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Ubersicht 

[n der vorliegenden Arbeit werden spinJepolarisierende Effckte in Elcki.ronenspeicherringen 

untcrsucht. Im Detail wi.rd hierbci das Vcrhalten des HERA Elcktronenspeicherrinp hin­

sichtlich Polari::sation studicrt. Bei hohen Strahlenergien bcgrenzen nichtlineare Elfekte die 

Gleichgcwichtspolarisation. Dies ist insbesondere bei HERA der FalL da HERA mil. sogena.n­

ntcn ''SpinrotaLoren" vcn;ehen wird, die longitudinalc Elektronenpolarisation zun<ichst fUr das 

HERMES Experiment im .Jahr 1994 und zu einem spiitercn Zeitpunkt fUr die Experiment.c HI 

und ZEUS crm<iglichcn sollen. Es ist von groGer Wichtigkeit den EinAufi dicser Effckte tlwo­

retisch durch eine Modellicrung von HEitA zu quantifizicrcn, uw dann in der rcalen Maschine­

einen hohen Polarisationgrad enr.ielen zu kOnnen. 

Die Modellierung wird im Rahmen dieser Arbeit durch das Monte-Carlo Tcilchenverfolgnngspro­

grannn SITROS vorgcnommen, welches im Jahr 1982 von J. Kewisch zur Cnt.ersuchung der 

Polarisation in PETRA geschricben wurde. Der erste Teil der Arbeil widmet sich dcr Beschrei" 

bung der in das Programm cingeflossenen theoretischen Grundlagen. Desweiteren wcrdeH die 

wegen Ret·henzeitlimitierungen notwendigen Approximationen vorgestell1., die in den verwen­

deten Algorithm us cingegangcn sind und deren rnOglicher Einflu/3 auf das Simu\il.tionserge-bni~ 

cliskuliert. Dabei werdcn sowohl die auftretenden systemalischen als auch die s.tatistiscben 

Fehler untersucht. Erweiterungen des Programms, die insbesondere den Vergleidt der Ergeb­

nisse von SJTROS mit den Ergebnis~en der "!irwaren" Theorie beinhalten, werden vorge~tellt. 

?\l"ach der detaillierten Prasenlation des Modells wird das Progrannn im zweit.en Tcil zuuii.cl1s1. 

auf HERA ohne Rotator angewandt. Dabci werden Polaris<ttionsmessungen, die bei HERA 

durchgefiihrt wurden, mit Simulationsergebnissen verglichen. Diese beinhalkn dabci eine n•­

alistische Beschreibung der Maschinenkonditionen, die ~11m Zeitpunkt, der Mcssungen vorla­

gcn. Verschieclene Verfahrcn zur Optimierung der Polarisation werden in SITH..OS moclcl­

lierl., analysierl und cla.nn der korresponclierenclcn Messung gegeniibergestellt. Dabei teigt 

sich cine sehr gute (lbereinstimmung der Vorhersagen des ~odel\s und cler experimentcll 

gewonnenen Daten. Auf der Basis dieser Untersuchungen werdcn dann Vorhersagen hir die 

zu crwartenden longitudinalc Polarisation bci HERA mit einem i{otatorpaa.r fiir clas HER!viES 

Experiment gemach1.. Abgeschlosscn wird der zweite Teil durch die Analyse der Wirkung eines 

zeitabhii.ngigcn radialcn Dipolfeldes auf die Polarisation. Die durch ein solchcs .Feld erzeugtc 

resonante Depolarisation des Elcktronenstrahls kann zur Kalibration dcr Teikhenencrgie ver­

wendet werdcn. Zu erwartende Resonan~breiten fUr verschiedene integrierte Dipolfeldstd.rken 

werdcn berechnet. Ein erster Verglcich mit den Ylessungen zcigt gute fJbcreinstimmung. 

hn let:t:ten Teil wird SITROS au I" einen Modellring, der dem am KEK bei.riebenen Elckt.ronen­

:;peicherring TRISTAN iihnelt, und cine schwach gestOrte HERA Optik ange-wa.ndt, urn eincn 

Vergleich mit anderen Vcrfahren ~nr Herechnung der Gleichgewichtspolarisation vorzunehnwn, 

die nichlineare Effekte beriicksichtigen, jedoch gewisscn Einschrankungen hinsichtlich ihrcr An­

wendbarkeit unterliegen. Es wird ge~eigt, da/3 die SITROS Resnltate mit denen der andcrcn 

Verrahren unter BerUcksichtigung diescr Einschriinkungen in guter i)bereinstimmnng sind. 

Abstract 

In lhi~ thesis spin depolarizing effect~ in electron storage rings arc analyzed and the depolari:t:­

ing effects in the HERA electron storage ring are studied in detail. At high beam energies the 

equilibrium polarization is limited by nonlinear effects. This will be particularly !.rue in the 

case of HERA, when the socalled "spin rotators" are inserted which are designed to provide 

longitudinal electron polariza.tion for the IIERMES experiment in 1994 and later for the Hl and 

ZEUS experiment.. It is very important t.o quantify the influence of these effects theoretically 

by a proper modelling ol" HERA, so that ways can be found to get a high degree of polarization 

in the real machine. 

In this thesis HERA is modelled by the Monte-Carlo tracking program SJTROS which was 

originally written by J. Kewisch in 1982 to si,udy the polarization in PETRA. The first part 

of d1e thesis is devoted to a detailed description of the fundamental theoretical concepts on 

which the program is based. Then the approximations which arc ne€ded to overcome comput­

ing time limitations are explained and their inflt1ence on the simulation result is discussed. The 

systematic and statistical errors are studied in detail. Ext~nsions of the program which allow 

a comparison of SITROS with the results given by "linear" theory are explained. 

After the detailed presentation of t.be modeL the second part of the thesis describes prediction~ 

for the- polarization in a. HERA machine without rotators and comparisons are made with sev­

cr;d polarization measurements. The simulil.tions contain a realistic description of the ma.chine 

conditions pertaining during the measurements. Various schemes for the optimization of the 

polarization arc modelled, analyzed and compa.red to the corresponding measurement. It is 

shown that the predictions of the model il.re in good agreement with the experimental d<:tta. 

On the basis of these ~t.udies predictions for the achievable degree of longitudinal polarization 

in HERA witb one rotator pair for the HERi\IES experiment are made. At the end of this part 

of the thesis, SfTROS is used to model the e!Tect of an oscillating radial magnetic dipole field 

of the kind used to calibrate the bea.rn energy via resonant depolarization. Resonance widths 

arc odetilated for va.rious integrated dipole strengi hs. A first comparison with measurement~ 

indicates good agreement. 

In the last pa.rt SITROS simulations are made for a modPI ring which is similar to lhe electron 

ring TRISTAN, operated at KEK, and for a \\-"eakly distorted HERA optic in order to perform 

comp<trisons wit.h other approaches for the calculation of the equilibrium polarization in regimes 

where these are applicable. Taking into account the limitations of these treatments the results 

arc in good agreement. 
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1 Introduction 

The ernis~ion of syncbrotron radiation by relativi~t.ic particles subject to transverse acceleration 

is a much s!.udied and used phenomenon. For a charge in uniform, circular motion the ddailed 

frequency spectrum and anguln.r distributions were calculated in 1912 by Schott [1]. But it 

look more than 30 years until the synchrotron light was observed in the early synchrotrons. 

Somewhat le~s well known is the fact that eledrons and positrons gradually become spin polil.r­

ized when they arc travelling on a curved orbit in a storage ring. The mechanism is the emission 

of spin-flip synchrotron radi11.Lion, as first pointed out by Ternov, Losk11t.ov and Korovina in 1961 
[2]: Positrons arc polarized parallel and electrons an!.iparallcl to the main bending field which 

is perpendicul<J.r to both velocity and acceleration. Thus one denoles this natural polarization 

as ''tra.nsverse" or "vertical'' polari~aLion. 

_'htmal polarization was first detected at ACO and ~ovosibirsk [:l]. It has been obt<Lined 

at. CESR, SPEAI{, VEPP2M, VEPP4 [4] and at lhe DESY storage rings PETI{A and DORIS 

where vertical polarizations of'"'"' 70% a.nd '"'"'80% at energies of 16 CeV and 5 GeV, respectively 

have been observed [5]. High vertical polarization has also been observed at L!:<:P [6], TRISTAN 

[7] and HEI{A [8]. In the following a. few applications of transverse polarization will be discussed. 

Polarized beams provide the means for making preci~e absolute measurements of the beam 

energy in storage rings, using an artificia.\ly induced spin resonance [9]. Since the value of 

the gyromagnetic anomaly is known very accurately, the measurement of the spin precession 

frequency determine~ the beam energy (sec section 5.:1). This method has been ex1,emively used 

at Novosibirsk, in particular for precise rneasurement,s of_ the masses of the <P meson and of the 

g+ and x-, as well as for an accurate comparison of the gyromagnetic 11.nomalies of the electron 

and 1.he positron [10]. Tnmsver~e polarization in DORIS was 11~ed to perform a measurement. 

of tl1e 1 1 rnas~ to better than 1 MeV [11]. At LE;P the beil.m energy was determined with a 

precision of 100 KeV around the Z-energy [12]. 
High energy physicists are much more interested in longitudinal polari7,n.!.ion parallel or antipar­

a,llel to the particle momentum which has a wide field of itpplicatious. In 1957 it was shown 

by V\.lu et al. [13] that the ,f-3 decay of Lhe polarized nucleus of Co60 demonstrates a violation of 

lhe parity conservation law. The electrons an~ mainly emi!.t.ed anti parallel to t.he poln.rization 

din·ction of lhe nucleus. They <Lre longitudinally polarized p;1.rallel to the nuclear spin and 

antiparallel to the momentum of the electron. This illustrates the connection between parity 

viola!. ion in weak in!.eraction and longit,udinal polarization of electron~. Thn~ longitudinal <O!ec­

l.ron polarization can be used to test. properties of the weak in1.eradion. An example is the 

experiment performed at SLAC by Prescott et ;-d. [14] ln 1978. It demonstrated that the cross 

scctiou of the inelastic clcctron-nucleou scattering which is mainly a process of lhe electro-

1\lagnetic intcradion, depends ~lightly on the hclicity of the inciJent longitudinally polarized 

electron. This confirms the existence oJ a small parity violating and thus weak int.eraclion part 

in the scallering process. 
Longil.udinal electron polarization plays i\.ll important role in the clderrnina,tion of the spin 

sl.ruclure fund ion~ of the pro1.on and the neutron by deep inelastic scattering which can be 

compared with the predictions made by the fundamental l!wor,r QCD. In 19k8 the data on 

deep inelastic scallering of pol;1ri:.-;ed muons on polarized protons by !.he F:vJC collabori1.lion at 

C~;l{i\ [15] together with previous da.t.a l"rom SLAC [Hi] implied tlw.t the toLi-1.1 helicity carried 

by quarks aud itnliquarks in I. he proton is compatible with ;;;ero. l'hcsc measurements arc in 

conlra.diction to the naive parton model. Tlms more dati-l. of the spin ~tructure l'uncl,ions are 

necessary. The 1-!I•:JtMJ•~S experiment at DESY will perform high-precision measurements on 

tbe sl,ruclure functions of proton and neutron using int,ernal gas targets of hydrogen, deuterimn 

nnd 3 He and the longitudinally polarized electron beaiT\ of Lhc HERA storage riflg [17]. 

The experiments lll and ZEUS at HERA have pl;ms to collide longitudinally polarized electrons 
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and unpolarized protous to study one of the great mysteries of weak interaction namely lhe 
asymmetry between left· and right-handedness [18]. There are left-handed neutrinos and left­

handed charged currents and no right-handed counterparts. It has long been speculated that 
left-right symmetry is restored a.t some very high energy. Longitudinally polarized electrons 

ma.ke HERA ideally suited to search for these missing right-handed currents. 
For the experiments mentioned a high degree of longitudinal polari,;<~,tion has to he provided 
by Hf~RA which is far from being trivial for a storage ring operating al' ;w energy of a.bout 30 

GeV. 
The electron ring of the electron-proton collider HERA [19] includes in its design the possibility 
to provide longitudinal electron polarization al the interaction points [or high energy physics 
experiments. As a first step it has been demonstrated by measurement that high transverse 

polarization values of"" 60% a.re possible [8]. 
A.., already mentioned the natural polarization builds up in the transverse direction parallel 
to the main bending field. To deliver longitudina.l polariz,ation it is necessary to rotate the 
equilibrium polarization direction to the longitudinal direction in the ~traight section before 
the interaction point and back to the transverse afterwards. This is clone by so called "'spin 
rotators". In HERA the "Mini-Rotator" schenlP of Buon and Steffen has been adopted [20]. 

