff
ffo=& fhi

Proof of Proposition C.20a: Let G be a topological group, X be a topological space
and 9,90,91 € C(X7 G)

If go ~¢ g1 then a F' € C(X x [0,1],G) exists with F(-,7) = ¢;(-) so that, since
G is a topological group, ¢F, Fg € C(X x [0,1],G) with g(-)F(-,7) = ¢(-)g:(-) and
F(-,1)g(-) = gi(-)g(-) whence gog ~¢ g19 and ggo ~c gg1-

To prove the other direction let gog ~¢ ¢19. Thus H € C(X x [0,1],G) exists
with H(-,i) = g;(-)g(+). Since G is a topological group, Hg~' € C(X x [0,1], G) with
H(-,i)g7' = g;(-) whence gy ~¢ ¢;. Analogously, ggo ~¢ gg1 implies gy ~g g1. U

Proof of Proposition C.20b: Let f, fo, f1 € Cper(R¥, G). T abbreviate

g = FAC(f,G) € C(T*,G) and g, := FAC.(f;,G) € C(T*, G) where i = 0, 1.
Clearly FAC(fif,G) o pag = fif = (FAC(fi,G) o pai)(FACK(f, G) © pax) =
(95 0 pak)(g" ©pag) = (9ig") o par whence gig' = FACy(f:f,G) and, analogously,
9'9; = FAC(f i, G).
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[ first assume that fo ~2F f;. Thus, by Definition C.17, g) ~¢ ¢; whence, by
Proposition C.20a, g,¢' ~¢ ¢1¢' and ¢'g ~¢ ¢'g;. Thus FAC(fof,G) = 99" ~¢
919" = FAC(fif,G) and FACL(f fo,G) = ¢'9) ~c¢ ¢'g91 = FAC(f f1,G) whence,
by Definition C.17, fof ~ZF fif and ffo ~Z ffi.

To prove the other direction let fof ~4 fif. Thus, by Definition C.17,
909 = FACL(fof,G) ~c FACL(f1f,G) = ¢g1¢’ whence, by Proposition C.20a, g ~¢
g} so that, by Definition C.17, fo ~27 f;. Analogously, f fo ~Zr f fi implies fo ~2T f;.
O

The following definition provides important tools I need for studying [R?, SO(3)]2,
and [T?, SO(3)].

Definition C.21 (deg, Deg, DEG)

As is well known [tDil, Section II.9], since the topological space T3 carries the
structure of a compact, orientable, connected three-dimensional C'* manifold without
boundary, two functions in C(T3,S?) are homotopic w.r.t. S* iff they have the same
degree. The ‘degree’ deg(F) of a function F € C(T3,S?) is an integer, defined in an
analytic fashion, as follows [tDil, Section I1.9]. For any C* function Fin C(T3,S?)
one picks a regular value y ofﬁ’ and defines the ‘degree’ ofﬁ’ by

deg(F) - ZmGﬁ*l(y) Sig(TxF) if =1 (y) #0
0 if Fly)=0

where Tzﬁ’ 1s the deriwative ofﬁ’ at x and where sig(Twﬁ’) =11f T, F is orientation
preserving and = —1 otherwise. Note that y being a reqular value of F means that
either F‘l(y) = () or that, for every x € F‘l(y), the linear function T, is nonsin-
gular. One can show that the integer deg(ﬁ) 15 independent of the choice of y and is
the same for any C™ function in C(T?,S3) which is homotopic to F w.r.t. S*. Thus,

for every F e C(T3,S?), one defines deg(F) := deg(F), where E is any C* function
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in C(T3,S?) which is homotopic to F w.r.t. S* (note that there is always such a F).
Furthermore, by the aforementioned properties of T2, there emists, for every integer
n, a function F € C(T?,S?) whose degree is n whence the degree induces a bijection

from [T3,S?| onto Z. Moreover a function F € C(T?,S3) is nullhomotopic w.r.t. S?
iff deg(F) = 0.

If G € Cper(R3,S?), I define Deg(g) := deg(FAC5(g,S?)) € Z. Since S* is a path-
connected and since, by Definition C.2, for x € S*, —x = 2(—1,0,0,0)T, a function
f €C([0,1],S?) exists such that f(0) = (1,0,0,0)T and f(1) = (=1,0,0,0)T. Thus,
since S* is a topological group, for F € C(T?,S?), I define G € C(T? x [0,1],S?)
by G(z,t) = F(2)f(t). Clearly G(2,0) = F(z),G(z,1) = —F(z) whence, for
F € C(T3,S?), we have F ~gs (—F) so that deg(F) = deg(—F). It follows that
i § € Cpor(RS,S), then Deg(—g) = deg(FACy(~§,§%)) = deg(—FACy(3,S%)) =
deg(FAC3(g,S?)) = Deg(g). The equality Deg(—g) = Deg(g) will be needed for the
definition of DEG in the following paragraph.

Let g € Cper(R?,S0(3)) and let +g be the liftings of g w.r.t. (S* ps, SO(3)).
Abbreviating s := Inds3(g), we get, by Definition C.14, Ind, 3(£g) = s whence, by
Theorem C.13¢ and Definition C.14, Indys(+(335")) = Indy5((£5)55")
= Indy5(£§)Ind5(35) = ss = (1,..,1)7 so that, by Definition C.12, £(§3") €
Cper(R3,S?). I define DEG(g) := Deg(ggés)). Note that this definition is meaningful
since, by the previous paragraph, DEG(g) = Deg(gfzés)) = Deg(—ggés)), i.e., the

definition of DEG(g) is independent of the choice of the lifting §.

Note finally that while the degree ‘deg’ is an ubiquitious definition, the definition
of 'Deg’ and "DEG’ is introduced here just for the purposes of the present work. [

Remarkably, parts ¢) and f) of the following theorem reveal, for k = 1,2,3, the
structure of [R*, SO(3)]s, and [T*, SO(3)] solely in terms of Indzy and DEG.
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Theorem C.22 a) For k = 1,2, all functions in C(T*,S3) are nullhomotopic w.r.t.

S* and [T*,S?) is a singleton.

b) Let g € Cper(R¥,SO(3)) where k = 1,2. Then Inds(g) is the identity iff g is
2m-nullhomotopic w.r.t. SO(3).

c) Let go, g1 € Cper(R¥,SO(3)) and k = 1,2. Then go ~&5 g1 iff Indzi(g0) =
I’I’Ld&k(gl). Let FQ,Fl S C(Tk, 50(3)) and k = 1,2 Then F() =50(3) F1 iﬁ]ndg’k(FOO
Pak) = Indzp(Fyopay).

d) Let the SO(3)-index of go, g1 € Cper(R*,SO(3)) be the identity. Then go 2?70(3) g1
iff DEG(g0) = DEG(g1).

e) Let g € Cper(R?,SO(3)) and let me abbreviate s := Inds3(g). Then DEG(g) =
DEG(gg5”).

f) Let go, g1 € Cper(R?,SO(3)). Then go :25”0(3) g1 iff Inds3(g0) = Indss(g1) and
DEG(Q()) = DEG(gl> Let Fg, F1 S C(T?), SO(3>) Then FO 250(3) F1 ’Lﬁ Ind373(F0 o
p473) = Ind373(F1 Op473) and DEG(FO o p4,3) = DEG(Fl Op473).

g) Let go, 91 € Cper(Rk7503<2)). Then g :%’5(3) g1 iff Indsi(go) = Indsi(g1).
Moreover a g € Cper(RF, SO5(2)) is 2m-nullhomotopic w.r.t. SO(3) iff Inds(g) is
the identity. Furthermore a g € Cper(R¥, SO5(2)) is 2m-nullhomotopic w.r.t. SO(3)

iff the components of Indsk(g) are even integers.

Proof of Theorem C.22a: The topological space T* carries the structure of a k-
dimensional C* manifold without boundary. It thus follows, for £k = 1,2, that all
functions in C(T*,S?) are nullhomotopic w.r.t. S* [Bre, Section II.11]. Since S3
is path-connected, this implies by Proposition C.4c that, for k = 1,2, [T* S%] is a
singleton. (|

Proof of Theorem C.22b: Let gy € Cper(R*, SO(3)) where k = 1,2. Let gy be a lifting
of go w.r.t. (S3,pa, SO(3)).
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[ first assume that the SO(3)-index of gq is the identity. Thus, by Definition C.14,
Indy 1(go) is the identity whence, by Definition C.12, gy € Cper(R¥,S?) and 1 define
Fy € C(T*,S3) by Fy := FACL(Go,S?). By Theorem C.22a, Fy is nullhomotopic w.r.t.
S?* whence a constant function I} € C(T*,S?) exists such that Fy ~gs F}. It follows
that py o F} is a constant function in C(T*, SO(3)) and that, by Proposition C.4a,
p20Fy ~s0(3) p20Fi1. Applying Definition C.17, one concludes that pyo Fyopa s, &5
p20 Fyopyy. Note that pyo Fyopyy = paogo = go. Defining g1 € Cpe,r(R¥, SO(3)) by
g1 := p2 o I} o pyy, one observes that g; is constant and that g, 2?70(3) g1. Since gy

is constant one concludes from Proposition C.18b that gq is 2r-nullhomotopic w.r.t.

SO(3).

To prove the other direction, let g € Cpe,.(R*, SO(3)) be 2r-nullhomotopic w.r.t.
SO(3). Thus, by Proposition C.18b, a constant function f € Cp,(R¥, SO(3)) exists
such that f :?5(3) g. Therefore Proposition C.18e gives me Inds i (f) = Indsi(g).
Since f is a constant function in Cp.,.(R¥, SO(3)), it follows from Definition C.14 that
Inds (f) is the identity whence Inds(g) is the identity. O

Proof of Theorem C.22¢: Let go, g1 € Cper(R¥, SO(3)) where k = 1,2. If g, :fq’ro(?)) g1
then, by Proposition C.18e, Indsi(g0) = Indsk(g1). To prove the converse impli-
cation, let Inds(go) = Indsi(g1) =: s. Clearly, by Theorem C.15a,c, we have
]ndgvk(gig,(:)) = (1,...,1)T where i = 0,1. It follows from Theorem C.22b that

gog,(cs), glg,(f) are 2m-nullhomotopic w.r.t. SO(3). This implies, by Proposition C.18c,

) ~2m

that ggg,is ~50(3) glg,(:). Applying now Proposition C.20b one concludes that

90 2?9”0(3) g1-
To prove the second claim let Fy, Fy € C(T* SO(3)) and k = 1,2. Defining

gl == F;0psp € Cper(R¥, SO(3)) one observes that F; = FACy(gi, SO(3)) where
i=0,1.
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[ first assume that Fy ~go(3) Fi. Definition C.17 gives me g, 225%(3) g} so that,

by Proposition C.18e, Inds i(Fy o pax) = Indsx(g() = Inds k(gy) = Inds x(Fy © pag).

To prove the other direction, let Indsi(Fy o psr) = Indsi(Fi o psy) whence
Inds i (g4) = Inds(gy). Thus by the first claim g, :gﬂo(g) g;. Applying Definition
C.17 one concludes that Fy ~go(3) F1. ]

Proof of Theorem C.22d: Let the SO(3)-index of gg, g1 € Cper(R?, SO(3)) be the
identity.

I first assume that gq :?9”0(3) g1 Thus, by Proposition C.18b, a G € C(R?® x
0,1], SO(3)) exists such that G(-,i) = ¢; and G(-,t) € Cper(R?, SO(3)) where i =
0,1 and ¢ € [0,1]. By Theorem C.13d a lifting G € C(R? x [0,1],S%) of G ex-

ists wr.t. (S, pa, SO(3)) such that G(-,t) € CE (R S?) and Ind,3(G(-,0)) =

per

Indy 3(G(-,t)). 1 define g, € Crer(R?,S%) by i(-) == G(-,4) where i = 0,1. Since

P20 Gi(-) = pao G(-,i) = G(-,i) = gi(-) one obtains from Definition C.14 that
(1,1, )7 = Indss(g:) = Indi3(3) = Inds(G(-,i)) = Ind;3(G(-,t)) whence, by
Definition C.12, ¢}, G(-,t) € Cper(R? S?) where i = 0,1 and ¢ € [0,1]. T can
thus define F/ € C(T%S?) by F/ := FACs(g},S*) where i = 0,1. Since, for
i = 0,1 and t € [0,1], G(-,t) € Cper(R3S?) and §(-) = G(-,i) we have, by
Proposition C.18b, that gy ~27 g; whence, by Definition C.17, Fj ~g F|. How-
ever, by Definition C.21, F] ~g F] implies deg(F]) = deg(F]). Of course, for
i = 0,1, we have, by Definition C.21, deg(F) = Deg(g;) whence Deg(g,) = Deg(g).
Furthermore, for i = 0,1, we have s := Indz3(g;) = (1,1,1)7 whence, by Def-
inition C.14, g§s> is the constant function in Cp.,.(R* S*) with value (1,0,0,0)7,
ie., géf) is identity of the group C.. (R*S?). Thus, for i = 0,1, we have, by
Definition C.21, DEG(g;) = Deg(gggés)) = Deg(gi(1,0,0,0)") = Deg(g;) whence
DEG(g0) = DEG(g1).
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To prove the other direction let DEG(go) = DEG(g1). Let g; be a lifting of g;
w.r.t. (S3 py, SO(3)) where i = 0, 1. Clearly, by Definition C.14, the S*-index of g; is
the identity whence, by Definition C.12, g; is in Cpe,(R*,S?) where i = 0, 1. I define
F; € C(T3,S?) by F; := FAC5(g;,S?) where i = 0,1. Recalling that, for i = 0,1,
s = Indss(g;) = (1,1,1)7 and that §i” is the constant function in Cpe,(R? S?)
with value (1,0,0,0)7 we get, by Definition C.21, that DEG(g;) = Deg(g:Js 3 ))
Deg(g:(1,0,0,0)") = Deg(g;). Thus Deg(go) = Deg(g1) whence, by Definition C.21,
deg(Fy) = deg(Fy). Applying again Definition C.21, we get Fy ~g F; whence, by
Definition C.17, go ~325 §i1. It follows from Proposition C.18d that gy = ps o go :25“0(3)

P20 g1 = gi- U

Proof of Theorem C.22¢: Let g € Cper(R* SO(3)) and let me abbreviate s :=
Indz3(g). Let g be the liftings of g w.r.t. (S* py, SO(3)). Definition C.21 gives

DEG(g) = Deg(gg§ )). To compute DEG(gg3 ) we recall that py is a group ho-

momorphism whence, by Theorem C.15¢, py o (gg?()s)) = (p2og)(p2 o gé )) = ggzgS)

so that § = g3\ € C=, (R S?) is a lifting of gg\” w.rt. (S ps, SO(3)). More-

per

over, by Definition C.14, Ind; 3(§) = I’I’LdLg(gz())s)) = s whence, by Theorem C.13c,
s = Indy5(§') = Indys(335) = Indys(3)Indi5(55)) = ss = (1,1,1)7 so that, by

Definition C.21, DEG(gg3 )= Deg(g/gé )) Deg(ggés)gs ). Recalling the proof of

Theorem C.22d, g3 ) is the identity of the group CE (R? S?) whence ggé °) gé ) = gg(s)

per

so that DEG(gg5”) = Deg(335”35") = Deg(335”) = DEG(g). O

Proof of Theorem C.22f: Let go, g1 € Cper(R?,SO(3)). 1 first assume that go 2?0(3)
g1. Then, by Proposition C.18e, Inds3(g0) = Indss(g1) =: s. To prove that
DEG(g0) = DEG(g1), we recall that SO(3) is a topological group whence, by Propo-

sition C.20b,

gog:gs) ~80) glgés). Since Inds3(g;) = s and, by Theorem C.15c, ]nd3’3<g§5)) =5

one obtains from Theorem C.15a that Indss(gigs”) = Inds 3(gi)]nd3 5(g5)) = ss =

(1,1,1)T where i = 0,1. Thus and since gogé) _50(3) 9193 ) Theorem C.22d gives
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me DEG(gog") = DEG(g195”). Since Indss(go) = Indss(g1) = s, Theorem C.22¢
gives me DEG(gigés)) = DEG(g;) whence DEG(g9) = DEG(g1).

To prove the other direction, let Indss(go) = Indss(g1) =: s and DEG(gy) =
DEG(gy). Theorem C.22e gives me DEG(gog:(f/)) = DEG(g0) = DEG(g1)
= DEG(glgésl)) and Theorem C.15a gives me Indg’g(gig:(f,)) = [nd373(gi)]nd3,3(g§s,)) =
s's’ = (1,1,1)T where i = 0,1. This implies by Theorem C.22d that gogésl) :%’6(3)
glg;gs/). Applying Proposition C.20b we get go 2?970(3) g1 which completes the proof

of the first claim.

To prove the second claim let Fy, Fy € C(T3,SO(3)). T abbreviate g} := F,op,3 €
Cper(R?,SO(3)) whence F; = FAC5(g), SO(3)) where i = 0,1. By Definition C.17
we have [y ~so@3) I iff gy ~855 91 Thus, by the first claim, Fy ~so@) Fi
iff Indss(gy) = Indss(gy) and DEG(g)) = DEG(g)). By the definition of g, g}
one thus concludes that Fy ~goey Fi iff Indss(Fy o pag) = Indss(Fy o ps3) and
DEG(Fy 0 pys) = DEG(F, 0 pys). 0

Proof of Theorem C.22g: Let g, g € Cpe,(R¥,SO3(2)). By Definition C.12 we have,
for ¢ € R¥,

9(¢) = exp(T[N"¢ + 21 f(9)]), ¢'(¢) =exp(T[N"T¢+2nf(9)]) . (C.9)

where N = (Ny,...,Np)" = Indyi(g), N = (Ny,..., N))T := Inday(g’) and f =
PHF(g), f":== PHF(q).

I first assume that g :2576(3) ¢'. Then, by Proposition C.18e, Inds (g) = Indsi(g').
To prove the other direction, let Indsy(g) = Indsk(g’). 1 define the functions
G,G" € C(RF x [0,1],50(3)) by

G(0,1) = exp(TIN" o + 121 f(9)]) , G'(9,1) := exp(T[N" ¢ + 2 f'(9)]) . (C.10)
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By (C.9),(C.10) we have G(-,1) = g(-),G'(-,1) = ¢'(-). Also G(-,1),G'(-,t) €
Cper (R¥, SO(3)) whence, by defining h, b’ € Cper(R*, SO3(2)) for ¢ € R*,

h(¢) == G(6,0) =exp(TN"¢),  1(9):=G'(4,0) = exp(TN"¢) , (C.11)

we get from Proposition C.18b that A(-) = G(+,0) :?9770(3) G(-,1) =g(-) and A'(-) =
G'(-,0) =55 G'(+,1) = ¢(+). Since the aim is to show that g ~27, ;) ¢', we are done
if I show that h :?g’ro(g) h',i.e., by Proposition C.18b, I just have to find a H € C(R* x
0,1],SO(3)) such that H(-,0) = h(-),H(-,1) = W () and H(-,t) € Cpe-(RF, SO(3)).
Since h ~%7, 5 g and I’ ~&, 5 g' we have, by Proposition C.18e, that Inds(h) =
Indsi(g) = Inds k(g') = Inds i (h'). Clearly, by (C.11) and Definition C.12, we have
Indy i (h) = N, Indy (k') = N' whence, by Theorem C.15b,

(=DM, (=1)V)T = Inds i (h) = Inds k(b)) = (=)™, ..., (=1)V)T . (C.12)
[ now define, for j = 1,..., k, ¢ € R, the functions hy, b} € Cper(R, SO3(2)) by

hi(@) == exp(TN;0) . () == exp(TN}9) . (C.13)

whence (C.11) gives me, for ¢ € R,

h(¢) = exp(TN1¢1) - - - exp(T Nxgr) = ha(d1) -+ - hi(dx)
W (¢) = exp(TNi¢1) - - -exp(T Nyor) = hy(p1) - - - Iy (o) -
(C.14)

By (C.13) we have Indy,(h;) = Nj, Indy,(h;) = Nj whence, by (C.12) and Theorem
C.15b,

Inds i (hy) = (=1)N = (=)™ = Inds (1)) (C.15)

where j =1, ..., k. Applying Theorem C.22c one observes by (C.15) that h; ,:?5(3) R’
whence, by Proposition C.18b, a H; € C(Rx [0, 1], SO(3)) exists such that H;(-,0) =
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hi(-), Hj(-,1) = h(-) and H;(-,t) € Cper(R,SO(3)) where j = 1,....k. I define
H € C(R* x [0,1], SO(3)) by

H(¢,t) := Hi(¢1,t) - - - Hi(on, t) - (C.16)

Clearly H(-,1) € Cper(R*, SO(3)). It follows from (C.14),(C.16) that, for ¢ € R*

H(Qba 0) = H1(¢170) e 'Hk(¢k70) = h1(¢1) e 'hk(¢k) = h(¢) )
H(¢p,1) = Hy(¢1,1) -+ Hp(dr, 1) = Iy (@) - - - Iy (o) = 1 () ,

whence, by Proposition C.18b, h 2?5(3) h' so that g 2%”0(3) g’. This concludes the
proof of the first claim, i.e., the claim that ¢ :25”0(3) g iff Inds(g) = Indsi(g').

To prove the second claim let g € Cpe.(R¥, SO3(2)). 1 first assume that g €
Cper(R¥, S03(2)) is 2m-nullhomotopic w.r.t. SO(3). Thus, by Proposition C.18b,
a constant function f € Cpe(R¥, SO(3)) exists such that f :ijro(s) g. Therefore
Proposition C.18e gives me Inds(f) = Inds;(g). Since f is a constant function in
Cper(R¥, SO(3)), it follows from Definition C.14 that Inds (f) is the identity whence
Inds ;(g) is the identity. To prove the other direction, let Inds(g) be the identity.
By Definition C.14 the SO(3)-index of the constant function f’ € Cp..(R¥, SO3(2))
whose constant value is I3x3, is the identity. Thus by the first claim g :2”0(3) 1.
Since f’is constant one concludes from Proposition C.18b that g is 27-nullhomotopic

w.r.t. SO(3). This concludes the proof of the second claim.

The third claim follows from the second claim and Theorem C.15b. U
Lemma C.23 a) Let (E, p, B) be a Hurewicz fibration. Let also G € C(R*x|0, 1], B)
be such that every G(-,t) is in Cper(R¥, B) and let the function G(-,0) € Cper(R*, B)

have a 27-periodic lifting h w.r.t. (E,p, B). Then G has a lifting H w.r.t. (E,p, B)
such that H(-,0) = h(-) and such that every H(-,t) is in Cpe,(R¥, E).

b) Let (E,p, B) be a Hurewicz fibration. Then every g € Cper(R¥, B) which is 2m-
nullhomotopic w.r.t. B has a 2w-periodic lifting w.r.t. (E,p, B).
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c) Let (E,p, B) be a fiber structure and let k, k" be positive integers such that k <
K. Let g € Cper(R¥, B) have no 2m-periodic lifting w.r.t. (E,p, B). Then a g €
Cper(R¥', B) eists which has no 2r-periodic lifting w.r.t. (E,p,B). If g is of class

C® then ¢ can be chosen such that it is of class C.

Proof of Lemma C.23a: Let (E,p, B) be a Hurewicz fibration. Let also G €
C(R* x [0,1], B) be such that every G(-,t) is in Cp.,.(R¥, B) and let the function
G(+,0) € Cper(R*, B) have a 27-periodic lifting h w.r.t. (E,p, B). 1 abbreviate
f = FACy(h,E). By Proposition C.18a, the function F' : T x [0,1] — B, de-
fined by F(-,t) := FACy(G(-,t),B), is in C(T* x [0,1],B). One concludes, for
b € R, that F(pis(9),0) = G(6,0) = poh(6) = po f o pas(6) whence F(-,0) =
FACK(F(psx(),0),B) = FACk(po fopsk, B) =po f. Thus F(-,0) has the lifting
f wrt. (E,p,B). Since (E,p, B) is a Hurewicz fibration we conclude from Defini-
tion C.5 that F' has a lifting F’ w.r.t. (E,p, B) such that F”(-,0) = f(-). Defining
the function H € C(R* x [0,1], E) by H(¢,t) := F'(ps1(¢),t) one concludes that
(b0 H)(6,1) = p(F(pis(8),1)) = F(par(9),)) = G(6,1) whence H is a lifting of
G wr.t. (E,p,B). Clearly H(-,t) € Cpe(R*, E) and H(¢,0) = F'(ps(9),0) =
f(Par(9)) = h(9). u

Proof of Lemma C.23b: Let (E,p, B) be a Hurewicz fibration and let g € C,.,.(R*, B)
be 2m-nullhomotopic w.r.t. B. It follows by Proposition C.18b that a function
G € C(R* x [0,1], B) exists such that G(-,t) € Cp,(R¥, B) and such that G(-,0) is
constant and G(+,1) = g(-). Because p is onto B, a constant function f € Cp, (R, E)
exists such that G(-,0) = po f. Applying Lemma C.23a one obtains a function
H € C(R* x [0,1], E) such that G = po H and such that H(-,t) € Cpe.(R*, E). It
follows that H (-, 1) is a 2m-periodic lifting of g w.r.t. (E,p, B). O

Proof of Lemma C.23c: Let (E,p, B) be a fiber structure and let k, &k’ be positive
integers such that k < k’. Let g € Cper(R¥, B) have no 27-periodic lifting w.r.t.
(E,p, B). 1 define the function g’ € Cper(R¥, B) by ¢'(¢1, ..., o) := g(b1, .., dp). 1
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now show, by contraposition, that ¢’ has no 2w-periodic lifting w.r.t. (E,p, B).

Assume that ¢’ has a 27-periodic lifting f’ w.r.t. (E,p, B). It follows, for ¢ € R¥',
that pof'(é1, ..., op) = g (b1, .., bwr) = g(b1, ..., b). Note that f' € Cpe(R¥, E). The
function f € Cp.,.(R¥, E), defined by f(¢1,...,0x) == f'(é1, ..., ¢k, 0, ...,0), satisfies
po f(¢1,s0r) = po f(d1, 01, 0,...,0) = ¢(¢1, 0,01, 0,...,0) = g(P1, ..., Dx)-
Therefore one is led to the wrong conclusion that g has the 2m-periodic lifting f

w.r.t. (E,p, B).

This completes the proof that ¢’ has no 2r-periodic lifting w.r.t. (E,p, B). Clearly
if g is of class C'* then ¢’ is of class C*°. ]

Theorem C.24 a) Let g € Cpe(R*,S?). If g is 2m-nullhomotopic w.r.t. S* then g
has a 2m-periodic lifting f w.r.t. (SO(3),ps3,S?), i.e., a f € Cper(R¥,SO(3)) emists
such that g = ps o f = fe?.

b) If g € Cper(R,S?), then g is 2m-nullhomotopic w.r.t. S* and has a 27-periodic
lifting w.r.t. (SO(3),p3,S?). If h € Cper(R?,S?), then it has a 2m-periodic lifting
w.r.t. (SO(3),ps,S?) iff h is 2w -nullhomotopic w.r.t. S?.

c¢) If k > 2 is a positive integer, then there exists a function g € Cpe,(R¥,S?) of class
C® which has no 2n-periodic lifting w.r.t. (SO(3),ps,S?).

Proof of Theorem C.24a: We know from Corollary C.9 that (SO(3),ps,S?) is a

Hurewicz fibration. The claim then follows from Lemma C.23b. O

Proof of Theorem C.24b: Let g € Cper(R,S?). 1 define F := FAC,(g,S?) € C(T,S?).
The topological space T carries the structure of a 1-dimensional C'*® manifold without
boundary. It thus follows that all functions in C(T,S?) are nullhomotopic w.r.t. S
[Bre, Section II.11]. Thus, by Definition C.17, ¢ is 27-nullhomotopic w.r.t. S?. This
implies, by Theorem C.24a, that g has a 27-periodic lifting w.r.t. (SO(3),ps,S?)

which completes the proof of the first claim.
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To prove the second claim, let h € Cper(R?,S?). If h is 2r-nullhomotopic w.r.t.
S? then, by Theorem C.24a, h has a 2m-periodic lifting w.r.t. (SO(3), p3, S?).

To prove the other direction, let h have a 2r-periodic lifting f w.r.t. (SO(3), p3, S?).
I define s := Inds(f). By Theorem C.15¢ we have I'I’Ld&g(gés)) = s whence, by The-
orem C.22c, gés) :ﬁf(?’
p3 o f(¢) = h(¢) and, by Definition C.14, p3 o gés)(gb) = gés)(¢)e3 = % whence h is

27-homotopic w.r.t. S? to a constant function so that, by Proposition C.18b, h is

) f so that, by Proposition C.18d, p3o gés) :gi p3o f. Clearly

2r-nullhomotopic w.r.t. S2. U

Proof of Theorem C.24c: 1 first prove the claim for £ = 2. 1 define the func-
tions g; € Cper(R,R3) by g1(t) := (1/2 + cos(t),0,sin(¢))” and go(t) := (—1/2 —
cos(t), —sin(t),0)T. Clearly gy, g are of class C* and g; — g» has no zeros. I thus can
define the function g € Cpe(R?, S) by g(61, ¢2) := (91(d1) —g2(¢2)) /|91 (1) — g2(¢2) .
Clearly g is of class C°°. Abbreviating f := FACs(g,S?) € C(T?,S?) one knows (see
[BG, Section 7.4]) that f is not nullhomotopic w.r.t. S?. Thus, by Definition C.17,
g is not 2m-nullhomotopic w.r.t. S?. It follows by Theorem C.24b, that g has no
2m-periodic lifting w.r.t. (SO(3),ps,S?). This proves the claim for k = 2.

Let k&’ be a positive integer such that k' > 2. Since g is of class C*° and since
g has no 2m-periodic lifting w.r.t. (SO(3),ps,S?) it follows from Lemma C.23c that
there exists a function g’ € Cpe,(R*,S?) of class C* which has no 27-periodic lifting

w.r.t. (SO(3), ps, S?). O

Proposition C.25 Let (E,p, B) be a fiber structure and let there be a positive in-
teger k such that a g € Cpe(R¥, B) exists which has no 2m-periodic lifting w.r.t.
(E,p,B). Let me denote the smallest of those integers k by ky. Then, for the fiber
structures (R, p1, SO03(2)), (S?, p2, SO(3)),(R™, pgm, T™), we have kg = 1 where m is
a positive integer. Moreover, for the fiber structure (SO(3), ps,S?), we have ko = 2.
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Proof of Proposition C.25: 1 first consider the fiber structure (R,p;, SO3(2)) and
I will show, by contraposition, that the function ¢\™" € Cper(R, SO5(2)) has no
2m-periodic lifting w.r.t. (R, p;, SO3(2)). In fact, lets assume that g%fl) has a 27-
periodic lifting f w.r.t. (R, p1,SO3(2)). Then, by Theorem C.15b, gfl) has a 27-
periodic lifting g w.r.t. (S?, pa, SO(3)) where g is given by (C.5). Thus, by Definition
C.12, Indy1(g) = 1 whence, by Definition C.14, ]nd371(g§_1)) = 1. However, by
Theorem C.15¢, 1 nd371(g§_1)) = —1 which poses a contradiction. One concludes that
g§_1) has no 27-periodic lifting w.r.t. (R, p1, SO5(2)). Thus, for the fiber structure
(R, p1,SO5(2)), we have ko = 1.

I now consider the fiber structure (S*, p,, SO(3)) and I will show that the function
gV e Cper(R, SO3(2)) has no 2m-periodic lifting w.r.t. (S?, ps, SO(3)). In fact, by
Theorems C.13a,C.15¢, £3\" are the liftings of ¢\"" w.r.t. (S3, ps, SO(3)). By
Definition C.14 Ind; (") = —1 whence, by Definition C.12, 3™" is not 2n-
periodic so that both liftings of g%fl) w.rt. (S% pe, SO(3)) are not 2m-periodic.
Thus, for the fiber structure (S3, ps, SO(3)), we have ko = 1.

I now consider the fiber structure (R, ps,,, T™) where m is a positive integer.
I will show that the function g € Cpe,(R, T™), defined by g(t) := (exp(it), 1,...,1)7,
has no 2m-periodic lifting w.r.t.  (R™, pgpm, T™). In fact f € C(R,R™), defined
by f(t) := (,0,...,0)T, is a lifting of ¢ w.r.t. (R™, ps,,, T™). Thus, by Theorem
C.11d, every lifting of g w.r.t. (R™, ps,,, T™) is not 2m-periodic so that, for the fiber

structure (R™, pym, T™), we have ko = 1.

I now consider the fiber structure (SO(3),ps,S?). Clearly, by Theorem C.24b,
every g € Cper(R,S?) has a 27-periodic lifting w.r.t. (SO(3),ps, S?*) whence either
ko > 1 or kg does not exist. However by Theorem C.24c, a function g € CpeT(R2, S?)
exists which has no 2m-periodic lifting w.r.t. (SO(3),p3,S?). Thus, for the fiber
structure (SO(3), p3,S?), we have ky = 2. O
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Fourier analytic concepts and facts

D.1 Quasiperiodic functions

Definition D.1 Let f € Cper(R%, X) with X = C7 or X = C*J for some positive
integer j. If x € R? then f is called the “x-generator’ of the function F : 7 — X
defined by F(n) = f(2mnyx). A function F : Z — X is called ‘x—quasiperiodic’ if it

has a x-generator and it is called ‘quasiperiodic’ if it has a x-generator for some .

With x € RF I define
Vyi={m'x+n:meZ necz}. (D.1)

A x € R* is said to be ‘nonresonant’ if the equation m’y = 0, together with the con-
dition m € ZF, can only be fulfilled for m = 0 (whenever [ write Z*, this implies that
k is a positive integer). A spin-orbit torus (w, A) is said to be ‘off orbital resonance’

if (1,w) is nonresonant. Otherwise the spin-orbit torus is ‘on orbital resonance’. [

Remark:
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(1) I choose the sets R and C such that R = {z € C: Sm{z} = 0}, i.e. R C C.
Thus if F' is a quasiperiodic function whose components are real then it has
a generator f whose components are real (just take the real part of a given

generator!). O

A y-generator f of a y—quasiperiodic function F fulfills three conditions: F(n) =
f(2mnx), the 2r—periodicity of f and the ‘regularity’ condition that f is continuous.
Unlike the former two conditions, the third condition is a matter of choice. Thus the
regularity condition determines the quasiperiodicity properties one has to deal with.
The regularity of f can basically vary between the extremes ‘ f being continuous’” and
‘f being analytic’. In this paper I choose f to be continuous because it is convenient

and because the emphasis in this work is on continuity.

Since A(¢o+2mnw) is a w—quasiperiodic function of n, the dynamical system (6.8)
has w—quasiperiodic equations of motion. This circumstance makes the concept of

quasiperiodicity relevant for spin motions.

While the trivial solution S(n) = 0 always exists and is w—quasiperiodic it is a
natural question of whether nonzero w—quasiperiodic spin trajectories exist. However
I must leave this interesting question open. Nevertheless, experience with explicitly

solvable models indicates that the answer is positive (for every ¢y).

D.2 A dense subset of R*

Theorem D.2 Let ¢y, w € R¥ and let (1,w) be nonresonant. Then the set {¢g +

2mnw + 2mm 1 m € ZF n € Z} is dense in R¥.
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Proof of Theorem D.2: Let ¢y,w € R¥ and let (1,w) be nonresonant. I define
A= {pg +2mnw +2rm :m € ZF n € Z} A =py(A),
A" =RF\ A, A" =TF\ A"

Since the aim is to show that A is dense in R* I have to show that A” is empty. I
first note (see for example [HK2, Section 1.4]) that A’ is dense in T*, i.e.,

A =Tk, (D.2)
The second observation is that, by the special form of A,
Pan(A) = pig(pax(4) = A. (D-3)
It is now easy to prove the claim. One concludes from (D.2) and (D.3) that
PEAA") = ph(TF \ A') = BF\ py}(A) = RF\ A D RF\ A= A",
whence
A" = P4,k(p;;1€(14”/)) D par(A”) . (D.4)

Recalling Proposition C.8a, psy is a covering map whence it is open. Thus py (A”)
is open in T* whence p,(A”) is open and a subset of the complement A” of A'.
However, by (D.2) the only open set in the complement of A’ is the empty set
whence py (A”) = 0 which implies that A” = (). O

Corollary D.3 a) Let f € Cper(R¥,R) and let x be in R* such that (1,x) is nonres-

onant. If, for all ¢ € R*, f(¢ + 2mx) = f(¢) then f is constant, i.e., f(¢) = f(0)
for all ¢ € RF.

b) Let x € R¥ such that (1,%) is nonresonant and let j be a positive integer. If
F :7Z — R is a x—quasiperiodic function then it has exactly one x-generator and
this x-generator is R -valued. If F : Z — RI*J is a x—quasiperiodic function then it

has exactly one x-generator and this x-generator is R¥*I-valued.
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Proof of Corollary D.3a: Let f € Cpe, (R*,R). Let x be in R* such that (1,y) is
nonresonant and let, for all ¢ € R*, f(¢ + 27x) = f(0).

By induction in n one obtains that, for all integers n, f(27ny) = f(0). Defining
A= {2mnx +2rm:m e ZF n €7}, A ={pcRF: f(¢) = f(0)},

one obtains that A C A’ whence A C A’ = A’ where I used the fact that A’ is closed.
Using Theorem D.2 we have A = R¥ whence A’ = RF. ]

Proof of Corollary D.3b: Let x € R¥ such that (1, x) is nonresonant and let F : Z —
R be a x—quasiperiodic function. By Definition D.1, F' has a y-generator which is a
function f € Cpe,(R¥, C) such that, for n € Z, F(n) = f(27nx). To show that f is
the only y-generator of F'let g be an arbitrary y-generator of F, i.e., g € Cpe,(R¥, C)
such that, for n € Z, F(n) = g(2rny). Since f and g are 2m-periodic we have for
m € ZF,n € Z that f(2rny + 27m) = g(2mnyx + 27m). Thus, defining the set
A= {27nx +2mm :m € ZF,n € Z}, we see that f(¢) = g(¢) for all ¢ € A. Since
(1, x) is nonresonant, one concludes from Theorem D.2 that the set A is dense in RF.
Since A is dense in R* and since f and g are continuous, it thus follows that f = g

whence f is the unique y-generator of F'.

To show that f is R-valued, I define h € Cp.,.(R¥,R) by h := (f + f*)/2 where
f*(¢) denotes the complex conjugate of f(¢). Clearly, for n € Z, we have that
2h(2mny) = f(2mnx)+ f*(2mny) = F(n)+ F*(n) = 2F(n) whence h is a y-generator
of F'. However since f is the unique y-generator of F' we have h = f whence f is

real valued.

Let j be a positive integer and F' : Z — X be a y—quasiperiodic function,
where either X = R’ or X = R/*J. Then each component of F is a real valued
x—quasiperiodic function. Thus, having already proven the claims for R-valued F',
one concludes that each component of F' has a unique y-generator and that this

x-generator is real valued. I thus define the function f € C,.,(R*, X) such that each
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of its components is the unique y-generator of the corresponding component of F'.
Clearly f is the unique y-generator of F'. Of course all components of f are real

valued which completes the proof. U

D.3 Applying Fejér’s multivariate theorem

In this section I first present (see Lemma D.4a) Fejér’s multivariate theorem and

then derive from that several facts needed in this work.

If F:Z — Cis a function and A € [0,1), N € Z,, I define
N
an(EFyN) == (N +1) 12 F(n)exp(—2minA) ,
n=0

where Z, denotes the set of nonnegative integers. I denote by Ay (F') the set of
those A € [0, 1) for which ay(F,\) converges as N — 0o. If A € Ay (F') I denote the
limit of ay(F, \) by a(F,\) and I define the ‘spectrum A(F') of F” by A(F) :={\ €

Aew(F) : alF, \) 0},
I define the function E,. : Z — C by E.(n) := exp(i2mnc) where n € Z and where
¢ is an arbitrary real number. Clearly, we have Ay (E.) = [0,1) and, for A € [0,1),
1 if A=
a(E.,\) = it A =1lc]
0 if A # |c],

whence

A(E:) = {le]} - (D.5)

Let f : R* — C be a continuous and 27 periodic function. Then for m € R¥ the

‘m-th Fourier coefficient’ of f is defined by

21 2

@) exp(—im” ¢)dg, - - - dgy, . (D.6)
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If m € R¥, N € Z, I define
N+ 1 — |my
A =1 =577 Imll=maz(mal,... llml) . (D7)

n=1

Lemma D.4 a) (Fejér’s multivariate theorem) Let f : R¥ — C be a continuous and

2w —periodic function. Defining for N € Z, the continuous and 2w —periodic function

N RF — C by

@)= > AR fmexp(im”e) (D.8)

mezk
[Im||I<N

the sequence fN converges uniformly on R* to f as N — oo.

b) Let ' : Z — C be a x—quasiperiodic function where x € R and let f be a x-
generator of F, i.e., F(n) = f(2wnx). Defining for N € Z, the function F~ : 7, — C
by

FN(n) = Z AR o fmexp(i2rnm”x) | (D.9)

mezk
[Im||<N

where f,, is the m-th Fourier coefficient of f, then the sequence F converges uni-

formly on Z to F as N — oo. Furthermore Aoy (FY) =1[0,1) and A(FY) C Y.

c) Let F : Z — C be a x—quasiperiodic function where xy € R* such that (1,x) is
nonresonant. Let f be a x-generator of F, i.e., F(n) = f(2mnx) and let me define
for N € Z, the function FV : Z — C by (D.9), where f,, is the m-th Fourier
coefficient of f. Then Y, C Nii(F) and, for every m € ZF, f,, = a(F,m"x).

d) Let F : Z — C be a x—quasiperiodic function and let Aye(F) = [0,1). Then
AF) CY,.

Proof of Lemma D.4a: Let f : R¥ — C be a continuous and 27periodic function.

That the sequence fV converges uniformly on R* to f, is the generalization of Fejér’s
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univariate theorem from k£ = 1 to arbitrary & (see for example [Maa, Sec. 111.22],[Ko,

Sec. 79]). O

Proof of Lemma D.4b: Let F : Z — C be a y—quasiperiodic function where y € R¥
and let f be a y-generator of F'.

Defining for N € Z, the continuous and 27 periodic function f¥ : R* — C by
(D.8), it follows from Lemma D.4a that the sequence fV converges uniformly on R*
to f as N — oo. Defining for N € Z, the function F¥ : Z — C by (D.9), it is
clear that FN(n) = f¥(27nyx). By the uniform convergence of fV I conclude that

the sequence FV converges uniformly on Z to F' as N — oo.

That Ayt (FY) = [0,1) follows from the facts that FV is a finite sum of exponen-
tial functions E, and that Ay (E.) = [0, 1).

To prove the last claim let A\ € A(FY). Then a(FY,)\) # 0 whence there ex-
ists an m € ZF such that X\ belongs to the spectrum of the exponential function
exp(i2rnm®y), ie., a(E., ) # 0 for ¢ = mTy. It thus follows from (D.5) that
A= |mTx| whence A € Y,. I thus have shown that A(F") C Y,. O

Proof of Lemma D.jc: Let F : Z — C be a y—quasiperiodic function where y € R¥
such that (1,x) is nonresonant. Let f be a x-generator of F' and let me define for

N € Z, the function F'V : Z — C by (D.9), where f,, is the m-th Fourier coefficient
of f.

By using a ‘map’ version of Weyl’s equidistribution theorem ([CFS, Chapter 3]),
one obtains, for m € ZF, that mTx € A4y (F) and that f,, = a(F,m”). Since,
for N € Z,,n € Z we have ay(F,mTy +n) = ay(F,mTx) one concludes that
Y, C Ai(F). 0

Proof of Lemma D.4d: Let I : Z — C be a y—quasiperiodic function where y € R¥
and let Ay (F) =[0,1). Let A be in [0, 1).
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It follows from Lemma D.4b that a sequence of functions FV : Z — C exists
which converges uniformly on Z to F' as N — oo and such that A (FY) = [0, 1),
A(FY) C Y,. Thus since a(FV,\) and a(F, \) exist, we have

la(FY,\) = a(F,\)| = |a(FN — F,\)|

— [ 1im =57 (F¥(n) — F(n)) exp(=2rin)| < sup [ F(n) — F(n)]

where T also used the fact that FY and F are bounded functions. It follows that

lim a(FY,\) = a(F,\) , (D.10)

N—oo

since 'V converges uniformly on Z to F as N — oo. Note that (D.10) holds for
every A € [0,1). If A € [0,1) \ Yy, then, since A(FN) C Y, and A (FY) = [0,1), we
have that A € Ay (FN) \ A(FY). Thus a(FN,\) = 0 and (D.10) gives a(F,\) = 0
whence A € [0,1) \ A(F). Thus [0,1)\ Y, C [0,1) \ A(F) whence A(F) CY,. O

Remark:

(1) One can show that every quasiperiodic function F' : Z — C has the property
Aot (F) = [0,1). Thus the assumption in Lemma D.4d, that Ay (F) = [0,1),
is redundant. However since it would be tedious to prove that this assumption
is redundant in Lemma D.4d and since I apply Lemma D.4d only to functions
F where we know that Ay (F) = [0, 1), we see that Lemma D.4d is convenient
for our purposes. Note also that my only application of Lemma D.4d is the

proof of Theorem D.5. O

While it is obvious that E. is c—quasiperiodic, it is a natural but not quite trivial ques-
tion of whether there are other vectors x for which the function F. is y—quasiperiodic
(obviously x = ¢ is one of these vectors). The answer to this question is given by

the following theorem.
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Theorem D.5 Let ¢ be a real number and let E. : Z — C be the c—quasiperiodic
function, defined by E.(n) := exp(i2mnc). Let also xy € R*. Then E. is x—quasiperiodic
iff ceY,.

Proof of Theorem D.5: 1 first consider the case that E, is xy—quasiperiodic. Recalling
that Ay (E.) = [0,1), I can apply Lemma D.4d and thus obtain A(E,) C Y,. It thus
follows from (D.5) that {|c|} C Y,, i.e., that [c¢| € Y, whence (recall (D.1)) there
exist m € ZF, n € Z such that [c¢| = mTx + n. It follows that ¢ € Y,.

I now consider the case that ¢ € Y. Then m € ZF. n € 7 exist such that
c = mTx +n whence E.(n) = exp(i2mnc) = exp(i2rnm?y). It follows that E. is

x—quasiperiodic. ]

Remark:

(2) The claim of Theorem D.5 is obvious if one makes the assumption that the
x—quasiperiodic function E,. has a y-generator which is a trigonometric poly-
nomial. In fact, under that assumption the proof of Theorem D.5 would be
trivial whence Lemma D.4 would be superfluous in the proof of Theorem D.5.
However, it is of course not allowed to assume that every y-generator of E.
is a trigonometric polynomial whence Lemma D.4 is crucial for the proof of

Theorem D.5. U
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Appendix E

Principal bundles and their

associated bundles

In this section I provide those concepts and facts from the theory of principal bundles
which are needed for Section 9.3. I follow the elegant treatment of Husemoller’s
book [Hus] avoiding the sometimes clumsy machinery of coordinate bundles (the
latter is covered for example in [St]). Note that the principal bundles defined in
[Hus| are sometimes (for example in: [Mac]) called ‘Cartan principal bundles’. Since
principal bundles are bundles refined by group actions, the present section builds up
on Appendices B and C. Adhering to the philosophy practiced in Appendices B-D I
present the material in such detail that it is essentially self contained. Most of the

material of the present section is an elaboration on material from Sections 1-6 in

[Hus].

This section is structured as follows. In the basic Sections E.1-E.5 I provide facts
and concepts about principal bundles and their associated bundles and in Section
E.6 I reconsider Sections E.1-E.5 in the special case of the product principal bundle

since this will be applied in Section 9.3 of this work.
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In Section E.1 I introduce, in descending order of generality, G-prebundles, G-
bundles and principal G-bundles where G is an arbitrary topological group. Fur-
thermore the category Bun(G) of principal G-bundles is introduced and the auto-
morphism group Aut gy, (A) of a principal G-bundle A is defined. Proposition E.1
is proved which gives a necessary and sufficient condition for a G-prebundle to be a
G-bundle and which is applied in Section E.6.1 to prove that the product principal
G-bundle is indeed a principal bundle.

In Section E.2 an arbitrary associated bundle A[F, L] of a principal G-bundle A is

considered and properties are derived which are essential for Sections E.3 and E.5.

Section E.3 introduces the left Autpynq)(A) actions L', L”. In Section E.3.1 I
introduce L’ which acts on the total space of the associated bundle A[F, L] and I
show that L’ is based on fibre morphisms of the associated bundle. In Section E.3.2

I introduce L” which acts on the cross sections of A\[F, L] and which builds up on L'.

In Section E.5 T introduce the H-reductions of principal G-bundles where H
is a closed topological subgroup. The H-reductions are at the heart of the Feres

machinery since they are the vehicles for the reductions theorems.

In Section E.6 I reconsider Sections E.1-E.5 in the special case of the product
principal G-bundle which in fact is the principal bundle that is eventually applied in
Section 9.3 of this work.

E.1 Principal G-bundles

Let
{=(E,p,B) (E.1)
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be a bundle. Bundles form a category, Bun, and I denote the set of morphisms from
¢ to itself by 9Morp,,(§). Note that, by definition, 9Mor ., (§) consists of the pairs
(p, @) for which ¢ € C(E, E) and ¢ € C(B, B) such that

pop=poyp. (E.2)

The identity morphism in Morp,,(€) is (idg,idg) and the composition law in Bun

reads for (()027857,) € mtorBun(é-) and ¢ = 172 as (9027@2)(9017951) = (SOQ o 901790_2 o ()51)
Analogously the composition law of Bun is defined for morphisms which connect
different bundles and so Category Theory provides the concepts of isomorphism and

automorphism in Bun.

Let G be a topological group and R be a right G-action on F such that (E, R) is
a topological right G-space. Let the quadruple A be defined by

A:=(¢,R) = (E,p,B,R). (E.3)

I call A a ‘G-prebundle’ if p is a G-map from the right G-space (E, R) to the trivial

right G-space over B, i.e., if forz € F,g € G

p(R(g;x)) = p(z) . (E4)

Thus A in (E.3) is a G-prebundle iff for all z € E, g € G the set p~!(p(z)) is invariant
under R(g;-). This implies that if A in (E.3) is a G-prebundle then for every x € E
the function R, : G x p~'(p(z)) — p~'(p(x)), defined as the restriction of R to
G x p~(p(x)), is a right G-action on p~*(p(z)).

Recalling the orbit space E/R and the canonical surjection pr : £ — E/R from
Appendix B one observes that if A in (E.3) is a G-prebundle and if z, 2" € E satisfy
z' € pr(z) then a g € G exists such that 2’ = R(g; ) whence, by (E.4), p(2') = p(z)
so that 2/ € p~'(p(z)). Thus if X is a G-prebundle then for every x € E T get the

inclusion

pr(z) Cp~ (p(@)) (E.5)
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which plays a major role in the proof of Proposition E.1. I define the fiber structure
a(E,R) = (E,pr, E/R) , (E.6)

where the a-notation is taken from [Hus|. Defining also the quadruple
Ar = (a(F,R),R) = (E,pr,F/R,R) , (E.7)

one observes, since pg is a G-map from the right G-space (F, R) to the trivial right
G-space over E/R, that g is a G-prebundle.

I now consider the problem of finding, under the assumption that A a G-prebundle,

a function f on E/R which satisfies

fopr=p. (E.8)

Note that since pg is onto £/ R there exists at most one such f. Since p is continuous
and pg is onto F//R and identifying, one observes [Hu, Section I1.6] that f, if it exists,
is continuous. Furthermore if p is onto B, then f is onto B if it exists. To show that

f exists I define the function 7y : E/R — B for x € E by

mA(pr(2)) = p(x) - (E.9)
Note that 7y is defined by (E.9) for all z € E/R since pg is onto E/R. Note also that
7y is single valued since if z, 2" € E and pg(z) = pr(z’) then, recalling Appendix B,
a g € G exists such that R(g;x) = 2’ whence one gets by (E.9)

ma(pr(r') = p(@') = p(R(g: ) = p(z) = m(pr(z)) , (E.10)

where in the third equality of (E.10) I used the fact that A is a G-prebundle. With
(E.10) I have completed the proof that 7, is a function: EF/R — B if X is a G-
prebundle. It is clear by (E.9) that f = 7, satisfies (E.8) so that, by the remarks
after (E.8), f = m, is the unique solution of (E.8) and

TNOPR=DP . (E.11)
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I thus conclude by the remarks after (E.8) that 7 is continuous and, if p is onto B,
my is onto B. I call 7y the ‘prebundle function’ of the G-prebundle A. Therefore by
the remarks after (E.8) a prebundle function is always continuous (of course, w.r.t.
the topological spaces E/R, B). Note that since idg/r © pr = pr the prebundle
function of the G-prebundle A is idg/r. Note also that since pg is onto E/R it
follows from [Du, Section VI.3] and (E.11) that the prebundle function is identifying
iff p is identifying.

If Xin (E.3) is a G-prebundle then it is called a ‘G-bundle’ if its prebundle function
is a homeomorphism onto B. If A in (E.3) is a G-bundle and if the topological right
G-space (E, R) is principal then \ is called a ‘principal G-bundle’. These definitions
of G-bundle and principal G-bundle are the distinguishing features of the elegant
treatment in Husemoller’s book [Hus] (T added, since it is convenient, the definition of
G-prebundle). Note that these definitions don’t involve local triviality (in particular
no coordinate bundles are involved). Note also that G is called the ‘structure group’
of A and that the principal bundles defined in this way are sometimes called ‘Cartan

principal bundles’.

Of course if A in (E.3) is a G-bundle or even a principal G-bundle then, due to
(E.11), p is onto B, i.e., { is a fiber structure. The standard example of a G-bundle
is the G-prebundle Ag since, as mentioned above, its prebundle function is idg/g.

Thus Mg is a principal G-bundle iff the topological right G-space (E, R) is principal.

The principal G-bundles form a category, Bun(G), and in this category I de-
note the set of morphisms from A to itself by 9Morgun(e)(A). Note that, by def-
inition, 9Mor pun(c)(A) consists of those elements (¢, p) of Morp,,(§) for which ¢
is a G-map on the right G-space (E, R). The identity morphism, (idg,idg), in
Mor gun(c)(A) is the same as in Morp,,(§) and the composition law in Bun(G) is
the same as in Bun. Category Theory provides the concepts of isomorphism and

automorphism in Bun(G). In particular the automorphisms on A are those ele-
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ments (¢, ) of Mor pun(c)(A) for which a (@, @) € Morpue)(A) exists such that
(0, 0)(, @) = (idg,idg) = (P, §)(p, @) and I denote the set of these automorphisms
by Autgun(c)(A). Note that Autpune)(A) is a group under the composition law
of Bun(G) with neutral element (idg,idp). Clearly if (¢, ¢) € Autpunc)(A) then
p € HOMEO(E,E) and g € HOMEO(B, B). 1 define

Gavpunc)(A) = {p € C(E, E) : (¢,idp) € Jut gun(cy(N)} - (E.12)

Clearly the (¢, idp) with ¢ € Saupun(c)(A) form a subgroup of Aut gyn(e)(A) whence
Saupun(e)(A) is a group under the composition of functions. One calls augync)(A)

the ‘gauge group of A\’ [Hus].

For the following proposition ‘transitivity on fibres’ is an important criterion. If
A in (E.3) is a G-prebundle then, as mentioned above, we have for every = € E the
right G-action R, on p~!(p(z)) and I call R ‘transitive on the fibres of p’ if all R,

are transitive.

Part c) of the following proposition will be applied in Section E.6.1.
Proposition E.1 Let G be a topological group and let the quadruple A in (E.3) be
a G-prebundle. Denoting the prebundle function of X by mwy the following hold:

a) 7y is one-one iff for every x € E

pr(z) D p~'(p(2)) . (E.13)
b) R is transitive on all fibres of p iff (E.13) holds for every x € E.

c) X is a G-bundle iff p is onto B and identifying and R is transitive on all fibres of
.

Proof of Proposition E.1a: I first consider the case where ) is one-one so let x €

E, 2 € p~'(p(x)) whence p(z') = p(x) so that by (E.11) I obtain m\(pr(z’)) =
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mx(pr(z)). Since ) is one-one this entails pg(2’) = pr(z) whence 2’ € pgr(x) so that

(E.13) holds.

I now consider the case where (E.13) holds for every z € E. To show that )
is one-one let x,2" € E such that m)(pr(z’)) = mx(pr(x)). Thus I am done when
pr(2") = pr(z). Note that since pg is onto E/R, every element of the domain of 7y

belongs to the image of pg. By (E.11) we have p(2’) = p(x) whence by (E.5),(E.13)

I obtain pr(z) = p~'(p(x)) = p~(p(2)) = pr(z’). O

Proof of Proposition E.1b: 1 first consider the case where R is transitive on all fibres of
psolet x € Fand 2’ € p~'(p(z)). Thus z,2” € p~!(p(z)) whence, by the transitivity
of R, a g € G exists such that 2’ = R,(g;x) = R(g;x) which entails 2’ € pr(z).

I now consider the case where (E.13) holds for every x € E. Thus by Proposition
E.la 7y is one-one. Let x € F so I am done when I show that R, is transitive. Let
therefore 2/, 2" € p~'(p(x)) whence by (E.11) mx(pr(z)) = p(x) = p(z’) = 7\ (pr(z'))
so that, since 7w, is one-one, pr(z) = pr(z’) and, analogously, pr(z) = pgr(z”).
Thus ¢',¢g” € G exist such that 2’ = R(¢’;x) and 2" = R(¢”;x) whence 2" =
R(¢''¢";2") = R.(g"g"; 2') which proves the transitivity of R,. O

Proof of Proposition E.1c: 1 first consider the case where )\ is a G-bundle, i.e.,
7w € HOMEO(E/R, B). Thus 7, is onto B whence, by (E.11), p is onto B. Since
pr is onto E/R and 7y, pg are identifying I obtain from (E.11) that p is identifying
[Du, Section VI.3]. Moreover since 7y is one-one one concludes from Propositions

E.la-b that R is transitive on all fibres of p.

I now consider the case where p is onto B and identifying and R is transitive
on all fibres of p. The latter entails by Propositions E.la-b that 7, is one-one.
Since pg is onto E/R and p, pr are identifying I obtain from [Du, Section VI.3] and
(E.11) that 7, is identifying. Also since p is onto B we have by (E.11) that 7, is

onto B. I thus have shown that 7, is one-one, onto B and identifying. Therefore
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m € HOMFEO(E/R, B) whence A is a G-bundle. O

I will apply Proposition E.1 time and again in the ensuing sections and in this
paragraph I give a first example of that by showing that, if X in (E.3) is a principal
G-bundle, then each fibre of p is homeomorphic to G. Let therefore A be a principal
G-bundle and b € B. Picking an x € p~*(b) I define the function u : G — p~1(b),
for ¢ € G, by u(g) := R(g;x). Clearly u is continuous and, due to Proposition
E.lc, u is onto p~'(b). To show that u is a homeomorphism onto p~*(b) I define
the function u' : p~*(b) — G for ¢ € G by v/(R(g;z)) := g. Note that, due to
Proposition E.lc, v/ is defined for the whole domain p~!(b). Moreover, v’ is single
valued since the right G-action R is free. On the other hand we have, for g € G,
w(u(g)) = /(R(g;2)) = g, and u(u/(R(g;z)) = u(g) = R(g;v), whence u' is the
inverse of u. Furthermore, recalling Appendix B, we have, for 2’ € p~'(b), that
v (2') = Tr(x,2’). Since A is a principal G-bundle, the translation function 75 of R
is continuous whence «’ is continuous which entails that u is a homeomorphism onto
p1(b) as was to be shown. It is interesting to observe that the above proof uses the
continuity of 7, shedding thus a first glimpse of light on a property of 7z which at
first sight may look artificial. In fact, in the ensuing sections the continuity of 75

will bear further fruits.

E.2 Bundles associated with principal G-bundles

As in Section E.1 I consider the quadruple A in (E.3) and I here assume that it is a
principal G-bundle. Thus A is a G-bundle whence, by Proposition E.1c, p is onto B.
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E.2.1 Defining associated bundles

Let (F, L) be a topological left G-space. To come to the corresponding associated
bundle A[F, L] one defines the topological space

E=ExF, (E.14)
and the function R’ : G x ' — FE’ by
R(g;2,y) = (R(g:%), L(g™"y)) (E.15)

and observes that (E’, R') is a topological right G-space. To define the bundle A[F, L],

one considers the problem of finding a function ¢’ : E'/R’ — B which satisfies
¢ opr=poq, (E.16)
where the function ¢ : £ — F is defined for z € E,y € F by
q(z,y) =x. (E.17)

Note that since pg is onto E’/R’ there is at most one such ¢’. Since p is onto B and
since ¢ is onto F one observes from (E.16) that ¢/, if it exists, is onto B. Furthermore
since p o ¢ is continuous and pg is onto E'/R’ and identifying, one observes (see for

example [Hu, Section II.6]) from (E.16) that ¢/, if it exists, is continuous.
To show that ¢’ exists I define the function p’ : E'/R' — B for (z,y) € E’ by
P'(pr(2,y)) = plz) . (E.18)

Note that p' is defined by (E.18) for all z € E'/R' since pg is onto E'/R'. Note also
that p/, defined by (E.18), is single valued since if (z,y), (2/,y) € E" and pr (z,y) =
pr(2',y') then, recalling Appendix B, a g € G exists such that R'(g;z,y) = (2',y'),
i.c., by (E.15)

(', y) = R'(g:2,y) = (R(g; x), L(g™ ")) , (E.19)
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so that

p(@') = p(R(g; ) = p(x) , (E.20)

where in the second equality of (E.20) I used the fact that p is a G-map (which
follows from the fact that A is a G-prebundle). With (E.20) I have completed the
proof that p’ is a function: E'/R' — B. Clearly we have by (E.18) that ¢ = p/
satisfies (E.16) so that I conclude by the remarks after (E.17) that ¢ = p’ is the
unique function: E’/R" — B which satisfies (E.16) whence I got

plopr =poq. (E.21)

I conclude from (E.21) and the remarks after (E.17) that p’ is onto B and continuous.
Furthermore, since p o ¢ is continuous and ¢ is onto E and identifying and since p
is identifying I obtain from [Du, Section VI.3] that p o ¢ is identifying whence, by
(E.21), p’ o pg is identifying. Thus and since pg is onto E'/R’ and identifying I
obtain from [Du, Section VI.3] and (E.21) that p’ is identifying. Note also that,
recalling Definition C.1, it follows from (E.21) that p’ is a factor of p o ¢ w.r.t. the
fiber structure a(E’, R') = (E', prr, E'/R'). Equipped with p’ one defines £’ by

& :=\F,L|:=(E'/R,p,B). (E.22)

Note that & is called the ‘associated bundle’, or more precisely, the bundle ‘associated

with A via the topological left G-space (F, L)’. Clearly ¢’ is a fiber structure.