A combination of horizontal and vertical bending magnets is used to rota.te the equilibrium 
polari~ation direction by 90 degrees leaving the particle orbit undistorted oulside the wtators. 
In 1994 one pair will be installed in the east straight section of HERA to deliver longitudinal 

polari~ation for the HERMES experiment. 
The achievable polarization value depends strongly on the understanding and suppression of 
the main depolarizing effects in high energy storage rings which counteract the mentioned nat­
ural polarization build up. As one goes to higher energies, progressively more care is required 
to avoid the influence of clcpolari~ing effects, mainly by proper choices of machine parameters 
and careful correction of errors. It is the main aim of this thesis lo get a phenomenological un­
derstanding of polarization in HERA based on a. Monte-Carlo treatment and to make estimates 
for the maximum achievable polarization after suitable applications of corrections. 
The work presented was started in 1990 and is based. on the Monte-Carlo program SlTROS 
written by J. Kewisch in 1982 [21]. In 1988 T. Limberg [22] made some first predictions 
for HERA using this tracking code. He ~tudied one of the main limitations of Monle-Carlo 
programs in general, namely the underestimated influence of the lails of the tracked particle 
distributions and developed a diffusion model to quantify the influence of the ta.ils 011 the 

polarization. 
Motivated by this and other limitations of SITROS and the urgent need to have a.n analytical 
tool to calculate the polari"ation at high energies, D.P. Barber in collaboration with S. Mane 
and H. Grote broughl the program SMILE written by S. Mane [2:~] to a state in which it could 
be used for HERA. lt was found that due to the presence of large depolarizing effects it wa~ 
not pos:-;ible to make credible predictions for HERA mainly due to convergence problems of the 

perturbation theory used in SMILE. 
This led to the idea to study the capability of the Monte-Carlo program SITROS in grca!.er 
detail, to try to overcome the shortcomings of the Monte-Carlo treatment at least partially and 
to get a better understanding of the sysLema.!.ic and statistical errors of the simuLJ.i.ion results. 
ln this case il is possible to bP.nefit from the following ma.in advantages of SITROS: 

1. The handling of al! kinds of magnet distortions 

2. The thick lens representation of the magnets 

3. The inclusion of chromatic terms and sextupole corrections 

1. The simple classical spin diffusion model 

3 

5. The possibility ·to apply time varying rnagndic fields (RF-depolarization) 

6. The simulation of beam-beam interaction 

1t will be shown that all approximations made in SITROS are physically sensible and, taking 
care of the limitations of the Monte-Carlo treatment, the simulation re~ults are fully consistent 
with experimental results (sec section 5) and analytical approaches in regimes where these are 

applicable (sec sed ion 6). 
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2 Fundamental concepts 

for initially nnpolarized electrons or positrons of charge c. mass me, energy e = rm,J2 in 

uniform motion in a circle of radius pin a uniform magnetic field, there is a gradual buildup 

of polarization according to: 

P,,"(t) ~ Psr (1- cxp (--
1 )) , 

' TST 

(2.1) 

wher~e the a.':lymptotic polarization is: 

p_,,.r = 8 5v'3 ~ 0.92:18 

and the characteri~tic build up time is given by: 

(
5v'3c,li)-' 

TsT= --
8m, [ ' ]-' 1;1' 

{Sokolov and Ternov, 1963 [24]), where re denotes the cla~~ical electron radius. The polru:izat.ion 

is perpendicular to bot.h velocity and acceleration and thus lies in the direction of the bending 

field. Positrons arc polarized parallel, electron~ anti parallel to the magnetic field. T'he work of 

S()kolov and Ternov was based on exact solutions of the Dirac equation in a mtiform mAgnetic 

field. 
In terms of classical normalized centre of mass spin vectors 5; of indivi(\ual panicles Lhe en­

semble polarization vector P for iV particles is given by: 

- 1 N 
r~-~~ NL"' 

i=l 

(2 2) 

The amount. of spin-Hip radiation i~ extremely :-.mall compared to the ordinary· synchrotron 

radiation. The ratio is given by: 

ll,_,,,_JI'.' _'I ( lq
1 
)' ( 35J3) -, -- 1±--. 

lfordmary nl.eCP 6!J ' 

where the sign in the brackets depends on the initial spin state of the particle. For the HERA 

electron ring (r ,...._, 5 X 104 for E ......, 27 GeV ami an effective bending radius p ,...._, 7.50 m) the 

ratio is of the order l x 10-10 . The srna!lne:-.s of this ratio reflects the largeness ()[ the build up 

time rs-r ("'-' !J2 min at 27 GeV and"'-' 11 min at 35 Gt:V in HFHA). Thus pola.rization changes 

slowl_y compared to other phenomena. occurring in storage rings. 

So far it has been a.ssumed lhat the magnetic field is everywhere vertical and uniform. In n:al 

rings however not only vertical fields but also horizontal a.nd even longitudinal magnetic and 

electric fields are present.. In addition, the electrons oscillate aronnd the central orbit. Thus a 

thorough analysis is necessary st;-nting with the dynamics of a classical spin vector in nrbitrarv 

magnetic and electric fields. The motion of the centre of mass spill vector Sofa nomadiatin~ 
electron is described by the Thornas-!brgmanu-.\1ichel-Telcgdi (T-B!\11'1') cqua.tion [2.":1][26] in 

the laboratory frame: 

d§ - -- =n1 x s J, 

where ~1/( Ji, E, 1) is a fuuction of the fields and the energy: 

fit = , ( [ 1] . "' .. _ ( 1 ) I. .1) --- a t - H- ---(;JB);J- a+-- ,8 x E . 
me ~r 1+r l+1 

5 

(2.:J) 

For an ultraxelativistic clectnm (1/;-«::: l) moving in a magnetic field this can be rewritten in 

the form: 

dS c I - ")' -d- ~ -.- \(1 + a)B11 + (1 + wy)B~ x S, 
.. ~ crn~1 

(2A) 

where fl11' Bj_ are the magnetic field~ parallel and perpendicular to the trajectory, s is the 

longitudinal coordinate and a denotes the gyromagnetic anomaly (g - 2)/'2, which is a = 
1.159652 X 10-·1 in the case of electrons and 1.792846 in the case of protons. One sef!s that 

the frequency of precession around Bj_ iu (;q. (2.4) is almost independent of energy (1/J <t: 1) 

bnl, t.hat the rate of precessiorJ around .811 varies inversely with the energy. For 1ranishing .811 
and Hj_lle", in a "flat" ring and after transformation 1,o a frame which is circulating with the 

particle (i.e. Lo machine coordina.te~, see fig. (4)), fi1 trap.sforms to: 

- e.Bj_ 
!l ~ -­

cmef 
a~(, (2.5) 

where the first part is the relativistic cyclot.ron frequency "'-'c and Wf is ci'l.lled the spin tune v. 

This means that the spin vector precesses v limes around the bending field for one turn of tbe 

particle around the ring. 
For real rings the analysis of Sokolov and Ternov, which is based on the ass<unption that 

the applied magnetic field is uniform, must be generalized. This yields the Haier-Katkov­

Strakhovenko (BKS) equation [27] for the rate of change of the ensemble polarization vector: 

JP - - 1 [- 2 - -j - ~ n, X p-- p- -(Pii)ii + PsTb . 
dt TST 9 

(2.6) 

This equation contains a "large" part describing a T-BMT like precession and a "small" part 

describing the build llp of polarization in a direction parallel to tl1e normalized vector b = 

V x 1~/iV x ill which is perpendicular to the velocity vector V nonnali,;ed to unit length and the 

acceleration vector '~. 
The concept of spin tunc must also he gcnerali~ed. This is achieved straightforwardly by inte­

grating the T-BMT eqnation amund the periodic dosed orbit (~ee section 3.1 for the definition) 

of the ring and extr;tding the periodic spi11 vector which is dellned as the periodic solution of 

cq. (2.4) on lhe closed orbit. This is denoted by iio and obeys iio(-~ + L) = iiu(s), where /" 

denotes the circumference of the ring. The spin tune 1! is now the number of spin precessions 

a.round iio for one turn around the machine (.~ee section 3.1 and appendix A). For non integer 

IJ a periodic solution of eq. (2.4) is unique. In a perfectly fiat ring ii.0 is parallel t.o the maiO 

bending field (r1oiiF,) a.:< expected. 

To obtain the value of t.he asymptotic polarization and its direction one assurnes that the elec­

trons are all on the closed orbit and one ignores the energy changes caused by the synchrotron 

radial. ion. The HKS equation is then integrated along the closed orbit and it is fow cl that even 

when starting with an arbitrary polari?:ation vector the polarization value approaches [28]: 

.f ~(b-rio) 
]p(.•ll -·-]' r X = FsTf __tk_,. [1 - H rioVF 

. jp(s)l-' . 

(2.7) 

where b is the direction of the bending field. The corresponding build up time Tp is determined 

to be: 

1 _ sJ3,· •. h1' j a, . [ 2(. "l'] - _ -- 1-- n 0 G • 

T, Sm,.L IP(,ll' 9 
(2.B) 

The asymptotic direction of the polarization is ii0 (.~), the only T-BMT solution in the system 

stable over the time needed for the polarization to build up. It is clear from eq. (2.7) that 
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Figure 1: An illustration of the additional tilts which five sample spin vectors ge.t inside a 

quadrupo/f: at a location where the ii0-axis is pamlld to the z-axis. The Bpr:TJ vcclors of the "on 

ax-is" particle 2 and the par·ticlcs 1 and 3 on horizontal betatnm trajector·ies get no addihonal 

ti/b with respect to the rio-a.Tis. The spin m;ctors of the particles 4 and 5 on 1!£rtical betatron 

lmjectories are rotated backward/forward with respect to the x-axis (jue to the horizontal nwg­

, netic field components of the quadntpole and thus become tilted. The 1'0tation angles depend 

on the pos~tion of the particles inside the quadrupole. If ii0 is not vertical tiJC'n. pure horizontal 

betatron oscillations lead to additional spin vedor tilts 

the polarization is maximi?-ed_by arranging that i/.0 is parallel to JJ in a:< much of the ring as 

possible. In real rings with R1. · E~- of. 0 -ii0 is almof>t never everywhere pil.rallel to the ma.in 

bending field but ii0 still defines the direction of Lhe polarization ve<:tor. 

So far only the natura.! polarization build up process for electrons constrained to remain on 

the closed orbit has been considered. I3ut for the descrip1.ion in an electron st.orage ring au 

important ingredient is missing. The emiUed·:;ynchrotron radiat.ion and the acceleration by the 

longitudinal electric fields of the cavities changf~ the particle energy and this leads to dnmping 

and to an excitation of the electron motion (see scdion :3) due to the stochastici1.y of the photon 

emission process. The equilibrium ernittances in an electron storage ring are the result of the 

balance of these two processeli. The magnetic moment of an electron experiences 1.hc sa.u1e 

dectric and magnetic fields as the particle on its betatron trajectory. Thus in quadrupo!cs, for 

example, the individual spins S, see fields whid1 depend on the position of tht' electron iu the 

ememb!e (fig. (l)). D·ue to the ~tochastic nature of the betatron mo1.ion the orbit cl_ynamics 

leads to a diffnf>ion of the spins away from ii0 for an ensemble of spins which arc i11itia\ly all 

parallel to the equilibrium direction i/.0 . As a result !.he average projection of t.he S--;, on il.0 

is reduced leading to a smaller poLui~ation va.\ue. One also expects and fmds that Lhc spin 

diffnsion is s1.rongest when lhe spin tune and the orbital tunes arc related by the resonil.!lCe 

<:ondition: 
11 = k + m,/Jx + w,,(Jz + rn .. Q., (2.9) 

where k,rnx,z.s <tre integers and Ox,z,s are the orbital tunes. In stored prolon beam~ when:' there 

is no synchrotron radiation an ensemble initially polarized .:dong /i0 rem;1.ins polarihed providing 

that tht:> beam is not accelerated through resonances. In the latter case it depends on the speed 

of the resonance crossing whether the ensemble remains polarized or not [2Y]. In the presence 

7 

of ~pin diffusion a depolarization tcrrr1 has to be induded in eq. (2.6): 

dP - - 1 [- 2 - -] 1 ",­
- ~ !l, x P-- P- -(Pii)ii + Psyb - -ldl P. 
dt TST 9 TST 

E<l- (2.7) must then be modified and becomes: 

.f TPtw(biio) _. , 
P~.rf = Psr 1.: ~ [1- ~(ri0 U)2 + !~IJ1'2 ] 

:t IP(~)I3 9 

(2.10) 

;vhcre IJi~ describes lhe diffusion process with respect to iio. 

rewritten in the fonu: 

Eq. (2.10) can be approximately 

P,jj ~ Poo 1 + (T,jT,) 

with Tp defined in eq. (2.8) and Td given by: 

_l _ 55r~ht~ f ~ d- 2 

T; -· 48v'3m,l, IP(')I' I I · 

(2.11 1 

(2.12) 

In analogy 1.u eq. (2.1) the polarization build up process is described again by an exponential: 

P,," (t) P,ff (1- exp (--1. }\) 
Tcj f 

(2.13) 

...!!!:!___ 
Tp + TJ. 

T,jj 

If lhe characteristic tirne rd for this depolarization procef:ls is of the same order or even smaller 

than the build up Lime Tp lhere is <t significant decrease of the asymptotic equilibrium polar­

ization {set> eq. (2.11)). It is therefore obvious that the 92.1% level of polarization is in general 

11ot t·eachable and that a method of calculating TJ is needed so that predictions can be made at 

the design stage of a ~toragc ring or methods found for minimizing 1/rd during the operating 

period. 
Fig. (2) collects time scales of various processes in electron storage rings and spans more than 

foul'tcen orders of In<tgnitude. An important aspect is the clustering of s.'{nclrro-betatron oscilla­

tion, orbit-ltarmonic and spin-precession periods, a feat me which has a strong influence on the 

spectrum of depolari1-ing resonances (see eq. (2.9)) and their excitation. The polarization time 

constant~ Tp and rd arc far away front these typical quantities governing the particle motion 

in clectrou storage rings. This fact justiftes the application of averaging methods which are 

extensively used by various formaJisws. ,\n example i~ the appearance of one turn a.veragcs 

ill eq. (2.6). The ~eparations between the s;,rnchro-bd.atron time scales, the interval between 

quanta emitl<'Ccl by a single cledron and the dnralion of t.he quaHtum emission permit the latter 

to be considered as a randout process with no correlation between successive photons. 