E.2.2 Correspondence between cross sections and pseudo

cross sections of an associated bundle

Let, as in Section E.2.1, (F,L) be a topological left G-space. In the theory of
reductions of the principal bundle A the cross sections of A[F, L] play an important

role (see Section E.6.6 and recall the definition of cross sections in Section C.1).
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On the other hand, working with I'(\[F, L]) is facilitated by using a correspondence
between cross sections and pseudo cross sections which I introduce now. I denote the
set of pseudo cross sections associated with A\ via (F, L) by the symbol fA, rr- The

set f‘,\, .1, consists of those functions ¢ in C(E, F') which satisfy, for g € G,z € E,

V(R(g;x)) = L{g~1(2)) - (E.23)

The correspondence between I'(A[F, L]) and fAE 1 is established by the function
kL Darr — T(A[F, L]) which is defined for ¢ € T'y gz by

WrL(Y) =0, (E.24)
where the function ¢ : B — E’/R’ is defined for x € E by
o(p(x)) = pr(z,¥(x)) . (E.25)

Note that ¢ is defined by (E.25) on the whole set B since p is onto B. To show that
o is single valued let z, 2" € F such that p(z’) = p(z) whence, by Proposition E.1c, a
g € G exists such that 2’ = R(g;x) so that one concludes from (E.15),(E.23),(E.25)

o(p(a’) = pr (@', P(2")) = pr(R(g; ), ¥(R(g; 7)) = pr (R(g: x), L(g~ s ¥(x)))

= pr (R (g; 2, ¥(x))) = pr(2,9(2)) = o(p(x)) . (E.26)

Thus indeed o is a function: B — E’/R'. Since, by (E.25), ¢ o p is continuous
and since p is onto B and identifying it follows (see, e.g., [Hu, Section I1.6]) that
o is continuous. Furthermore I conclude from (E.18),(E.25) that, for x € E, (p/ o

0)(p(2)) = P/ (pre (2, ¥(x))) = pl(x), whence, since p is onto B,
poo=ridg . (E.27)
Since 0 € C(B,E'/R') it follows from (E.22), (E.27) that ¢ € T'(A[F, L]). This

completes the proof that v, , is a function: f‘NF,L — I'(A[F, L]). Note that v, g, is
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one-one. In fact let 1,1 € ko’L such that v\ r(¥") = var(?). Thus by (E.24),
(E.25) we have, for z € E,
Pr (':C’ W(@) = PR ($7 ¢<$)> )

whence a g € G exists such that (x,¢'(x)) = R'(g; 2,1 (x)) which entails by (E.15)

(z,9'(2)) = R'(g: 2, ¥(x)) = (R(g; 2), L(g™ s d(x))) - (E.28)

Since A is a principal G-bundle, the right G-action R is free so that, by (E.28), ¢ = eq
whence, by (E.28), 9" = . Thus 7, g, is one-one. Under mild conditions on A, F,, L
one can even show that v, g, is a bijection onto I'(A[F, L]) and this property makes
Yarr a useful tool. In fact in the case of the product principal bundle I will prove

the bijection property of v, r (see Section E.6.4).

E.3 Two canonical left actions of the automor-

phism group of a principal G-bundle

I here assume that the quadruple X in (E.3) is a principal G-bundle. T here apply the
Feres machinery by showing how dutpunc)(A) acts from the left in two canonical
ways. A pivotal role is played by those morphisms in 9Morg,,(¢') which are fibre

morphisms.
E.3.1 The canonical left action on the total space of an as-

sociated bundle

Since A is a principal G-bundle I can apply the tools of Section E.2.1 to construct the
left Aut pun(e)(A)-action L' on the total space £'/R’ of the associated bundle ¢ =
A[F, L] solet (¢, 9) € Aut pun(c)(A). Note that by Section E.1 ¢ is a homeomorphism
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onto E and a G-map on the right G-space (E, R). I define the function ¢’ : E' — E’
for (z,y) € E' by

¢'(z,y) = (p(2),9) (E.29)

and observe by (E.2) that for (z,y) € E’
(pog)(¢'(z,y)) = (pog)(p(x),y) = p(e(r)) = ¢(p(r)) = ¢(pe(2,9))) ,
ie.,
pogqoy =@popogq. (E.30)
Basic to the construction of the group action on E’/R’ is the consideration of the
problem of finding a function ¢” : E'/R' — E’/R' which satisfies
¢ opr =pr oy . (E.31)

1

Note that since pgr is onto E'/R’ there is at most one such ¢”. Moreover since

¢ is onto E one observes from (E.29) that ¢’ is onto £’ whence, since pg is onto
E'/R', (E.31) entails that ¢”, if it exists, is onto E’/R’. Furthermore since pg o ¢’
is continuous and pp is onto E'/R’ and identifying, one observes [Hu, Section I1.6]

that ", if it exists, is continuous. Also, if ¢” exists, then by (E.21),(E.30),(E.31),
poyopy =poproy =pogoy =popog=gop opp. (E32)
Since pr is onto E'/R’ it follows from (E.32) that, if ¢” exists, then
pop’=goyp, (E.33)

whence (¢”, @) € Morpu,(¢'). To show that ¢ exists I define the function ¢ :
F'/R — E'/R for (z,y) € E' by

S(pr(2,y)) = (pr o ') (2, y) = pr(@(x),Y) , (E.34)
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where in the second equality I used (E.29). Note that ¢ is defined for all z € E'/ R’
by (E.34) since pgs is onto E'/R'. Note also that ¢, defined by (E.34), is single valued
since if (z,y), (¢/,y') € E' and pr (z,y) = pr(2,y’) then, recalling Section E.2.1, a
g € G exists such that (E.19) holds which implies by (E.15),(E.34)

P(pr(@',y)) = pr(e(a').y) = pr(p(R(g; ), L(g ™5 y))

= pr(R(g;9(2)), L(g™5 ) = pr (R (g:9(2), 1)) = pr(¢(),y)

= ¢(pr (2,9)) (E.35)

where in the third equality I used the fact that ¢ is a G-map on (F, R). With (E.35)
I have completed the proof that ¢ is a function: E'/R' — E’/R'. Clearly we have by
(E.34) that ¢" = ¢ satisfies (E.31) so that one concludes by the remarks after (E.31)
that ¢” = ¢ is the unique function: E'/R’ — E’/R’ which satisfies (E.31) whence I
got

Qopr =pr oy . (E.36)
I define the function L' : Aut gunc)(A) x E'/R" — E'/R' for (¢,9) € Autgunc) ()
and z € E'/R by

L'(p, @ 2) = @(2) - (E.37)
Thus ¢" = L'(p, ¢;-) is the unique function: E'/R’ — E’/R' which satisfies (E.31)
whence I got

L'(p, ;) opr =proy . (E.38)

By the remarks after (E.31) I also have that L'(p, @;-) is onto E’/R’, is continuous

and satisfies
pol(p, @) =¢op, (E.39)
whence, by recalling the definition of 9orp,, in Section E.1,

(L' (0, #5),¢) € Morpun(€') - (E.40)

270



Appendix E. Principal bundles and their associated bundles

Clearly by (E.29),(E.38) we have for (z,y) € E'

L'(p,0;pr(2,y)) = (pr 0 @) (z,y) = pr(p(z),y) . (E.41)

To prove that L' is a group action I compute for (z,y) € E' by (E.41)
L'(idg, idp; pr(2,y)) = pre(7,Yy) , (E.42)

and for (1, ¢1), (@2, P2) € Aut pun(e)(A) and (x,y) € E' by using again (E.41)

(LI(SOL @a;+) o L' (1, o1 )) (pr(z,v)) = L'(p2, §2; L' (¢1, ¢1; pre (2, 1))
= L'(a, 2; pr (91(),y)) = Pre(w2(1(2)), y) = pr (92 © 1) (), y)

= L/(QOZ o Y1, 90_2 o ‘;0_13291%/(% y)) ) (E43)

where in the fifth equality I used the fact that Autpunc)(A) is a group under the
composition law in Bun(G). Because pg is onto E’/R’ it follows from (E.42),(E.43)
that L' is a left Autpyne)(A)-action on £'/R'. The following remark puts L' into

perspective.

Remark:

(1) A “fibre morphism’ on the associated bundle ' = A\[F, L] is an element (f, f) of
Mor pun(£') for which a continuous G-map f’ exists on the topological right G-
space (E', R') such that fopp = pg o f' [Hus, Section 4.6]. Thus by (E.40) the
question arises of whether (L'(p, @;-), ®) is a fibre morphism on ¢’. In fact it
follows from (E.38) that if ¢/ is a G-map on (E’, R') then (L'(¢, ¢;-), ¢) is a fibre
morphism on ¢’. I thus compute by (E.15), (E.29) for (¢, ¢) € Autpunc)(A)
andge G,xe E,ye F,

¢ (R'(g:2,9)) = ¢'(R(g; 2), L(g~ "5 9)) = (e(R(g;2)), L(g~ "5 y))
= (R(g;o(x)), L(g " 9)) = R'(g; 0(2),y) = R (g:¢'(x,y)) . (E.44)
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where in the third equality I used the fact that ¢ is a G-map on (E,R). It
follows from (E.44) that the continuous function ¢’ is a G-map on (E', R')
whence (L'(p, ¢;-), @) is a fibre morphism on &'

Note also that since L’ is a left Autpun(c)(A)-action on E'/R" and L'(p, ;)
is continuous I conclude that each L'(¢p, @;-) is a homeomorphism onto E'/R’

whence (L'(p, ¢;-), ¢) is an automorphism in Bun. O

E.3.2 The canonical left action on the cross sections of an

associated bundle

The Feres machinery provides me also with a canonical left Autpy,q)(A)-action,
L”, on the set I'(£’) of cross sections of the associated bundle ¢ = A[F, L] and this
goes as follows. One defines the function L” : Autpy,c)(A) x ['() — T'(¢) for

(¢, ?) € Aut puncy(A) and o € T'(&') by
L'(p,@;0) :=L'(¢, ;) oc0p ", (E.45)

ie., for z € B,

(L"(,@30))(2) = L' (¢, §;0(57(2))) - (E.46)

! are continuous functions it follows from (E.45) that

Since L'(p,;+), o, and ¢~
L' (p,p;0) € C(B,E'/R'). Furthermore by Definition C.1 and (E.22) we have for
o € I'(¢) that p’ o 0 = idp whence we obtain from (E.39),(E.45) that for (¢, 9) €

Aut pun(c)(A) and o € T'(£')
pol'(¢,5;0)=p oL(p,p;-)ocop ' =popocop '=goidgop ' =idp,

so that, by Definition C.1, L”(p, ¢;0) € I'(¢') which completes the proof that L” is
a function: Autpunc)(A) x I'(§') — T'(¢’). To show that L" is a left Autgune)(N)-
action on I'(&') let (¢1, ¢1), (@2, P2) € Aut pun(ey(A) and o € T'(') and let me define
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o' eT'(¢) by
o = L"(p1,01;0) . (E.AT)
Note that for z € B we have by (E.46),(E.47)

o'(z) = L'(¢1, gy 0(217'(2))) - (E.48)
Since L' is a left ut () (A)-action on E'/R’ it follows from (E.46),(E.47),(E.48)
that for (@1, 1), (@2, 92) € Autpun(c)(A) and z € B
(L"(idp,idp; 0))(2) = L'(idp, idp; 0(2)) = 0(2) (E.49)
(LN(% © p1, P2 © P1; U)) (2) = L'(pa 091,920 P15 (0091 o9y 1)(2))
= L' (ip2, 923 L' (01, 015 (0 0 o1 0 927 1)(2)) = L' (92, ;0 (927 1(2)))
= (L"(2, $2:0"))(2) = (L (102, 025 L" (01, £15 0)))(2) - (E.50)

I conclude from (E.49),(E.50) that L” is a left Aut gyn(e)(A)-action on I'(¢').

E.4 Group homomorphisms into the automorphism

group of a principal G-bundle

Let the quadruple A in (E.3) be a principal G-bundle. If K is a group then I denote
the set of group homomorphisms from K into Autpunc)(A) by HOMg(X). If & €
HOM () then ®(K) is a subgroup of Aut gy, (A) and, for k € K, I write

where (p(k;-), @(k;-)) € Qutpunic)(A). Let @ € Saupuncy(N), ie., by (E.12), ¢ :=
(@,1dp) is in Aut pypcy(N). If & € HOMg(A) then I define the function ¢’ : K —
Aut gun(y(A) for k € K by

(k) == @71 0(k)® = (p,idp) ' O(k) (@, idp) = (37 0 p(ks-) 0 4, p(k; ), (E.52)
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where I used the notation of (E.51). Clearly & € HOMg () and ®'(K) is a subgroup
of Aut pun(cy(N). In fact, the groups ®(K), ®'(K) are conjugate via .

E.5 Reducing the structure group G

Let G be a topological group and let H be a closed topological subgroup of GG. Let
also A in (E.3) be a principal G-bundle and A be a principal H-bundle where I write

~ A

A= (E,p,B,R). (E.53)

If f € C(E, E) exists such that, for = € E.heH,

f(R(h;x)) = R(h; f(x)) , (E.54)
then I call \ a ‘H-quasireduction of \’. With f 1 can define the function f : B — B
forz e F by

f(B()) = (po f)(2). (E.55)
Note that f is defined by (E.55) for all b € B since, by Proposition E.Ic, p is onto
B. To show that f is single valued let z,2' € E such that p(z’) = p(z) whence,

by Proposition E.lc, a h € H exists such that ' = R(h;x) so that I conclude from
(E.54),(E.55)

F(@) = (po f)a') = (po f)(R(h;2)) = p(R(h; f(x)) = p(f(x)) = f(B(x)) .

Thus indeed f is a function: B — B. Since po f is continuous and since, by Propo-
sition E.1c, p is onto B and identifying, it follows (see, e.g., [Hu, Section I1.6]) from
(E.55) that f is continuous. I call the pair (f, f) a ‘quasihomomorphism from X to
A’. Clearly a principal H-bundle Nisa H -quasireduction of A iff a quasihomomor-

phism from A to \ exists. Note by (E.55) that, since p is onto B, the only function

274



Appendix E. Principal bundles and their associated bundles

g : B — B which satisfies gop = po f is given by g = f. If A is a H-quasireduction of
A and if, in the notation of (E.53), its total space E is a closed topological subspace
of E then I call \ a ‘H-reduction of \” if a quasihomomorphism from A to \ exists
which has the form (f,idg) where f is the natural injection: £ — E. Of course if A
is a H-reduction of A then by (E.55)

E, (E.56)

R:ﬂ@XEy (E.57)

Clearly the H-reductions of A form a set and I denote this set by REDy(A). I also
note that, in the notation of (E.53), a principal H-bundle )\ is a H-reduction of \ iff
the following hold: E is a closed topological subspace of E and (E.56),(E.57) hold.
Moreover it is clear by (E.56),(E.57) that if A and N are principal H-bundles in
REDpg()) which have the same total space then A = X. In particular a H-reduction
of A is completely determined by its total space. In other words, if F is a closed

subspace of F then a H-reduction of A with total space E is, if it exists at all, given

by (E,p|E. B, R|(H x £)).

If (¢, @) € Aut un()(A) then I call a H-reduction A of A ‘invariant under (¢, @)’
if, in the notation of (E.53), F is invariant under ¢, i.e., ¢(E) = E. Analogously,
using the notation of Section E.4, if K is a group and ® € HOMg () then I call a
H-reduction A of A ‘invariant under the group ®(K)’ if, in the notation of (E.53),
E is invariant under ®(k) for every k € K. This concept of invariant H-reduction
is very important since it underlies the so-called reduction theorems (see Section

E.6.6).

To study H-reductions it is, as will become clear in Section E.6.6, very useful to

introduce the topological space G/ H and I first define the function R/ : HxG — G
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for he H,g € G by
Reu(hs g) == gh . (E.58)

Clearly (E, Rg/u) is a topological right H-space. I denote the orbit of a g € G under
Rg/H by gH, i.e.,

gH :={Rg/u(h;g) :he€ H} ={gh:h e H} . (E.59)
The orbit space will be denoted by G/H, i.e.,
G/H :={gH :g € G}. (E.60)
Following Appendix B, I define the function pg , : G — G/H for g € G by

Proyu(9) = 9H (E.61)

and I equip G/H with the identifying topology w.r.t. PRg, ;- Thus prg,, is identify-
ing and even open. I now define the function Lg/y : G x G/H — G/H for g,9' € G
by

Leyu(g's9H) = (d'9)H . (E.62)

Clearly L¢/u is a transitive left G-action on G/H. To show that L¢,p is continuous

it is now helpful to have Rg/y at hand. In fact, defining the auxiliary function

j€C(GxG,Gx(G/H)) for g,¢" € G by
i(g9) = (9" Pre,u(9) = (9", gH) , (E.63)
we have by (E.61),(E.62) for g,¢' € G
(Lo o g)g'9) = Layu(g's 9H) = (9'9)H = pre,y (9'9) - (E.64)
Since idg and pgr, ,y are open functions and j is the cartesian product of idg and

PRg,y» one concludes that j is an open function so that, by [Hu, Section II1.6], j is
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identifying. Because j is onto G x (G/H) and identifying and since, due to (E.64),
L¢yp o j is continuous one concludes by [Hu, Section I1.6] that L,y is continuous.
Thus (G/H, Lg/i) is a topological left G-space. The importance of (G/H, Lg/u)
lies in the fact that the associated bundle A[G/H, Lg,/g] is a tool for studying the
H-reductions of A (see Section E.6.6). I now draw an important conclusion from my
assumption that H is closed in G. I observe by (E.59),(E.61) that p;}é/H(BGH) =H.
Since H is closed in G and pg,, is identifying I conclude that the singleton eqH
is closed in G/H. However since the continuous left G-action Lg,/y is transitive, it

follows that every singleton in G/H is closed, i.e., G/H is a T space.

E.6 The special case of the product principal G-
bundles

I here reconsider Sections E.1-E.5 in the special case where the quadruple A in (E.3)
is a product principal G-bundle. The product principal G-bundles are important for
this work because Section 9.3 is based on a product principal SO(3)-bundle.

To define the product principal G-bundle I first define

E=BxG, (E.65)

whence by (E.1),(E.3)
£=(BxG,pDB), (E.66)
A= (¢ R)=(BxG,p B R). (E.67)

Furthermore p: £ — B is defined for b € B, g € G by

p(b.g) :=0b, (E.68)
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and R: G x E — FE is defined for ¢g,¢9' € G,b € B by

R(g';b, g) = (b,g9") - (E.69)

Of course (E,R) given by (E.65),(E.69) is a topological right G-space and p is,
due to (E.68), onto B. In the following section I will show that A, defined by
(E.67),(E.68),(E.69), is a principal G-bundle.

E.6.1 The automorphism group of a product principal G-
bundle

In the present section I show that A, defined by (E.67),(E.68),(E.69), is a principal
G-bundle and that Autpu,c)(A) has a simple structure (the latter will pay off in
Section E.6.3). To show that A is a principal G-bundle we have to remind us of
Appendix B and Section E.1 and I first note that for ¢g,¢" € G,b € B we have by
(E.68),(E.69)

p(R(g;b,9)) = p(b,g9") = b=p(b,g), (E.70)

whence A is a G-prebundle. I next use Proposition E.1 to show that A is a G-bundle.
Firstly I note by (E.68) that p is onto B and identifying since it is the projection
onto the first argument. Secondly, for b € B, the fibre of p over b reads by (E.68) as

p () ={b} x G, (E.71)

whence, for (V,g'),(V",¢") € p~*(b), we have b = ¥/ = V" and R(¢"'¢";V,q") =
(b,9'g1g") = (V,g") = (b, g") so that R is transitive on all fibres of p. With these
two properties of A one concludes from Proposition E.1lc that A is a G-bundle. To
show that A is a principal G-bundle it remains to be shown that (£, R) is principal.
First of all if for g,¢' € G,b € B I impose the condition R(g';b,g) = (b, g) then by
(E.69) (b, gg") = (b, g) whence ¢’ = e which entails that the right G-action R is free.
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Recalling Appendix B I define E* := {(b, ¢, R(¢;b,9)) : b € B,g,g € G} whence by
(E.69)

E*={(b.g,b,99'): b€ B,g.9' € G} ={(b,g.b,¢') : b€ B,g,g' € G} . (E.T2)
I define the function 75 : E* — G for (b,g,b,9') € E* by

r(b,9,0,9') = g7'g", (E.73)

and observe for (b, g,b,¢") € E* that by (E.69)

R(1r(b,g,b,¢');b,9) = R(g"g';b,9) = (b,gg 'g') = (b,q'),  (E.74)

so that 7r is the translation function of R. Clearly 7x is continuous whence the
topological right G-space (E, R) is principal which completes the proof that \ is a
principal G-bundle. Note also that A is called a ‘product principal G-bundle’.

Most importantly, since in the present context \ is a product principal G-bundle,
its automorphism group, which is defined in Section E.1, has quite a simple structure
as I will now demonstrate. Defining the function r : £ — G for b € B,g € G by
r(b,g) := g, every ¢ € C(FE, E) reads as ¢ = (pop,roy) and we have pop € C(E, B),
rop € C(E,G). If (¢, p) € Morpu,(§) then for b € B, g € G we have by (E.2),(E.68)

@(b) = (pop)(b,g) = (poy)(b,g), (E.75)
whence
©(b,g) = (p(b), (rop)(b,g)) - (E.76)

If (o, @) € Morgun(cy(A) then for b € B,g,¢9" € G we have by (E.69),(E.76) and by

recalling Section E.1

(@(b), (rop)(b,9)g') = R(g';¢(b), (rop)(b,g)) = R(g';¢(b, 9)) = ¢(R(g';0,9))
= (b, g9") = (p(b), (r 0 ) (b, g9")) , (E.77)
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where in the third equality I used the fact that ¢ is a G-map on (£, R). Of course
by (E.77) we have for b € B,g € G that (r o ¢)(b,eq)g = (r o ¢)(b,g) so that by

(E.76) ¢(b, g) = (@(b), (r o ¢)(b,eq)g) whence

morBun(G)()‘) - {(Qpa @) S C<E7 E) X C<B>B> :
(Vbe B.geCplb.g) = (o), fD)g)). f €CB.G)} . (ET8)
Furthermore if (¢, ¢) is an element of the set on the rhs of (E.78) then forb € B,g € G
we have (b, g) = (¢(b), f(b)g) where ¢ € C(B, B) and f € C(B,G). Note also that

f(b) = r(e(b,eq)). This (v, p) satisfies (E.2), whence (¢, ) € Morp.,(§), and for
b€ B,g,q € G this (p, p) satisfies by (E.69)

R(g;0(b,9)) = R(g';¢(b), f(b)g) = (¢(b), f(D)gg) = w(b,99") = ¢(R(g;b,9)) ,

so that ¢ is a G-map on (E, R). Thus I have shown that every element of the set on
the rhs of (E.78) belongs to Mor gy () (A) whence by (E.78) T got

Morpun(c)(A) = {(¢, @) € C(E, E) x C(B, B) :

(Vb e B,geG)plbg) = (pb), f(b)g)], f € C(B,G)} . (ET9)

To determine Autpync)(A) I recall from Section E.1 that if (¢, 9) € Autpunc)(A)
then (p, @) € Morguney(A) and ¢ € HOMEO(B, B) so that by (E.79)

Aut gun(cy(A) C {(p, @) € C(E,E) x HOMEO(B, B) :

[(Vbe B,geGpbg) = (p(b), f(b)g)l, f € C(B,G)} . (E80)

To show that equality holds in (E.80) let (i, @) be an element of the set on the rhs of
(E.80), i.e., let p € HOMEO(B, B) and f € C(B, ) such that for b € B,g € G we
have ¢(b, g) = (¢(b), f(b)g). I now define the function » € C(E, E) for b€ B,g € G
by

(b, g) = (@71 (b), (f (&' (1)) "g) - (E.81)
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Since p € HOMEO(B, B) Thave ~! € C(B, B) whence, by (E.79),(E.81), (¢, 1) €
IMor gun(cy(A). I now compute by (E.81) forbe B,g € G
p(2(b,9)) = (@ (1), (f(@ (1)) 9) = (@(&' (b)), F(& (OD(f(7' (V)" g)
=(.9),
P(p(b, 9)) = 2(@(b), f(b)g) = (¢~ (@), (f(&(#(0)))) " f(b)g)
= (0. (f(0))"" f(b)g) = (b,g) ,

whence by the composition rule in Bun(G) (recall Section E.1)

(0, @)@ 7 ") = (po@,po@ ") = (idp,idp) = (Pop,d ' o) = (&, 7 ) P),
which entails that (p, §) € ut gun(e)(A) so that by (E.80)
Aut guncy(A) = {(¢,¢) € C(E,E) x HOMEO(B, B) :
[(Vbe B,geG)o(bg) = (o), f(b)g)], f € C(B,G)} . (E.82)

This simple formula becomes important in Section E.6.3 where I consider the canon-

ical left Aut pyn(c)(A)-actions L', L".

E.6.2 The triviality of the associated bundles of a product
principal G-bundle

Since the motto of Section E.6 is to reconsider Sections E.1-E.5 in the case when A
is the product principal G-bundle, defined by (E.67),(E.68),(E.69), I now reconsider
Section E.2.1, i.e., I study the bundle ¢ = A[F, L] in (E.22) which is the bundle
associated with A via the topological left G-space (F, L).

In fact in the present case & is remarkably simple since, as I now show, it is
trivial. Thus the task of this section is to construct an appropriate isomorphism

from & to the product bundle £” which is defined by

"= (BxFyp' B), (E.83)
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where the function p” : B x F' — B is defined for (b,y) € B x F by p”(b,y) := b. The
main burden of my task is to find an appropriate homeomorphism, r”, from E’/R’

onto B x . With (E.14),(E.65) we have E' = E x F' = B x G x F and I define the
function v’ : E' — B x F forbe B,g € G,y € F by

(b, 9,y) = (b, L(g;y)) - (E.84)

Note that " is onto B x F' and continuous. I will see below that finding an appropriate
homeomorphism boils down to the problem of finding a function h: E'/R' — B x F'

which satisfies
hopp =1". (E.85)

Note that since pg is onto E'/R’ there is at most one such h. Moreover since 7’
is onto B x F' one observes that h, if it exists, is onto B x F. Furthermore since
r’ is continuous and pg is onto E'/R’ and identifying, one observes [Hu, Section
I1.6] that h, if it exists, is continuous. To show that h exists I define the function

" E'/R' — B x F for (b,g,y) € E' by

r(pr (b, 9,y)) == 1r'(b, g,y) = (b, L(g:y)) - (E.86)

Note that r” is defined for all = € E'/R' by (E.86) since pg is onto E'/R’. To
show that r”, defined by (E.86), is single valued, let (b,¢g,y),(0,¢,y') € E' and
pr(b,9,y) = pr/(V, ¢',y") whence, recalling Appendix B, a ¢ € G exists such that
R'(g";b,9,y) =, q,y), ie., by (E.15),(E.69) I obtain

(¥'.g'y) = R(g"b,g.y) = (R(g";b.9), L(g" "5 9)) = (b,9g", L(g" ")) . (E.87)
It follows from (E.84),(E.86),(E.87) that r” is single valued since I compute:
(e (V.9 y) =1V, g y) =1 (b.9g", L(g" " y) = (b, L(gg"; L(g" ;)

= (b, L(g:y)) =7'(b,g,y) = r"(pr (b, 9,9)) . (E.88)
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where in the fourth equality I used the fact that L is a left G-action on F. With
(E.88) I have completed the proof that r” is a function: E'/R' — B x F.

To establish r” as the main stepping stone for an isomorphism from £ to " I
first show that it is a homeomorphism onto B x F. Clearly we have by (E.86) that
h = 1" satisfies (E.85) so that one concludes by the remarks after (E.85) that h = 1"
is the unique function: E'/R’ — B x F which satisfies (E.85) whence I got

" opp =1". (E.89)

It also follows from the remarks after (E.85) that »” is continuous and onto B x F'.
To show that r” is a homeomorphism onto B x F' I first demonstrate that ' is
identifying. Defining the functions r} : ' — E', ry: E' — E' r}, : E' — B x F for
be B,ge G,y e F by
(0, 9,y) == (b9, L(g;y)) , 75(b,9,y) == (0,9, L(g~ " 9)) » 3(b, 9,9) := (b,y)
I observe by (E.84) that
r=rior, (E.90)
riory=rhor] =idg . (E.91)
Moreover 7,75, r4 are continuous and 74, being the projection onto the first and
third component, is identifying. Since 77,75 are continuous we have by (E.91) that

rn € HOMEO(E', E') whence r} is identifying. Since 7/, are identifying and 7| is
onto E' it follows from (E.90) and [Du, Section VI.3] that ' is identifying.

To finish the proof that r” is a homeomorphism onto B x F' I define the function

™ :BxF — E'/R for (b,g,y) € E' by

7 (r'(b,9,v)) == pr/(b,9,9) , (E.92)

and show that it is a continuous inverse of . Note that 7 is defined for allz € Bx F’

by (E.92) since " is onto B x F. Note also that 7, defined by (E.92), is single
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valued since if (b, g,y), (V) ¢',y') € E and r'(b,g,y) = r'(t/, ¢',y) then, by (E.84),
(b, L(g;y)) = (', L(g¢'; ")) so that

b=V, Lgd gy =y (E.93)
Thus by (E.15),(E.69),(E.92),(E.93)
f//(rl(bla glv y/)) = pR’(b/7 g,a y/) - pR’(ba g/7 L(g/_lg; y))
= pp (R’(g"lg; b,g, L(g""g; y))) = pw (R(g"lg; b.q),L(g"g"; L(g" ' g; y)))
:pR’(b7gvy) - f//(rl(bagay)) 3 <E94)

where in the fifth equality I used the fact that L is a left G-action on F'. This
completes the proof that 7 is a function: B x F' — E’/R’. Since pg/ is continuous
and r’ is onto B x I and identifying, I conclude [Hu, Section I1.6] from (E.92) that
7 is continuous. It follows from (E.89),(E.92) that

r'"=r"opr =r"or"or", (E.95)

i or" opp =7"or =pr . (E.96)
Since 1’ is onto B x F' it follows from (E.95) that
"o =idpyr (E.97)
and since pg is onto E’/ R’ it follows from (E.96) that
P or" =idpm . (E.98)

I conclude from (E.97),(E.98) that the continuous function 7 is the inverse of the
continuous function r” whence " € HOMEO(E'/R',B x F). To construct an
isomorphism from ¢’ to " I compute by (E.84),(E.89) for (b, g,y) € £’

(" or" o pr)(b,9,y) = (p" o7')(b,g9,y) = p"(b, L(g;y)) =b,  (E.99)

and by (E.21),(E.68) for (b,g,y) € £’

(0" opr)(b,9,y) = (poq)(b,g,y) =p(b,g) =0, (E.100)
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where ¢ is defined in Section E.2.1. T conclude from (E.99),(E.100) that p”or” opp =

p' o pr, whence, since pg is onto E'/R/,
p// o T// — p/ ) (El()l)

Since r” is a homeomorphism onto B x F' it follows from (E.101) that (r”,idp) is an
isomorphism from & to £” in the category Bun of bundles whence the bundle ¢’ is
trivial [Hus, Section 2.3]. Note also that (E.101) entails that »” is an isomorphism

from &' to £” in the category Bunpg of bundles over B.

E.6.3 The two canonical left actions of the automorphism

group of a product principal G-bundle

Since the motto of Section E.6 is to reconsider Sections E.1-E.5 in the case when A
is the product principal G-bundle, defined by (E.67),(E.68),(E.69), I now reconsider
Section E.3, i.e., I study the left ut gy, ) (A)-actions L and L”. The isomorphism
(r",idg) from & to ", which I derived in Section E.6.2; is now the key tool.

[ first consider L. 1 define the function L’ : Aut gun(cy(A) X B x F'— B x F for
(¢, ) € Uut guney(A) and z € E'/R' by

L', ;1"(2)) = 1r"(L'(¢, ¢; 7)) - (E.102)

Note that since 7’ is a bijection onto B x F', (E.102) indeed defines a function:

Aut gunc)(A) X B x F — B x F. Note also that by (E.102) we have for (¢,9) €
Q[UtBun(G) ()\)

L/(SO, ?; ) or" =¢"0o L’((p, ?; ) . (E.IOS)

Since, as shown in Section E.3.1, L is a left Aut pyn()(A)-action on E'/R" and r” is a

bijection onto B x F, it follows from (E.103) that L' is a left Aut gyun(c) (A)-action on
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Bx F and that, most importantly, the left Aut g, (\)-spaces (E'/R', L'), (BxF, L)
are conjugate. I will now see that L' has a very simple structure. It follows from

(E.41),(E.84),(E.89), (E.102) that for (¢, ) € Aut punc)(A) and (b, g,y) € £

L'(¢,¢;0,L(g;y)) = L'(¢, @57 (b, 9,y)) = L' (¢, @:7" (prr (b, 9, )))
_ (L’«o, 5 o (b0, y») — " (or (p(br ), ) = (b 9), )

whence for (p, ) € Autguney(A) and (b, g,y) € E
L'(p,:0,y) = r'(p(b,9), L9~ 9)) - (E.104)
If (¢, @) € Aut pun(c)(A) then, by (E.82), we have for (b,g) € E

o(b,g) = (@(b), f(b)g) , (E.105)

where f € C(B,G) is determined by ¢ via f(b) := (rop)(b, eq) with r being defined
in Section E.6.1. By (E.84),(E.104),(E.105) we have for (b, g,y) € £’

L', 3b,y) = 1'(@(b), f(b)g, L(g™ ")) = (@(b), L(f(b)g; L(g "5 9)))
= (@(b), L(f(b);y)) , (E.106)

which indeed is remarkably simple.

I now consider L”. I define the function " : I'(¢') — I'(¢”) for o € I'(¢') by
(o) :=1r"o00. (E.107)
Clearly () € C(B, B x F) and by (E.101),(E.107) and Definition C.1 we have
plor”(o)=p"or"oo=p oo =1idg, (E.108)

so that indeed 7" is a function: I'(¢') — T'(¢”). If 6 € I'(¢”) then, since r” €
HOMEO(E'/R',B x F), we have ("' og) € C(B,E'/R') whence by (E.101)

porlosg=p"05=idg, (E.109)
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which entails (r"~1og) € T'(¢’) so that, since ' (r""tog) = r"or""tog = &, I conclude
that " is onto I'(¢”). Furthermore it is clear by (E.107) that " is one-one whence
r" is a bijection onto I'(¢”). T define the function " : QAut gun(cy(N) x T(£") — T(£")
for (¢, @) € Aut punc)(A) and o € I'(¢’) by

L"(p, ;7" (0)) = "(L" (0, ¢30)) . (E.110)
Note that since r"” is a bijection onto I'(¢”), (E.110) indeed defines a function:
Aut gun(c)(A) x I'(§") — I'(€”). Note that by (E.110)

L"(p, @) or" = 1" 0 L"(,3;) . (E.111)

Since, as shown in Section E.3.2, L” is a left Aut pyn(q)(A)-action on I'(¢') and r"” is a
bijection onto I'(¢”), it follows from (E.111) that L” is a left Aut gun(c) (A)-action on
I'(¢") and, most importantly, that the left Aut gun(c)(A)-spaces (I'(¢'), L"), (I'(€"), L")
are conjugate. I will now see that L” has a very simple structure. I compute for

(0, ¢) € Aut pupc)(N) and o € T'(£") by (E.45),(E.103),(E.107),(E.110)

(o, 350) = 1" (L"m 5 r"'1<a>>) _ (L'«o, 5:)or" () o @1)

— "5 L/((p, ()5; ) o ?”/”_1(0') o @—1 _ I/((%@; ) or” o T’W_l(O') o @_1
=L (o, ;) 0r" (" o) o g™t = L(p, ;) 0o0p™", (E.112)
whence for (¢, @) € Aut pun(e)(A) and 0 € I'({"),b € B
(Z0i) ) ) = Lo piote™ ) (E.113)

Recalling Definition C.1 we have for o € I'(¢") that p” o 0 = idg whence for b € B
we have o(b) = (b,6(b)) where ¢ can be any elemment of C(B, F'). I thus obtain
from (E.106),(E.113) for (¢, ¢) € Autpunc)(A) and o € ['(§”), b € B that

(i"m 5 o>) ) = (g, 3067 (1) = I/ (% 5 51(b), 6(@‘1(13)))
_ (b,L(f(sBl(b));&(@l(b)))) , (E.114)
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where ¢ is given by (E.105) with f € C(B,G) being determined by ¢ via f(b) :=
(ro)(byec). Eq. (E.114) is indeed remarkably simple. Formulas (E.106),(E.114)
are important in Section 9.3 where they provide the link between spin-orbit tori and

a product principal SO(3)-bundle.

E.6.4 Correspondence between cross sections and pseudo

cross sections of an associated bundle

Since the motto of Section E.6 is to reconsider Sections E.1-E.5 in the case when A
is the product principal G-bundle, defined by (E.67),(E.68),(E.69), I now reconsider
Section E.2.2, i.e., I reconsider the correspondence v = v, 1, between I'(A[F, L])
and T'y pp. In fact T here show that, in the present case, v g is a bijection from
T'yrz onto T'(A[F, L]). The bijection property of v rz becomes very important in
the context of H-reductions (see Section E.6.6).

Recall that we already know from Section E.2.2 that v is one-one. Since ",
defined in (E.107), is a bijection from I'(A[F, L]) onto I'(§”) T am done if I show that
the function 74 : f‘,\7F,L — I['(¢"), defined by

AL =7:=1"o07, (E.115)
is a bijection onto I'(€”). I first observe from (E.107),(E.115) that for ¢ € T'y g1
5=@"0)(¥)=1"00, (E.116)
where o € I'(A\[F, L]) and ¢ € I'(") are defined by
o=), :=751). (E.117)
Of course by (E.25),(E.68) we have, for b € B, g € G,

o(b) = a(p(b,g)) = pr (b, g,%(b, g)) - (E.118)
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It follows from (E.89),(E.116),(E.118) that, for b € B,g € G,

5(b) = (1" 0 0)(B) = (" 0 pr) (b, 9, (b, ) = 1'(b, g, V(b,g)) . (E.119)

On the other hand, recalling Section E.2.2, fA, r.r, consists of those functions ¢ in

C(B x G, F) which satisfy, for ¢g,¢' € G,b € B,

U(b,99') = ¥(R(g":0.9)) = L(g" " ¢(b. g)) | (E.120)

where in the first equality I used (E.69). Thus r A P, consists of those functions ¢ in
C(E, F) which satisfy, for g € G,b € B,

b(b,g) = Llg~ " 0(b,e)) - (E.121)

In other words, T’y fz, consists of those functions ¢/ : B x G — F which read for

g€ G,be B as

¥(b,g) = L(g~ ' f(b)) , (E.122)

where f is an arbitrary function in C(B,F). I thus define the function 4, g :

C(B,F) —Typyforbe B,ge G, fe€C(B,F) by

rL(f)=v.  ¥(b.g):=Llg 5 f(b) . (E.123)

Clearly 4, .z, is a bijection onto IN“,\,RL. One also sees by (E.122) that the pseudo cross
sections have, in the present case, a remarkably simple structure. Returning to the

computation of ¢ I conclude from (E.84),(E.117), (E.119),(E.121) for g € G,b € B

(F())(b) = 6(b) = 1'(b, g, (b, 9)) = (b, L(g; (b, 9)) = (b, L(g; L(g™": ¥ (b, ec))))
= (b, ¥(b,eq)) - (E.124)

Since 7, 7" are one-one we observe by (E.115) that 4 is one-one. To show that 7 is
onto ['(¢") let o’ € I'(¢”). Thus by the remarks after (E.113) we have for b € B that
a'(b) = (b, f'(b)) where f" € C(B, F). To show that ¢’ belongs to the image of ¥ I
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define the function ¢’ € C(B x G, F) for g € G,b € B by ¢/(b,g) :== L(g™*; f'(b)).
It follows from the remarks after (E.121) that ¢’ € T'y gz, and from (E.122),(E.124)
that for b € B

(FW)) = (b, ¥ (b,ec)) = (b, Llea: f'(b)) = (b, f'(b)) = o'(b) , (E.125)

whence 7 is onto I'(¢”) which completes the proof that 4 is a bijection onto I'(£”).

Clearly 4 g, © Y2 r,1 is a bijection onto I'(”).

E.6.5 Group homomorphisms into the automorphism group

of a principal G-bundle

Since the motto of Section E.6 is to reconsider Sections E.1-E.5 in the case when A
is the product principal G-bundle, defined by (E.67),(E.68),(E.69), I now reconsider
Section E.4.

If K is a group and ® € HOMg(A) then by (E.51),(E.82) I can write for k €
KbeB,geG

(@(F))(b, 9) = (o(k;0,9), p(k; b)) , (E.126)

where (p(k;-), @(k;-)) € JQut pun(c)(N), ie., ¢(k,-) € HOMEO(B, B) and

w(k;b,g) = (p(k; D), p(k;b)g) (E.127)

~

with ¢(k; ) € C(B, G) being uniquely determined by ¢ via p(k; -, eq) = (@(k; ), p(k;-)).
If K is a topological group then the product principal G-bundle A provides me
with a correspondence between G-cocycles and group homomorphisms from K into
Aut gun(cy(A) (recall the definition of cocycles in Appendix B). More precisely, this
correspondence is established by the function pp k¢ : COC(B, K,G) — HOMg(N)
which is defined for (I, 9) € COC(B, K, G) by

pprG(l,§) =2, (E.128)
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where ®(k) is given, for k € K, by (E.126),(E.127) with
5i=1. (E.129)

To show that ®, as defined by (E.126),(E.129), is in HOMg(N) 1 first note by
(E.129) that ¢(k;-) € HOMEO(B, B) whence, since ¢(k;-) € C(B, G) I obtain from
(E.82),(E.126) that ®(k) € Autpyuync)(A). Moreover it follows from (B.8),(E.127),
(E.129) that for k, k' € K,b€ B,g € G,

@(K'k;0) = 1(K'k; b) = (K 1(k; b)) = @(K'; o(k; 0)) = (@(K';+) 0 p(k;-))(b) , (E.130)
o(K'k; b, g) = (p(K'k; ), p(K'k; b)g) = (p(K'; @(k; b)), (K 1(k; b)) (K; b)g)

= (P(K; o(k; b)), (K p(k; b)) (k; b)g) = (ks p(k; b), p(k: b)g)
= (K (ks b, 9)) = (o(K;-) 0 (k3 ) (b, 9) (E.131)

where I also used the fact that [ is a left K-action. It follows from (E.126),(E.130)

and the composition law of Bun(G)

O(K'k) = (@(K'k; ), @(K'k; ) = (@K' ) o (ks ), p(K'; ) 0 @ (k3 -))
= (p(K'5-), (k') (ks ), p(k; ) = @(K) (k) (E.132)

which completes the proof that ® € HOMg(N). Thus indeed pp i is a func-
tion: COC(B,K,G) — HOMfg(N). To show that pp k¢ is one-one let (I',¢') €
COC(B, K, G) such that

pexc( @) = pprcl, @) . (E.133)

Clearly

perc(l,§) =2, (E.134)

where ®’(k) is given, for k € K,b € B,g € G, by

(¢'(k)) (b, g) = (¢'(k: b, 9),I'(E; g)) (E.135)
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with ¢'(k,-) € HOMEO(B, B) and
©'(k;b,g) = (I'(k; b), &' (k:b)g) . (E.136)

Since ® = &’ we have, by (E.126),(E.135), that ¢ = ¢’ whence, by (E.127),(E.129),
(E.136), I =" and ¢ = ¢’ so that pp i ¢ is one-one. The function pg i ¢ thus allows
to store information about G-cocycles, in a ‘lossless” way, in the automorphism group
of the product principal G-bundle A\. T will apply this technique in Section 9.3 to
spin-orbit tori (in that case, (B, K, G) = (R4, Z, SO(3))). The following remark puts

PB,K,c Into perspective.
Remark:
(1) I define 0 € I'(B x G,p,B) for b € B by o(b) := (b,eq). Let (I,f) €

COC(B,K,G) and let ppka(l, f) =@ ®. Using the notation of (E.126) I
obtain ¢ = [, = f and from (E.69), (E.127) that, for k € K,b € B,

o(k;0(b)) = p(k;beq) = (I(k; b), f(k; b)) = R(f(k;0); 1(K; b), eq)

= R(f(k;b); o(I(k; b))

o(k; (b)) = R(f(k;b); o(I(k;D))) - (E.137)

Omne can easily show that (E.126),(E.129), (E.137) fix ® for every (I, f) in
COC(B, K,G). In other words, the injection pp k¢ is induced by the cross
section ¢. The point to be made here is that one can even show that for every
o € I'(BxG@,p, B), an injection from COC(B, K, G) into HOM () is induced
by o via (E.137). O

If the topological group K is discrete (e.g., if K = Z) then one has the stronger result
that pp i is a bijection onto HOMg (). To prove this, let K be discrete and ¢ €
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HOM(N) so I am looking for a (I, f) € COC(B, K, G) such that pp xa(l, f) = ®

Since ¢ is a group homomorphism, we have
®(ex) = (idpxq,idp) , (E.138)
and, for k, k' € K, by using the notation of (E.126)
(o(K's-) o p(ks-), @(K's-) 0 (ks ) = (@(K';-), @(K's ) (0 (ks ), @(ks -))
— O(K)D(k) = B(K'E) = (o (K'E; ), (Kk; ) (E.139)

Defining [ by (E.129), one observes by (E.126),(E.129), (E.138),(E.139) that, for
k. k' e K,be B,

lex;b) = @lexsd) =b, UK 1(Kk;0)) = p(K; 9(k; b)) = @(K'k; ) = 1(K'K; D)

whence (B,l) is a left K-space. Moreover since @(k;-) € C(B, B) and since K is
discrete, we have ¢ € C(K x B, B) whence, by (E.129), | € C(K x B, B) so that (B, 1)
is a topological left K-space. Using the notation of (E.127), where ¢(k;-) € C(B, G)
is uniquely determined by ¢ via p(k; -, eq) = (@(k;-), ¢(k;-)), I define f by

fi=¢. (E.140)

Since K is discrete and f(k;-) € C(B,G) I conclude that f € C(K x B,G). To show
that f is a G-cocycle over (B, 1), I conclude from (E.127),(E.129), (E.139),(E.140)
that, for k, k' € K,b€ B,g € G,

(LK k;b), f(K'k; b)g) = (9(K'k; b), @(K'k; b)g) = @(K'k; b, 9) = (K5 0 (k; b, 9))
= (ks o(k; 0), ¢(k; b)g) = (@(K'; @(k; b)), G(K'; p(k; b)) 2(k; b)g)
= (LK 1(Rs b)), f (K5 1R B)) f (K3 D)g)
whence f(K'k;b) = f(K';1(k;b))f(k;b), which completes the proof that f is a G-

cocycle over (B, 1). Thus pg i (1, f) is well defined and I obtain from (E.126),(E.127),
(E.128),(E.129),(E.140) that pg ¢ (l, f) = ® which completes the proof that pp k¢
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is onto HOMk (). Since pp i ¢ is one-one, this completes the proof that pp k¢ is a

bijection onto HOMg(A), if K is discrete.

Due to (E.12), (E.82), the gauge group of A has the simple form:

Gaupunic)(A) ={p €C(E,E): [(Vb e B,g € G)p(b,g) = (b, f(b)g)], f € C(B,G)} .
(E.141)

Let ¢' € Baugun(c)(A), ie., by (E.12), " := (¢',idp) is in Aut gunc)(A) whence, by
(E.141), we have, for b € B,g € G,

¢'(b,g) = (b, f'(b)g) , (E.142)

where f' € C(B,G). Note by (E.142) that, for b € B,g € G, the inverse of ¢’ in
Saupun(e) () satisfies, for b € B, g € G,

PN b,g) = (b, (f(0)'g) - (E.143)
Let @ € HOMg(A) and let me define ®” € HOMg (M) for k € K by

Q" (k) := "L D(k)D = (¢, idg) ' ®(k) (¢, idp)

= (¢ toplk;) o @, p(k; ) . (E.144)

where I also used the notation of (E.126). I conclude from (E.127),(E.142),(E.143)
that forbe B,g e G,k € K

(¢ opki) o) (b,g) = (¢ ow(k;))(b, f'(b)g) = ¢ (0(ks;b, f'(b)g))
=" (@(ks; b), f(k, D) f'(b)g) = (@(K: D), (f'(@(k: b)) f(k,b) f(b)g) . (E.145)

whence by (E.144)

(@ () (b, g) = (¢<k;b>, <f'<¢a<k;b>>>1f<k,b>f'<b>g,@<k;b>) - (B.146)
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E.6.6 Reducing the structure group G

Since the motto of Section E.6 is to reconsider Sections E.1-E.5 in the case when A
is the product principal G-bundle, defined by (E.67),(E.68),(E.69), I now reconsider
Section E.5, i.e., I study the H-reductions of A\. As in Section E.5, H is assumed to
be a closed subgroup of G. In addition I here assume that G is compact since it will
allow me to prove, rather easily, Theorem E.3 which completely characterizes the H-

reductions of A in terms of the cross sections of the associated bundle A\[G/H, Lg,/u).

I now outline how I proceed in this section. To be able to state Theorem E.3 T will
construct, after stating and proving Lemma E.2, the functions m s MAINy g,
MAIN au into REDy(AN). The theorem is followed by Corollary E.4 which states a

special case of Zimmer’s reduction theorem [Fe].

I first need:

Lemma E.2 Let G be a compact topological group and let (X, R) be a topological
right G-space. Let also Y C X and A be a closed subset of X. Abbreviating GY :=
{R(g;2) ;g€ Gyx €Y} and O := (G x X)\ R™Y(A), the following hold.

a) YNGA=0& GxYNR 1A =0.
b) O is open in G x X and, if v € X \ GA, then G x {z} C O.

c) For every g € G and x € X \ GA there exists an open neighborhood U,(g) of g
and an open neighborhood Vy(x) of x such that U,(g) x Vy(z) C O.

d) Let, for every g € G and x € X \ GA, the open sets U,(g) and Vy(x) as in
Lemma E.2c. Then, for every x € X \ GA, there exists a positive integer n(x) and
g(L,z),...,9(n(x),z) € G such that

G = U U,(g(i,x)) . (E.147)
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Moreover if v € X \ GA and g(1,x), ..., g(n(x),x) € G satisfy (E.147) then V(z) :=
N Vi () is an open neighborhood of x with G x V(z) € O and V (x) € X\ GA.

e) GA is a closed subset of X and pg is a closed function.

Remark: The idea of the proof of Lemma E.2 is taken from Sections 1.4 and 1.6 in
[Kal.

Proof of Lemma E.2a: f Y NGA # () then a € A,g € G,y € Y exist such that y =
R(g;a). Thus a = R(g~%;y) whence (¢g7%,y) € R71(A) so that G x Y N R7L(A) # 0.
If GxYNRYA) # 0 then a € A,g € G,y € Y exist such that a = R(g;vy)
whence y = R(g™';a) so that Y N GA # . T thus have shown that Y N GA # 0 &
G x Y NR7(A) # (. This implies the claim. O

Proof of Lemma E.2b: Since A is closed in X and R is continuous, R~!(A) is closed
in G x X whence O is open in G x X.

Let z € X \ GA. Then setting Y = {«} we have Y NGA = ) whence, by Lemma
E2a, GxYNR(A)=0. Thus G x {z} N R *(A) =0 whence G x {z} C 0. O

Proof of Lemma E.2c: Let g € G and z € X \GA. Thus, by Lemma E.2b, (¢,z) € O.
Since, by Lemma E.2b, O is open w.r.t. the product topology on G x X, O is the
union of sets U x V where U is open in G and V' is open in X. Since (g,x) € O, I
conclude that there exists an open set U,(¢g) in G and an open set V,(x) in X such
that (¢g,2) € Uy(g) x Vy(z) C O. Clearly U,(g) is an open neighborhood of g and
V,(x) is an open neighborhood of . O

Proof of Lemma E.2d: Let x € X \ GA. It follows from Lemma E.2¢c that G =
Uyee Ux(g) whence, since the U,(g) are open and G is compact, a positive integer
n(z) and g(1,z),...,g(n(x),z) € G exist such that (E.147) holds. Since the V,(z)
are open neighborhoods of = one obtains that V(z) := ﬂf:(? Vi) () is an open

neighborhood of z. Thus if (g, ") € G x V() then, by (E.147), a positive integer 1 <
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k(g,2") < n(x) exists such that g € U,(g(k(g,2"),z)) whence, since V(x) contains
¥, we have (g,2') € Un(g(k(g, ), 7)) X V(2) € Unlg(k(g,a'), 2)) X Vigaiguyo(2).
However, by Lemma E.2¢c, U,(g(k(g,2'), %)) X Vy(ga)e)(x) C O whence (g,2") € O
which proves that G x V(z) C O. Since G x V(z) C O and (G x X)\O = R7(A), it
follows that G x V() N R™*(A) = (. Setting Y = V() in Lemma E.2a, one obtains
V(z) NGA = () whence V(z) C X \ GA. O

Proof of Lemma E.2e: 1t follows from Lemma E.2d that X \ GA = U,cx\ga V().
Since, by Lemma E.2d, V(z) is open, one obtains that X \ GA is open whence GA
is closed. On the other hand one concludes from (B.13) that

PR (pr(A)) = U U {R(g;2)} = GA. (E.148)

geG z€A

Also we have pgl(X \pr(A)) = X\ (pg1 (pr(A))) whence p;%l (pr(A)) = X'\ (p;zl(X\
pr(A))) so that, by (E.148),

GA =X\ (ps' (X \ pr(4))) - (E.149)

Since GA is closed, it follows from (E.149) that py'(X \ pr(A)) is open. Since
PR (X \ pr(A)) is open and pp is identifying I obtain that X \ pr(A) is open whence
pr(A) is closed. This proves that pg is a closed function. O

I now begin my constructions and I first take a look at the pseudo cross sections
associated with A via (G/H, Lg/u) (recall that in this section G is compact!). In
fact, due to (E.121), the set f‘)\7g/H7LG/H consists of those functions ¢ : BxG — G/H
which read for g € G,b € B as

w<b7 g) = LG/H(gil;wa)? €G>) ’ (E150)

where 9(+, e¢) is an arbitrary function in C(B, G/H). Of course each 1 in f‘,\7g/H7LG/H
is continuous. Furthermore, since Lg/ g is transitive, each ¢ in f‘,\7G/H7 Leyn is onto

G/H. To construct the function MAIN, p : f‘A7g/H7LG/H — REDg(\) let ¢ €
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f/\7G/H,Lc/H- I define the subspace E’w of B x G by

A~

Ey =y egH) , (E.151)
whence by (E.62),(E.150)

Ey={(b,9) € Bx G :(bg) =ecH}
={(b,g9) € Bx G : Lgu(g " ;¢(bec)) = ecH}
={(b,9) € BXxG:9(b,ec) = gH} . (B.152)

Note that since H is closed in G I know from the remarks after (E.64) that the
singleton eg H is closed in G/H whence, by (E.151), Ew is closed in B x G. The aim
now is to construct a H-reduction of A whose total space is Ew. It is clear by Section

E.5 that, if such a H-reduction of A exists at all, then it reads as
SWJ = (E¢’ﬁ¢v B, Rl/l) ) (E153)
where
]5¢ =P E¢ s I’Aﬁp =R (H X Ew) . (E154)

Since Ey is closed in B x G, it is clear by Section E.5 and (E.153),(E.154) that, if
5\¢ is a principal H-bundle, then 5\¢, € REDg(N). Thus my aim is to show that
5\¢ is a principal H-bundle and I first show that it is a H-prebundle. Clearly p, is
continuous. To show that fid, is a right H-action on Ew, let (b,g) € Ew whence,
by (E.152), ¢(b,eq) = gH. Picking a h € H and defining ¢’ := gh € G 1 observe
that ¢'H = (gh)H = gH = (b, e¢) whence, by (E.152), (b,¢') € Ew. On the other
hand T obtain from (E.69),(E.154) that R,(h;b,g) = R(h;b,g) = (b,gh) = (b,¢')
whence Ry(h;b,g) € Ey. I thus have shown that the image of Ry is a subset of
E’w whence f@, is a right H-action on Ew (and E¢ is the image of ]%w) Clearly
(Ew, Rw) is topological right H-space. Since A is a principal H-bundle, p is a G-map
from the right G-space (B x G, R) to the trivial right G-space over B, whence one
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concludes from (E.154) that py is a H-map from the right H-space (Ey, Ry) to the
trivial right H-space over B which entails that 5\¢ is a H-prebundle. I will now use
Proposition E.1 to show that ;\w is a H-bundle. If b € B then, choosing g € G such
that 1(b,eq) = gH, I obtain from (E.152) that (b, g) € E, and by (E.68),(E.154)
that py(b,g) = p(b,g) = b whence py, is onto B. To show that Iilw is transitive on
the fibres of py let (b,g) € Ey and let (V,g') € p,'(Py(b,g)). Thus (V.g') € Ey
and py(V', g') = py(b, g) whence, by (E.152), 1(b,ec) = gH, ¢ (¥, eq) = g'H and, by
(E.68),(E.154), b/ = p(V',¢") = py(V', ¢") = py(b,g) = p(b,g) = b so that gH = ¢'H
which entails that a h € H exists such that ¢’ = gh. Thus (E.69),(E.154) give me

(', g') = (b,gh) = R(h; b, g) = Ry(h; b, g) . (E.155)

It follows from (E.155) that (V',9') € pg, (b, g) whence I have shown that

ﬁ;l(ﬁw(b, g)) C Pg, (b, g) so that, by Proposition E.1b, f?w is transitive on the fibres of
Py wWhere I also use the fact that A, is a H-prebundle. To show that p,, is identifying
I first note by Lemma E.2 that the function pg is closed. On the other hand, since A
is a G-bundle, its prebundle function, 7y, is a homeomorphism onto B whence ), is
closed. Thus, by (E.11), p is the composition of closed functions which entails that
p is closed. Since Ed, is closed in B x G and p is closed it follows from (E.154) that
Py is closed whence (see [Hu, Section I1.6]) py is identifying. I thus have completed
the proof that p, is onto B and identifying and that R/, is transitive on the fibres
of py. Thus, by Proposition E.lc, S\w is a H-bundle. To finish the proof that ;\¢
is a principal H-bundle it remains to be shown that the topological right H-space
(va f{w) is principal. Since R is free, it follows from (E.154) that ]%w is free. To find
the translation function of Rw I define, as suggested by Section E.6.1, the topological
space E;Z by

= {(b, g, Ry(h;b,9)) : (b, g) € Ey,h € H}

={(b,g9. R(h;b,9)) : (b,g) € By, h € H}
= {(b,g,b,gh) : (b,g) € Ey,h € H} C E* (E.156)
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where I also used (E.69),(E.72), (E.154). I recall from Section E.6.1 that the contin-
uous function 75 : E* — G, defined by (E.73), is the translation function of R, i.e.,

it satisfies for (b, g,b,q’') € E*

R(7r(b, g,b,9');b,9) = (b,d) - (B.157)

I define the function 7, : E;Z — H by

~

Fy o= 7| B3 (E.158)
i.e., for (b,g,0,¢") € E;Z we have, by (E.73),

7u(b,9,b,9") = Tr(b, g9,b,9") = 979" . (E.159)

Note that the image of 7, is a subset of H since, if (b, ¢,b,¢') € E*. then by (E.156) a
h € H exists such that ¢’ = gh whence, by (E.159), 74(b,9,b,¢') = g '¢' = g 'gh =
h € H. Thus 7, is indeed a function: EA’;Z — H. Of course we have by (E.69),
(E.154),(E.158) for (b,g,b,¢) € E

Ry(74(b,9,0,9):b,9) = Ry(g7¢'s0,9) = R(g™ s b, 9) = (b,¢) , (E.160)

whence 7, is the translation function of }?w. Since A is a principal bundle, the function
Tr is continuous so it follows from (E.158) that 7, is continuous which completes the
proof that the right H-space (Ew, Rw) is principal. This completes the proof that 5\1/,
is a principal H-bundle.

Before I proceed it is worthwile to mention that the above argument, which
proved that p is a closed function, can be immediately generalized to the following
statement: If X is a topological space then the function p € C(X x G, X), defined
for x € X, g9 € G by p(z,g) := x, is a closed function.

From the remarks after (E.154) it is thus clear that A, € REDy()\) whence I can
define the function ]\m,\ﬂ : f\)\yc/H,LG/H — REDy (M) for ¢ € f)\7g/HyLG/H by

—_——

MAIN, g (¥) := Ay = (Ey, by, B, Ry) (E.161)
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where in the second equality I used (E.153). I also define the function MAIN, g :
I'(A[G/H, Lg/u)) — REDg(N) by

MAIN, g = MA]N)HHO’V)TE/H,LG/H . (E.162)
As was shown in Section E.6.4, the function VNG/H L f‘)\7(;/H7LG/H — I'(A\[G/H, L¢u))
is a bijection onto I'(A[G/H, L, i]) whence M AIN, p is indeed a function:

I'(AG/H, Leg/u)) — REDg()). Recalling Section E.6.4 I define the function ]\m,\,g :
C(B,G/H) — REDy()\) by

e~

MA.[N)\,H = MAIN)\,HO:Y/\G/H,Lc/H . (E163)

Note that by (E.123) and writing 9 ¢/ms,; = 7 we have, for b € B and f €
C(B,G/H) that (5(f))(b,ec) = f(b) whence, by (E.152), I obtain the convenient

expression

Espy={(bg) € BXxG: f(b) = gH} . (E.164)
I can now formulate the theorem.
Theorem E.3 Let G be a compact topological group and let H be a closed subgroup

of G. Let X be a product principal G-bundle in the notation of (E.67),(E.68),(E.69).
Then the following hold:

a) The function ]\m,\ﬂ, defined by (E.161), is a bijection onto REDg()).
b) The function MAIN) g, defined by (E.162), is a bijection onto REDg(\).

¢) The function ]\m,\ﬂ, defined by (E.163), is a bijection onto REDg(\).

—_—

Proof of Theorem E.3a: To show that M AIN , p is one-one, let 1,9 € f/\,G/H,La/H
such that MAIN ;(¢) = MAIN ;(¢/). Thus, by (E.161), B, = E, so that, by
(E.152),

{(b,9) € Bx G :¢(beq) = gH} = E, = Ey
={(b,9) € BxG:¢/(beq) =gH} . (E.165)
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If b € B then I pick a g € G such that (b, eq) = gH whence, by (E.165), (b, g) €
Ey = By and ¢/(byeq) = gH. T conclude that ¢(-,eq) = 9'(-,eq) whence, by
(E.150), for b € B, g € G,

b(b, g) = Layu(g™h¢(b,eq)) = Layu(g™ ¢ (b, eq)) = ¢'(b, g) , (E.166)
so that 1) = 1)/ which completes the proof that ]\m AH 1s one-one.

To show that ]\m,\ﬂ is onto REDg (), let \ be a H-reduction of A, Le., let
A€ REDpy(X) so I am looking for a ¢ € f‘)\7g/H7LG/H such that ]\m,\ﬂw) =\
Using the notation of (E.53) I write A= (E,p, B, R) and I define

E :={(b.g,V,q) € BxGx E:p(bg)=pl,¢)}
={(b,g.V,g) EBxGxE:b=V}={(bg,bg): geC (bg)eE}
={(b.g,0,9) € E": (b,g) € B} C E", (E.167)
where I also used (E.56), (E.68),(E.72). To construct ¢ I first have to define the

auxiliary functions f and fo. I define the function f, : B — G by f1 := 1x|F', i.c.,
for (b, g,b,¢') € E' we have by (E.73)

fi(bg,b.g") =97 . (E.168)

Since 75 is continuous, so is fi. I define the function f, € C(E', Bx Q) for (b, g,b,¢') €
E' by

fa(b,g,b,9") == (b,g) . (E.169)

Since \ is a principal H-bundle one observes by Proposition E.lc that p is onto B
whence, since E C B x G and due to (E.56),(E.68), we have the fact that for every
be Bag € G exists such that (b, ¢') € E. Tt thus follows from (E.167),(E.169) that
f2is onto B x G. 1 now define the function 1 : Bx G — G/H for (b, g,b,g') € E' by

¢(f2(b797 b7 g/)> = pRg/H(fl(b797 b7 g/>) = fl(bag7 b7 g/)H = gilg/H ) (El?O)
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where in the second equality I used (E.61) and in the third equality I used (E.168).
Note that v is defined by (E.170) on the whole set B x G since f, is onto B x G. To
show that 1 is single valued one observes that if (b, ¢,b,¢'), (", ¢", 0", ¢") € E' with
fa(b,g,b,9") = fo(b",¢", 0", g") then, by (E.169), b =", ¢" = g whence by (E.170)

w(fz(b//’ g//7 b", g///)) _ g//—lg///H _ g—lg///H ) (E.l?l)

Since A is a H-bundle, Proposition E.1c gives me the transitivity of R on the fibres
of p. Moreover since, by (E.167), (b,¢'),(V",¢") € E and b = b one observes by
(E.56),(E.68) that (b, ¢'), (b”, ¢") belong to the same fibre of p. Thus a h € H exists

~

such that (b”,¢") = R(h;b, ¢’) which entails by (E.57),(E.69)
(v".g") = R(h;b.g') = R(h;b,g') = (b, g'h) . (E.172)
It follows from (E.170),(E.171),(E.172) that
(V9" V" g") = g7 ghH = g7'g'H = U(fa(b,9,b.9')) ,  (E.173)

whence indeed 1 is single valued.