Fig. (3) il!ustra.1.es the artrt.logy be1,;veen !.he radiation damping process·for the orbital motion 

and the natural polari~;1tion build up due to the Sokolov-Ternov effect for the spin motion. 

The excitation of the particle motion due to quantum emissions correRponcls to lhe diffusion 

proce% for the spin motion. Damping and excitation lead to the equilibrium ernittances. The 

polarization build up and the c1mnteracting dcpolari~ation process lead to the equilibrium 

polari<Oation. 
The first <:tttempl. known to l,he author to calculate depolarization was made by Baier and 

Orlov [30]. The first computer code able to make detailed rert.listic calculations was SLIM 

written by Chao [31]. SLIM takes a. ~tandard_oplic file and computes depolarization effects 
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Figure 2: Characttristic timt scales in a typical25 Gc V eltxlron storagt ring: p=bendinq m.dius, 

Ac=Compton wavelength, rc=cla8sical electron radiw;, QrJ=bctalmn tunc, o=f£nc-slnu:lttre con­

slant. a =gymmagnetic anomaly {28} 

analytically using spin-orbit transfer matrix techniques on the basis of the simple diffusion 

modeL As expected it is found that the spin diffusion effects are strongest (rr/Td large) ;-d, 

energy points (defined by v = a1) where the n~sonance condition eq. (2.9) is fulfilled. Since 

the SLIM formalism treats the orbit and spin motion in linear <tpproxirnation assuming that 

all spins are almost parallel to fio, hence ignoring the noncommutativit.y of tlm~e dimensional 

rotations, SLIM only finds the RO called first order resonances (lm.x! + lmo! ---t- = l) [:32]. A 

detailed description is given in appendix A. 

A more comprehensive semi-classical quantum meclw.nical treatment -,vhich r.akcs into ;wcount 

various effects in a unifwd way has been given by Derbcnev aud Kondrat.enko in 197.3: [:-1:-1] nnd 

Mane in 1987 [2:-1]. They derived the following expression for the equilibrium polarization 1-',u: 

Pejj 
(fJPf}JI"b[ii-··1~]/ 

jJST __ -"_)'1'1':_ ____ "_ . - -,]-. 

(j' lr(~,)lo [1 - ~(r1-!i)2 + f-k \·y~l" j 
(2.1·1) 

Tlw angle brackets <> denote the average over the distribution of the phase spnn-~ coordinates. 

In eq. (2.l!J) the vector n is it ~olution to the T·BMT equation and a single V<tlaed functiou 

of the particle position in phase space (sec scdion .3) and the longitudinal position s. -rl. <tds 

as a phase space dependent spin quantization axis, the only direction in which polarization 

can be observed. It., i;, thus a natural generalization of i'i0 defined previously and away from 

spin-orbit resonarJces it. i~ indeed almost parallel to i'i0 . ~rfJiijfJr dPscribcs t.he variation of 1! 

with respect to the fract.ional energy devialion D.F,j E of LhP particle. Eq. (2.14) contains the 

whole resonance structure given by eq. (L.g). 

Eq. (2.14) bears an obvious similarity t.o eq. {2.10) and onP sees th;l-1. the diffnsion vector J is 
replaced by !Bi'i/ih which includes the quantum mechanics of the effect of the orbit motion 

on the spin and which is now the quantity determining the limiting polarization va.lue. In this 

formalism the polarization i~ small near the spin-orbit resonances {see eq. (2.9)) confirming the 

~ 

--------------
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~~ 

1-mgJ 

k eJ\p(-t/-rrad) .____ 

+ 
excitation 

• 
~ 

II 

<'<Jllivaknt 
<- ---- ·-,'> 

<-- ~ -- -> 

• .--"' ",...... • ----------- • • .....,=--·-,-.- -- F 

--, 
spin motion ! 

rsokolov) 

p kl~e>p(l/1~] 

+ 
diffusion 

P k'p(~V<dl 

II 

Figure 3: A nalo_qy between processes go-ve-rnmg the o-rbital and spin motion in an electron slomge 

nng 

previous expectation. In this picture it i~ due to the fact that near a resonance ii i~ a strong 

function of the phase space coordinates so that the term bJii/(hl 2 in the denominator becomes 

large. The contribution of !Oi'i/fh in the numerator is normally negligible because the diiTusion 

takes place in the plane perpendicular to the direction of the bending, f-ield b. h0r1JO~;I~ can 

increase strongly with beam energy. 

In pradice the analytical evaluation of ii and 11Jiijfh needed in the Derbcnev-Kondratenko 

t'onnula for realistic .~tor age rings has t.urned out to be nontrivial. A perturbation expansion 

in the ~Jltase space coordinates can be used to calculate i'i and ;fJi'i/fh and this has been 

implemented in the program SMILE written by S. Mane [23]. Hy going to higher and higher 

order more and more re:-;ona.nces arc included. 

A new method to calculate ii. was introduced in 1992 by K. Yokoya and implemented iTt t}te' 

contputcr code SODOM [3,1], where ii. is evaluated by Immerical tracking over one turn of the 

spin-orhit mot ion for nonradiating p;nticles without using a perturbation ;cxpan~ion. The main 

pr()blt~rn remains in the caku\a.tion of ;..,;8iiJfh. Up to now SODOM uses first-order differencP:< 

for points in ph;t;;e ~pilcc in an infinitesima.l neighbourhood of i'i. Thus the result for rBfiJDi 

depends on the clw~en set of 8amplcs. In <tddition the method involves _Fourier cxp;tnsions which 

have to be truncated in a. suitable way. Eq. (2.11) is !.hen used t.o estimat.e fJeff· 1\evertheless 

tlw n~sults of SODOM are encomaging. SODOM results have been compared with resulL~ of 

t.hc Monte-Carlo program SITROS (see ~ection 6.1). 
SMILE- and SOD0\1 can only handle linear orbit motion. Bidelman and Yakimenko [35] ha.ve 

writtu1 the computer code SPil'iLIE using a Lie algebra approach. At t\w moment SPINLIE 

can handle the elTeds of ~extupoles but caJmot calculate ii above second order. In all Lhree 

formalisms, lo reproduce the resonance- structure in sufficient detail, ii must be evaluated to 

high order in the orbital coordinates and this requires very large arnoun1.;; of computing time 

and swrage space. 
In spite of lhe availil.bility of analytical methods it is interesting to sec if the more Ttaive 

!0 
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picture of combined spin-flip and diffusion can be ~imulated and thereby produce a realistic 

description of the polarization phenomenology of a storage ring. This is the method adopted in 

the Monte-Carlo program SITHDS ((SI)m11!taneous (TR)acking of (O)rbit. and (S)piu motion) 

written by .J. Kewisch at DF:SY in 1982 [21]. The SITROS program tracks il.Il ensemble of 

electrons carrying classical spin vectors with built in orbital damping and stochastic cxci1.ation 

and "mcasmes" the depolarization time Td by ·'observing" lhe spin diffmion. The stochastic 

excitations are chosen by a random number gencntor. The dcpolru.·ii":ation Lime Td together 

with tlw build up lime Tl' from eq. (2.8) a.nd P OJ from cq. (2.7) leads to an estimate of the 

eq11ilibrinm polarization. The Monte-Carlo treatment of SITROS is the topic of this thesis and 

in particular this work will focus on the simulation of polarization in HERA. SITROS is np to 

now the only program which is able to handle all aspects of the real HERA machine. SITROS is 

used extensively to understand the polarization phenomenology of HERA. Several comparison~ 

between predicted and measured polarization have been performed (section 5)[30],[8]. 
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3 Description of the SITROS program 

This section is devoted to a. detailed description of the SITROS algorithm and to the presenta­

tion of te:o-ts designed to show how well SITROS represents the spin-orbit dynamics in electron 

storage rinp;s. 

3.1 Description of the 6 x 6 matrix formalism for the orbit motion 

The motion of a charged pa.rticle with energv H in the presence of electric and magnetic fields 

/E,i] is del,ermined by the Abraham-Lorentz" equation [37]: 

d (E ·) ~ c (. ~) ~ 
df -;;;.·r' = eE + ~ r

7 
X B + Rrad, 

where R--tad reprt>.Sents the radiation reaction force originating in the. fact that a charged accel­

erated particle ern its synchrotron ril.diation. in SITROS Rrad i~ represented as a sum of two 

lenne [3S][:l9[' 
.... """'D .... 
R,"a =H. +OR, (3.1) 

a. mntinuous part J?p describing the average (smooth) emission [38]: 

"""'D _ • e :... 4 ::) I (:...-:..)' 2 
' ( ' ) R - --·-rr r +- rr 

3 c5 c2 

which leads to damping effects and a stocha~tic part b'R describing the quantum fluctuations 

of the radiation field. fJ R leads to an excitation of the system. fn the following the assumption 

is made t.hat both contribu! ions can be treated separately. In the first Htep only the damping 

term fiD is included. ln order to establish a formalism in which the dynamical variables are 

small so that approximation~ can be made, one describes the motion in coordinates following 

the de...,ign orbit [40]['11]. The change of the independent variable timet to the pathlength s, 

particle IIaj~~~ory __ _ 

,-
7 

design orbit 

R 
}!> 

Px<O 

Figure 4: IJcscription of a particle trajec!ury with respect to !he. coordinate system moving along 

the de;:;ign orbit 

describi11g the position of a particle along the design orbit (sec fig. (4)) yields: 

c ~ ' 1 c - - 2 t:'l• ~, 
£f.:_ -t- 0-r 1 x R- -;---·--~10 (1 + !J)4 

_:._ (tl/'2 __ pnz) 
o r. Eo 3m, £'5 ~ ~ [o'i' + (1 +b) (c"- ~i')] (3.2) 
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with 
d 

dt 

ds dl 
dl dt 

d v d 
d;; = Rids' 

e = lenglh of the particle trajectory, df/dt ~ c, because the particles are ultrarelativistic, and 

E = Eo(l + fJ), 8 = .6. [i; /Eo. The vector t and its derivative with respect to s can be represented 

by: 

1 

·t' 

R + ,re, + zez 
a.R dx ~ ac~. dz ~ aez 
ds + rls ex+ :rds +d.~ Cz + z---y:;, 

where C~., f!z, C, ar~ unit v~r.tors. The derivatives of en f!z, i!, are given viil. the Frenet formulae 

in terms of the curva.tures hx(.~),hz(.~) of the design orbit: 

dii , 
ds =c., dex = -hxC., 

d, 
di!z 
ds = -h.C" de, = h,i!x + hze~z. 

d8 

where hx(s), hz(s) are defined by the design field,; Bfe' = f<"'ohz/c, n:es = -- E0 h,J;/c. ln the 

new curved coordinate system 011e gets the expressions for T' and T": 

€' is given by: 

·P' x'i!.1. + z'i!z + (1- xhx- zhz)C, 

T" = (x11 + h:r:- xhx 2 - zh,)<,)Cx + (z" + hz- xhxhz- zhz 2 )i!,, 

+( -2x'h~.- 2z'hz)f! .•. 

l' 2 = ?'2 = l- '2xhx- 2zhz + J: 12 + z'2 + 2xzhxhz + x2 h/ + z2h/. 

The electric and magnetic fields are defined with respect to the design orbit. The magnet.ir 

fields arc expanded in the small coordinates x and z: 

' £o Bz(x,z,s) 

' Eo H,(x,z,s) 

' ~E' H .• (x,z,s) 

'" 
with the following abbreviations: 

~h,(.>) ~ h(') + k(,)x + k(>)z + 0(2) 

h,(.>) + j,(,) + k(.>)z ~ k(.>lx + 0(2) 

h,(,) 

hx + Jx 
~h, ~], 

h,, 

= fuHz(x,z = 0) 

= -foB-"'(x, z = 0) 
= f;TJ.,(x,z = 0) solenoidal strength at },'0 . 

hori:umtal dipole l 
vertical dipole 

(:U) 

k 
k 

_ ..!..._!ili._ _ __c__dBx 
- Eu dz - /•;o dx 
_ __f_jli_,._ __ _!C___~ 
-E0 dz- Eodx 

skew quadrupole 

quadrupole 

Here ix and Jz represent additional dipole fields in the hori:.>:ontal and vertical pl<tne due t.o 

mi:-,aligned quadrupolcs etc. and corr~ctor rnagnet.s. 0(2) includes the sextupolc lerrm, which 

arc neglected in the following derivation but will be discussed later. 