Having got the function 1) my aim is to show that J\m,\ﬂ(@b) = X so I first
have to show that 1) belongs to the domain, f‘/\7g/H7LG/H, of mA7H. Let (b, g) €
B x G. 1 already showed earlier in this proof that I can pick a ¢’ € G such that
(b,g") € E whence, by (E.167), (b,eq,b,4"),(b,g,b,q") € E’. Thus one concludes
from (E.169),(E.170) that

¢<b, eG) = ¢(f2(b7 e, b, g/)) - g/H ) 1/’(57 g) - ¢<f2(bv g,b, g/)) = gilg/H )
whence, by (E.62),
(b,g) =9 'gH = Lau(g 5 9'H) = Lau(y 5 0(beq),  (E174)

so that (E.150) is satisfied. Thus, due to the remarks on (E.150), I will have estab-
lished that ) € f,\’G/H,LG/H if I can show that ¢ € C(B x G,G/H). One observes by
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(E.170) that

Yo fo=Drgy oS- (E.175)

I will show below that fo is identifying whence, since f5 is onto Bx G and pg,,, 0 f1 is
continuous, it follows from [Hu, Section I1.6] and (E.175) that ¢ € C(BxG,G/H). To
show that f5 is identifying I define the function f5 € C(E’ , *) as the natural injection
into E£* and the function fy € C(E*, B x G) for (b,g,b,9') € E* by fi(b,9,b,¢") :=
(b,g). Note that, by (E.169), fo = fy o f3. I will show below that f3, f4 are closed
whence f; is closed which entails that f, is identifying [Hu, Section II.6]. To show
that fs is closed I note by (E.167) that £’ = E*N (B x G x E). Since \ is a H-
reduction of A, E is closed in B x G whence B x G x E is closed in B x G x B x G so
that £’ is closed in E*. Thus the natural injection f3 is a closed function. To show
that f, is closed I define E := {(b,g,b) : b € B,g € G} and I define the function
fs € C(E*,E) for b € B,g,g’ € G by fs(b,g,b,g") := (b,g,b). 1 also define the
function fs € C(E,BxG)forb e B,g € G by fs(b,g,b) := (b, g). Clearly f; = fso fs.
I will show below that fs, fs are closed whence f; is closed. In fact, by (E.72), we
have F* = E x G whence f; € C(E x G, E) so that, by a remark after (E.160), f; is a
closed function. To show that fs is closed I define the function fr € C(B x G, E) for
be B,g e Gby fi(b,g) := (b, g,b). Clearly idz = f70 f¢ and idgxg = fs© fr whence
f7 is the inverse of fg so that fo € HOMEO(E,B x G). Thus fs is closed which
completes the proof that f; is closed. This completes the proof that f, is identifying
which, in turn, completes the proof that 1 is continuous. This completes the proof
that ¢ € fA,G/H,Lg/H- Thus ]\/[/14\[7\7,\71{(@&) is a well defined element of REDy () so
my remaining task is to show that mw(w) = \. It follows from (E.161) that
Ew is the total space of MAIN 1 (1) whence one concludes from Section E.5 that
if Ew is equal to the total space, E, of A then ]\J/EI/NA,H(MJ) = \. To show that
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E, = E one concludes from (E.151),(E.167),(E.169), (E.170) that

By = ¢ (egH) = {(bg) € B x G : (b, g) = ecH}

= {falb, 9,b,9') : (b,9,b,9") € E',b(fa(b, 9,b,9")) = e H}

—{(b,g) € BxG:(b,g,bg)eE g'gH=ecqH}
={(,

={(®,

={(®,

eBxG:(bgbg)ek ¢gH=gH}

)

9) (

g)€BxG:(bgbg)eBxGxE ¢H=gH}

9)€BxG: (3¢ €G)bg)e E,¢gH=gH}, (E.176)

where I also used the fact that fy is onto B x G. If (b,g) € E then, trivially,
gH = gH whence, by (E.176), (b,g) € E, so that E C E,. To show that E > FEy,
let (b,g) € Ey, so that, by (E.176), a ¢ € G exists such that (b,¢') € E and
gH = gH. Thus a h € H exists such that ¢ = ¢’h whence, by (E.57),(E.69),
R(h;b,¢) = R(h;b,g") = (b, g'h) = (b,g) so that (b,g) € E which completes the
proof that F = Ew. This completes the proof that MAIN aa(V) = A which in turn
completes the proof that MAIN ag is onto REDy(A). This completes the proof
that ]\m,\ﬂ is a bijection onto REDy (). O

Proof of Theorem E.3b: As mentioned after (E.162), the function YAG/H,Lgy 1S @
bijection from f‘,\yg/H’LG/H onto I'(A[G/H, L)) It thus follows from Theorem E.3a
and (E.162) that M AIN, g is a bijection from I'(A[G/H, Lg/i]) onto REDg(X). O

Proof of Theorem E.3c: As mentioned after (E.123), the function 4 c/mrs,, 18 a
bijection from C(B,G/H) onto f,\’G/H,LG/H. It thus follows from Theorem E.3a and
(E.163) that ]\m,\ﬂ is a bijection from C(B,G/H) onto REDg(\). O

Note that the idea of the proof of Theorem E.3a is taken from the proof of
Proposition 6.2.2 in [Fe].

I recall from Section E.5 that if (¢, ®) € Jutpunc)(A) then a H-reduction, A, of

A is called ‘invariant under (o, @)’ if, in the notation of (E.53), E is invariant under
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P, l.e., gp(E) = E. 1 thus obtain the following immediate and important consequence

of Theorem E.3.

Corollary E.4 Let the conditions underlying Theorem E.3 be fulfilled, i.e., let G be
a compact topological group, let H be a closed subgroup of G, and let A be a product
principal G-bundle in the notation of (E.67),(E.68),(E.69). Let \ be a H-reduction
of X and let ¢ € I:,\’G/H,LG/H be defined by 1 := m;lH(j\) and let me write, as
in (E.161),

—_

A= MAIN y(¥)) = (Ey, py, B, Ry) (E.177)

where By, py, Ry are given by (E.151),(E.154). Let (¢, $) € Autpunc)(\) and let
me write ¢ as in (E.82), i.e., forb € B,g € G I write

p(b, g) = (&(b), f(b)g) , (E.178)

where f € C(B,G) is uniquely determined by ¢ via ¢(-,ec) = (@(+), f(:)). Then the
following hold.

a) X is invariant under (p, @) iff for every b € B

W(@(b), ec) = Layu(f(); ¢ (b ec)) - (E.179)
b) Defining f € C(B,G/H) by

~ _——— -1
fi= MAINA,H()‘) = 7>:1C¥/H7LG/H<w) ) (E.180)

we have that \ is invariant under (o, @) iff for every b € B

F(@(1) = Lo (f(0); f(1)) - (E.181)

Proof of Corollary E.ja: 1 first consider the case where ) is invariant under (o, ),
ie., go(E’w) = Ew. Let b € B. I pick a g € G such that ¥(b,eq) = gH whence, by
(E.152), (b, g) € Ey. 1 define (¢, ¢') € B x G by

(t',9") == (b, g) = (2(b), f(b)g) , (E.182)
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A

where in the second equality I used (E.178). Since ¢(E,) = E, we have (¥, ¢') € E,
whence, by (E.152), ¢(V', eq) = ¢'H so that, by (E.62),(E.182),

(@), eq) = 0¥, eq) = ¢ H = (F0)g)H = Loy (f(b);gH) . (E.183)
Since (b, e¢) = gH I conclude from (E.183) that (E.179) holds.

Conversely, let (E.179) hold for every b € B and let (b, g) € Ey. Thus, by (E.152),
(b, eq) = gH. My aim is to show that ¢(b, g) € E,. With the notation of (E.182)
I compute, by using (E.62),(E.179),

(b, eq) = (@(b), ec) = La/u(f(0); (b, ec)) = Layu(f(b);gH) = (f(b)g)H = g'H

whence (V,¢') € E,. 1 thus have shown that ¢(E,) C E, whence, since ¢ is a
bijection onto B x G, ¢(Ey,) = Ey so that A is invariant under (¢, @). O

Proof of Corollary E.4b: 1t follows from (E.180) that ’3//\7g/H7LG/H<f) = 1) whence, for

~

b e B, by (E.123), ¥(b,eq) = f(b) so that (E.179) is equivalent to (E.181). O
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Proofs

F.1 Proof of Proposition 6.4

Proof of Proposition 6.4: Let (w, A) € SOT (d,w) and let n be an integer.

I first consider the case n = 0. Since U, 4(0;¢) = I3x3 we have, by Defini-
tion C.14, that Indsq (Y, 4(0;-)) = (1,...,1)" whence (Indsq(A))° = (1,..,1)T =

Inds 4(¥,, 4(0;-)) which proves the claim in the present case.

I now consider the case where n is positive. By (6.4) we have, U, 4(n;-) =

A(-+2m(n — 1)w) - - - A(+), whence, by Theorem C.15a,

Inds 4(Vy a(n;-)) = Inds 4(A(- + 27(n — Dw) - - - A(+))
= Inds 4(A(- + 27 (n — Dw)) - - - Inds 4(A()) ,

so that, by Proposition C.18f,
Indsa(Vo,a(n;-)) = Indsq(A(-)) - - - Indsa(A(-)) = (Indsq(A(-)))" ,

which proves the claim in the present case.
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I now consider the case where n is negative. By (6.7) we have W[ ,(n;-) =

U, 4(—n;- 4 2mnw) whence, by Theorem C.15a and Proposition C.18f,

Inds 4(Vy a(n;-)) = Ind37d(\IJ£A(n; ) = Inds 4(Vy a(—n; - + 27nw))
= Ind37d(ﬁfw7A(—n; )) . (Fl)

Since I already proved the claim for positive n I have Inds 4(V, a(—n;-))

= (Indsq4(A(-))) "™ whence, by (F.1),
Inds (¥y a(n; ) = (Indsqa(A(-))) " . (F.2)

Since, due to the special structure of the group {1, —1}%, (Indzq(A(-)))™"
= (Indsq(A(-)))", eq. (F.2) gives me (6.25) which proves the claim in the present

case. [l

F.2 Proof of Proposition 7.1

Proof of Proposition 7.1a: Let T' € Cpe,(R?, SO(3)). Clearly Lyr o Ly = Ly o Lyr =
tdpars whence Lpr is the inverse of Ly. Since Ly and Lpr are continuous, it follows

that Ly is a homeomorphism onto R4*3. ]
Proof of Proposition 7.1b: Let (w, A) € SOT (d,w) and T € Cpe,(R?, SO(3)).
I use (6.9) and Proposition 7.1a to get, for n € Z, ¢ € R, S € R?,

¢
S

¢

(LT o Lw,A(n; ) © L;l) = (LT © Lw,A(n; ) © LTT>

_ (LT o Lo a(n: )) o _ L, ¢+ 2mnw
T(¢)S Wy,a(n; 0)T(0)S

¢ + 2mnw
T (¢ + 2mnw) Wy, a(n; ¢)T(4)S
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which proves (7.3). It is also clear by (7.4) that A’ € C,.,.(R% SO(3)) whence,
by Definition 6.1, (w, A") € SOT(d,w). To prove (7.5) I define the function ¥’ :
Z x RY — SO(3) for n € Z,¢ € R by W'(n;¢) := TT(¢ + 2mnw)V,, 4(n; ¢)T())
whence my aim is to show that ¥ = WU, 4. By (6.4) I have V'(0; ¢) = I35 and, by
(7.4) and the remarks on (6.5), I have, for n € Z, ¢ € R?,

V(n+1;0) = T (¢ + 2m(n + Dw) W a(n + 1;0)T(6)

=TT (¢ + 21(n + 1)w) A(¢ + 2mnw) Uy, a(n; ¢) T (¢)

=T"(¢+ 2m(n + 1)w)A(¢ + 2mnw) T (¢ + 2mnw)TT (¢ + 27mnw) Y, a(n; $)T(9)
= A (¢ +2mnw) T (¢ + 27nw) U, 4(n; §)T(¢) = A' (¢ + 27nw) V' (n; @) .

Thus W’ satisfies the initial value problem
U'(n+1;¢) = A(¢ + 2mnw) V' (n; ¢) , U'(0;0) = I3xs ,

which, by the remarks on (6.5), implies that ¥/ = U,, 4 whence (7.5) holds. To prove
(7.6) I conclude from (7.3), (7.5) that, for n € Z,¢ € R?, S € R?,

B 10) ¢+ 2mnw
LyolL, ;-)o L 1) = . F.4
( A W (n:0)S o

It follows from (6.9),(F.4) that (7.6) holds. Recalling Appendix B, I conclude that Ly
is a continuous Z-map from the topological Z-space (R¥™3 L, 4) to the topological

Z-space (R43 L, 1) and that both topological Z-spaces are conjugate. U
Proof of Proposition 7.1c: Let (w,A) € SOT (d,w) and T € Cper(R%, SO(3)). Let

()

be a spin-orbit trajectory of (w, A) and let S’(-) be defined by S’'(n) :=
S()
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TT(¢(n))S(n). Tt follows from (6.2),(6.3),(7.4) that

S'n+1)=T"(p(n+1)S(n+1) =T"(¢(0) 4+ 2r(n + Dw)S(n + 1)

¢
¢

(
(
T(p(0) + 27 (n + 1)w)A(¢
(¢(0) + 2mnw) S’ (n) = A'(¢(n))S"(n) .

(
(0) + 2m(n + 1w)A(¢(0
(

T
T
l

T
T
T
A

Thus, by (6.2), S’(+) is a spin trajectory, over ¢(0), of the spin-orbit torus (w, A)
()

S'()

Proof of Proposition 7.1d: Let (w, A) € SOT (d,w) and T' € Cper(R?, SO(3)). Let also

¢o € R and let t : Z — SO(3) be defined by t(n) := T'(¢o + 27nw). Let furthermore

S(+) be a spin trajectory, over ¢, of (w, A) and let me define the function S’ : Z — R?

by S'(n) := t¥(n)S(n). Defining the orbital trajectory ¢(-) by é(n) = ¢o + 27nw,

and is a spin-orbit trajectory of (w, A’). O

one observes that ¢() is a spin-orbit trajectory of (w, A) and that (7.7) holds.

S()
It follows from Proposition 7.1c that o) is a spin-orbit trajectory of (w, A").
S'()
Thus S’(+) is a spin trajectory of (w, A"). Clearly S'(-) is over ¢y. O

F.3 Proof of Theorem 7.3

Proof of Theorem 7.3a: The claim follows from Definition 7.2 and Proposition 7.1b.
O

Proof of Theorem 7.3b: Eq. (7.8) follows from Definition 7.2 and Proposition 7.1b.

To prove the second claim I first note that, if f,g € Cper(RY, SO(3)), then
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the product is defined by (fg)(¢) = f(¢)g(¢). Clearly the constant function in
Cper(R%, SO(3)) whose constant value is 33, is the unit element of the group. If
there is no danger of confusion, I denote the unit element by I3x3. Furthermore the
inverse of f € Cper(RY,SO(3)) is the transpose f7 since (fTf)(¢) = fTf(¢) = I3xs.
Thus Cpe (R, SO(3)) is a group under pointwise multiplication of SO(3)-valued func-

tions which proves the second claim.

To prove the third claim I first note that, by Definition 7.2, R4, is a function
from Cpe(R?, SO(3)) x SOT (d,w) into SOT (d,w). Thus I only have to show the two
group action properties of Rq,, (see also Appendix B). First of all, it follows from
Definition 7.2 that Ry, (I3x3;w, A) = (w, A). Secondly, it follows from Definition 7.2
that if (w, A) € SOT (d,w) and Ty, Ty € Cpe,(RY, SO(3)), then, by defining

(w, A1) := Rao(T1;w, A) , (F.5)
I get
Ai(¢) = T{ (¢ + 27w) A(¢) T1 () - (F.6)
Defining
(w, A) == Rao(TiTosw, A) ,  (w, A") i= Ryo(To; Ry (T1sw, A)) , (F.7)

I conclude from Definition 7.2 and (F.5) that

A(6) = (TH)" (6 + 2mw) A(@)(TVT)(6)
A'() = T (¢ + 2mw) A1 () Th() -
(F.8)

Using (F.6),(F.8) I get A’ = A” whence by (F.7)
Rd,w (TITQ; w, A) = Rd,w(TZ; Rd,w(Tl; w, A)) 3

which completes the proof that Ry, is a right Cp.,(R¢, SO(3))-action on SOT (d,w).
U
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Proof of Theorem 7.3c: The claim follows from Proposition 7.1c and Definition 7.2.
O

Proof of Theorem 7.5d: Let (w, A) € SOT (d,w) and T' € Cper (R4, SO(3)). Let also
S¢ be a polarization field of (w, A). I abbreviate
(w, A" := Ry (T;w, A) . (F.9)

Since G € Cpe, (R4, R3) T have H :=TTG € Cpe,(R?, R3) and, by (6.16), (7.5),(7.9),
U, a(n; ¢ — 2mnw)H (¢ — 2mnw) = Wy, ar(n; ¢ — 2mnw)TT (¢ — 27mnw)G(¢ — 2mnw)

=TT ()W, a(n; ¢ — 2mnw)T (¢ — 27nw) T (¢ — 27nw) G (P — 27nw)

=TT (¢)Wo,a(n; ¢ — 2mnw)G(¢ — 2mnw) = T"(¢)Sa(n, ¢) = S'(n, ¢) .
Thus, by Definition 6.2, S’ is a polarization field of the spin-orbit torus (w, A’) with
generator H. By (6.20),(7.9) I have for n € Z, G € Cpe,(R?, R?)

L TTG) = LTy (s H) = 8'(n, ) = T7Sg(n, ) = TTLT} (n:G)

whence (7.10) follows. Clearly the polarization field S’ is invariant if Si is and S’ is

a spin field if S¢ is. ]

Proof of Theorem 7.3e: The claim is an immediate consequence of Definition 6.2 and

parts b) and d) of Theorem 7.3. O

Proof of Theorem 7.3f: Let (w, A), (w,A’) € SOT(d,w) belong to the same Ry,
orbit. Then, by Definition 7.2, a T' € Cpe.(R?, SO(3)) exists such that Ry, (T;w, A) =
(w, A’) whence (7.5) holds for arbitrary n € Z,¢ € R It follows from (7.5) and
Theorem C.15a that, for n € Z,

Inds (W, a(n;-)) = Inds 4 (TT(~ + 2mnw) VU, a(n; )T())
= Indz4(T" (- + 27nw)) Inds 4(V,, a(n; ) Inds 4(T)

= Inds 4(T(- + 2mnw))Inds 4(V, a(n; ) Inds qo(T)

= Inds 4(V, a(n;-))Inds (T(- + 2mnw))Inds 4(T) .
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Thus, by Proposition C.18f, for n € Z,

Inds g(Vy a(n;-)) = Inds 4(Vy, a(n; ) Inds o(T(- + 2mnw)) Inds o(T')
= Inds 4(V, a(n;-))Inds o(T)Inds o(T) = Inds 4(V, a(n;-)) ,

which proves the first claim. The second claim follows from the first claim and

Theorem C.22c. U

F.4 Proof of Proposition 7.5

Proof of Proposition 7.5a: Let (w, A) € WT (d,w) and N := Indy(A), g := PHF(A).
Thus by Definition C.12, for ¢ € R,

A(0) = exp TINT6 + 2ng(0)] )
whence, by (6.4), for ¢ € R? and positive integer n,

U, a(n;¢) = A(¢+2m(n — Dw)A(¢ + 2m(n — 2)w) - - - A(p + 27w) A(9)
= exp (j[NT(qZ) +27(n — Dw) + 27g(¢ + 27 (n — 1)w)]> e

exp(FINT(6+ 2m0) + 2mg 6+ 2] ) exp  TINT6 + 2n9(6))
= eXp(J[NT(qZ) +2mw(n —1)) +---+ NT¢

+2mg(p+2m(n — Vw) + -+ - + 27T9(¢)]>

n—1

= exp (J[nNTgb + QWZ <jNTw +g(op+ 27Tjw)>]> ,
=0

which implies (7.13). Using Definition C.12, it follows from (7.13) that, for positive

integer n,

Indy(V,, a(n;-)) =nN =nlndy(A) . (F.10)
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Using (6.7),(7.13),(C.1) T get, for negative integer n and ¢ € R,

Uya(n; @) = UL 4(—n; ¢ + 2mnw)

= <exp (j[—nNT(qb + 2mnw) 4+ mn(n + 1)NTw + 27 Z g(¢+2m(n+ j)u)]))

= exp (—j[—nNT(gb + 2mnw) + mn(n + 1)NTw + 27 Z g(¢p+2m(n+ j)u})]) )

=0
whence, by Definition C.12, for negative integer n, eq. (F.10) holds. Moreover, since
U, 4(0;¢) = I3x3, it follows from Definition C.12 that Indy (¥, 4(0;-)) = 0 whence
(F.10) holds. I thus have shown that (F.10) (whence (7.14)) holds for all integers n.

That W,, 4(n;-) is 2r-nullhomotopic w.r.t. SO(3)iff Inds 4(V,, a(n;-)) = (1,...,1)T
follows from Theorem C.22g. Using (F.10) and Theorem C.15b I conclude that
(=)™, ..., (=1)"Ne) is the SO(3)-index of W, 4(n;-) which proves the last claim.
O

Proof of Proposition 7.5b: Let (w,A) € AT (d,w). Thus, by (C.2), I have A =
exp(J2nv) where v := PH(A). Applying (6.4),(C.2) I obtain (7.16). It follows
from (7.16) and Definition C.12 that, for all integers n, Indy(¥, a(n;-)) = 0 and
PHF (¥, a(n;-)) is the constant function in Cp..(R? R) whose value is |nv|. It also
follows from (7.16) that (w, A) is trivial iff v = 0. O

Proof of Proposition 7.5¢c: Let (w,A) € SOT (d,w). If (w,A) € WT(d,w) then,
by the definition of WT (d,w), A is SO3(2)-valued. If A is SO3(2)-valued then, by
(6.4),(C.2), ¥y, a(n;-) is SO4(2)-valued for all integers n whence (w, A) € WT (d,w).

If (w,A) € AT (d,w) then, by the definition of A7 (d,w), A is SO5(2)-valued
and constant. If A is SO3(2)-valued and constant then, by (6.4),(C.2), ¥, 4(n;-) is
SO3(2)-valued and constant for all integers n whence (w, A) € AT (d,w). O

Proof of Proposition 7.5d: Let (w, A), (w, A") € WT (d,w).
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To prove the first claim let n be an even integer. Then, by Proposition 7.5a,
Indz 4(V, a(n;-)) = (1,...,1)T = Inds 4(¥, a/(n;-)) whence, by Theorem C.22g,

U, a(n;-) :25“0(3) Uy,oa(n;-).

To prove the second claim let n be an odd integer. Then, by Proposition 7.5a,
Inds 4(Vy a(n;-)) = Indsq(A) and Indsq(V, a4 (n;-)) = Indsq(A’). On the other
hand, by Theorem C.22g, I have that W, a(n;-) =874 Yo, ar(n; ) iff
Inds 4(Vy, a(n;-)) = Inds g(V, a(n;-)). I conclude that U, 4(n;-) 2?9”0(3) U, ar(n;-)
iff Indsq(A) = Inds (A").

To prove the third claim let (w, A) ~4, (w, A’) and m be an arbitrary integer.
By Theorem 7.3f I have Inds 4(A) = Inds 4(A’). If m is even then, by the first claim,
U, a(m;-) :?9”0(3) U, a(m;-). If m is odd then, since Indsq(A) = Indsq(A’), the

second claim gives me W, 4(m;-) :?975(3) W, a(m; ). 0

F.5 Proof of Proposition 7.7

Proof of Proposition 7.7a: Let (w, A), (w, A") € SOT (d,w) and T € C,.,(R%, SO(3))
with Ry (T;w, A) = (w, A’) € WT (d,w). I abbreviate N := Inds 4(A"). By Proposi-
tion 7.5a, we have Inds 4(¥, a(n;-)) = ((=1)"" ..., (=1)""a)T. Applying Theorem
7.3f, the claim follows. U

Proof of Proposition 7.7b: Let (w,A) € ACB(d,w). Then, by Definition 7.6, a
T € Cper (R, SO(3)) exists such that (w, A') := Ry, (T;w, A) € AT (d,w) whence, by
Theorem 7.3a, for n € 7Z,

,a(n;e) =T+ 2mnw) W, 4(n; )T(:) . (F.11)
Applying Proposition 7.5b, a v € [0, 1) exists such that, for n € Z, ¢ € R?,

U, a(n; ¢) = exp(J2mnv) . (F.12)
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Since ~¢7, 5 is an equivalence relation on Cper(R?,SO(3)), (F.11) gives me, for n € Z,

W (05 ) o0 T (- + 2mnw) Uy a(n; ) T(-) - (F.13)
Because, by (F.12), U, 4/(n;-) is a constant function, we have, by Proposition C.18c,
that W, ar(n; ) >80 3xs whence, by (F.13), for n € Z,

I3 2%”0(3) TT(- 4 2mnw) Wy, a(n; )T(-) (F.14)
where, for brevity, I3y denotes the constant function in C,.,.(R?% SO(3)) whose only
value is I3x3. Applying Proposition C.20b to (F.14) I get, for n € Z,

T(-+ 2mnw) :?9”0(3) Uy, a(n;)T(-) . (F.15)

Applying Proposition C.18f to (F.15) I get, for n € Z, T(+) 2%75(3) U, a(n;)T(+),
whence, by Proposition C.20b, for n € Z,

I3y 2%”0(3) Uoa(n; )T()TT() = Wya(n;-) . (F.16)

I conclude from (F.16) and Proposition C.18b that, for every n € Z, U, 4(n;-) is 27-

nullhomotopic w.r.t. SO(3). Applying Proposition C.18e, gives me Inds 4(V,, a(n;-)) =
(1,...,1)T. O

F.6 Proof of Lemma 7.8

Proof of Lemma 7.8a: Let R be in SO(3) and Re® = e3. Thus the third column of

Ris €3 and RTe® = e® whence the third row of R is (¢)?. I conclude that

a b 0
R=1| ¢ d o0 , (F.17)
0 0 1

where a,b, ¢, d are real numbers. Using again that R is in SO(3), it follows from

(C.1),(C.2),(F.17) that R € SO5(2). O

Proof of Lemma 7.8b: The claim follows from Proposition 7.5¢ and Lemma 7.8a. [J
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F.7 Proof of Theorem 7.9

Proof of Theorem 7.9: Let (w, A) € SOT (d,w), (w, A’) € WT (d,w), T € Cpe,(R?, SO(3))
and Ry, (T;w,A) = (w,A’). By Theorem 7.3a, ¥, 4 satisfies (7.5). I define G €
Cper(RY,R3) by G := Te3. Of course, G is the generator of a spin field Sg of (w, A)
and by Definitions 6.2,7.2 and Lemma 7.8b I obtain

Sa(1,¢) = A(¢ — 2mw)G (¢ — 27w) = A(p — 27w)T (¢ — 27w)e?
T(O)TT () A(6 — 2m)T(6 — 2mw)e® = T(9) (6 — 2mw)e® = T(6)¢’
G(¢) = S6(0,9) . (F.18)

With (F.18) and Proposition 6.3 I have shown that the spin field S¢ is invariant.

To demonstrate the converse direction, let (w, A) € SOT (d,w), T € Cpe,. (R, SO(3))
and let G := Te® be the generator of an ISF of (w, A). I write Ry, (T;w, A) =:
(w,A") € SOT (d,w) whence A’ satisfies (7.4). I obtain by (7.5) and Definition 6.2
that

A(9)e’ =TT (¢ + 21w) A($)T(p)e” = T" (¢ + 27w) A($) G (9)
=TT (¢ + 2mw)Sa(1, ¢ + 27w) = TT (¢ + 27w)G (P + 27mw) = € .

Thus, by Lemma 7.8b, the spin-orbit torus (w, A’) is weakly trivial, i.e., Ry, (T;w, A) €
WT (d,w).

To prove the second claim, let first of all (w,A) € WCB(d,w). Thus a T €
Cper (R, SO(3)) exists such that Ry, (T;w, A) € WT (d,w) whence, by the first claim,
Te? is the generator of an ISF. Conversely let there be a T' € Cpe,(R%, SO(3)) such
that T'e® is the generator of an ISF. Thus by the first claim, Ry, (T;w, A) € WT (d,w)
whence (w, A) € WCB(d,w). O
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F.8 Proof of Theorem 7.10

Proof of Theorem 7.10a: Let G be the generator of an ISF and let G be 27-
nullhomotopic w.r.t. S%. Then by Theorem C.24a a T’ € Cp..(R?, SO(3)) exists such
that G = Te®. Tt thus follows from Theorem 7.9 that Ry, (T;w,A) € WT (d,w).
Clearly, (w, A) € WCB(d, w). O

Proof of Theorem 7.10b: Let G be the generator of an ISF and let d = 1. Then by
Theorem C.24b a T' € Cpe, (R4, SO(3)) exists such that G = Te3. Thus by Theorem
79 Ry (T;w, A) € WT (d,w). Clearly, (w, A) € WCB(d,w). O

Proof of Theorem 7.10c: Let G be the generator of an ISF and let d = 2. Then by
Theorem C.24b G is 2r-nullhomotopic w.r.t. S?iff a T € Cper (R4, SO(3)) exists such
that G = Te®. The claim now follows from Theorem 7.9. O

F.9 Proof of Proposition 7.12

Proof of Proposition 7.12a: Let (w, A), (w,A") € SOT (d,w). If (w, A) ~g4, (w, A")

then, since ~,, is an equivalence relation on SO7 (d,w), we have

{(w,A") € AT (d,w) : (w, A") ~q0 (w, A)}
={(w,A") € AT (d,w) : (w, A") ~40 (w, A},

whence, by Definition 7.11, = (w, A) = = (w, A).

To prove the second claim let (w, A”) € ACB(d,w) and Zi(w, A) = Z(w, A").
Because of the first claim, the second claim is proven if I show that (w,A) ~g,.
(w, A”). In fact, picking a v € E1(w, A) = Z1(w, A”), Definition 7.11 gives me a
(w,A") € AT (d,w) with (w, A) ~g0 (W, A"), (W, A") ~40 (W, A”) and PH(A") =
v. By the transitivity of ~g,, I get (w, A) ~g0 (w, A”). O
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Proof of Proposition 7.12b: Let (w, A) € SOT (d,w).

To prove the first claim, let (w, A) be on spin-orbit resonance of first kind. Thus,
by Definition 7.11, a (w,A’) € AT (d,w) exists such that (w, A") ~4, (w, A) and
PH(A’") = 0. Therefore, by Proposition 7.5b, (w, A’) is trivial whence, by Definition
7.6, (w,A) € CB(d,w). Conversely, let (w,A) € CB(d,w) so that a trivial spin-
orbit torus (w, A") exists such that (w, A") ~4. (w, A). Thus, by Proposition 7.5b,
PH(A") =0 whence, by Definition 7.11, 0 € Z;(w, A) so that (w, A) is on spin-orbit

resonance of first kind.

The second claim follows from the first claim and Definition 7.11. U
Proof of Proposition 7.12c: Let (w, A), (w, A") € SOT (d,w) with (w, A) ~g. (w, A").

If (w, A) € CB(d,w) then, by Proposition 7.12b and Definition 7.11, 0 € Z;(w, A)
whence, by Proposition 7.12a, 0 € Z;(w, A") so that, by Proposition 7.12b and Def-
inition 7.11, (w, A") € CB(d,w). Reversing the roles of A, A’ it follows that either

both spin-orbit tori are coboundaries or neither of them.

The two remaining claims follow from the fact that ~4,, is an equivalence relation

on SOT (d,w). O

Proof of Proposition 7.12d: Let (w,A) € ACB(d,w). Then there exists (w, A’) €
AT (d,w) such that (w, A) ~4. (w, A"). By Definition 7.4, A’(¢) is independent of ¢.

To prove the converse direction let (w, A) ~g, (w, A") such that A’(¢) is inde-
pendent of ¢. By some simple Linear Algebra, R € SO(3),rv € [0,1) exist such
that RTA'R = exp(J2mv) (see, e.g., [BEH04, Lemma 2.1]). Defining (w, A”) =
Ry (R;w, A"), we have, by Definition 7.2, that A” = exp(J2nv). It follows from
Proposition 7.5¢ that (w, A”) € AT (d,w). Since (w, A) ~g, (w, A") and (w, A") ~4.
(w, A”), the transitivity of ~4,, implies (w, A) ~4,, (w, A”) whence (w, A) € ACB(d,w).
0
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F.10 Proof of Theorem 7.13

Proof of Theorem 7.13: Let (w, A) € SOT (d,w) and let (1,w) be nonresonant. Let
(w, A) have ISF’s Sgi, Sge such that Sgz is different from Sgi and —Sgi. Thus a
&0 € R? exists such that

G'(¢0) x G*(do) # 0.

[ define the function f € Cpe,.(R% R) by f(¢) := |G (¢) x G*(¢)|. Since Sg1,Sge are
invariant polarization fields we have by (6.23) that, for ¢ € R,

f(9) =G (9) x G*(9)|
= | <A(¢ —27w) G (¢ — 27rw)> X (A((Z) —27w)G? (¢ — 27rw)) |

= |A(¢ — 27w) (Gl(gzﬁ —27w) x G*(¢ — 27Tw)> |
= |G ¢ — 27w) x G*(¢ — 27w)| = f(¢ — 27w) .

Thus, by Corollary D.3a, f is constant with constant value, say A. Clearly f(¢q) # 0
whence A\ # 0. Hence I can define a function G® : R? — S% by G3(¢)) := (G(¢) x
G%(¢))/\. Of course, G® € Cper (R4, S?) whence G* generates a spin field Sgs. Since
Sar, S are invariant polarization fields I compute by (6.23) for ¢ € R?

Ao — 2mw)G3 (¢ — 27w) = %A((Z) — 27w) <G1(¢ —27w) x G*(¢p — 27rw))

1 1 2
= 5 (A((b —21w)G (¢ — 27w)) X A(p — 27w)G*(¢p — 27Tw)>

L(GH(@) X G2(9)) = G*(6)

Thus, by Proposition 6.3, the polarization field Sgs is invariant whence Sgs is an

ISF. I define the function T € C,.,.(R? R3*?) by

T(p)e' :==G(¢) x G*(9),  T(9)e* =G*d),  T(g)e’:=G*9).
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Clearly the columns of T'(¢) are orthonormal and
det(T(9)) = (G3(9) x G*(9))T(G3(¢) x G*(¢)) = 1 whence T € Cp, (R, SO(3)).

Since Sgz, Sgs are invariant polarization fields I obtain from (6.23) for ¢ € R4

A(p —27w) (G2(¢ —27w) x G3(¢ — 27w1))
= (A((b —27w)G2(¢ — 27w)) x A(d — 2mw)G?(¢p — 27rw)) = G*(¢) x G*(9) ,

so that, by Proposition 6.3, the polarization field Sg2 g3 is invariant whence Sg2 3

is an ISF. I can summarize that all three columns of 1" are generators of invariant spin
fields, whence, for i = 1,2,3,¢ € R? by (6.23), A(¢p — 27w)T (¢ — 27w)e’ = T(¢)e’,
so that TT (¢ + 27w)A(¢p — 27w)T(¢)e’ = €', i.e., for ¢ € RY,

T (¢ + 27w) A(Q)T(¢) = Isns .

This implies by Definition 7.2 that R, (T;w, A) = (w, I3x3) whence (w, A) € CB(d,w).
Applying Proposition 7.12b, T obtain that (w, A) is on spin-orbit resonance of first
kind. O

F.11 Proof of Theorem 7.14

Proof of Theorem 7.14a: 1 first consider the case when a T' € Cp.,(R%, SO3(2)) exists
such that Ry, (T;w, A1) = (w, A2) and so I abbreviate N := Indy(T'), g := PHF(T).
Thus, by Definition 7.2 and (7.22), we have, for ¢ € R%,

exp (—J[N% T 2m) + 2mg(6 + 2w>1) exp (J[MI% ' 27rf1(¢)])
exp (J[N% s zﬂgw) (6 + 2m) Ay (6)T(6) = As()

— exp (j[MQT ¢+ 27rf2(¢)]) :
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ie.,

exp (J[zwgw) ~omg(6+ 2m) — 20N 4 2 [y (6) — 27 fo(6) + (M — M2>T¢>1)
Iy (F.19)

It follows from (F.19) and Theorem C.1la that an integer n exists such that, for
¢ € RY,

0(6) — 9(6 + 2m0) — NTu 4 () — foe) = LEZIG oy g ap)

Since f1, fo and ¢ are 2w-periodic it follows from (F.20) that (7.23) holds and that,
for ¢ € RY,

9(¢) = 9(¢ + 2mw) = NTw + fi(¢) — fa(d) = n . (F.21)

Taking the zeroth Fourier coefficient on both sides of (F.21) I get —NTw+ f19— fa0 =
n, which implies (7.24) and, by (F.21), that (7.25) holds.

I finally consider the case when a T € C,..(R?, SO3(2)) exists such that
Ry (TJ";w, A1) = (w, A) and I again abbreviate N := Indy(T'), g := PHF(T). By
Definition 7.2 and (7.20),(7.21), (7.22) 1 get, for ¢ € R?

exp((~ N6+ 2m0)  2m9(6-+ 2m) 4 M6+ 21 (6) + N5 +209(0)

:em(JQRT}N%¢+%mQ—%mw+2mﬁ+kﬁ¢+%ﬁm@+Aﬁ¢+%mwﬂ)

:j%q(jkﬂﬂw+2mﬁ—%m@+2mﬂ+hﬁ¢+%ﬁm@+Aﬂ¢+%wwﬂ)7
= 7' exp( TN (04 20— 2m9(0 + 2m)] ) exp  T0T 0+ 207,(0)])

exp( IV 6 + 2rgt0)] ) 7
= T + 2m0) A (HT(B)T' = (T(6+ 20) 7V A (OT(B)T' = As(0)
~ e (jm@% n 27rf2(¢)]> ,
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ie.,

exp (j[—27T9(¢) +21g(¢ + 2nw) + 2N w — 21 f1(¢) — 27 fa(¢) — (M1 + Mz)T¢]>
= I3.3 . (F.22)

It follows from (F.22) and Theorem C.1la that an integer n exists such that, for
¢ € RY,

(My + My)T¢

—9(9) + 9(¢+ 27w) + N'w = fi(9) = fo(9) = ——F—— +n . (F.23)

Since f1, f> and g are 2m-periodic it follows from (F.23) that (7.26) holds and that,
for ¢ € RY,

—9(¢) +9(¢ +27w) + N'w — fi(9) — fo(¢) = 7. (F.24)
Taking the zeroth Fourier coefficient on both sides of (F.24) I get
fro+ fao = NTw=—-n,

which implies (7.27) and, by (F.24), that (7.28) holds. O

Proof of Theorem 7.14b: Let (w,A;) ~g. (w,As), ie., let a T" € Cpe, (R4, SO(3))
exist such that Ry, (T";w, A;) = (w, A3). Thus, by Definition 7.2 and for ¢ € R,

Al(D)T'(¢) = T'(¢ + 27w) Az(9) - (F.25)
Defining ¢ := T"¢* € Cpe,(R?%,S?), I conclude from (F.25) and, for ¢ € R?,
A(O)HD) = 1o+ 2m0). (F.26)

Clearly the third component t3 of ¢ is an element of C,.,.(R? R) which by (F.26)

satisfies
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Because (1,w) is nonresonant I conclude from (F.27) and Corollary D.3a that ¢5 is
constant so that, since |t3| < [t| = 1, only the following three cases can occur: Case

(i) where t3 = 1, Case (ii) where t3 = —1, Case (iii) where |t3| < 1.

[ first consider Case (i). Since |[t| = 1 we have in the present case that t = t3¢® =
e3,i.e., T'e® = 3. Due to Lemma 7.8a, I thus obtain that 7" is SO3(2)-valued whence

T" € Cper(R4, SO5(2)). Therefore, T :=T" satisfies the claim.

I now consider Case (ii). Since [t| = 1 we have in the present case that ¢ =
tze? = —e3, i.e., T'e® = —e3. Due to Lemma 7.8a, I obtain that 7"J" is SO3(2)-
valued whence T' := T'J" € Cpe,r (R4, SO3(2)). Thus Ry, (TJT 5w, A1) = (w, Ag)

which proves the claim.

I now consider Case (iii). Because the constant ¢y := /1 — {2 is positive, we have
that g; € Cper(R?, S03(2)), defined by

to to
R to(p ti1(¢
gi(g)=| =& uld o | (F.28)
0 0 1
satisfies, for all ¢ € R?,
() = g1(9)(toe" + tse?) . (F.29)

Combining (F.26) with (F.29) results, for all ¢ € R%, in
A1(0)g1(d)[toe" + t3e’] = Ai(9)t(9) = t(¢ + 21w) = g1(d + 27w)[toe’ + tze”]
ie.,
A1 ()1(9) g1 (¢ + 2mw)[toe" + tze’] = toe + tze? . (F.30)
Since Ay (¢)g1(¢)g7 (¢ + 2nw) € SO5(2), T conclude from (F.30) that

A1(0)g1(d)gi (¢ + 2nw)e! = e, (F.31)
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where I also used the fact that ¢, is nonzero. Using again that A;(¢)gi(¢)g] (¢+2mw)
is in SO3(2), eq. (F.31) implies that

A1(0)91(0)g1 (¢ + 2nw) = Lgxs - (F.32)
By (F.32) and Definition 7.2 I obtain
Raw(g1;w, A1) = (w, Isxs) - (F.33)

I conclude that (w,A;) € CB(d,w) (and therefore (w,As) € CB(d,w)). Thus the
present case is highly exceptional. Since tge! + t3e? is a constant unit vector, a
constant matrix ¢ exists in SO(3) such that fe® = tge! + t3€3, whence (F.29) and the

definition of t imply T"e® =t = gyte?, i.e.,
T gite® = e . (F.34)

Thus and due to Lemma 7.8a I obtain that 77 g, is SO3(2)-valued whence
g2 = TTgit € Cper (R, SO5(2)). Therefore T" = g,tgl whence (F.25) yields, for
¢ € R,

A1(9)91(8)tgz () = 91(6 + 2mw)igy (¢ + 2mw) Ax(99)
ic.,
A1(0)g1(0)gi (¢ + 21w)igs (¢) = tgy (¢ + 2mw) A2(9) |
so that, due to (F.32),
tgs (¢) = tgs (6 + 2mw) As(9) |
which implies
As(9)g2(0)ga (¢ + 2mw) = Iz . (F.35)

It follows from (F.32),(F.35) that, for ¢ € R%,

Az(9) = [91(6 + 27mw) gy (¢ + 27w)]" A1 () 91(8) g2 (¢) - (F.36)
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Thus, by Definition 7.2, Ry, (T;w, A1) = (w, A3), where T := ¢192 € Cper(R?, SO5(2)),

which proves the claim. ]

Proof of Theorem 7.14c: =: Let (w, A1) ~aw (w, As). Then, by Theorem 7.14b, a
T € Cper(R% SO5(2)) exists such that either

Raw(Tiw, A1) = (w, Ag) or Ryow(TT';w, A1) = (w, As). In the former case we have,
by Theorem 7.14a, that (7.23),(7.24), (7.25) hold where N := Indy(T) and g :=
PHF(T). In the latter case we have, by Theorem 7.14a, that (7.26),(7.27), (7.28)
hold where N := Indy(T") and g := PHF(T).

«: Let (7.23) hold and let g € Cp (R4, R), N € Z% exist such that (7.24),
(7.25) hold. I define T € Cp..(R% S03(2)) by (7.29). Clearly by (7.22),(7.23),
(7.24),(7.25),(7.29) we have, for ¢ € R?,

T7(¢ + 2mw) Ay(6)T(¢) = exp (J[—N% +27w) — 2mg( + zﬂw)})
oxp (0T + 2m 1)) exp TINTo + 2m9(0))

= exp <j[27rg(gz5) —2mg(¢ + 2mw) — 2 NTw + 27 f1(8) + M ¢])

— exp (j[ZWg(@ —21g(¢ + 27w) — 2eNTw 4 27 f1(¢) + 27 fro + MY ¢]>

~ exp (J[—%N% + 21 f2() + 27 fuo+ M] ¢’]>

exp(TmAo) + 200 + M7 6]) = exp (T2mhle) + 070

= exp (J[MQT ¢+ 27rf2<¢)]) = A3(9) ,

whence, by Definition 7.2, Ry, (T;w, A1) = (w, As).

Let (7.26) hold and let g € Cper(R%,R), N € Z? exist such that (7.27),(7.28)
hold. T define T € Cpe,.(R?, SO5(2)) by (7.29). Clearly by (7.20),(7.21), (7.22),(7.26),
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(7.27),(7.28),(7.29) we have, for ¢ € R,

(T(¢+ 270) T AL (AT (9) T = T'TT (¢ + 27w) AL ()T (6) T’
= J exp (j[—NT(qb + 21w) — 27g(o + 27Tw)]> exp (j[Mngb + 27Tf1(¢)])

- exp (J[NTqb + 2ng(¢)})5'
= J' exp <j[—NT(¢ + 21w) — 27g(p + 27w) + M ¢ + 21 f1(d) + N + 27rg(¢)]> J’
= J exp (j[27rg(q5) —27g(¢p + 27w) — 2rNTw + 210 f1(p) + 27 fr0 + MY qS]) J
= J exp (j —27NTw — 21 fo () + 2w fro + M1T¢]) J
= J exp (j [—27 fo(¢) — 27 fa0 + Mqus])j
= J' exp (J =27 fo(¢) + M{ ¢]) J =T exp (J[—Qﬂfz(cb) — My ¢]) J
~ oxp (7177 [-2n52(6) - MM) — exp(~J-2n o) — 1410

= exp (J[MQT ¢+ 27Tf2(¢)]) = As(9) ,

whence, by Definition 7.2, Ry, (TJ";w, A1) = (w, As). O

F.12 Proof of Corollary 7.15

Proof of Corollary 7.15a: 1 first note that My := Inds(Ay) = 0 and that fo :=
PHF(A,) is the constant function whose value is v € [0,1). Thus the fractional part
of the zeroth Fourier coefficient f5 of fo equals v and I have fg = fo— fo0=0.

I can now apply Theorem 7.14a. First let T € Cper(R% SO5(2)) such that
Rayw(T;w, A1) = (w,As) and let me abbreviate N := Indy(T), g := PHF(T).
Thus, by (7.23) I obtain M; = My = 0 whence (7.32) holds. By (7.24) I obtain
fio—v—NTw = fig— foo — N'w € Z whence (7.33) holds. Furthermore, for
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¢ € R4, T get from (7.25) g(¢ + 27w) — g(¢) = f1(¢) — fa(@) = f1(¢) whence (7.34)
holds.

Now let 7" € Cpe, (R, SO3(2)) such that Ry, (TJ";w, A;) = (w, Ag) and let again
N := Indy(T), g := PHF(T). Thus, by (7.26) I obtain M; = —M, = 0 whence
(7.32) holds. By (7.27) I obtain f19+ v — NTw = fio + foo — N'w € Z whence
(7.35) holds. Furthermore, for ¢ € R, T get from (7.28) that g(¢ + 27w) — g(¢) =
F1(®) + fo(d) = f1(¢) whence (7.34) holds. O

Proof of Corollary 7.15b: As in the proof of Corollary 7.15a I first note that M; :=
Indy(Ay) = 0 and that fy := PHF(A,) is the constant function whose value is v.
Thus the zeroth Fourier coefficient f; of fo equals v and foi=fo— f2.0 = 0. The

claims now follows from Theorem 7.14c. ]

F.13 Proof of Theorem 8.1

Proof of Theorem 8.1a: Let (w,A) € SOT(d,w) have a polarization field Sg.
Let ¢p € R? and the function S : Z — R? be defined by S(n) := Sg(n, ¢y +
2mnw). By Definition 6.2 we have S(n) = Sg(n, ¢ + 2mnw) = Y, 4(n; ¢0)G (o) =
U, 4(n; ¢0)Sc(0, ¢o) = Wy, a(n;¢0)S(0). Then, by (6.3), S is a spin trajectory over
%o.

If the polarization field S¢ is invariant, then by Definition 6.2 we have S(n) =
Sa(n, ¢o + 2mnw) = Sa(0, ¢p + 2mnw) = G(¢pg + 2mnw) so that, by Definition D.1,

u € Cper(R%, R?), defined by u(¢) := G(¢o + ¢), is an w-generator of S whence S is

w—quasiperiodic. ]

Proof of Theorem 8.1b: Let (w, A) € SOT (d,w) and let (1,w) be nonresonant. Let
(w, A) have, for some ¢y € R an w-quasiperiodic spin trajectory S over ¢o. By

Corollary D.3b, the w—quasiperiodic function S has a unique w-generator u and
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this w-generator is R3-valued, i.e., u € Cpe.(R%, R3). Of course, for every integer n,
S(n) = u(2rnw). The function G € Cpe, (R, R3), defined by G(¢) := u(¢ — ¢y),
generates a polarization field Sg of (w, A). T will first show that the polarization

field Si is invariant and satisfies (8.1).

Since S is a spin trajectory over ¢y we have by (6.8) that S(n) = A(¢¢ + 27(n —
1)w)S(n — 1) whence, for n € Z,

G(po + 2mnw) = u(2mnw) = S(n) = A(po + 2m(n — 1)w)S(n — 1)
= A(¢po + 27(n — w)u(2r(n — 1)w)
= A(po + 27(n — Dw)G (P + 2m(n — Nw) . (F.37)

Since G and A are 2m-periodic we thus have for m € Z n € Z that G(¢o + 2mnw +
2mm) = A(po + 2m(n — 1)w + 20m)G(¢g + 2m(n — 1)w + 27m). Thus, defining the
set A := {¢g+ 2mnw +2mm : m € Z% n € Z}, we see that (6.23) holds for all ¢ € A.
Since (1,w) is nonresonant, I conclude from Theorem D.2 that the set A is dense in
R¢. Since A is dense in R? and since G and A are continuous, it thus follows that
(6.23) holds for all ¢ € R%. By Proposition 6.3 I conclude that the polarization field
S¢ is invariant. Of course, (F.37) implies (8.1).

To show the uniqueness of Sg let Sy be an arbitrary invariant polarization field
such that, for all integers n, S(n) = H(¢o+2mnw). Thus v € Cpe, (R, R?), defined by
v(¢) := H(¢o+¢), is an w-generator of S. However, since u is the unique w-generator

of S, I conclude that v = u whence H = G.

Let in addition S be normalized to 1, i.e., |S(n)| = 1. To show that S¢ is a spin
field, I note that if m € Z% n € Z then G(¢o + 27nw + 2mm) = u(2rnw + 27m) =
u(2mnw) = S(n) whence |G(¢o + 2mnw + 2mm)| = |S(n)| = 1. Thus, for ¢ € A,
we have |G(¢)| = 1. Since |G(¢)| = 1 on a dense set of points ¢ I conclude, by the
continuity of |GJ, that |G(¢)| =1 for all ¢ in R? whence the polarization field Sg is
a spin field. O
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F.14 Proof of Theorem 8.3

Proof of Theorem 8.3a: Let (w,A) € WCB(d,w) and (w, A") := Rq,(Tiw,A) €
WT (d,w) with T € Cper(R%,SO(3)). Since (w, A') € WT (d,w) the SO3(2)-index
and phase function of U, 4/(n;-) are well defined so that I can abbreviate N, :=

Indg(\];’wﬂq/(n; )), f(n, ) = PHF(\I/UJ’A/(TL; )) Let also ¢qg € R,

Defining the function ¢ : Z — SO(3) by t(n) := T(¢¢ + 27nw), it follows from
the lines after Definition 8.2 that ¢ is an SPF over ¢q. Furthermore, T'(¢g + -) is an
R3*3-valued w-generator of ¢ whence t is w—quasiperiodic. I obtain from Definition
7.2 and (7.14), (7.15),(8.4) that the differential phase function A\ of ¢ satisfies, for
n € 7,

exp(27A(n)J) = tT (n + 1) A(¢o + 2mnw)t(n)

=TT (¢o + 21(n + 1)w) A(¢o + 27mnw) T (¢ + 27nw) = A'(¢g + 2mnw)

— exp(J[NT (¢ + 2mnw) + 27 f (1, ¢ + 2mnw)))

= exp(J[Ny ¢o + 2N w + 27 f (1, ¢ + 2mnw)]) . (F.38)

Since A\(n) € [0,1), it follows from (C.2),(F.38) that (8.7) holds. Also I obtain from
Theorem 7.3a and (7.14), (7.15),(8.6) that the integral phase function p of ¢ satisfies,
for n € Z,

exp(2mpu(n)T) = t" (n) Wy a(n; ¢o)t(0) = TT (¢g + 2mnw) Ve, 4(n; ¢o)T (o)
= W, (n; ¢o) = exp(T[nNY ¢o + 2 f (n, ¢o)]) = exp(T[N,l ¢o + 27 f(n, ¢o)]) -
(F.39)

Since p(n) € [0,1), it follows from (C.2),(F.39) that (8.8) holds. O

Proof of Theorem 8.3b: Let (w, A) € SOT (d,w) and let (1,w) be nonresonant. Let

also (w, A) have an w-quasiperiodic SPF t over some ¢, € R
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By Corollary D.3b, the w—quasiperiodic function ¢ has a unique w-generator ¢ and
this w-generator is R*3-valued, i.e., t € Cp, (R, R3*3). Of course, for every integer
n, t(n) = t(2rnw). I define the function T € Cp.,. (R, R3*3) by T(¢) := t(¢p — ¢y).
Clearly, for every integer n, t(n) = t(2rnw) = T(¢¢ + 2mnw).

To show the uniqueness of T', let 7" be an arbitrary function in Cpe, (R, R3*3)
such that, for all integers n, t(n) = T"(¢o + 2mnw). Thus ¥’ € Cper(R?, R??), defined
by #(¢) := T'(¢o + ¢), satisfies, for every integer n, '(27rnw) = T' (¢ + 2mnw) = t(n)
whence # is an w-generator of . However, since ¢ is the unique w-generator of ¢, I

conclude that ¢ =t whence T = T".

I now show that 7' € Cper (R4, SO(3)). If m € Z% n € Z then T(¢o + 2mnw +
2mm) = t(2mnw + 2mm) = t(2mnw) = t(n) whence TT (¢ + 2mnw + 27m)T (¢ +
2mnw + 2mm) = tT(n)t(n) = I3z and det(T(dg + 2mnw + 27m)) = det(t(n)) = 1.
Thus, defining the set A := {¢g + 2mnw + 2rm : m € Z% n € Z}, we have for ¢ € A
that T7(¢)T(¢) = I3x3 and det(T(¢)) = 1. Since (1,w) is nonresonant, I conclude
from Theorem D.2 that the set A is dense in R%. Thus T7(¢)T(¢) = Isxs and
det(T(¢)) = 1 on a dense set of points ¢ so that, by the continuity of 7', I conclude
that T7(¢)T(¢) = I3x3 and det(T(¢)) = 1 for all ¢ € R? whence T is SO(3)-valued.
Since T' € Cpe,(RY, R?*3) T conclude that T’ € Cper(RY, SO(3)).

I now show that Ry, (T;w,A) € WT(d,w). By Definition 8.2, the function
S :Z — R3, defined by S(n) := t(n)e?, is an w—quasiperiodic spin trajectory over ¢
such that |S(n)| = 1. Thus by Theorem 8.1b an ISF S exists such that (8.1) holds
for all integers n. It follows, for every integer n, that T'(¢g + 2mnw)e® = t(n)e® =
S(n) = G(¢o + 2mnw) whence, for m € Z¢,n € Z, we have T (¢o + 2mnw + 27m)e® =
Gy + 2mnw + 2mm), ie., for ¢ € A,

T(¢)e’ = G(9) . (F.40)

Since the set A is dense in R? and since T and G are continuous I conclude that
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(F.40) holds for all ¢ € R%. Thus the third column of T is the generator of an ISF
whence, by Theorem 7.9, Ry, (T;w,A) € WT (d,w). This implies that (w, A) is a

weak coboundary which completes the proof. ]

F.15 Proof of Theorem 8.5

Proof of Theorem 8.5a: Let (w, A) € SOT (d,w) and let v € Zy(w, A, ¢) for some
¢o € RY. Then, by Definition 8.4, there exists an w—quasiperiodic UPF t over ¢,
with UPR v. Furthermore, for every integer n, eq. (8.10) holds for A = v and t(n) =
u(2mnw) where u is an R¥*3-valued w-generator of t. Thus v € Cpe, (R R3*3),
defined by v(¢, 1) == u(¢) exp(JT¥)u’(0), is an (w, v)-generator of W, 4(; ¢y) since
U, a(n;¢o) = v(2mnw,2mnr). Therefore every spin trajectory over ¢q is (w,v)—

quasiperiodic. ]

Proof of Theorem 8.5b: Let (w,A) € ACB(d,w) and (w,A’) := Ry,(T;w,A) €
AT (d,w) with T € Cpe,(R?, SO(3)). Let ¢p € R? and let the function t : Z — SO(3)
be defined by t(n) := T(¢g + 2mnw).

Due to the inclusions (7.12) we have (w, A") € W7 (d,w) so that I can apply
Theorem 8.3a leading me to the result that ¢ is an w—quasiperiodic SPF over ¢.
Thus to show that ¢ is a UPF I have to compute its differential phase function. In fact
using Proposition 7.5b and Theorem 8.3a I obtain, for n € Z, that A(n) = |v] = v
where v := PH(A). O

Proof of Theorem 8.5¢: Let (w, A) € SOT (d,w) and let (1,w) be nonresonant. Let
(w, A) have an w—quasiperiodic UPF t over some ¢y € R? with UPR v.

Since t is an w—quasiperiodic SPF I can apply Theorem 8.3b by which a unique
T € Cper(RY, R3*3) exists such that, for all integers n, t(n) = T'(¢o+27nw). Moreover
T € Cper (R4, SO(3)).
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To prove the remaining claims I compute, by using (8.9),

exp(2mJ) = t'(n + 1) A(¢po + 2mnw)t(n)
=TT (o + 2m(n + D)w)A(dg + 27nw)T(¢g + 2mnw)

=TT (¢po + 27w + 2mnw + 2em) A(dg + 27w + 27m) T (¢g + 2mnw + 2mm) |

where n € Z,m € Z and where in the third equality I used the 2m-periodicity of A
and T. I conclude that for ¢ € A := {¢o + 2mnw + 27m : m € Z4,n € Z}, we have

exp(2nvJ) =TT (¢ + 2mw) A(P)T(9) . (F.41)

Since, by Theorem D.2, A is dense in R? and since A and T are continuous func-
tions I conclude that (F.41) holds for all ¢ in R% Defining (w, A’) € AT (d,w) by
U, a(n;¢) :=exp2rvJ) I get PH(A') = v and, by (F.41), for ¢ € R,

A(¢) = T"(¢ + 21w) A($)T(9) - (F.42)

Applying Definition 7.2 to (F.42), yields that (w, A’) = Ry (T;w, A) which completes
the proof. Clearly, since PH(A’") = v we also have v € Z;(w, A). O

F.16 Proof of Theorem 8.6

Proof of Theorem 8.6: Let (w, A) € SOT(d,w) and let ¢y € R Let also v €
Za(w, A, ¢p). In the lines before Theorem 8.6, I already showed that [v], C Za(w, A, ¢o)

so my task is to prove the converse inclusion [v], D Ea(w, A, ¢p).

Let 7 € Zy(w, A, ¢p) so I am done when I show that 7 ~, v. Let ¢, be w-
quasiperiodic UPF’s over ¢, and let v be the UPR of t and # be the UPR of ¢. I
define the two functions gy : Z — C by

g(n) = (t(n)(el + ie2))T (f(n)(el + i62)> . (F.43)

334



Appendix F. Proofs

Because t and t are w-quasiperiodic, g+ is w-quasiperiodic. By (8.9) we have, for

n € 4,
t(n 4+ 1)(e* £ie?) = A(¢o + 2mnw)t(n) exp(—27v.T ) (e' £ ie?) ,
t(n+1)(e! +ie?) = A(pg + 2mnw)t(n) exp(—270J ) (e* +ie?) ,
(F.44)
and by (C.2)
exp(—2mvJ)(e' +ie?) = exp(£i2rv)(e! +ie?)
exp(—270.J)(e' +ie*) = exp(i270)(e* + ie?) .
(F.45)

It follows from (F.44),(F.45) that, for n € Z,

t(n + 1)(e' £1ie?) = exp(Fi2mv) A(¢ + 2mnw)t(n)(e' £ ie?) ,

t(n+1)(e' +ie?) = exp(i270) A(po + 2mnw)i(n) (e + ie?) ,
whence (F.43) yields
gr(n+1) = (t(n +1)(e' £ i62)> (f(n +1)(e! + i€2)> = exp(i2m (v + 1))
-(A(% + 2mnw)t(n)(e! £ z'e2)> (A(% + 2mnw)t(n)(e! + ieQ))

= exp(i27 (v + 1)) (t(n)(e1 + i62)> (f(n) (el + ieQ))
= exp(i2n(£v + 7))g+(n) . (F.46)

By induction in n I obtain from (F.46) that
g+(n) = exp(i2mn(xv + 7)) g+ (0) . (F.47)

To exploit (F.47), I show that either g;(0) # 0 or g_(0) # 0. In fact, if g;(0) =
g—(0) = 0 then by (F.43) the 11, 12,21, 22 matrix elements of ¢* (0)£(0) vanish whence
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t7(0)£(0) has zero determinant which is a contradiction to the fact that t7(0)#(0) €
SO(3). I thus have shown that either g, (0) # 0 or g_(0) # 0.

I first consider the case when g4 (0) # 0. Then by (F.47)
g+ (n)/g.(0) = exp(i2mn(v + 7)) is an w-quasiperiodic function of n. Since this func-
tion is exponential I can apply Theorem D.5 giving me that v+7 € Y,, whence v ~, v.
In the case when ¢g_(0) # 0 I obtain by (F.47) that g_(n)/g_(0) = exp(i2mn(—v+71))
is a w-quasiperiodic function of n. Applying again Theorem D.5, gives me that
—v+ v €Y, whence 7 ~, v. Thus I have shown that in any case 7 ~, v, which

completes the proof. ]

F.17 Proof of Theorem 8.7

Proof of Theorem 8.7a: Let (w, A) € SOT (d,w).

Let v € Z1(w, A). To prove the first claim, I have to show that [v], C Zi(w, A).
By Definition 7.11, a T € Cpe,(R% SO(3)) exists such that (w, A) := Ry, (T;w, A) €
AT (d,w) and PH(A) = v. For j € Z% I define T ; € Cper(R% SO(3)) by

Ty j(0) =T(d)exp(=T5"¢) . T j(6):=T(d)exp(Tj )T,

and abbreviate (w, Ay ;) = Rgo(Tyj;w,A). I obtain by Definition 7.2 that, for
¢ € RY,

AL j(150) =TT (¢ + 27w) A(¢) Ty ;(9)
= exp(J5" (¢ + 270) T (¢ + 27w) A(6)T(6) exp(—T j" ¢)
= exp(J 57 (¢ + 27w)) A(¢) exp(—T " ¢)
= exp(Jj" (¢ + 27w)) exp(J 2mv) exp(—T " ¢) = exp(T2n(v + jTw)) . (F.48)

It follows from (F.48) and Proposition 7.5¢ that (w, A, ;) € AT (d,w) and PH(A, ;) =
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|v + j7w] whence, by Definition 7.11, |v + j7w| € Z;(w, A). T also obtain by Defi-
nition 7.2 and (7.20),(7.21) that, for ¢ € RY,

A () = T2 (¢ + 21w) A(6)T- 5(¢)
= T exp(=T " (¢ + 27)) T (¢ + 27w) A($)T () exp(T 57 $) T
= T exp(—=T 7 (¢ + 21w)) A(¢) exp(T§T6) T’
= J' exp(=Tj" (¢ + 27w)) exp(T 27v) exp(T j7 ¢) T’
= J exp(T27(v — j W) T = exp(T' T T 27 (v — jw)) = exp(—T2n(v — j w))
= exp(T27m(—v + jTw)) . (F.49)
It follows from (F.49) and Proposition 7.5¢ that (w, A_ ;) € AT (d,w) and PH(A_ ;) =
| —v + jTw] whence, by Definition 7.11, |—v + jTw| € Z;(w, A).