The electric fields, which arc mainly found inside the cavities to an:elerate the particles lougi­

tudinally, arc given by: 

,, 
,, 

,, 

' b'o E, 

~}'"'z 
Ec 

' ( 2" ) r;o Vo sin tfo + ;:f = ~0 \!~ (sinr/>o + 2; Pcos¢0 ) + 0(2) 
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(31) 

f.,o + £c,1 + 0(2). 

r/>0 describes the nominal phase of the cavities, f the longitudinal deviation of the particle from 

a particle at <Po given by € = J~ l'd.s- ,,, ), i~ the wavelength of the RF system, the quantity 

!,/ \ is the harmonic a umber, where {" is the circumference of the ring. As a first step one 

ca.n ne_!';lect the sextupoles, t.he higher order multi poles, the nonlinearities of the RF field and 

the energy dependence of the terms in eq. (3.3) related to chromatic effects. The resulting 

particle motion is "linear" in the sense that. the forces which the particle experiences arc linear 

in the phase space coordinates. In this approximation for piecewise constant magnetic fields 

d/]/ds = 0 the system of the differential equat.ions takes th~ form: 

x" = G'xx-+ G'xz + t 5oX
1 + h,z'- hx8 + Cx + ]x 

z 11 = Czx + Gz.T + t.,oz' + h,:r'- h.j! + Ez + )z 

8' = E.,o + c,- f.,o(h";X + hzz) + ·cxx' + EzZ
1 (3.5) 

+C'~,b2 + Fxx + fi',z + F:r:•X
1 + Fz,z' + 2C'Ib28 

Jl.' = -h:r:X- hzz 

with 

2 e2 

c. - ---l 1 - :lmc 0 

G'x = -k- h;- 2jxhx + c,ohx 

Gz = -k- h;- 2jzh, + t,ohz 

Gx = -k- h~hz- 2j,hz + f-,ohz 

G, = -k- h:r:hz- 2jzhx + t,ohx 

F:r: = C-y (-2kbx- ikbz- 2h;bx- 2h,h,b, + hxb"2
) 

.F~ = C.1 ( -2kb;; - 2kbx- '2h;bz - 2hxhzb:r: + h"Y) 

Fx' = 2C, (b,:t-,0 + b,h,) 

~<> ~ 2C, (b,,, 0 ~ b,h,) 

h2 = h; + h; 

b, = hx + }x + E, 

bz = hz + j, + (z 

b2 = b; + b;. 

This system of differential equations of second order in x,z and first order in £,8 can be rewritten 

as <t system of G.nd, order: 
x'~kR+c 

with_,'('~'= (:r,x',z,;:',£,8). 

[ " ' 
h, " " " l (i, tso Gx h, 0 hx 

- ~-h, 0 0 J 0 0 
11"--' (.• -h ()" f ..• o 0 h., -'z , 

hx 0 ~h, 0 0 0 

Fx - E,,ohx Fx' + Lso Fz - c,ohz Fz' + c,o t,1 2C"'~b2 

and 
cr = (0, fx + Jn 0, f.z + )z, 0, C,b2 + Cso). (36) 

All terms containing the factor C, and c,0 are clissipativf:' terms. The I'~ and F', term~ include 

contributions from (;ombined function magnets. The radiation in quadrupoles is neglected. 
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One gets the corresponding equations for ultrardativistic protOHS by setting C~. and c,o to zero. 
In the case of electrons the cavity phases and voltages arc set so that the radiative energy 
loss (described by the "damping term" C,b2 } is replenished by the cavities (described by the 
"accclcr;ttion term" t_,0) in eq. (3.6). The synchrotron radiati011 just affects the energy dcvialion 
fi. The change of x',z' due to the photon emission with an angle of order 1/J· with respect to 
the particle direction is neglected. For a more rigorous treatment see [-'39]. l'he transformation 

of the vector X through an element. can be written in Hw following form: 

i(st) =o Af(.sr,-~o).R(.<io) + /f(.sJ . .su) 13.7) 

with the matrice8: 

( 

• ) oo I . 
exp A(sJ- so) = L 1·A""(.~l 

n=O n. 
if(s 1 ,so) - ·'o)"" 

ii(.,J,·~o) (
""' 1 • . ) ~ ,?; ;:;~An-l(si- -"or' C 13.8) 

( . ') . ' ~ M(81,s0) -1
1 

A- C 

if det A -I- 0. Derivations of 1\1 for various magnel type:! c;w he found in [-12]. By adding a 7th 

component ( =1) to X one is able to combine l1 and jj into an enlarged .M1 x 1 Tllatrix: 

( .YI,,J \ - ·'" I . J ( x'(.,,J) J- •V17x7 St,·~O L 
\ 1 ! 

13.9) 

wit.h 

,~frx7(s 1 ,su) = ( ,~f(s~,-~o) lil';·'c)). 

Introducing the periodicity condition .R(s1 ) = X(so+ /,) = .\(.,0 ) for a ring with cirnunference 

Lone can calculate the "initial vedor" of the periodic solution /Yo(.s0 ): 

( Xo~'o) ) \.1 I I I ( .Rc(>o) ) I 7x7 Su + . , so 
1 

.Ro(->o) (i- ,W(so + /,,so)r
1 

fr(::>u + L,.~o) 

with Af(s0 + L,so) i- i. 
If the condition i~l(so + L,so) = i is fulfilled (corresponding to integer orbital ''l!l!les") no 

bounded ll\Otion is possible. Using eq. (3.9) it is possible to caku!a.te Xo(.~) a!. eil.ch posil.ion s. 

X0 (.~) describes the closed orbit. In pradice the dosed orbit detennina.tion in SITROS tllllSL 

indude the scxtupoles. The problem is then nonlinear and t.hc periodic solution has to be 
found by it.ent.ion. This orbit corresponds to the trajectory of the ctcnl.ritl pn.rtidtc in t.he beam 
and the position X- Xo rlescribing synchro-bctatron oscillations with respect to Xo obeys the 
horuogtcneous equation: 

X~ I= A .. :R (3. LO) 

with the solution 

X(.<)~ J~fl'•'c)XI'o)-
Having removed the closed orbit from !.he discussion one is now in iJ, position to look more closel,Y 
at. the stability of the motion and the damping behaviour. Examination of the coefficient lllil.!,rix 
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A in eq. (:3.10) shows that it can he written as the sum of two parts, Au and 8A. [42]: 

Ao 
( 

0 
-k- (h; + 2j"h") 

--h. 
-k- lh,h,'+ 21AI 

h"' 
0 

1 . . . . : 0 -k- (h"h' + 2j,h,) h, 0 h, 
() 0 1 0 0 

-"hs -k- (h; + 2]ch,) () 0 h, 
0 -h, 0 0 0 
0 0 0 fs{ 0 . " . '] f,ohz 0 0 0 

0 u 0 0 I 3.11 I 
t .• oh, t,o 0 0 · 

0 0 0 0 
F,- f._,ohz F,, + fso 0 .2C:1 b2 

( . . .__,oh:c tso 

oA 0 0 
~ 

c,0 h, 0 

Fx-
0
c,ohx Fx': Cso 

.40 c;UJ be derived from a Hamiltonian and describes purely oscillatory motion with conservation 
of the phase space volume [42]. b;i cont<tins dissipative terms which can cause the phase ::;pace 
voinnw t.o contract (m expand). In these coordinates the dissipation comes about because 
longitudinal acceleration (the terms in t,0 ) causes x' and::' t.o shrink and because the radiation 
ra.te depend:-, on the energy of the particle [39]. ln pure dipole fidds the radiation leads to a 
damping of the 8 coonliuate (lhe 2C"'~b2 'term in cq. (3.1 1 )). In combined function magnet::; where 
bending and gradient fields are present the radiation can cause antidamping of the horizontal 

motion(}~ and F, terms in eq. (3.ll))r-13]. 
The flrst step in designing a. storag<O ring optic is to establish a situation where the motion 
described by the one turn transfer matrix ,f1o, corresponding to the coefficient matrix Ao, is 
stable. 
One can always expres.~ the particle position in phase space, characterized by X, <t.S it linear 
combina.tion of the six undamped eigenvectors j_!;k (k = 1, 2, 3, 4, 5, 6) of 1\1o: 

x~"La,P" 

where the £k obey the relation 

Mo(s + L,,~)r"Jk = ).kf:;k· 

Stil.bility is achieved hy eusuring l!w.t !.he eigenvalue~ 1/\kj=l [42]. In this CnHe the ).k come in 
complex conjugate pairs aud can he wriUen as exp (±·i21T'Qk), where the Q~: are lhe fractional 
parts of the oscillation frequencies ("tunes") of the linear system in units of the revolution lime 

'/'. 'l'he full frequencies for HERA arc Q"- "'47.1, Qz,..., 47.2, Q,"' 0.07. 
In the corresponding eigenwdue problem for the full one turn matrix M(.s + 1~, s) derived frorn 
the full coenlcient. matrix A, i.e. including dissipa.tion, it is found that the tunes already 
Cil.lculated are shifted slighlly and acquire an imaginary part: 

if(.s ! /,,s)Ek = ~kJ<;k 

wit.h 

~k/k+l =exp(-ak±i21T'Qk) ,k= l,a,5. 

Thcu if at position .~ 0 one now writes the orbit coordinate in terms of the damped eigenvectors 

Ek: 

Xl-<o) ~ 'La,E, 
16 

(3.12) 
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with k,,(to) ~ Ek· Transporting X using /0! one sees that in the absence of a source of orbit 

excitation the coordinates would either grow or shrink exponentially depending on the sign 

oft he ak. Clearly all three ak have to be positive so that the motion is intrinsically stable. 

The damping times of the system Tk are given by T/ak. The r.~:k can be calculated directly 

ano.lytically [39] in terms of the eigenvectors Ek and 8A. For HERA t.hc time constants arc 

approximately T, o=: l:'i m~wc, T4 = 17 rn~ec and r, =7 msec at 26.666 GeV. The damping effect 

can also be discussed in the framework of the Fokker-Planck equation for the phase space 

distribution [::!9]. 

3.2 The stochastic part of the synchrotron radiation process 

The stocha~ticity of the radiation process leads to an excitation of the orbital and spin motion. 

Dfl = Hrad- _Rp (eq. (1.1)) is a stochastic quantity with the properties: 

<oR> = o 
< ofl(,Joil(i) > 

55rJry'' 

24v'3mcc 

1 

I PI' 
8(.<- ,'), 

where p describes the curvature of the trajectory [38]. The beam dimensions arc tbe result 

of the equilibrium of the excitation~ (OR) and the damping (RP). Using i.he undamped £~; 

im-;tead of the damped eigenvectors ft;k the amplitudes ii~; in eq. (:J.l2) becorhe time dependent. 

Although a rigorous treatment of the combined excitation and damping is best carried out using 

stochastic differential equations or lhe Fokhcr-Planck equation [:19], the equilibrium beam si>~e 

can be derived heuristically as follows [44]: 
The rate of chitnge of the second moment of the centred amplitude distribution for a given 

particle ensemble < liikl 2 > due to damping for a mode k is given by: 

d - •2 Clk - 'l Ji < !akj >= ~2T < iaki > . 

The ra.te of change of the amplitude spread due to excitation is: 

d - '2 1 
dt < iaki >= ]' 

55relq5 

211/3mpc f ' I d IF~ki TPf ,s 

(:U:l) 

c:k 
r (3.14 I 

where Eo,k is the fifth component of the kth undamped eigenvector. norrnali;--.ed a~ in [441. The 

equilibrium is reached for: 

" 1- [2 -- ck -~ < ak 1 >- -- - t:k, 
Ok 

where rk is called the "meil.Tl pnrl.icle elnittance'' of the beillll f01 the mode k ['15], desnibing the 

lllean value of t.he single parLicle emittauces of an em~~mb!c (sec cq. (3.30) ). C sing more curnplet e 

treatments and assuwiHg that the equations of motion are linear it is found that the padicle 

dislrihutions in phase space arc Gaussian [39] Fm a typical HERA optic wit.h imperfections 

a.nd corrections the mean pil.rtide el\lilL<uice~ are t.-. ~ 8 X LO-~'~ r<-1.d rn, C0 ~ 8 x 10-10 r.~.d rn 

;1.nd t.,......, 1.6 x 10-~ radm at 26.666 GeV. The ratio tz/c.r describes U1e ''emittance coupling'· 

between the x and.~ motion. Tn this case the ratio i;; ndcuhtted to he 1% (see also section 

3.5.6). 
Using the relation i(so) = '£("ikl!;k and 

< :a.d >=< 1ak+ti" > ,k~J,:l.5 
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the "pa.rticle distribution parameters"' < x;x1 > (i,j = 1, 2, 3, 4, 5, 6) a.J, a certain position s 0 in 

Lhe ring arc given by [·H]: 

< X;:L"j >(so)= 2 L < liikl 2 
> Rf: [g,kE;k]· (3.15) 

k=l,:l,~ 

The po.ra.Jileters < xJ > denote the second momcnt.s of the Gaussian distribution functions 

w(:rk) for the x,x',z,z',i! and (i moJ,ion: 

I ( cc'\ 
w(:rk) = ;c:;- . exp -, k ) . 

21r < xk > . 2 < :1:~ > 

'l'he quanl.ity ay = y~------yr> (y = :r,z,s) (in the follo\ving the index sis identified with the 

index f) is called the "equilibrium beam si:-:e" describing the mean value of the single particle 

amplitudes of an ensemble (see cq. (3.29)) under the coudition that the nondiagona.l elements 

of the rnat.rix < XiXj > arc small. The tiH angle 0 of the :r-z beam profile relative to the 

horizontal axis can be fonnd from: 

2 < xz > 
tan (20) = < x2 > - <... z· :> (3.16) 

0 describes the "betatron coupling" between ihe x and z motion introduced by systematic skew 

quadrupole componerd,s in the ring (sec section 3.3) [46]. 

3.3 The representation of the nonlinear motion 

So far only the linearized orbit motion ha:-> been considered. In lhi" c<~.:-le the motion is completely 

del.errnincd by the 6 x (-) tran.~fer matrices of the ring elements. 

However 1,\w natural chromaticities describing the momentum dependence of the focusing in 

HERA are"' -60. This would cause a strong t-ransverse single bunch imtability ("head-tail 

effect") [47]. Furthermore, for a fractional energy spread of as= 1 X 10-3 at 26.666 GeV this 

would cause o. rrn:-, tune range of 0.06 which would lead to the crossing of unstable low order 

orbil. re:-onances and hence particle lo~s. Thus this chromatic dependence of the ilo cannot be 

ignored and ill pradice the llme8 must be made 0 independent by introducing sextupo\e~ into 

the lattice at places where the hori:wntal dispersion is large. Nonlim~arities above second order 

can be neglected at this c,l.a.ge of the description of the particle motion. This is justified by the 

strong damping of the synchrotron oscillations. The damping lime corresponds to T, '"'""' 300. 

turn~ in HERA which Loget.her with the stochastic excitation by quantum emission in effect 

n1ea.ns that the particles have a very short "metnory". 

h1 Hw presence of chromatic effects and sextupole corrections the above methods for solving 

linei-\.r differential equations arc no I,Hlger applic;thle. One way t.o solve the problem is to tra.ck 

cl particle through the sl.rucl.nre using a transfer matrix formalism for the nonlinear elements 

and lhen to include nonlincarilie~ by means of kicks. To determine particle distributions a 

certain number uf particles repre,;enting the real particle distri lmtion is tracked in Monte"CMlo 

prop;ril.lll~. fhis is the approach used iu SfTROS. 

As mentioned in eq. (:3 .. '5) the h clcpei\(honce of til(-:' lleld~ was neglected (the J,erms in eq. (:J.:J) 
are evaluated at £ 0 ). Thus in the "next order" of approximation, eq. (3.5) has to be modi lied 

to include lhese chromai,ic eiTed~. Replacing the energy _80 in eq. (:J.:l) by the energy of a 

pa1ticle wii,h an energy deviation 8, the system of di!Terential equations takes i,he form: 

x" ( ' G t.,o , h, , hx , 
7L·X + xZ + l t t/ -j T-+bz - J +f) I) 

Cx + Jx 

"J+T 
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z" 

8' 

f' 

with 

c, 

Gx 

G, 

Gx 

(;, 

F, 

F, 

F~-' 
F,, 

h' 

b, 

b, 
b' 

G + G' ~ I+~ I- _!!__:__{J + (z + j, 
zX zx+l+bz 1+8X 1+6 1+8 

C3o + t•- Cso(hxx + hzz) + l'.xX
1 + Czz' 

+(1 + 8)2 [C1'b2 + Fxx + Fzz + Fr1X
1 + Fz,z'] 

-hxx- hzz 

2 e2 3 

-3rnelo 

k h2 2jxhx Csohx 
-1+b- ,-1+8+ 1+8 

_ ____!__ __ h2 _ 2jzhz f.3ohz 
1+8 '1+8+1+8 

__ k _ _ h h _ 2Jxhz t,ohz 
1+b ,, 1+8+1+8 

_ ___!__ _ h h _ 2jzhx fsohr 
1+8 '' 1+b+1+b 

c, ( -2kb,- 2kb,- 2h;b,- 2h,h,b, + h,ti) 

c, ( -2kb,- 2kb,- 2h;b,- 2h,hA + h,b') 

2C..., (bxt-so + b,hs) 

2C1' (bzt.,o- bxhs) 

h; + h; 
hx + }x + f.x 

hz+Jz+(z 

b; + b;. 

(3.17) 

[n principle the "weak focusing" terms h;, h; also have a 1 +b dependence as shown in [48]. The 

chromatic tontributions of these terms are neglegible and only of interest if one wants to preserve 

symplecticity and thereby the phase space volume in the nondissipative case (C"Y = 1:',,0 = 0). 

The term 1 + b (in HERA at 26.666 GcV the energy spread is a6 = l x 10-3
) can be treated as 

a constant inside a ring element. The transformation for an element is then given by a matrix 

which depends on the energy deviation of the individual particle. 

In the derivation of eq. (3.S) the sextupolc fields: 

B""-1'(' ') z - 2g X - z n;ex = g'xz, 

wete not taken into account. These fields are treated in a thin lens approximation neglect· 

ing the change of x and z within a sextupole magnet. The resulting kick is applied to the 

particles between the transfer matriees f<!r linear elements which arc given by the solution of 

eq. (:3.17). If there is a closed orbit deviation in a sextupole the transformation effectively 

acquires quadrupole, dipole and also skew quadrupole components which leads to a betatron 

coupling of the x and z motion and in the case of systematically distributed skew components 

to a twist of the equilibrium beam ellipse (eq. (3.16), see also section fi.Ll)[44]. 
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3.4 The representation of the spin motion 

The centre of mass spin motion for a single particle with the unit spin vector S is governed by 

the Thom>>B·BMT (T·BMT) equation [25][26]' 

d§ ~ ~ 
-=01xS 
dB 

where OI(B,E,J) given by eq. (2.3) is a. function of the fields and the energy. nl can be 

rewritten in terms of the coordinates in the moving frame: 

n, ~ -'- (ao [rii- _]_~(?'B)i''- •7 ' X e] + l'B- (ao + - 1
-) [•

7
' X eJ). 

/-<,'o l+1l' 1+1 

The derivative of .S = Sxi!x + Szi!z + Ssi!s with respect to s is given by: 

(.5)' = S~i!x + S~i!z + s:es + hxSsi!x + hzSsi!z- (h.,Sx + h,Sz)i!,. 

The equations of spin motion with respect to the coordinate frame of the design orbit are 

obtained. by substituting the vector s I = s~ex + S~i!z + s~e. and the vector n = nl + nr 
with fir = -hzi!x + hxi!z, where it describes the contribution to !1 due to the rotation of the 

coordinate system. The T-BMT equati?n can then he written in the form: 

s~=fixS, (3.18) 

where fi describes the precession with respect to the rotating design coordinate frame. After 

linearization in the orbital coordinates and by treating the li dependence in the sall1e way as in 

eq. (3.17) the following relations for the components of the vector n hold: 

fl, ~ (aoo+ 1 ~ 8 ) (h,+j,+c,+ (k-h;-j,h,-,,h,)z 

+ ( -k- hzhx- jzhx- tzhz) X- E8oZ
1
)- a''foh.,x'- h, 

n, (aro +]! 8) (hx +Jx + f.x + (-k + h; + )xhx + Exh~.) X 

+ (k- hxhz- f,hz - Exh~-) z- Csox') - a~(ohsz'- h,., 

n, (1 )h,-h,h,x-h,h,z ( 1 )( , ') +a {) + 
1 

- U/o + 
1 
+ 8 f. 2 X - txZ . 

The differential equation (:U8) can he written in matrix form: 

n ~ ( 
§' =0§ 

0 
fl, 

-0,., 

-fl, 
0 
n. 

fl, ) 
-~s . 

For cons1,ani. fi the spin transfer matrix for an clement of length .6.s is given by: 

( 

w;(1- C)+ C w,w,(J -C)- w,S w,w,(J -C)+ w,S ) 
iJ ~ w,w,(1 -C)+ w,S w;(J -C)+ C w,w,(J -C)- w,S 

w"w,(1- C)- w,S w,w,(1 -C)+ w,S w;(l- C)+ C 

(:l.l9) 

(3.20) 

with w,.,,,,• = Dx,z,3 /lfil, S =sin 1fi1, C =cos 1fi1 and fi = J fids = 0 · .6..~ denotes the effective 

rotation ved.or of the clement of length ,6..~. 
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In analogy to the definition of the closed orbit for the orbital particle motion it is possible to 
find a periodic solution of eq. (3.18) on the particle dosed orbit given by: 

''o(-',) ~ (If J),) iio(-'o) (3.21) 

with the periodicity condition ii'0 (sl) = ii0 (so+ L) = ii0(s0 ) and the b; describe t.he spin motion 
along X0 . The solution ii0 (s) defines the equilibrium polarization axis mentioned in section 2 
(see also appendix A). The one turn rotation angle around ii0 is obtained from the trace of the 
product of all matrices b;: 

1!1""' I 21fv
1 

(
Tr(ru7.) -l) 

arccos 
2 

, 

where v 1 is the fractional part of the "spin tune" v already defined in eq. (2.5). In a fiat ring v 
is proportional to the energy (v = a10 ). A HERA beam energy of 26.666 GeV corresponds to 
a spin tune wy0 = 60.5. 

3.5 The Monte-Carlo program SITROS 

In the last section the basic concepts which are needed to discuss the spit't-orbit t.racking al·· 
gorithm of SITROS were summarized. AR explained in section 2 the aim is to track electrons 
under the influence of linear and nonlinear fields, damping and stochastic excitation and to 
study the resulting spin diffusion. It is desirable to track a "large" number of particles for a 
sufficiently "long" time so to model the real storage ring as closely as possible. Since the inte­
gration of the T-BMT equation is very Computing time consuming methods have to be found 
to increase the tracking speed. There are three basic component~: 

1. the use of carefully chosen approximationR for the integration of the T-BMT equation. 

2. the reduction of the number of effective elements in the ring by lumping groups of clements 
into sections, 

3. emitting a small number of "high" energy photons (......, 300 KeY) between the· sections 
instead of simulating the emission of a large number of "low" energy photons ('"" 60 
KeV). 

3.5.1 A few notes on approximations of the nonlinearities in the spin motion 

The rotation vector {2 depends on the phase space coordinates of the incoming part. ide ( cq. (3.19)) 
and is not piecewise constant in the orbital coordinates. Even for linear orbit motion the spin 
motion is nonlinear (see the sineS and cosine·C terms in eq. (3.20). In SITROS the following 
approximations are made: 

1. Dipoles have strong constant fields which lead to large phase advances of the spin vec­
tor. Only a small dependence on the phase space coordinates is introduced by the weak 
focusing of the magnets. Thus in good approxim~tion one can average the phase ~pan· 

coordinates over the element length and calculate fl by using eq. (:U9). The dipole fields 
generated by the correction magnets and a nonzero closed orbit with respect to the centre 
of quadrupoles and sextupoles are also treated in this way. These fields mainly contribute 

to the closed orbit part ft of the rotation vector n (see eq. (3.23)). 
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2. In elements with magnetic field::_ of higher order than dipoles (especially quadrupoles and 

sextu-poles) the dependence of {2 on the phase space coordinates is very >ltrong. But the 
phase advance is very smalL Under tbis condition the rotations of the spin vector around 
the coordinate axes commute and can be integrated independently. In the absence of 
longitudinal fields the relation J tids = (a1 + 1)( -.6..z', .6..x', 0) holds. This relation is a 
solution of the T-BMT equation, remains valid up to arbitrarily high order in the orbital 
coordinates and does not rely on the approximations leading to eq. (3.19). The problem is 
thus reduced to the determination of the orbital motion. These fields mainly contribute to 

o. spin 
the the transformat~on matrix Msec which will be defined in cq. (3.23) while introducing 

the dependence of n on the eoordinatcs. 

3.5.2 Transformation of the phase space coordinates 

A central point in the description of the algorithm is the concept of "sectioning". The basic 
idea is to divide the ring structure into sections and to reduce the number of elernents (typically 
a few l x 10:1

) to a relatively small number of "section elements" ( < 100), which represent the 
transformation through the collected clements in a section up to second order. The advantage of 
this rnethod is a gain in computing speed of nearly two orders of magnitude reducing the needed 
computing time for a SITROS run to an acceptable level (see appendix B). The disadvantages 
and limitations of the sectioning method will be di~cussed in detail. 
The ring is divided into Ns sections (currently 16 or 32). Each section is described by a 
transformation which contains the nonlinearities up to second order. The particle trajectory is 

described by a 6 + 21 dimensional vector X constructed from the 6 dimensional vector X and 
21 quadratic combinations of the pha.~e space coordinates with respect to the closed orbit: 

-T 
X = (:I:,x',z,z',£,8,x 2 ,xx',xz., ... ,£2 ,£b,b2

) 

~ o. orbit 
The transformation o( X is given by a 6 x 27 matrix M sec 

~ ' orbit ... 
x~ = Afsec X. (3.22) 

o. orbit 
In order to determine the linear (columns 1-6) and the nonlinear (columns 7 -27) parts of M sec 

for a section, a. simple ray tracing method is used in which the closed orbit particle and 72, 
particles with specially chosen starting poinls are tracked with respect to the closed orbit and 
their output coordinates are noted. 
Twelve star1.ing vectors X are needed f:o determine the linear and the quadratic coefficients for 

" orbd 

1:, :t 2
, ... , 8, fi2 of the matrix M sec 

'~ 1 --t 2 

±a, 
0 

X,= I 0 
0 
0 
0 

:~ --t 4 
() 

±CTx1 

0 
0 
0 
0 

9 --t 10 11 --t 12 
0 0 
0 0 
0 0 
0 0 

±a, 0 
0 ±as 
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Figure 5: £xample for a partition of the HERA ring. At "PM" the tracking data an: analyzed. 