I thus can summarize that for ¢ € {1, —1},j € Z? I have |ev + jTw]| € Z1(w, A).
Therefore, using (8.11), I conclude, for v/ € [v],, that v/ € Z;(w, A) which proves

the first claim.

To prove the second claim, let y € ([0,1)NY,). If ¥ ~, y then ¢ = ey + ¢
with e € {1, -1},y" € Y,,. Clearly ¥ € ([0,1) NY,,) whence [y], C ([0,1)NY,). If
conversely 3 € ([0,1)NY,,) then y' = y+ (v’ —y). Since (y' —y) € Y,, I conclude that
y' € [y], whence [y], D ([0,1) NY,). This completes the proof of the second claim.

Let p € Z(w,A) NY,. Thus p € ([0,1) NY,) whence, by the second claim,
1w = ([0,1)NY,). Since p € Z4(w, A) we thus get by the first claim that ([0,1) N
Y,) = [po € Z1(w, A). Thus if = (w, A)NY,, # () then ([0,1)NY,,) C Z;(w, A) which
proves the third claim. O

Proof of Theorem 8.7b: Let (w, A) € SOT (d,w), let ¢y € R? and v € = (w, A).

By Definition 7.11, a T' € Cp-(R%, SO(3)) exists such that
(w,A) = Ry(T)w,A) € AT (d,w) and PH(A’') = v. Thus by Theorem 8.5b an w—
quasiperiodic UPF t exists over ¢ and which has the UPR v whence v € Z5(w, A, ¢g).
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I conclude that the inclusion (8.14) holds.

Since v € Zy(w, A, ¢g) we have by Theorem 8.6 that [v], = Za(w, A, ¢g). I thus

conclude from Theorem 8.7a that

EZ(wv A: ¢0) = [V]w C El<w7 A) C EQ(wa A7 ¢0) )

whence Zy(w, A) = E5(w, A, ¢g). I thus have shown that if =;(w, A) is nonempty,
then = (w, A) = Za(w, A, ¢y). O

Proof of Theorem 8.7c: Let (w, A) € SOT (d,w), ¢y € R? and let (1,w) be nonres-
onant. By the inclusion (8.14) I only have to show that =;(w, A) D Zs(w, A, ¢g) so
let v € Zp(w, A, ¢). Thus an w—quasiperiodic UPF exists over ¢, whose UPR is v.
Applying Theorem 8.5¢ now gives v € Z;(w, A). O

Proof of Theorem 8.7d: Let (w,A) € SOT(d,w) and let Ry,(Tiw,A) = (w, A")
where T' € Cper (R, SO(3)). Let also ¢ € R? and v € Z3(w, A, ¢y), i.e., let there
be an w-quasiperiodic UPF ¢ of (w, A) over ¢y with UPR v. I define the function
t' 7 — SO(3) by t'(n) := TT (¢ + 27nw)t(n). Clearly t' is w-quasiperiodic. Using
Definitions 7.2 and 8.4 I obtain for all integers n

tT(n +1)A' (¢o + 2mnw)t'(n) =
tT(n + 1)T(¢o + 2m(n + 1)w) A’ (¢o + 27nw)TT (¢o + 27nw)t(n)
=t"(n +1)A(¢o + 2mnw)t(n) = exp(2rv.T) . (F.50)

Using again Definition 8.4, I obtain from (F.50) that ¢ is a UPF of (w, A’) over ¢q
with UPR v. Since ' is w-quasiperiodic I conclude that Zy(w, A, ¢g) C Zg(w, A', ¢).
Reversing the roles of A and A’ I also obtain that Zs(w, A, ¢o) D Za(w, A', ¢g) whence
Zo(w, A, ¢g) = Zo(w, A, dp).- O
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F.18 Proof of Proposition 8.9

Proof of Proposition 8.9a: Let (w, A) € SOT (d,w).

If (w,A) € ACB(d,w) then Z;(w, A) is nonempty whence, by Theorem 8.7b,
Ei1(w, A) = Za(w, A, ¢g) for all ¢y in R? so that (w, A) is well-tuned and the spin

tunes of first and second kind are the same.

If v € Z1(w, A) then, by Theorem 8.7b, v € Z5(w, A, ¢) for arbitrary ¢, € R?
whence, by Theorem 8.6, Za(w, A, ¢9) = [V]w. Also, if v € Z;(w, A) then = (w, A) is
nonempty whence, by Theorem 8.7b, =1 (w, A) = Zs(w, A, ¢p). Thus if v € Z;(w, A)
then = (w, A) = [V],. The third claim follows from Theorem 8.6. O

Proof of Proposition 8.9b: Let (w, A), (w, A") € SOT (d,w) and (w, A) € ACB(d,w).

If v € =) (w, A)NZE; (w, A) then, by Proposition 8.9a, = (w, A) = [V], = Z1(w, A").
Thus either Z;(w, A) NE;(w, A') =0 or Z;(w, A) = Z1(w, A"). Clearly, in the former
case, we have (w, A) o4, (w, A’) since otherwise, by Proposition 7.12a, I would have

Z1(w, A) = Z1(w, A'). In the latter case we have, by Proposition 7.12a, (w, A) ~4.
(w, A’) whence (w, A") € ACB(d,w). O

Proof of Proposition 8.9c: Let (w, A) € SOT (d,w) and let (1,w) be nonresonant.

If (w,A) is well-tuned then, by Theorem 8.7c, =;(w, A) is nonempty whence
(w,A) € ACB(d,w). If (w,A) € ACB(d,w) then, by Proposition 8.9a, (w,A) is
well-tuned. I thus have shown that (w, A) is well-tuned iff (w, A) € ACB(d,w).

If (w, A) is well-tuned then, by the first claim, Z;(w, A) is nonempty whence, by
Theorem 8.7b, all Zy(w, A, ¢g) are equal to Z;(w, A) where ¢y varies over RY. Thus

El(w,A) :EQ<W,A) O

Proof of Proposition 8.9d: Let (w, A) € SOT (d,w) and ¢y € R%. If v is a spin tune

of second kind then v € Zy(w, A, ¢9) whence by Theorem 8.5a every spin trajectory
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over ¢ is (w,v)-quasiperiodic. The second claim follows from the first claim and

(8.14). O

Proof of Proposition 8.9e: Clearly if (w, A) is well-tuned then the Z5(w, A, ¢g) have
a common element. I now consider the case that the Z3(w, A, ¢y) have a com-
mon element v. Then by Theorem 8.6 for every ¢o, Z2(w, A, ¢o) = [v], whence

all Z9(w, A, ¢g) are nonempty an equal, i.e., (w, A) is well-tuned. O

Proof of Proposition 8.9f: By Theorem 8.6 either Zs(w, A, ¢p) is empty or
Zo(w, A, ¢g) = [V], for some v whence Z5(w, A, ¢g) has countably many elements. It

follows by Theorem 8.7b that =;(w, A) has countably many elements.

Since each Zy(w, A, ¢) has countably many elements, it follows for a well-tuned
(w, A) that Z5(w, A) has countably many elements. Thus if Z(w, A) has uncountably

many elements, then (w, A) is ill-tuned. O
Proof of Proposition 8.9g: Let (w, A), (w, A") € SOT (d,w) with (w, A) ~g. (w, A").

If (w, A) is well-tuned then all Z5(w, A, ¢g) are nonempty and equal whence, by
Theorem 8.7d, all Zy(w, A’, ¢y) are nonempty and equal. Reversing the roles of A
and A’ I conclude that either both spin-orbit tori (w, A), (w, A") are well-tuned or
both of them are ill-tuned.

To prove the last claim let (w, A), (w, A") be well-tuned. Then, by Theorem 8.7d,
So(w, A) = Ea(w, A, ¢g) = Za(w, A, ¢g) = Ea(w, A’) where ¢y is any element of R?.
[

F.19 Proof of Proposition 8.10

Proof of Proposition 8.10a: Let (w, A) be on spin-orbit resonance of first kind. Then
0 € Z1(w, A) and, by Proposition 8.9a, (w, A) is well-tuned and 0 is a spin tune of
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second kind. Thus (w, A) is on spin-orbit resonance of second kind.

Let (w, A) be off spin-orbit resonance of first kind. Then 0 ¢ =;(w, A) and, by
Proposition 8.9a, (w, A) is well-tuned and 0 is not a spin tune of second kind. Thus

(w, A) is off spin-orbit resonance of second kind. O
Proof of Proposition 8.10b: Let (w, A) € SOT (d,w).

If (w, A) is on spin-orbit resonance of second kind, then 0 is a spin tune of second
kind so that, by Proposition 8.9d, every spin trajectory is (w, 0)-quasiperiodic whence

w—quasiperiodic.

I now consider the case that every spin trajectory is w—quasiperiodic. Let ¢y €
R?. Since W, 4(+; ¢o) is w—quasiperiodic, we have by Remark 2 of Section 8.3 that
U, 4(+; ¢o) is an w—quasiperiodic UPF over ¢ with zero UPR. Thus 0 € Zy(w, A, ¢p)
whence, by Proposition 8.9¢, (w, A) is well-tuned and 0 is a spin tune of second kind.

Therefore (w, A) is on spin-orbit resonance of second kind. U

Proof of Proposition 8.10c: Let (w, A) € SOT (d,w). I first consider the case when
(w, A) is on spin-orbit resonance of first kind. Thus 0 € Z;(w, A) whence, by Theorem
8.7a and Proposition 8.9a, =;(w, A) = [0], = [0,1) NY,. On the other hand if
Z1(w, A) =10,1)NY,, then 0 € =Z1(w, A) so that (w, A) is on spin-orbit resonance of
first kind. I thus have shown that (w, A) is on spin-orbit resonance of first kind iff

= (w, A) =[0,1)NY,.

To prove the second claim let first of all (w, A) be on spin-orbit resonance of first
kind. Then 0 € Z;(w, A) whence m € Z% n € Z exist such that (8.15) holds for
v = 0. If conversely v € Z;(w, A) and m € Z% n € Z exist such that (8.15) holds
then v € ([0,1)NY,) and, by Theorem 8.7a and Proposition 8.9a, =) (w, A) = [v], =
[0,1) NY,, whence, by the first claim, (w, A) is on spin-orbit resonance of first kind.
0
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Proof of Proposition 8.10d: Let (w,A) € SOT (d,w). I first consider the case that
(w, A) is on spin-orbit resonance of second kind. Thus 0 is a spin tune of second
kind whence, by Theorem 8.7a and Proposition 8.9a, Zs(w, A, ¢y) = [0], = [0,1)NY],
for all 9 € R% T now consider the case that Zp(w, A, ¢) = [0,1) N'Y,, for all
do € RY. Clearly, (w, A) is well-tuned and 0 € Z3(w, A) whence (w, A) is on spin-

orbit resonance of second kind.

To prove the second claim let first of all (w, A) be on spin-orbit resonance of
second kind. Then 0 is a spin tune of second kind whence m € Z% n € Z exist
such that (8.15) holds for v = 0. If conversely v is a spin tune of second kind and
m € 7% n € 7 exist such that (8.15) holds then v € ([0,1)NY,,) whence, by Theorem
8.7a and Proposition 8.9a, Z5(w, A) = [v], = [0,1) NY,, so that 0 is a spin tune of

second kind which implies that (w, A) is on spin-orbit resonance of second kind. [

Proof of Proposition 8.10e: Let (w, A), (w,A’) € SOT (d,w) be on spin-orbit res-
onance of first kind. Thus, by Definition 7.11, 0 € Z;(w, A),Z;(w, A’) whence,
by Proposition 8.9a, Zi(w, A) = [0], = Z1(w, A") so that, by Proposition 7.12a,
(W, A) ~gp (w, AY). n

Proof of Proposition 8.10f: Let (w, A), (w, A") € SOT (d,w) with (w, A) ~g, (w, A’).

If (w, A) is on spin-orbit resonance of second kind then 0 is a spin tune of second
kind of (w, A) whence, by Proposition 8.9g, (w, A’) is well-tuned and 0 is a spin tune
of second kind of (w, A") so that (w, A’) is on spin-orbit resonance of second kind.
Reversing the roles of A and A’ one sees that either both of (w, A), (w, A") are on

spin-orbit resonance of second kind or neither of them.

If (w, A) is off spin-orbit resonance of second kind then (w, A) is well-tuned and
0 is not a spin tune of second kind of (w, A). Thus, by Proposition 8.9g, (w, A is
well-tuned and 0 is not a spin tune of second kind of (w, A") so that (w, A") is off

spin-orbit resonance of second kind. Reversing the roles of A and A’ we see that
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either both of (w, A), (w, A’) are off spin-orbit resonance of second kind or neither of
them. g

Proof of Proposition 8.10g: Let (w, A) € SOT (d,w) and let (1,w) be nonresonant.
Let (w, A) have an ISF Sg and an ISF which is different from Sg and —Sg. Then,
by Theorem 7.13, (w,A) is on spin-orbit resonance of first kind. Applying now

Proposition 8.10a, one concludes that (w, A) is on spin-orbit resonance of second

kind. U

F.20 Proof of Theorem 8.11

Proof of Theorem 8.11a: =: Let (w, A;) € ACB(d,w). Thus, by Definition 7.6, a
T" € Cper(R4,SO(3)) exists such that (w, Ag) := Ry, (T";w, Ay) € AT (d,w). Then,
by Theorem 7.14b, a T' € Cper (R, SO5(2)) exists such that either Ry, (T;w, A;) =
(w,As) or Ryo(T'T";w, A1) = (w, A2). In both cases we have, by Corollary 7.15a,
that (7.32),(7.34) hold where g := PHF(T) € Cpe,(R%, R).

<: Let M; = 0 and let g € Cper(R%R) such that (7.34) holds. Defining T €
Cper (R, SO3(2)) by

T(8) = exp(T2m9(0)
I get from (7.30),(7.32), (7.34), for ¢ € R%,
70+ 2m) (O (6) = exp( TT-2r9(6 + 27
oxp(Tns)]) exp( T12na(o)]
= oxp( 71259(6) - 2ng(0 -+ 2m0) + 21110

= exp (j[27rg((b) — 2mg(¢p + 2mw) + 27 f1(B) + 27rf170}) =exp(J[2nfi0]) . (F.51)
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Thus Definition 7.2 and Proposition 7.5¢ give Rq.(T;w, A1) € AT (d,w) whence

(w, Ay) is an almost coboundary. O

Proof of Theorem 8.11b: Let M; = 0 and let g € Cpe,(R%, R) exist such that (7.34)
holds. I pick a N € Z¢ and define T' € Cp.(R%, SO3(2)) by (7.29). Defining (w, Ay) :=
Ry (T;w, Ay), I obtain from Definition 7.2 and (7.29),(7.30),(7.32), (7.34) that, for
¢ € RY,

Amm:7”w+am@A¢@Twy:mpCﬂ—NU¢+2m»—%ww+2mm)
- exp (j[% f1(¢)]) exp (j[NTqb + 27rg(¢)])
— exp Torgl6) 2mglo + 2m) ~ 3N 2540
man%g@yamﬂ¢+2m®—2ﬂW@+@mﬂwy+%ﬁd)

= exp (j[—27rNTw + 27Tf1,0]> )

whence (8.16) holds and Proposition 7.5¢, Definition 7.11 give (w, A2) € AT (d,w)
and |—NTw+ f10] € Z1(w, A1). Defining (w, A3) := Ry (TJ';w, A1), I obtain from
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Definition 7.2 and (7.20),(7.21), (7.29),(7.30),(7.32), (7.34) that, for ¢ € R?,

= (T(¢ + 27w) TNV AP T ()T = T'TT (¢ + 27w) Ay () T() T’
_ Jexp (J _NT(6+ 2m0) — 2mg(é+ m)}) exp <J[2Wf1(¢)])

- exp (j [NT¢ 4+ 2mg ¢)]>j/

exp | T[=NT (¢ + 2nw) — 2mg(¢ + 2nw) + 2w f1(¢) + N + 27Tg(¢)])j'

7o (1
J' exp <j 27g(¢) — 27g(¢ + 27w) — 20 NTw + 27 f1(4) + 27 f1,0]> J
=Je <j —2rNTw + 21 f; 0])

= exp (j’jj/[—%NTw + 27 fm]) = exp (—j [—2aNTw + 27 fl,o])

= exp (j[QﬂNTw — 27Tf1,0]) )

whence (8.17) holds and Proposition 7.5¢, Definition 7.11 give (w, A3) € A7 (d,w)
and LNTLU — f170J S El(w, Al) ]

Proof of Theorem 8.11¢c: Let (w, Ay) € ACB(d,w). Thus, by Proposition 8.9a, (w, A;)
is well-tuned. Moreover, by Theorem 8.11a, M; = 0 and a g € Cpe,(R% R) exists
such that (7.34) is true for all ¢ € R%. Thus I can apply Theorem 8.11b so that, by
choosing N := 0 € Z% 1 find | f10] € Z1(w, A1). This implies, by Proposition 8.9a,
that (8.18) holds. O

F.21 Proof of Corollary 8.12

Proof of Corollary 8.12a: By the transitivity of ~g, we have (w,A), (w, A1) €
ACB(d,w) whence, by Proposition 8.9a, (w, A) and (w, A;) are well-tuned. Since
(w, A1) € ACB(d,w) I obtain from Theorem 8.11c that (8.18) holds. On the other
hand, since (w, A) ~4., (w, A1), I obtain from Proposition 7.12a and Theorem 8.7d
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that
Ei(w,4) = Ei(w, A1) , Ea(w, A) = Ea(w, Ar) ,

whence, by (8.18), I conclude that (8.19) holds. O

Proof of Corollary 8.12b: Recalling from the proof of Corollary 8.12a that (w, A;) €
ACB(d,w) I obtain from Theorem 8.11a that M; = 0 whence Proposition 7.5a gives
(8.20). Defining the function F' : Z — R by F(n) := fi(2rnw) I note that f; is
an w-generator of the w-quasiperiodic function F. We recall from the definition of

ax(F,0) (with £ =0,1,...) in Section D.3 that, for n = 1,2, ...,

n—1 n—1
1 1 _
an_1(F,0) EZ F(j EZ fi(2mjw) . (F.52)
7=0 7=0
Since (1,w) is nonresonant, Lemma D.4c gives
fio = lim a,(F,0) =: a(F,0), (F.53)

where in the second equality I used the definition of a(F,0) from Section D.3. Col-
lecting (F.52), (F.53), I obtain (8.21). O

Proof of Corollary 8.12c: 1 define the function ¢ : Z — SO(3) by t(n) := T'(2rnw).
Since Ry,(T;w,A) € WT(d,w) I can apply Theorem 8.3a by which ¢ is an w-
quasiperiodic SPF of (w, A) over 0 € R?. Since ¢ is an SPF of (w, A) over 0 € R? I
can apply (8.6) so that, for n € Z,

W, 4(n;0) = t(n) exp(T2mu(n))tr (0) (F.54)

where g is the integral phase function of ¢. Using again Theorem 8.3a and noting

that, by Corollary 8.12b, Indy(A;) = M; = 0, I obtain, for n € Z,

p(n) = [f(n,0)], (F.55)
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where f(n,-) := PHF(V, 4,(n;-)). Since, by Corollary 8.12b, we have, for ¢ €
R% n=1,2,..., that

L7, 9)) = 1Y ful6 -+ 2m0)]

I get from (F.55) that, forn =1,2, ...,

pln) = 1) fi(2mjw)] . (F.56)
=0
I conclude from (F.54),(F.56) that, for n = 1,2, ...,
U, 4(n;0) =t(n)exp (jQW\_i f1(27rjw)j>tT(0) :
=0

whence (8.22) holds for n = 1,2, ... which proves the first claim. Note incidentally
that by the definition of PHF T have | f(n,0)| = f(n,0), but this fact is not needed

here since it does not simplify the above argumentation.

To prove the second claim, I define the function S : Z — S%* by S(n) =
W, 4(n;0)t(0)e!. Tt is clear by (6.3) that S is a spin trajectory of (w, A) over 0 € R?.
It follows from (F.54),(C.2) that, for n € Z,

cos(2mu(n))
t"(n)S(n) = t" (n) Wy, a(n; 0)t(0)e" = exp(T2mpu(n))e' = | sin(2mru(n)) | .
0
whence, for n € Z,
cos(2mp(n))
(er +ie>) Tt (n)S(n) = (e! +ie?)” sin(27mp(n))
0

= cos(2mpu(n)) + isin(2mu(n)) = exp(i2ru(n))

so that, by (F.56), we have, for n = 1,2, ...,
(e' +ie*)Tt" (n)S(n) = exp <i27r Lz_: f1(27rjw)j> :
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which implies (8.23). O

F.22 Proof of Proposition 8.14

Proof of Proposition 8.14: Let (w, A) € WCB(d,w) and let me pick a 7" € Cper (R4, SO(3))
such that Ry, (T";w, A) =: (w, A") € WT (d,w). I pick any s’ € {1, —1}% and define
T € Cper (R, SO(3)) by
T:=Tg\" . (F.57)

Defining (w, A”) := Ry, (T;w, A) I get, by Definition C.14, Theorem 7.3a and (F.57),
that, for n € Z, ¢ € RY,

W ar(n; 8) = T7 (¢ + 27nw) Wy (3 ) T(6)

= (g5")" (@ + 2mnw) (1) (¢ + 2mneo) s a(m; )T (6) 5 (6)

= (95) (6 + 2mnw) W ae(m; )98 (6) (F.58)
Since U, 4/(n;-) is SO3(2)-valued I conclude from (F.58) that W, 4#(n;-) is SO3(2)-
valued whence (w,A”) € WT(d,w). Eq. (F.57) and Theorem C.15a give me
Inds 4(T) = Ind37d(T’ga(lsl)) = INd;g,d(T/)ITLdg,d(g((;I)) whence, by Theorem C.15¢,
Inds 4(T) = Indsq(T')s’. Thus choosing s' appropriately, Indsq(T) can assume

any value s in {1, —1}%¢ which proves the first claim.

To prove the second claim let (w,A) € ACB(d,w) and let me pick a 7" €
Cper(R%, SO(3)) such that Ry, (T";w,A) =: (w,A") € AT (d,w). 1 pick any s’ €
{1, -1} and define T' € Cp.(R?, SO(3)) by (F.57). Defining (w, A”) := Ry, (T;w, A)
I get, by Definition C.14 and (F.58), that, for n € Z, ¢ € R?,

Wy (m:.6) = (57) (6 + 2mn) Vo e (3 6) ()
= (04")" (& + 2mn0)g” (9) Ve (3 0)

= exp(=Jmn Y (1= si)wi) Vo ar(n; 0) . (F.59)

i=1
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Since U, 4(n;¢) is in SO3(2) and independent of ¢ I conclude from (F.59) that
U, av(n; ¢) is in SO3(2) and independent of ¢ whence (w, A”) € AT (d,w). From
the proof of the first claim I know that Inds 4(7") = Inds4(1")s’. Therefore choosing
s' appropriately, Indz4(T) can assume any value ¢ in {1, —1}¢. Thus, by Definition

8.13, every =} (w, A) is nonempty which proves the second claim. O

F.23 Proof of Theorem 8.15

Proof of Theorem 8.15a: Let (w,A) € ACB(d,w) and let (1,w) be nonresonant.
Let T; € Cper(RY, SO(3)) such that (w, 4;) = Ry, (T;;w, A) € AT (d,w) and v; =
PH(A;) where i = 1,2. T also abbreviate s := Inds4(T) where T := TI'T, €
Cper (R, SO(3)). The proof goes along the lines of the proof of Theorem 7.14b. By
Definition 7.2 and Proposition 7.5b, I have, for ¢ € RY,

T1(¢ + 27w) exp(T 2mn ) T1 (¢) = A(9) = To(d + 27w) exp(T 2m2) Ty (¢)
whence, for ¢ € RY,
exp(J2m1)T(¢) = T(¢ + 27w) exp(T 27rs) . (F.60)
Abbreviating t := T'¢® € Cper (R, S?), T conclude from (F.60) that, for ¢ € R,
exp(J 27 )t(¢p) = t(¢p + 27w) . (F.61)
Defining, for j = 1,2,3, ¢; := ¢/ € Cpor(R% R) I have, by (F.61), for ¢ € R%,
£4(6) = 14(6 + 2m) (F.62)

Because (1,w) is nonresonant I conclude from (F.62) and Corollary D.3a that ¢5 is
constant so that only the following three cases can occur: Case (i) where |t5] < 1,

Case (ii) where t3 = 1, Case (iii) where t3 = —1.
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I first consider Case (i). Because the constant t, := /1 — 3 is nonzero, the
function g, : R? — R**3, defined by

gi(g)=| =2 uld o |, (F.63)
0 1

belongs to Cpe,(RY, SO3(2)) and satisfies, for ¢ € RY,
t(¢) = ti(@)e’ + ta(@)e® + tze® = gi(9)(toe" + tze’) . (F.64)
Combining (F.61) with (F.64) results, for ¢ € R?, in

exp(J2711)g1(9) (toe' + tze?) = exp(T 2711 )t(¢) = (¢ + 27w)

= g1(¢ + 27mw) (toe + t3e?) |
whence, for ¢ € R?,

exp(T2m11)g1(0) g1 (¢ + 27w) (toe' + tze?)
= g7 (¢ + 27w) exp(T2711) g1 (@) (toe' + t3e?) = (toe' +t3e®) . (F.65)

Since exp(J2711)g1(9)gi (¢ + 27w) is in SO3(2), I conclude from (F.65) that, for
¢ € R,

exp(JT2m11)g1(9) g1 (¢ + 2mw)tee’ = toe' . (F.66)

Using again the fact that exp(J2mv1)g1(0)g! (¢ + 27w) is in SO3(2) and since tg is
nonzero, (F.66) implies that, for ¢ € R?

exp(T2m11)g1(9) g1 (¢ + 27w) = I3y . (F.67)

Since tge! + t3€3 is a constant unit vector, a constant matrix ¢ exists in SO(3) such

that te® = tge! + t3€3, whence (F.64) and the definition of ¢ imply

gite® =Te? . (F.68)
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Thus and due to Lemma 7.8a I obtain that 77 g, is SO3(2)-valued. I thus can define
g2 € Cper(R?,S05(2)) by

go =T git . (F.69)
Since T' = gitg), (F.60) gives me, for ¢ € R%,

exp(T27v1)g1(0)tgs (¢) = exp(T2m1)T(¢) = T(¢ + 2nw) exp(T 27v)

= g1(¢ + 27w)tgs (¢ + 2mw) exp(T 271s) |

whence, for ¢ € R?,

(eXP(JQWVl)gl(Qb)gf(éﬁ + QWw)) f(GXp(—JQWW)ng(@gz(sb + 27TW)> =1,
so that, due to (F.67), for ¢ € R,

exp(—T2715) g2 (¢)ga(d + 2mw) = 33 . (F.70)

Since g1 € Cpe, (R, SO3(2)), Definition C.12 gives me, for ¢ € R?, g;(¢) = exp(T[NT ¢+
2 f(¢)]) where N := Inda4(g1), f := PHF(g1). Thus (F.67) gives me, for ¢ € R?,

exp(T2n[vy + f(¢) — f(o + 21w) — NTw]) = I3y,
whence, by Theorem C.11a,
vi+ f(¢) = f(o+w) - N'w=M, (F.71)

where M is a constant integer. Using the 27-periodicity of f and taking the integral
JZdgy -+ [77 dga of (F.71) it follows that

vi=Nw+M. (F.72)
Since (F.67) implies (F.72), analogously (F.70) implies

vy = NTw+ M, (F.73)
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where M’ is a constant integer and N’ := Inds 4(g2). Eq. (F.72),(F.73) give me, for
¢ € R,

vi—vy=(N—-NYw+M-M, (F.74)

whence, by Definition D.1, (v; — 1n) € Y,,. To show that (1, —1n) € Y. I abbreviate
s' := Inds4(g;) where i = 1,2. Then, by (F.69) and Theorem C.15a, we have

s = Indsq(T) = [ndgyd(glfgg) = Indgjd(gl)]ndg,d(f)lndg’d(gg)
= [nd?,,d(gl)Indg’d(f)[nd&d(gg) = sllndg’d(f)sz ,

whence, by Definition C.14,
s=s'Indsq(t)s* = s'(1,...,1)Ts* = s's*. (F.75)
Since N = Indy4(g1) and N’ = Inds 4(g2), Theorem C.15b gives me
st = (=)™, .., (=1)¥)T and s> = ((—=1)M, ..., (—=1)Na)T whence, by (F.75),
T T
5= <(—1)N1+Ni, (—1)Nd+Né> = ((—1)N1—Ni, (—1)Nd—Né> . (F.76)
I conclude from (F.74),(F.76) and Definition 8.13 that (1, — 1s) € Y.

I now consider Case (ii). Because Te® = ¢ I obtain, due to Lemma 7.8a, that T'
is SO3(2)-valued. Since T' € Cpe, (R, SO3(2)), we have, by Definition C.12, that, for
¢ € R T(¢) = exp(T[NT¢ + 2nf(¢)]) where N := Indy4(T), f :== PHF(T). Thus
(F.60) gives me, for ¢ € R?,

exp(J27[vy — va + f(¢) — f(6 + 2mw) — NTw]) = Tys
whence, by Theorem C.11a,

v — vy + f(@) — f(¢p+ 2mw) — NTw = M | (F.77)

where M is a constant integer. Using the 2m-periodicity of f and taking the integral
[2dgy - -+ [77 dga of (F.77) it follows that

v —vy=NTw+ M. (F.78)
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Thus, by Definition D.1, (v; — 1n) € Y,. To show that (v; — 1n) € Y I recall that
N = Indy4(T) whence, by Theorem C.15b, s = Inds 4(T) = (=)™, (=1)Na). 1
thus conclude, by (F.78) and Definition 8.13, that (11 — 1,) € Y5.

I now consider Case (iii). Because Te? = —e?, due to Lemma 7.8a, I obtain that
TJ' is SO3(2)-valued, where [J' is given by (7.20). Since TJ" € Cpe,(R%, SO5(2)),
we have, by Definition C.12, that, for ¢ € RY T($)T" = exp(T[NT ¢ + 27 f(4)])
where N := Indy4(TJ"), f :== PHF(TJ"). Thus (7.21),(F.60) give me, for ¢ € R,

exp(J 271y + 27 f(¢) + N ¢]) T’ = exp(T2m1)T(¢)T'T" = exp(T 2mv1)T ()
= T(¢ + 27w) exp(T27m1s) = T(¢ + 21w) T T exp(T 271

+ NP+ 20e NTW)) T’ exp( T 27vs)

+ NTp + 2ae NTW) T’ exp(T 2mv0) T T’

+ NT¢ 4+ 2n NTw]) exp(T' T T 27v5) T’

¢+ 21w) + NT¢ + 2 NTw]) exp(—=T 271,) T,

= exp(J 27 f(¢p + 27w
¢+ 2rw
xp(J[27

exp(J[2m

O+ 21w

I
@

f )
= exp(J 27 f( )
(T2 f( )
(T2 f( )

whence, for ¢ € R?,

exp(J27[v + v + f(¢) — f(¢ + 21w) — NTw]) = I35,
so that, by Theorem C.11a, for ¢ € R,
v+ vy + f(¢) = f(é+2mw) — NTw =M, (F.79)

where M is a constant integer. Using the 27-periodicity of f and taking the integral
[2dgy - -+ [27 dgy of (F.79) it follows that

vi4+vy=NTw+ M. (F.80)

Thus, by Definition D.1, (11 + 1) € Y,,. To show that (v + 1) € Y2 we recall that

N = Inds 4(T'J") whence, by Theorem C.15b,

Inds(TT") = (=)™, . (=) (F.81)
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By Theorem C.15a I have Inds (T J") = Inds 4(T)Inds 4(J') = sInds 4(J"), whence,
by Definition C.14, Indz4(TJ') = sIndz4(J') = s(1,...,1)T = s, so that, by (F.81),
s = ((=1)™, ... (=1))T . T thus conclude by (F.80) and Definition 8.13 that (1, +
) €Yr. O

Proof of Theorem 8.15b: Let (w, A) € ACB(d,w) and let v € Z"Y(w, A) (such a v
exists by Proposition 8.14). Thus a Ty € Cpe,(R?, SO(3)) exists such that (w, Ay) =
Riw(To;w, A) € AT (d,w) with v = PH(A) and Inds 4(Ts) = (1,...,1)". Let s €
{1,-1}% and v/ € Z5(w, A). Thus a T} € Cpe-(R%, SO(3)) exists such that (w, A;) :=
Ryo(T;w, A) € AT (d,w) with v/ = PH(A;) and Inds 4(11) = s. By Theorem C.15a

I have
Inds o(TETy) = Inds o(T ) Inds q(Ty) = Inds o(Th)Inds o(To) = s(1,.., )T = s,

whence, by Theorem 8.15a, I conclude that either (/' —v) € Y or (v/ +v) € Y.
Thus a y € Y7 exists such that either v/ = v + y or v/ = —v + y which proves the

claim. O

Proof of Theorem 8.15¢: Let = (w, A) N Y = () and s,s" € {1,—1}? with s # 5.
If =1 (w, A) = 0 then the claim is trivial so let me assume that (w, A) € ACB(d,w).