At the interaction point "IF" a time dependent depolarizing field mn be added (see scdion 

5.S) and the beam-beam interaction can be simulated. At the "radiation pain/!:;" photons with 

randomly chosen energy are emitted to s1:mulate the stochastic excitation (>te section 3.5./J) 

and sixty ( 4 e)) starting vectors: 

t= 1 ........ ·1 5--+8 ,')3 --+ 56 .57 --+ 60 

±a, l ±a, 0 0 

'TI 
0 0 0 

x, ~ ±a, 0 0 

0 ±az' 0 

0 0 ±as 
0 ±a, ±cro 

which arc used to ddermiue the mixed coefficients. The aU2 =< :rk > a.n~ t.hc second momcn(,:-; 

of the Gaussian distributiOns of the x, x', z, z', C and fi coordinate of the liiiear theory (see 

eq. (3.L"i)) and they therefore represent a typical particle position in the beam at the twginning 

of a section. 

All coefficient:-; are calculated by taking the appropriale differential quotients of the starting 

vectors X and the corresponding transformed vectors f(~. The coefficients of the linear part can 

be checked against the coefficients of the tram;fer matrices derived from the linear calculation. 

The same method is used for the dclennination of the coefficients of the tr<tnsfonnat.ion matrix 
o. 'P"' 

M.w: for the spin motion. An example for a ring with Ns = 8 sections NR = Ns- 2 radiation 

points is given in fig. (5). 

3.5.3 Transformation of the spin vector 

In SITROS the spin vector§ of a particle is described by a 3 component vector~= Vix, Sz. S.,). 

This vedor is transformed by the matrix iJ (eq. (3.20)) which depends on f2 which itself i" 

a nonlinear function of the phase space coordinates. Limiting the influence of the particle 
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Figure 6: /·)trur:l1trc of thf matrices representing the sections for the orbital and spin t-ra:;king. 

The orlrilal tracking is performed with respect to the closed orbtt and the r-otation pecfor f2sec is 

dctum'incd with respfxt to the design o·rbit 

trajectory to second order terms one can describe the rotation fLe, for a section by a 1 X 27 
' spm 

matrix !vf se< 

( 

!l, ) il, 
{l, 

Ill I l i\;o ) {2co 
. ' nw 

lfi
30 

I sec 

o. spm,. 

+ Msec X, (3.23) 

-cu 

where ~)sec represenls the rotation ved,or of the particle on the dosed orbit. 

For a detaikd ;w<tlysis of the resonance strndure given by the conditions of eq. (2.9) it is 

uecessary \.o calculate the equilibrium polarization for a certain energy range covering several 

resonn.nces. !\Tonnally the range bet.ween lwo integer values of spin tune which are "-' 410 MeV 

apart is appropriate (see section ·1} 
In SITROS spin vectors arc tracked simultaneously at different beam energies by including 

these vectors ill an enlarged transformation matrix. FOr the spin tracking at these energies 

SITROS uses the par!icle orbits for the middle point in t.he chosen energy interval because the 

change in the orbital motion of the particles is negligible for an energy range of 1!JO MeV ( the 

variation of the radiated power is of the order of a few percent and the tune change is a second 

order effect ). Using eq. (3.22) for the central energy and eq. (3.23) for 101 energies one can 

construct a matrix consisting of (6 + 4 · 101) x (I+ 27) elements (see fig. (6)). 
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Figure 7: Determination of thE damping times Ty (y = x, z, s) for jivE starting Gaussian parhr:le 

distributions with 1, 2, 3, 4, 5atin, where the O"t'" arc given by linear theory. The beam excitation 

by q1lantum emission is switched off in the simulation. The ratio of az and ax COT'1"e8ponds to 

2% emittance coupling 

3.5.4 Problems induced by approximations 
o. orb.t 

Even if no damping is included, the quadratic matrices M sec are nonsyrnpl~ctic. This can 

lead to an artificial growth of the phase space volume covered by the particles. To be sure that 

this effect is insignificant one has to check the damping times for lh~ modes k which should be 

dose to the values of TJ; expected from I. he liuea.r theory. In rig. (7) the re~mlt.s of a simulation 

without beam excitation by quantum emission for a HF.RA optic at 26.666 CeV and an HY 

voltage of 150 :\!IV with 2% emittance coupling lwtwt>en the x <lnd z mode arc shown. The 

curves correspond to ~t.arting Caussian distrilm1.ions of 500 p<1.rticles with diiTerent. mt~an beam 

sizes (la~in --1- 5a~in, y = ~-, z,8), which are given by lim·ar theory. The 111ethod to determine the 

heam sizes in the simulation is described in sed ion :l..').fi. Tlw damping times ci"\.lculatcd from 

the simulation arc T~- = 17.5 mscc, T, ....:. 15.1 msec <tnd T,, = 7.0 m:-,ec. These values are identical 

t.o the damping times given by linear theory within t.he expected precision. fn addition the slopf' 

of the "straight" lines in logarithmic scaling doc& not change wilh increasing vari.ancP of the 

starting distribution, although one expects tl1a.t. the nonsyrnpledicity gets more important for 

particles \vith large amplitudes. One can conclude that for the ph<1...~e space region covert>d in 

the simulation the nonsympledicity of the matrices Uo~s not lead to an artificial excitation or 

damping. 
, spm _ 

For the determination of the matrices M sec another problem occurs. The calculation of nscc 
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for a section is d~ne by using the spinor formalism. For a single element of length .6.s with the 

rotation vector n = rfor/o, where eo is a unit vector and o/n denotes the rotation angle, the 

spinor transformation is given by [28]: 

Mspmor exp ( -~i(J · Fn)4>n) 

i co' ( ¢2n)- i(b. en)sin ( ~n ), (3.24) 

where the g = (6-x,&.,& .• ) are the 2 x 2 Pauli spin matrices and j is the nnit matrix. The 

transformation of a string of elements is obtained by multiplying the corresponding 2 x 2 

matrices. The angle and the direction of the resulting rotation vector are calculated to be: 

cos ( 
1•i«) ~ Tr (M'';M,) 2 · sec 

f{l = - sm ~ Tr fj Msp;nor ~ [i . (¢" )] (~ ' ) 
•« 2 2 sec" 

In SITROS the transformation in eq. (3.2,1) can be represented by 4 x 4 matrices with real 

coefficients: 

( 6) ( c 6 Sx 
6 = s, 
~4 Sa 

with 

(¢{,) c =cos 2 

-Sx -Sz -S, 
S, 

-S, 
c )( ~~) c -S, 

s, c 
-S, s, 

( s,) (¢'')~ ~: =sin 2 eg. 

(3.25) 

(3.26) 

Tlw st<1.rting vector {r = (1,0,0,0) is transformed through 5he string of elements using the 

rna1.rices given by cq. (3.2.5). This starting condition enables f1""" to be extracted directly from 
"- spm 

lhe transformed vector using eq. (3.26). The matrix A1 sec is then calculated with the ray 

tracing method just described. 
o. spm 

How good is the approximation hy the rnatrix Jf.,cc 7 
This depends ~~·ongly on the frad.ional part ~~~cc of the integral spin tune of a given section. If 

the condition iO.,~"I/2r. = n, n =iut.eger, corresponding to v;ec = 0 i~ fulfilled, the Sx,~.·• terms 

in cq. (3.25) vanish for the resulting transfonnal ion through a section. This leads to a situation 

<Yltere nonlinear terms higher th<1.11 second order in the initi;tl phase space coordinates become 

important.. (1n the following discLtssion the index .~ec will be omitted.) Fig. (8) shows the 

difference between oy and the clost>d orbit COlli.rihntion !)~o llOf!HiJ.Ji1-1ed with !)~o (y = x,z,s) 
for one selected section. In ftg. (8, Top) the fractional parl of t'fw spin _tunc is v' = 0.00037 

illustrating lhal it i.~ not su!Ttcient. to a.pproximak lh~ components of n hy a polynomial of 

second order in the initial x' and ;;:' phase space coordinates. [u the second case (fig. (8, 

Bottom)) u' is near the half integer (v' = 0.40851). The approximation hy parabolas remains 

valid for a large [ractiou of Lhe phase space. This btds to the conclusion that the ring has to 
, spw 

be divided into sections \':_itb v 1 neetr tbc half integer. If this is done tht; matrices M used 

for llw determination of n, whidl a.re calculated for "typical" particles at one O"y (see ~ection 

3.5.2), provide normally ;c good approximation over a large fraction of the phase space. 
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3.5.5 EXcitation by quantum emission 

In S!TROS the stochastic photon emission is simulated by applying a single large random 
t>nergy change ~6 to the relative energy 8 of each particle at the beginning of each section 
(sec "radiation points" in fig (5)). The energy changes 6.ti are cho.'len from a centred Gaussian 
disttibution denoted as f(r!) with unit variance, where FJ is a random variable. The tails ol" !(11) 
arc cut off at n in units of the variance (n denote.'l the "cut, parameter"). The cut is introduced 
because the tails of the Gaussian distribution cause the emission of photons with energies far 
beyond the critical photon energy resulting in an unphysical excitation of the riarticle motion. 
Each energy change 6.0 can be written in the form Kr], where [( is called the ''excitation 
strf'ngth'". The first nonvanishiug mornent /( 2 < ry 2 >of the excitation distribution Kf(rJ) 
needed to reproduce the correct beam dimensions, for example given by eq. (:3.15)), can be 

determined in \.wo ways: 

l. Ignoring thC small feedback from the x and z motion the change of the energy amplitude 

spread < a2 > with time is given by: 

d 2 lcV2.2 J.i <a >~ yNn '- < "fJ >, 

where NR is the number of radiation points, K the excitation strength, < ·rj
2 > the second 

moment of the centred normalize{l random distribution and T the revolution time. From 

cq. (:tl3) for the equilibrium sta.t·e one has: 

< a2 > '2~ T.,NR/(2 < "f/2 > 2 < 82 > 

~ 2....r<7J2> 
ry 

[( = 
1 

v'NR 
(:!.27) 

Foro. Gaussian random distribution with unit variance with tails cut oJf at n the second 

moment< ·q 2 >is given by (sec ftg. (9)): 

q'>~l- ~cxp(-n'/2)/-;<1>(~). (3.28) 

where~ is the error function[49]. 

2. The excitation strength [( is varied during the tracking and the simulated bunch length 
at PM (see fig. (5)) is adjusted empirically using a "gradient rnethod" and the step size 
is scaled with lu, -· u~ir'l, where a., is the simulated (see section :1.5.6) and u;in is the 
!ongltudina! equilibrium beam ::<ize determined by eq. (3.1.')). Fig. (10, Left) gives an 
example for the adjustment of f( in Lhe presence of fourteen radiation points (IVa = 11) 
corresponding to sixteen sections. The tails of f(TJ) arc cut off at n = 1. All particles are 
started on the dosed orbit. When the simulated bunch length u., reaches the equilibrium 
value corresponding to the initially chosen I< value (K =·O and K = 6.9 X 10-·5 ) and if 
as is not yet equal to the preclided a~"' I< is changed and the process is repeated. After 
a fixed time which is given by the damping time of the energy oscillations r., '""i msec 
oao turns) it is assumed t.hat the system is again in equilibrium and as is again checked 
againsl u~<n. As can be seen]( converges to [( = 3.5 X 10-5 for both starting wnditions. 
This result is in agreement with the/{ value calculated using eq. (3.27) which is denoted 

as ''J{(lv'R = 14)" in fig. (10, Left). 

In fig. ( 10, Right) the solid line describes the excitation value [( calculated for different numbers 
NR of radiation points using eq. (3.27). The spots corre~pond to the simulated values obtained 
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Figure 9: Analytical (eq. (1.28)) and simulated result using the random number- gencralo1 

"RANNOR" [,50} for the second moment of a nonnalized Gaussian distribution wdh unit vari­

ance for different cut parameters n 

using the second method. The results of the analytical and the empirical method arc in good 

agreement showing the validity of the simple model described by eq. (3.27). 

For a typical run with NR = 14, f(TJ) cut off at n = 1, T_, = 7.15 mscc, < ti2 >= 4.2 x 10-7
, [( i~ 

equal to 3.5 X 10-5 • The second moment K < ry 2 >= 1.1 X 10-5 corresponds to an rms energy 

change of .-..300 KeV at 26.666 GeV and a maximum of ....._goo KeY, which is large compared 

with the critical photon energy "'60 KeV. A cut off at n = 3 \voulJ cause maximum photon 

energies of"" 2 MeV. After the adjustment of the bunch length SlTROS normally reaches the 

linearly predicted beam sizes in the :r and z direction automatically. The fact that ·all three 

beam sizes acquire their correct values simultaneously is a confirmation that the feed throngh 

of energy oscillations into the transverse motion expected from the ti- x, 8- z coupling terms 

in the 6 x 6 orbit transformation is well sirnnlatcd in SITROS even with the limited number of 

radiated photons per turn. Otherwise one has to readjust the scclions in a wa.y that the one 

turn integral in cq. (3.14) is represented in a correct way by the ril.diation points. If the lattice 

is periodic in the arcs this requirement is easy to fulfil. As shown in fig. (10, Right) simulations 

have been performed for different numbers of radiation point:< I'v"R leading to the conclusion 

that the cmis$ion of a limited number of ''high energy" photons has no significant influence on 

the simulation of the orbital motion. 

3.5.6 Simulation of the beam sizes 

Another way to check tlie tracking algorithm is to ob.~ervc the way the beam sizes rca.ch equi­

librium for an ensemble in which all N particles start on the closed orbit. For this one chooses 

a position .~ 0 in the lattice (.~o =PM, sec ftg. (5)). where the dispersion functions Dx and D, 

and the beam ellipse twist arc small and one defines the beam siz(o ay (y = x,,-::,s) to be the 
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Figure 10: Left: Adjustment of the excitation strength /( in the presence of fourteen radiation 

points (NR = 14) for two different initial I< values K = 0 or K = 6.9 x 10-5 respectively. 

The time step for the change of K is taken to be the damping time of the energy oscillations 

Ts = 1 rnsec corresponding to 330 turns. The dashed line represents the analytical result gilJCn by 

eq. (3.27), Right: The dots describe the adjusted K for different numbers of chosen mdiation 

potnts !\rR and the solid line the analytical result derived from eq. {3.27} 

nns amplitude of the ensemble: 

ay = w . )<a;> (3.29) 

where the amplitudes ay, are the quantities ay, = ~ and the Ey, arc the single particle 

cmittances [51]: 

Cx, fxX; 2 + 2n,:J:;X,
1 + /Jxx/2 

'"· f,Z;
2 + 2axz;z/ + fJzz/ 2 (3.30) 

fs, Is£, 2 + 2a.,£Ji; + {3/J'?. 

uy, ,By, /y are the optical functions of the linear machine at the point .~ 0 . One then expects, 

as::mming the validity of a simple one dimensional diffusion model with damping and noise [52], 
that O'.v(l) grows asymptotically in time like: 

a,( I)~ a;'+- cxp ( -2*), (3.31) 

when· Ty is the damping time of lhe mode y and IJ~in is taken from linear theory. Pig. (11) 

illustrates the comparison between simulation and theory for an ensemble of N = 1000 part ides 

and it is again seen that SITROS produces the expected resuU.s. After a few hundred turns 

the equilibrium distributions arc reached for all modes. In SITROS typically 5 x 103 turns arc 

tracked to e:=;tablish the beam equilibrium. To illustrate the shape of the particle distributions 

in the equilibrium state for a typical HERA optic with chromaticity and sextupole correction 

turned on the phase space with 1000 particles was projected onto the ( x, x'), ( z, z'), (£,b) plane 

after 5000 turns corresponding to 15 damping times -r,. The distributions were histogrammed 

in 50 channels to show the forrn of the distribution functions. As can be seen in fig. (12, 

Right) the distributions are close to Gaussians in form. The given ellipses (la,2a) in ftg. (12, 

Left) correspond to the bearn sizes ay which means that the variances of the fitted Gaussian 

distributions are smaller by a factor J2. 
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,....., 0.1 sec in the prr:sence of damping and noise, Right: '/'he analytical result given by eq. (.'1.3l). 
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3.5.7 Calculation of the equilibrium polarization 

Under the assumption that the depolarizalim1 process can be de~cribed by an cxponenti<~.l the 

p()larization build up proce.'ls ?T,
1 1 ( t) is given by: 

with 

/' ( . , ( ( r, + r, ) ) 
Teff t) = lejj 1- exp ---/ 

Tp TJ 

Pcjj 

Tejj 

I 

Poo 1 + (TpjTr~,) 
TpTJ ·, 

Tp + Td 

(.1.:l2) 

(:l.Tl) 

where P00, and Tr _are given by eq. (2.7,2.8). Fig. (13) illustrates the typical interpl<~.y between the 

spin diffusion process and polari?-ation build up for the case wlwre P,._~ determined by eq. (2. 7) 

is f-',00 =90% and the polariza-tion buildup time Tp given by eq. (2.8) is Tp=2000 sec at 28 GeV 

in HEKA. A~suming a depolari?:ation time of Ta=3600 sec the eqnilihrinm polari?:ation Peff in 

eq. (3.33) i:-, calculated to be Peff=tH%. Since, as can be seen, it lakeH"' 1 x 108 turns to reach 

Pelf, it is not possible to simulate the system until the polari'l.ation equilibrium is reached. 

instead SITROS is used to estimate the Jepolari'l.ation time TJ by tracking a particle en~ernhle 

(typically N =50) over a few thousand turns (typically 10 betatron damping times) starting 

in the orbital equilibrium state and with all spins parallel to the r10 -ctxis. The asymptotic 

polari'l.ation Pelf is then extracted from (~q. (3.33). 

The polarization PTJ(ft) with respect to the iiu-axis of an ensemble of particles at a certain time 

t1 is g:iven by the ensemble average: 

1 ,•V ___. 

P,,(t,) ~ Poo'i z=s,(t,) · •70 • 

" i=l 

The df'cay of PrJ with time is represented by: 

( 
t \ 

P,,(l)~Pooexp -:;:;) 

:n 
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Figure 13: Illustration of the effective polarization build up process P.-.JJ in the presence of an 

exponential depolarization process P,.d for a HERA optic with one rotator pair at an energy of 

28 GeV 

One can determine 1/Td using the relation: 

-~(t,) ~ log(P"(t,)) -log(P,,(t 0 )). 

Td i1-to 

Fig. (14) shows the variation of the quantity log(P,.d(t)fP=) with time using time steps of 

,....., 2lfisec starting all spins parallel to the fio-axis (log(P,d(to)/ p= = 0) at to = 0.1] ~ec for 

a typical run. The overall 1/Td i~ obtained from the gradient which is calculated by a one­

parameter fit to the values (1/ra)(t,). The fluctuations in fig. (14) are due to the (act that one 

is dealing with a stochastic process applied to a finite number of particles. The rms error on 

this estimate of 1/ra is: 

" ( ~) ~ J < ( ~)' > - < ( ~) >'' 

where the brackets denote averaging over the number of sample~ (see ±o- in fig. (14)). The 

error of the extrapolated Pelf is calculated to be: 

r, 
6(Pefl) ~ Poo(l + (r,jr,))' "(~) (3.3') 

By tracking a larger number of particles this error decreases approximately with 1/ JN. The 

numerical result for the example with JV = P)() is 1/'~"d = (2.8 ± 0.25) x 10-4 sec1 and therefore 

Pelf =57± 2%. It should be mentioned, that from the fact that the projection (1/I'i) L, Si. no 
decreases with time one cannot conclude that the ensemble averages over the spin components 

in the plane perpendicular to no vanish. This is a neces~ary condition for a "real" depolarization 

process which is fulfilled in the exawple presented· and will be discussed in det.ail in section .;'d. 

3.6 Limitations of the SITROS program 

A general problem with Monte-Carlo calculations is that adequate sampling of the parameter 

space requires an enormous amount of computer power. This is also the case with SITROS 
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HERA optic with one rotator pair at an energy of 28 Ge V All spins are started parallel to the 

ii0 -ans at t0 = 0.11 sec. The tracked time interval corresponds to 2 x 104 turns. The samples 

fH"f taken every turn 

where it is impractical to track for more than about 2 x 104 turns corresponding to ""'0.4 sec 

real time in HERA. The aim of the following one-dimensional treatment is to get a rough idea 

about the time scales of the particle diffusion into the tails. 

For an ensemble consisting of N particles starting on the closed orbit, the time T,;J,ffy, (y = 
.T,y,.c;) in which 63% of the ensemble have passed a boundary defined by Yb, is given by the 

Kramers formula [53][43]: 

Td1j fy 

N(t) 

exp (yifo-;) 
7

' -~2~y,"' j7o-;o"-

N[l-exp( 1( ,1)]. 
7d,j !y Yb 

(3.35) 

where o-~ = 2 < y2 > is the equilibri~m beam size and Ty denotes the damping time of the y 
motion. For y = x using Tx ,...., 15 msec and O"x = 3 x 10-4 rn, Tdiff~ (xb) is shown as a function of 

the boundary Xb in fig. (15). After 1 x 104 turns 63% of the particles have passed the 3V< x 2 > 
botmdary. To push the same percentage of particles through the 5J < x 2 > boundary l X 107 

turns would be necessary in order to test the effect of the tails of the distribution beyond 

,...., 3.5o-x on the polarization. It is not generally practical in SITROS to track the spins for 

long enough so that they have been out in the tails of the approximately Gaussian phase space 

distribution and have experienced the stronger diffusion to be expected at large amplitudes. 

How important are the particles in the tails '? 
An answer can be given by a diffusion model introduced by T. Limberg [22]. In the one 

dimensional case the clepolari~ation time constant '~"d can be approximated by: 

1 1n" exp ( -n) 1n3 exp ( -n) 
-~ ~ + ~ + 
Td n, 7d(n1,n2) n2 '~"d(n2 ,n3) 

(3.36) 
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Figure lS: Diffusion time Tdiff, in nnmber of turns given by eq. (3.35} versus the bo·uudw·y in 

the x dil'e.dion in unilto of V<:r2 >for the dampin,q timeT, rvl5 msec con·esponding to 700 

turru; and the cquilib1"ium beam size a2 = 3 x 10-4 m 

with n = u2Ju:. Td(,,,nj) is an average depolarization time for the interval (y,<;a;.u}/u;). 
['his is a phase space weighted depolarization rate appearing also i11 [55][54]. For two intervals 

( n 1 , n2 ) = (0, 8) (corresponding to (0, 4,.F< y2 > = 2.8uy)) and ( n 2 , n:1) = (8, ex>) Td is <:<tkub.ted 

to be: 