Thus, by Proposition 8.14, I can pick a v in Egl """ U(w, A). It follows from Theorem

8.15b that if the set Y, defined by
Yi={evt+y:yeYseec{l,-1}}n{dv+y vy eV e{l,-1}}, (F.82)
is empty, then Z5(w, A) N Z{' (w, A) = 0 which proves the claim.
Thus I am done if I show that Y is empty. I show this by contraposition, so let’s
assume that Y # (). Then, due to (F.82), e,¢’ € {1,—1} and x € Y, 2’ € Y exist

such that ev + x = €'v + 2/ whence, by Definition 8.13, j,j’ € Z,m,m’' € Z% exist
such that

evtj+mlw=ev+ji+mTw, (F.83)
s= (=)™, (D)™, S = (D)™ (=)m) (F.84)

354



Appendix F. Proofs

Note that, due to (F.84), (1,...,1)T # §'/s = ((—1)™~™ .. (—1)™a™a)T whence,
by Definition 8.13, we have, for every integer n,

(m' —m)Tw+n (M —m)Tw+n

5 ,— 5 € Yhai (F.85)

In the case ¢ = &/, (F.83) gives me (m' —m)?w + j' — j = 0 so that, since (1,w) is
nonresonant, m = m’,j = j' which, by (F.84), leads me to the contradiction that
s = &' In the case ¢ = —¢’, eq. (F.83) gives me 2cv = (m’ — m)Tw + j' — j whence
2v = e[(m' — m)Tw + j' — j], so that, by (F.85), v € Y/ which contradicts that
v € Z1(w, A) and 21 (w, A)NY 4 = (). This completes the proof that the assumption
Y # () is wrong,. O

Proof of Theorem 8.15d: Let (w, A) have an ISF Sg and let it also have an ISF
which is different from S and —Sg. It follows from Theorem 7.13 that (w, A) is
on spin-orbit resonance of first kind. Thus Z;(w, A) # 0 and, by Proposition 8.10c,
Zi(w, A) C Y, Since (1,w) is nonresonant, Definition 8.13 gives me Y/ NY, =0,
whence Z; (w, A)NY 4/ = (). Theorem 8.15¢ now implies that =5 (w, A)NZ} (w, A) = 0
if s # t. U

Proof of Theorem 8.15¢: The claim is trivial if Z;(w, A)N Y9 = () so let Z;(w, A)N
Yalf o4 () and let me pick a vy € 2 (w, A)NY | Let v, € Z1(w, A). Thus I am done
if the show that 15 € Yf“lf . Since v; € Ywhalf , Definition 8.13 gives me 21, = j+m7Tw,
where j € Z,m € Z* and ((—1)™,...,(—1)™4) # (1,...,1). Because, by Theorem
8.15a, either vy — 15 or v + vy is in Y, it follows that k € Z,n € Z% ¢ € {1,—1}
exist such that v = ey + k + n’w whence

v €j+2k+ (em+2n)Tw

j+mlw
=e——+k
5 +r+Nn w 5

(F.86)

1)

Clearly ((—1)smt2m  (—1)emat2nd) = ((—1)™, ..., (—1)™) # (1,...,1) whence, by
(F.86) and Definition 8.13, vy € Y/, O
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F.24 Proof of Lemma 8.16

Proof of Lemma 8.16: Let G € Cpe (R4, S?) be of class C! and let w € RY. The
following proof is a simple suspension argument of the subgroup Z of R. Defining

the function Q € C(R*! R3), for § € R, ¢ € R?, by
Q0,¢) = G(¢+ 0w) x (W'V)G(p + Hw) , (F.87)

where V is the gradient on R?, I consider the following family of initial value prob-

lems:

S(0) =Q(0,0) x S(0) , (F.88)
S(0) € R3¢ € RY. (F.89)

Since the ODE (F.88) is linear in S and since 2 is continuous and €2(6,-) is 27-
periodic, there exists [Am] a function ® € C(R¥! R3*3) such that ®(0;-) is 27-
periodic and such that (F.88),(F.89) are solved by

S(0) = @(6;9)5(0) - (F.90)
Defining, for ¢ € R,
A(9) == @(2m;9) (F.91)

one sees that (w, A) € SOT (d,w) if U, 4(n; ¢) is defined in terms of A(¢) by (6.4).
Clearly G is the generator of a spin field S¢ of (w, A).

I am thus done if I show that this spin field is invariant. I now consider for ¢ € R?
the function Sy : R — R3 by S4(6) := G(¢ + 6w). Clearly Sy is of class C'! and from
(F.87) I obtain, for 0 € R,

Ss(0) = (WIV)G(¢ + bw) = (G(gb + 0w) x (WT'V)G (¢ + Qw)) X G(¢+ Ow)
=00, 0) x G(¢+ w) = Q(0, ¢) x Sy(0) , (F.92)
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where in the second equality I used the fact that
GT(W'V)G =0. (F.93)

Note that (F.93) holds because G is of class C'' and S? valued. It follows from (F.92)
that Sy solves the initial value problem (F.88),(F.89) for S(0) = S,(0) = G(¢). It
thus follows from (F.90) that, for € R, ¢ € R?,

G(¢+ bw) = Sy(0) = 2(0;9)54(0) = ©(0; 9)G(9) , (F.94)
whence, by (F.91), for ¢ € R?,
G(¢ +2mw) = ®(2m;9)G(d) = A($)G(9) - (F.95)

I conclude from (F.95) and Proposition 6.3 that the spin field S¢ is invariant. O

F.25 Proof of Theorem 8.17

Proof of Theorem 8.17: Let w be in R? such that (1,w) is nonresonant and d > 2.
Then, by Theorem C.24c, a function G € C,.,(R?, S?) exists which is of class C* but
which has no 27-periodic lifting w.r.t. (SO(3),ps,S?), i.e., no T € Cpe,.(R?, SO(3))
exists whose third column is G. On the other hand it follows from Lemma 8.16 that

a (w,A) € SOT (d,w) exists for which G is the generator of an ISF Sg.

I now prove, by contraposition, that (w, A) & WCB(d,w). Thus let’s assume
that there is a T' € Cper(R%, SO(3)) such that Ry, (T;w, A) € WT (d,w). Clearly
Ryo(TT" w, A) € WT (d,w), too, where J' is defined by (7.20). Note that the third
column of T'7" is —g where g denotes the third column of 7. By Theorem 7.9, ¢
and —g are generators of ISF’s of (w, A). Clearly G # ¢,G # —g since otherwise
G would be the third column of 7" or T'J’. Since (1,w) is nonresonant, it follows
from the proof of Theorem 7.13 that a 7" € C,.,.(R?, SO(3)) exists such that G is
the third column of 7”. This is a contradiction whence (w, A) € WCB(d,w).
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I now prove, by contraposition, that Sg and —S¢ are the only ISF’s of (w, A).
Thus let’s assume that (w, A) has an ISF Sy such that H # G, H # —G. Then, by
Theorem 7.13, (w, A) is on spin-orbit resonance of first kind whence I arrive at the

contradiction that (w, A) € ACB(d,w) C WCB(d,w). O

F.26 Proof of Proposition 9.1

Proof of Proposition 9.1: Let (w, A) be a d-dimensional spin-orbit torus. By (6.9),(6.14),
I have, forn € Z, 9 € R% S € R?,

Loa(n;6,8) = Lu(nio) ) (F.96)

\IJW,A(TL; QS)S
It follows from (6.14),(F.96) and by the definition of h that
h(Lw,A<n; ¢7 S)) = Lw(n7 ¢) = Lw(”a h(¢17 sy ¢d’ S)) ) <F97)

where n € Z,¢ € R%, S € R3. Since h is continuous and recalling from Section
6.2 that (RT3, L, 4) is a topological Z-space, I conclude from (F.97) that h is a Z-
map from the topological Z-space (R L, 4) to the topological Z-space (R?, L,,).
Since h is also a projection onto the first d-components of R%*3 I thus conclude that
the topological Z-space (R4*3, L, 4) is a skew product of the topological Z-space
(R%, L,). O

F.27 Proof of Proposition 9.2

Proof of Proposition 9.2a: It follows from (9.7) that, for z € T¢,

LIN0;2) =z, (F.98)
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and, for m,n € Z,z € T¢,

LT (n; L (m; z)) = LT (n; exp(i2nmwy ) 21, ..., exp(i2mmwg) 2q)
T
= (eXp(iZW(m + n)wi)z, ..., exp(i27(m + n)wd)zd) = LD (m+n;2).

(F.99)
It follows from (F.98),(F.99) that LY is a Z-action on T%. Since L (n;-) is contin-

uous, (T, L((UT)) is a topological Z-space. I also recall that (R?, L,) is a topological
Z-space. Using (6.14),(9.7) and the definition of py 4 I get

p

S

d(Lw(n;0)) = paa(éd + 2mnw)

I
/\/\

T
exp(i[p1 + 2mnw)), ..., exp(i[pq + 27mwd]))

exp(i2mnwy ) exp(idy), ..., exp(i2mnw,) exp(i(bd))

(n; exp(i), ..., exp(iga)) = L (n; paa(9)) | (F.100)

where n € Z, ¢ € R%. It follows from (F.100) that p, 4 is a Z-map from the topological
Z-space (R%, L) to the topological Z-space (Td,LSJT)). Clearly pyq is continuous.
Since py 4 is also onto T¢ T thus conclude that the topological Z-space (R%, L,,) is an
extension of the topological Z-space (T¢, LE,T)). O

Proof of Proposition 9.2b: By (6.11),(9.6) we have, for z € T,
W, 4(052) = Inxs - (F.101)

By (9.8),(F.98),(F.101) we have, for z € T¢, S € R3,

z
LT (0:2,9) = . (F.102)
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By (6.6),(6.14),(9.6), (F.100) we have, for m,n € Z, ¢ € R?,

Wl (4 m;paa(d)) = Wy aln+m; @) = Uy a(n; ¢+ 2rmw) W, a(m; )

= W4 (05 paa(d + 20mw)) W, 4 (m; paa())

= W, 4 (1 paa(Lo(m; 9))) W, 4 (m; paa(9))

= WL, (n; L (5 paa(9)) WL, 4 (m5 paa(9)) - (F.103)

Since py 4 is onto T¢ we have by (F.103), and for m,n € Z, z € T¢,
WL, a(n+m;z) =V, 4(n; L (m; 2))W, 4(m; 2) . (F.104)
By (9.8),(F.99),(F.104) we have, for z € T¢,S € R, m,n € Z

LEZZX (n; LiT,zl(m; 2, S)) = Lfﬂ, (n; LI (m; 2), W, 4(m; z)S)

- L (n; L (m; 2) L msz)
WL, (s L (s 2)) W, 4 (m; 2)S W, 4(n+m; 2)S
= L)\ (m +n;2,5) . (F.105)

It follows from (F.102),(F.105) that Lfﬂ is a Z-action on T¢ x R3. Choosing the
product topology on T% x R* and using the fact that U, ,(n;-), LF )( -) are contin-
uous functions I find by (9.8) that Lg}l(n; 1) is continuous whence (T¢ x R3, Luﬂ) is
a topological Z-space. It follows from (F.96),(9.6),(9.8), (F.100) that for ¢ € R%, S €
R3. neZ

Psa(Lw,a(n; ¢, 5)) = ps.a (Lw(n;qﬁ),‘l’w,A(n; <Z>)S) _ [ pralle(nio))

Uy, a(n;9)S
nmd>> [ ) ) )
W, 4(n;paa(0))S |
(125 (6.5)) (F.106)

It follows from (F.106) that ps 4 is a Z-map from the topological Z-space (R43, L, 4)

to the topological Z-space (Td x R3 Lw A) Clearly ps 4 is continuous. Since ps 4 is
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is also onto T¢ x R3 I thus conclude that the topological Z-space (R*"3, L, 4) is an

extension of the topological Z-space (T4 x R?, LE)TA) O

Proof of Proposition 9.2c: Let (w, A) be a d-dimensional spin-orbit torus and let
(T? x R?, L) be a topological Z-space. Let also the function ps4 be a Z-map from
the topological Z-space (R43, L, 4) to the topological Z-space (T? x R3 L). Thus
by (9.5),(F.106) we have, for ¢ € R% S € R*,n € Z,

LG p1a(), 8) = LG4 (03 p5.a(@, 5))) = psal(Lua(n; 6,5)) = L(ni ps.a(é, 5))
Since pyq is onto T we have, by (F.107), that L = qua. O
Proof of Proposition 9.2d: Let (R%*3 L) be a topological Z-space, let (w, A) be
a d-dimensional spin-orbit torus, and let the function ps, be a Z-map from the
topological Z-space (R3, L) to the topological Z-space (T4 x R?, LLE}TL) Thus, for
¢ € RY S € R3 n € Z, we have, by (9.5),

ps.a(L(n; 6, 8)) = L (03 p5,4(0,5)) = L4 (i paa(6), S) . (F.108)
Abbreviating, for ¢ € R4, S € R3 n € Z,

L(n: 6, 8) =: LL"’"’)((”;(Z?) : (F.109)
spin n; o,

I get from (9.5),(F.106),(F.108), for ¢ € R%, S € R3 n € Z,
p4,d(Lo7“b<n; ¢7 S))

Lspin(n; ¢7 S)
L5 (n; paa(9))

\Ilw,A(n; ¢)S

whence, for ¢ € R, S € R3 n € Z,

= ps,a(L(n; 6. S)) = L\ (n; paa(), S)

Paa(Lors(n; 6, S)) = LI (105 paa(9)) , (F.110)
Lspm(n; ¢, S) = \P%A(TL; gb)S . (Flll)
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Note that (F.111) determines Lgy;,. To investigate L, I use (F.100),(F.110) to get,
for p € R, S € R3 n € Z,

Pra(Lors(n; ¢, 9)) = L (03 pra(¢)) = paa(Lo(n; 9)) . (F.112)

Since, for every n € Z, the functions Ly,(n;-) and L, (n; -) are continuous I conclude
from (6.14), (F.112) and Theorem C.11d that a function N : Z — Z? exists such
that, for ¢ € R%, S € R? n € Z,

Lowy(n: ¢, 8) = Ly,(n; ) + 2rN(n) = ¢ + 2mnw + 2nN(n) . (F.113)

Note that, by (F.113), Lom(n; ¢, S) is independent of S, i.e., for ¢ € R4, S € R? n €
Z,

orb( ¢ S) orb(n; ¢) : <F114)

Since L is a Z-action on R**3 we have, by (F.109),(F.114), that, for ¢ € R? m,n € Z,

Lorb<0'¢> _ L(O, ¢7 S) _ ¢ ’
spzn( (,b S) S

Lorb(n + m; (b)
Lspin(n + m; ¢7 S)

I Lory(m; ¢) - Lors(1; Lops (5 6))

spm( ¢7 ) Lspin<n; Lorb(m; ¢)7 LSpin(m; ¢’ S))

whence, for ¢ € R, m,n € Z,

= L(n+m;,5) = L(n; L(m; ¢, 5))

Lo(0:0) = ¢, Lon(n+m;¢) = Low(n; Lon(mi ¢)) . (F.115)
It follows from (6.14),(F.113),(F.115), that, for ¢ € R%, m,n € Z,
¢+ 27N (0) = L, (0;8) + 27N (0) = Loy (0;0) = ¢,
¢+ 21(n+m)w + 2N (n +m) = Ly(n + m; ¢) + 20N (n +m)
= Lort(n +m;6,.8) = Lont(1; Lory (m; 9)) = Loy (n; ¢ + 2mmw + 2N (m))
= ¢+ 27(n + m)w + 27N (m) 4+ 2N (n) ,
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whence, for m,n € Z,

N@O)=0, N(n+m)=N(m)+N(n). (F.116)

N(n) = nN(1) . (F.117)

I conclude from (F.109),(F.111),(F.113), (F.117) that, for n € Z,¢ € R%, S € R3,

L(n, d), S) _ Lorb(n' ¢ S) _ Lorb(n; ¢, S)
spm( (Z)a ) \I/UJ’A(n; ¢)S
_ [ er2mw+2mN@m) | ¢+ 2mnw+2mN(1) | (F.118)

\ij,A(n; ¢)S \Ilw,A(n; ¢)S
Since N(1) € Z%, eq. (9.9) follows from (F.118).

To prove the remaining claim let (w, A) be a d-dimensional spin-orbit torus and
let L : Z x R — RS be the function defined by (9.9) where n € Z, N € Z¢,¢ €
R? S € R3. Due to (6.11),(9.9) we have, for ¢ € R4, S € R?,

L(0;6,5) = ( Z ) . (F.119)

Furthermore we have, by (6.6),(9.9), that, for ¢ € R, S € R3 m,n € Z,

¢+ 2m(n+ m)w + 2 (n +m)N
Wy, a(n +m;¢)S

Lim+mn;9,5) = (

B gb + 27T(n +m)w + 27 (n +m)N
N n; 6 + 2mmw) W, 4(m; $)S

U, a(n; ¢+ 2mmw + 20mN) U, 4(m; ¢)S
n; ¢ + 2mmw + 2emN, Wy, a(m; ¢)S) = L(n; L(m; ¢,S)) , (F.120)

( ¢+ 2r(n+m)w+27(n+m)N )
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where in the third equality I used the fact that U, a(n;-) is 2m-periodic. It follows
from (F.119),(F.120) that L is a Z-action on R¥"3. Since L(n;-) is continuous it thus

follows that (R L) is a topological Z-space.

Finally, by using (6.14),(9.5),(9.9), (F.106), I compute, for ¢ € R% S € R3 n € Z,

ps.a(L(n; ¢, 5)) = psa (d) + 2w + 2mnN, U, 4(n; @) >
Diad ¢ + 2mnw + 2mnN) _ Paa(P + 2mnw) _ paa(Ly(n; 9))
n; ¢)S Wy, a(n; 0)S y,a(n; 0)S
(13 p5,a(¢, S)) (F.121)

where in the third equality I used the fact that the function py 4 is 27-periodic. With
(F.121) T have shown that ps,4 is a Z-map from the topological Z-space (R*™3, L)
to the topological Z-space (T¢ x R3, Li}TA) Since ps 4 is also onto T¢ x R? T thus
conclude that the topological Z-space (R?*3 L) is an extension of the topological

Z-space (T? x R3, LL(UTA) O

F.28 Proof of Proposition 9.3

Proof of Proposition 9.5: Let f € C(R4,SO(3)/H). Clearly SO(3) is compact whence
I can apply the results of Section E.6.6. It follows from (9.62),(E.164) that

Epn = Eyg) | (F.122)

where 4 is defined by (E.123) and Ex is defined by (E.151). I conclude from
(F.122),(E.161),(E.163) that MAIN,, ., #(f), defined by (9.63), is identical with
]\m,\sm(d),g(f), defined by (E.163). Thus, by Theorem E.3c in Section E.6.6,
]\m,\sm(d),g is a bijection onto REDg(Asor(a))- In particular the rhs of (9.63)

is a H-reduction of Aso1(q).- ]
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F.29 Proof of Proposition 9.4

Proof of Proposition 9.4a: By (E.61) I have for R € SO(3)
RSO3(2) = Pryos) 50,0 () (F.123)

whence, Since prgo ) o, 18 01to SO(3)/505(2), I is defined by (9.64) on the whole
set SO(3)/S05(2). To show that F'is single valued let R, R" € SO(3) such that
R'SO5(2) = RSO3(2), i€, Pryos) 5040 (L) (R) whence, by (E.58), a
R" € SO3(2) exists such that R’ = Rsos)/s042)(R"; R) = RR" so that I conclude
from (9.64)

= PRso)/s052)

F(R'SO3(2)) = R'é® = RR"e¢* = Re* = F(RSO5(2)) , (F.124)

where in the third equality I used Definition C.2. Thus indeed F'is a function:
SO(3)/S03(2) — S?. To show that F is continuous I observe by (9.64), (F.123)
that, for R € SO(3),

F(pRSO(3)/SO3(2)(R)) = Re’. (F.125)

Thus F opsos)/sos(2) is continuous whence, since pso(s)/sos(2) is onto SO(3)/S05(2)
and identifying, I conclude from [Hu, Section I1.6] that F' is continuous. It is clear
by (F.125) that the continuous function F' o psos)/sos(2) is onto S? whence, since
its domain SO(3) is compact and S? is Hausdorff, T conclude from [Bro, Section
4.2] that F' o pso)/sos2) is identifying. Since F' o pgos)/sos2) and pso(s)/sos)
are identifying and pgo(s)/s0,(2) is onto SO(3)/S0s5(2) it follows from [Du, Section
VL3] that F is identifying. Of course since F' o pgo(s)/s04(2) i onto S? so is F.
Furthermore if R, R € SO(3) and F(RSO3(2)) = F(R'SO3(2)) then, by (9.64),
R'e®* = Re® so that, by Lemma 7.8a, a R” € SO5(2) exists such that R = RR"
whence R'SO3(2) = RSO3(2) so that F' is one-one. Since F is one-one, onto S? and
identifying I conclude that £ € HOMEO(SO(3)/S05(2),S?). T also conclude from
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(9.64),(E.62) and the fact that LGP) is a left SO(3)-action that for R, R’ € SO(3)

F(Lso)/sos@) (R RSO5(2))) = F((R'R)SO5(2)) = L¥P) (R'R; €?)
= LUP(R LOPY(R; €%)) = LOP/(R' F(RS05(2)))

whence (9.65) holds. Let S € S, R € SO(3). Since F is onto S? I can pick
a R € SO(3) such that S = F(RSO3(2)) whence by (9.65) and the fact F' is a

bijection onto S?, I obtain

FYLPPI(R';S)) = F-(LEP(R'; F(RSO5(2))))
= F_I(F(LSO(S)/303(2)(R/§ RSOS(Q)))) = LSO(S)/S03(2)(R/5 RSOB(2)>
= Lso()/s0s2)(R; F1(S)) ,

whence (9.66) holds. O

Proof of Proposition 9.4b: Let f € C(R? SO(3)/SO3(2)). Since F is a bijec-
tion onto S* and due to (9.64), the relation: f(¢) = RSO;(2) is equivalent to:
(Fof)(¢) = Re3. Thus {(¢, R) € RIxSO(3) : f(¢) = RH} = {(¢, R) € RIxSO(3) :
(F o f)(¢) = Re*}, whence (9.62) implies (9.67). To prove the second claim, let
G € C(R4,S?). Since, by Proposition 9.4a, ' € HOMEO(SO(3)/S05(2),S?) it fol-
lows that F=1 o G € C(R?, SO(3)/S03(2). Moreover we know from Proposition 9.3
that MAIN ., soy is a function: C(R%, SO(3)/505(2)) — REDso,@)(Asor)
which is defined by (9.63). Thus m)\SOT(d)7503(2), as defined by (9.68), is a func-
tion: C(R%,S?) — REDg0,(2)(Asor(a))- To show that m,\soﬂd)7503@) is one-one
let G,G" € C(R,S?) such that mmm)’s%@)(G) = m)\SOT(d)’SOS(Q)(G/),
ie., ]\m,\soﬂd),gog(Q)(F*l oG) = mASOW%SOM(F*l oG"). Since, by Propo-
sition 9.3, m)\SOT<d)7SOS(2) is one-one, I conclude that F7' o G = F~ 1o &
whence, because F is a bijection onto S?, I obtain that G = G’ which entails that
mASOT(d),SO3(2) is one-one. To show that m)\SOT(d)ysOS(g) is onto

REDgo,2)(Asot(a)), let A be in REDgo,2)(Asor()). Thus by Proposition 9.3,
a f e C(R?, SO(3)/S04(2)) exists such that A = ]\m,\SOT(d)7503(2)(f). Since,
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by Proposition 9.4a, F € HOMEO(SO(3)/S05(2),S?) I have G” € C(R?S?)
which T define by G” := F o f. Of course, by (9.68), m,\soﬂd),gos(z)((?”) =
MAIN sg07 ) 5052 (F 4 0 G") = MAIN o 5042 (F ™V 0 F o f)

= Z\mASOT(d>7SO3(2)(f) = )\ which proves that m,\SOT(d>,SOS(2) is onto
REDso,2) ()\SOT(d)). This completes the proof that m)\SOT(d)7SOB(2) is a bijection
onto REDgo,2)(Aso1(a))- O

F.30 Proof of Theorem 9.5

Proof of Theorem 9.5a: Let f € C(R? SO(3)/H). I first consider the case when the
H-reduction ]\m,\soﬂd)ﬂ(f) is invariant under @, 4(Z). Then ]\m,\wﬂd)ﬂ(f)
is invariant under ®,, 4(1). Since, by (9.21),(9.22), for ¢ € R?, R € SO(3),

_ : : _ [ Lu(1;9)
(I)w,A(]-) = (@w,A(la ')7 Lw(]-; )) y @w7A<17 ¢, R) = , <F126)
A(9)R

I thus conclude from Corollary E.4b that (9.70) holds for every ¢ € RY. Let,
conversely, (9.70) hold for every ¢ € RY. Then, by Corollary E.4b and (F.126),
]\mASOT(d),H(f) is invariant under ®, 4(1). By the remarks after (9.69) I con-
clude that ]\m\hwﬂd)ﬂ(f) is invariant under @, 4(Z). O

Proof of Theorem 9.5b: Let G € Cpe,(R%,S?). 1 first consider the case where (w, A)
has the ISF Sg. Thus, by Proposition 6.3, for ¢ € R?,

G(Lu(1:9)) = A()G(0) = LOP (A(6): G(9)) . (F.127)
where in the second equality T used (9.31). I define f € Cpe.(R%, SO(3)/S03(2)) by
f=FloG, (F.128)

where F' is defined by (9.64). Note that f is continuous since G is continuous and

since, by Proposition 9.4a, F € HOMEO(SO(3)/S05(2),S?). Note also that f is

367



Appendix F. Proofs

27m-periodic since G is 2m-periodic. I conclude from (9.66),(F.127), (F.128) that, for
¢ € R,

Lso3)/5042)(A(®); f(8)) = Lso)/sos2)(A(d); F1(G(9)))
= FH(LBP)(A(9); G(9))) = FHG(Lu(1;9)) = f(Lu(159)) . (F.129)

It follows from Theorem 9.5a and (F.129) that the SO3(2)-reduction
]\m,\soﬂd),sm(g)(f) of Aso7(g is invariant under the group ®,, 4(Z). Since f €
Cper(R4,S0O(3)/505(2)) T thus conclude from (9.69) that ]\mASOT(d)’SO3(Q)(f) is
in REDsoy2),per(AsoT(a))-

To prove the converse direction let f € Cpe.(R?, SO(3)/SO3(2)) such that
MAIN Nsor(a)S0s2)(f) 1s invariant under the group @, 4(Z). Thus, by Theorem
9.5a, I obtain (9.70) for every ¢ € R%. 1 now define G € Cpe.(R%,S*) by G := F o f.
It follows from (9.31), (9.65),(9.70) that, for every ¢ € R%

A(¢)G(9) = LPP/(A(); G(9)) = LEP(A(); F(f(9)))
= F(Lso)/sos2) (A(9); f(#))) = F(f(Lu(1;¢)) = G(L,(1;9)) . (F.130)

It follows from (F.130) and Proposition 6.3 that S¢ is an ISF of (w, A). O
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Subject index for spin-orbit tori

Please note the following definitions and abbreviations used in this part of the thesis:

e RT (transpose of matrix R), iff (means: if and only if).

e Section 6.1: Z, 3 x 3 unit matrix I3x3, Euclidean norm |- |, (w, A), ¥y a
SOT(d,w), SOT(d), SOT, 2r—periodic function on R¥, spin-orbit torus, or-
bital tune vector, orbital trajectory, spin trajectory, spin trajectory over ¢y,

spin-orbit trajectory, n-turn spin transfer matrix.
e Section 6.2: Ly 4, Ly, psor(d)-

e Section 6.3: pr, S?, polarization field, generator of polarization field, invari-

ant polarization field, spin field, invariant spin field (ISF).
e Section 7.1: Ly, Ry, ~aw, transfer field.

e Section 7.2: 7 (d,w), AT (d,w), WT (d,w), fractional part |z] of a real number
x, trivial spin-orbit torus, almost trivial spin-orbit torus, weakly trivial spin-

orbit torus.
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e Section 7.3: CB(d,w), ACB(d,w), WCB(d,w), coboundary, almost coboundary,

weak coboundary.

e Section 7.4: Z;(w, A), spin tune of first kind, on spin-orbit resonance of first

kind, off spin-orbit resonance of first kind.
e Section 7.6: ISF-conjecture.
e Section 7.7: J'.

e Section 8.2: Simple precession frame (SPF) over ¢y, differential phase function,

integral phase function.

e Section 8.3: Z(w, A), Za(w, A, ¢g), ~u, [V]w, uniform precession frame (UPF)

over ¢g, uniform precession precession rate (UPR).

e Section 8.4: Well-tuned, ill-tuned, spin tune of second kind, spin-orbit reso-
nance of second kind, on spin-orbit resonance of second kind, off spin-orbit

resonance of second kind.
e Section 8.6: V¥,V =5 (w, A).
e Section 9.2: L&T), Lpr Ps.dy Vi, -
e Section 9.3: Aso7(a)-

e Appendix B: eq, (X, L), COC(X,G, H), left G-action, G-action, right G-
action, free right G-action, translation function of a free right G-action, left
G-space, G-space, right G-space, topological group, topological left G-space,
topological G-space, topological right G-space, G-map, conjugate, extension
of left G-space, extension of G-space, extension of right G-space, extension of
topological left G-space, extension of topological G-space, extension of topo-
logical right G-space, skew product of left G-space, skew product of G-space,
skew product of right G-space, skew product of topological left G-space, skew
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product of topological G-space, skew product of topological right G-space, orbit

space, H-cocycle over topological left G-space.

e Section C.1: idB» C(Xa Y), Cper(Rd7 Y)v P1, P2, P3, Pak, Ska =y, 503(2)7 SO(S)’
T*, J, phase PH(-), [X,Y], ¢!, bundle, fiber structure, lifting, factor, locally

trivial, homotopic, nullhomotopic, Hurewicz fibration, fibration, covering map.

e Section C.2: Phase function, PHF(-), SO3(2)-index Indsy, S*-index Indyy,
SO(3)-index Indys, SO(3)-index Indy 4, quaternion formalism.

e Section C.3: FAC), ~%, 2r-homotopic, 2r-nullhomotopic.

e Section D.1: Y,, x-generator, x—quasiperiodic, nonresonant, off orbital reso-

nance, on orbital resonance.

e Section D.3: E., Zy, Aiu(F), A(F), an(F, ), a(F,\), A . spectrum of a

function on Z, Fourier coefficient.

e Section E.1: Bun, Bun(G), Qutpunc)(A), Gatpunc)(X), G-prebundle, G-
bundle, principal G-bundle, automorphism group of principal G-bundle, cate-
gory of bundles, category of principal G-bundles.

e Section E.2: \[F, L], associated bundle.
e Section E.4: HOMp(N).
e Section E.5: REDg(\), invariant H-reduction.

e Section E.6: MAIN 1> product principal G-bundle.
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