To 

l-exp(-8) exp(-8) 
~~~~+-~~. 

Td(0,8) 7d(8,oo) 

l•'or Td(OJ:!)=.1600 sec, Td(t!,=) has to be of the order of one second to contribute to 1/Tt sig­

llilicwtly! In practice it is not easy to determine the local depolarization rates specified in 

eq. (a.:16). Rut the previous calculation indica1.clJ that it is "unlikely" lhat the contribntions 

from the tails are important. 

To estimate the effect of the tails simulations were nw.de for 10 part ides over 1 X 107 lnrns. No 

denea:;e of the polarization was ob~ervecl. This shows that particles with large amplitudes are 

not important for the detenuination of the equilibrium polariy;;J,tion in (,he~e particul<H calJe:;. 

llowever a general conclusion cannot he drawn. It is always necessary to verify whether otw 

can neglect the contributions from the tails. 

3.7 Structure of the SITROS program 

SITROS is a program consi~ting of Hevera.l modules (SITA. SlTB, SJTC, SJTD, SITE, SITF) 

which are responsible for difFerent parts of the algorithm. The following short de~cription~ of 

lhe modules an· directly related to the topics or thi:; ~ection and in thi:; form (.fwy give an 

overview over the enlinc algorithm (sec ftg. (l6)): 

Module SITA 

• Set initial parameters (central energy, number of energy points nc, euerg}' range. 
etc.) 

:!5 

--- ---------------------- ------ ------------- ------------- -------------- ----------------- ------------------------------------

• Read an optic file and set special distortions (harmonic bumps, decoupliug bump, 

etc.) 

• Perform calculations based on linear orbit theory (closed orbit, optical funclions, 

equilibrium beam ~iy;es, etc.) 

• Ca.!Clllate l"i0 at PM, P= and Tp for the chosfc'n energy point.~ 

• Build sections consisting; of strings of ring clements: 

set up the 6 x 28 part. of the matrices for the description of the orbital motion at 

the central energy including chromaticity effects and sextupole corre<~ions, 

set up the (nc · 4) X 28 part of the matrices for the determination of nat Tie energy 

points around the central energy 

Module SITB 

• Repeat some linear calculations performed by SITA 

• Set the start value of the excitation strength /( a.nd the time between st.eps for the 

{;._' control procedure in SITC 

• Set parameter~ for the particle tracking in SITC-a.nd SITD (Number of particles N, 

starting particle distribution:;, heam-bearn parameters, etc.) 

Module SITC 

• Perform orbital tracking for N particles at the central energy using the 6 x 28 part 

of the rna!.rices 

• Determine equilibrium heam sizes a 11 at IP 1 by tracking the ensemble for a few 

damping time~ (typically 5000 turns) 

• Check the simulated a11 agaimL !.he beam sizes given by SITA 

Module SITD 

• Set parameters for the depolarizer 

• Perform orbital and ~pin tracking for N particles HRing the (6 + n~ · 4) x 28 \llatrices 

starting the .spin vectors of the ensemble parallel to the ii.0 axis at IP1 

• Project the individual particle spin vectors onto the it0-axis at II\, take the ensemble 

average and note the resttlt for each of typically.')()()() turns 

Module SITE 

• Calculate TtJ and Pe11 -= P~'"Trt/(Tr + TtJ) 

" nraphical output of' Pef 1 including the ~(.ati~tical error l'or ne energ:y point,, 

Module SITF 

• Set vari<ms paran1ders includi11g: the centr<tl ener~y, the nnmber of energy points 

Ttc and the el!ergy range 

• Read an optic file and sf't special distortions (harmonic bumps. clecoupling lmmp, 

etc.) 

• Perform linear orbi.1, udculil.tions (closed orbit, opticnll'unctions, tcquilibrinm beam 

sizes, etc.) 

• Calculate POJ. Tp and rio 
• Calculate Td nsing first order perturba.tion theory aud determine l;eff = l;o::Ja/(rp + 

r,t) 
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4 Classification of depolarizing resonances 

In this section a classification of depolarizing resonances will be presented. The arguments will 

be heuristic and will aim to provide a basic insight into the different sources of resonances so 

that the polari:tation calculations in the following sections can be interpreted. 

The starting point i~ a perfectly "flat" ring without any distortions. The equilibrium polariza­

tion direction r10 (s) is parallel to the direction of the main bending field B which points in the 

direction of Cz. Due to the presence of horizontal dispersion Dx horizontal betatron oscillations 

and synchrotron oscillations are excited by quantum emission. No vertical betatron oscillations 

are induced. Because of the fact that a particle starling with a spin vector§ parallel to rio( so) 

il.t a po:=;ition s0 in the ring experiences only magnetic fields which are parallel to ii0 , S remains 

parallel to ii0 • The precession frequency v{l +8) of§ wit·h v = aJo {in the following the index 0 

will be omitted) for a spin vector starting slightly tilted with respect to n0 (su) is modulated by 

the energy oscillations. Since there is no depolari11ation mechanism the equilibrium polarization 

reaches the Sokolov-Ternov level of P 00 '"" 92.4 %. 
In real machines the magnet alignment is imperfect and the dosed orbit is not exactly centered 

in the quadrupoles. In addition correction coils are needed. Thus a spin vector moving on 

the dosed orbit experiences horizontal fields. As a result ii0 can be tilted significantly from 

the vertical i!z even for a nominally flat ring. For small imperfections this tilt depends linearly 

on the dosed orbit. This enables the usc of special orbit correction schemes to reduce the 

rio-axis tilt (sec appendix A). The tilt becomes extreme near integer spin tunes v = k. In this 

case the polarization build up effect becomes weaker (see eq. (2.6)) due to the decrease in the 

scalar product {iiob). Furthermore spurious vertical dispersion Dz is generated resulting in the 

excitation of vertical betatron oscillations. As can be seen in eq. (A.l4) the occurrence of a tilted 

·ii0 or vertical dispersion leads immediately to spin diffusion. The resulting depolarization is 

normally far more significant than the weakening of the Sokolov-Ternov effect mentioned above. 

In t.he following the most important spin resonances which might appear will be summarized. 

The depolari,;alion effects will be divided into two main classes namely, first order effects and 

higber ordf'r effects. 

First order effects are those discussed in appendix A. As can be seen t.here, the spin motion 

in the rotating reference frame has been linearir.ed and the precession vector w = n- fico' 
where fico describes the closed orbit part of fi (sec appendix A), is linearized so that it is 

a first order function of the orbit vector X. In this approximation the integrands in the 

integrals appearing in the components of the diffusion vector J are of first order in thC 

orbital coordinates and proportional to the quadrupole strength. Each term contains a 

factor (aJ + 1) and an "excitation factor" accounting for the strength of the excitation of 

that orbital mode due to emission of photons. There are also denominators which vanish 

when 11 = k ± Qy and these lead to a first order resonance behaviour of 1/Td which is 

illustrated in fig. (17, Top). The presence of the ( aJ + 1) factor ensures that the diffusion 

effects increase with energy. These resonances affect the equilibrium polarization over a 

large fraction of the interes1,ing energy range. They normally define the upper limit of 

the achievable polarization. These resonances can be further classified as follows: 

Vertical betatron resonances (condition: v = k ± Qz) 

Figure Hi: Visnalization of the SITROS program slrw:ture 

These resonances are induced by vertical betatron oscillations excited by photon 

emission at positions where there is vertical dispersion. The integral eq. (A.l4) 
receives contributions at quadrupoles where ii0 (s) is not pointing exactly in the 

horizontal ifx diredion. This happens, for example, when r10{s) (i.e. the average 

spin direction) is almost vertical as in a typical storage ring. The integrand then 
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describes the backward/forward tilting of the spins aro11nd the radi<tl quadrupole 

fields illustrated in fig. (1). 

In a ring with a superperiodicity, first order vertical betatron r·esonances only appear 

for values of k (eq. (2.9)) which arc an integt>r multiple of the -;uperpcriodicity. 

This can be easily be seen by ana.ly;cing the harmonic contenl, with respect. to the 

a,;imuthal position .s, of the intcgnnds contributing to these resonances. However, iu 

practice there are gradient errors in the quadrupoles and the supcrperiodicit_y in the 

(3 functions is lost and vertical betatron resonances ca.n occur for a.!l integer values 

of k. 

Horizontal betatron resonances (condition: 11 = 1.~ ± Q,) 
These resonances are induced by the excitation of horizontal betatron oscillations <tt 

positions where there is horizontal dispersion and at qua.d.rupoles where i!o(8) is nol 

pointing exactly in the i!z direction. This is typically the case for a "flat'' ring with 

imperfections. Then iio(s) is slightly tilted and t.here can be stocbaslic precessions 

around the vertical quadrupole fields. Hori,.;ontal motion at positions where !.here is 

a skew quadrupole component can also lead to these resonances whenever ii.o is not 

pointing exadly in the ;r direction. 

Synchroton resonances (condition: v = k ± Q,) 
These precession mechanisms arc analogons to those acting in t.he c<tse of the betatron 

motion except that in this case the spin diffusion is driven by motion on vertical or 

horizontal dispersion orbits instead of vertical or horizontal betatron orbits. Thcst! 

resonances are :>trong for imperfect rings at high energy a11d can limit the polari~a.tion 

tl) a few percent (--'"'20% at HERA). Bccan~e the synchrotron tune Q., is usually small 

("' 0.07 in HERA at 26 .. 666 Gev) the polarization near the integer values of t.he spin 

tutle v = k, which arc 440.625 MeV apart in energy, is normally destroyed by the 

strong surrounding Q. resonances. 

Higher order effects occur primarily due to the nonlinear nature of the three dimensioned 

spin motion (sec section :L'}.2) and !.hey appear even if the orbital mol.ion is dct.ennincd 

by fields which arc completely linear in the orbit,al coordinates and C\'CTl if._;; is a linear 

fuudion of the orbit vector .'?. The strength of the higher order resonancf!s can lw 

estima.teJ by extending the Lreatrnent in a.ppendix A Lo include the square root t.erm in 

eq. (A.5)(A.7), i.e. by not linearizing the spin motion and keeping the W-iio term. lt is 

then found that t.hC' diffusion vector Jhas a much more cmnplicatcJ remnancc strudnre. 

The first order resonance terms in J discussed so far contain a sinf!;le (wy + i) fa.dor and 

a one turn integral over first order orbit variables. /\ term \Vitb an n.th order resonance 

denominator contains a factor (wy + nn and nth order multiple integrals over nth order 

products of the orbit variables. Then~ is also an emilLwce excil;_tlion facto~· a.nd au 

(n- l)th order product of orbital amplitudes. In calculating:< idj 2 > lo obtain 1/rc~ 
(see appendix A) the urbit amplitudes arc converkd into emittance .factors. The higher 

order resonances origiuat.e in phol011 emission at non-zero orbit. amplitude ;:l.Jld higher 

order resonances become stronger as the emiLtances increase. This wao; alre;tdy indicated 

in section 3.6, where the possible influence of the tails of the beam was discussed. 

Two important ~ubclasscs of t.he higher or<l.cr resonances will be now di~cusscd: 

synchrotron sidebands (condition: v = k + m"".Q" + mzQz + m,Q.,, ln<"'l + lm,i :s; 
n,lm .• l<;;:m) 
This is the strongest and most important subclass of higher order spin reson<wces 

in high energy storage rings. Synchrotron oscillations wiHt large etmplit.udcs can~e a 
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large freqUency modulation of v. Similarly to the mechanism of frequency modula­

t,ion in RF waves, synchrotron sidebands appear in the spectrum of lhe spin motion. 

This leads to sidebands up to t.he order m to each of t.he prcviou:>ly discus::;ed depo­

larizing re~;onances with lmxl +1m, I :s; n. On t.he basis of a formalism introduced by 

Buon [56], S. Mane [<'l7][58] and K. Yokoya [59] the s1.renp;th of the sidebands can be 

qnantificd. The relevant parameter is the tunc modulation index X2
: 

A'~(";:')', 
which is basically a product of a spin tunc factor a~r and the energy spread as which 

depends un the longitudinal emittance. After averaging over the phase space and 

mii.king some reasonable approximations the sideband strengths only depend on the 

strength of the parent. resonances and on powen of V. The tune modulation index 

increases quadrat.ically with the energy and the energy sptead. For rings like HERA 

with an energy spread as "' 1 X 10-3 at 26.666 GeV the sideband resonances to 

±Qy are strong up to high order (m "2: 4). The notatjon ±Qy describes resonances 

satisfying the conditions v = k + Qy and v = k + l- QY. For the resonance notation 

used in the picture~ see fig. (17, Bottom). 

The intuitive approach to c·aiculat.ing J, expla.ined in appendix A, allows the esti­

mation of resonance strengths due to betatron mot.iun in nonlinear fields which are 

called 

nonlinear betatron resonances (condition: v = k+m,,(Jx+mzQz, lrnxj+lmzi ::=; n) 

These higher order spin resonances are driven by magnetic mullipole fields of n-th 

order (n > 1). For example for a sextupole field (n=2) 

!J;ex = tg' (:c•- ::2), B~_ex = g':rz 

will rnainly drive nonlinear spin resonances with 1m., I+ jm,l = 2. 

One can see t.hi:> by noting that. W is a second order function of the orbit mot,ion. Hy 
integrating the spin rnotion, second order resonance denominators appear. However. 

in contrasl t,o lhe ~econd order resonances generated in quadrup"Olcs, the lvector for 

i.hese "sextupole"' resonances contains only a single (wy + 1) factor. Thus at. HERA 

energies (v = 60Jl) the~e resonances should be much weaker than those generated 

by quadrupoles PJ8]. This is confirmed in section .5.2. 

l'lw f<td. that the first order spin resonar1ces occur near integer spin tunes for the preferred 

orbital tunes n.l HERA implies that the best working point for polarization measurements i~ 

half way bdween two i11tcger values of ihc spin tuntc. For HERA the ener~~;y 26.666 GcV was 

chosen corresponding to <1 spin tunc of wr = 60.5. Although the strength of the resonances i~ 

energy dependent the resonance paUern repeats more or less after every· integer value of tq. 

The equilibrium polarization Pelf ca11 be significantly reduced by these resonances. For au 

average i!0-axis Lilt of 20 mrad with respect to the vertic-al at. w·r = 60.5 generated by imper­

["ections in the ·'fiat" HERA r.i11g, the polarization is reduced J.o about 20% by very ~1.rong 

~ynchrotron resonances at 11 = 60 + Qs and v = 6l ·-· Q .• (sec fig. (26)) that are driven by 

l.he motion on horizout.al dispersion orbits. Since in a machine like HERA there are limits to 

how well t.he machine can be aligned in t.he vertical pla:ne and since horizontal dispersion and 

horizontal emittance excitation can wever be brought l,o ~ero the only remedy is to decrease the 

;wo:;ra.ge "it0-axis tilt. It is clear that this ~hould help because already for first order effects the 
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Figure 17: Notatton U8Ul :n pictures: Top: Logarithmic gruph ilhtstrating the energy depenrlcnCf 

of the total dejJolari:;alion. rate l/rd = EY ljT,Jy (y = .r, :;, .~) nwltip!icd wilh r1, which i.~· given 

hy cq. (2.8} it<cluJ~ng ::w jir:sl o1·der rcsonancfs ±'Q,, J:Q": and ±Qz Thf dcpolariudion rate 

is large ui vu.lut8 uf :In spin tunc where the resonance condition 50 -o u- Qy o-r 61 = r; +· Qy 

.,; f~tljilled, ilu.t~Oili: Cor-responding eq·u·ilibrium polari::ntion pr:ff = Poo/(1 + T!'jT,!). e:D i-5 

delcnniued ~!J "-'i- (2.':). ,~{the top of lhe ymph the resonance notation used in fhf Jollmuing 

i.~ cxplaint:.J. T:.c p;ctu..·u;; arc taken jro111 section 6, <L"hcn: a comparison between SITROS and 

un11.lyhcu.l appmachcs iu the case of weak depolari::ation will be performed. 
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jr~~ depend~ quadratically on the riO-axis tilt. Besides conventional orbit corrections, in HERA 

a special harmonic bump scheme (see appendix A) is used to reduce the tilt [60]. Even <tftu 

the optimization with these special orbit corrections leading to a reduction of the tilt down to 

10 mro.d strong synchrotron resonances, betatron resonances and synchrotron sidebands occur 

limiting P~1 f to "' 80%. 
Another rca:-;on for requiring good vertical alignment of the machine is to avoid the generation 

•lr spurions vertical dispersion. As we have seen this leads to the excitation of vertical betatron 

reslmanceH and the excitation of a contribution l-o the synchrotron ret~onances. 
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5 Analysis of depolarizing effects in HERA 

In this section the Monte--Carlo program SITROS is used to study the depolarizing effects in 

HERA. The influences of various orbit correction schf:mes on the polarization are analyzed 

and compared with the existing experimental results. Calculations for a HERA optic with one 

rotator pair for the HERMES experiment are presented. Furthermore the influence of a time 

dependent radial dipole field is studied. 

5.1 First polarization measurements 

The aim of the following subsection is to get a qualitative understanding of the behaviour of 

HERA concerning polarization during the run period in 1991. No protons were filled and the 

t>xperiments ZEUS and H1 were switched off during the measurements. Thus no influence of the 

beam-beam interaction or badly compensated solenoids is taken into account in the simulations. 

At the beginning of the run period, a twist of the equilibrium beam ellipse (see eq. (3.16)) of 

about ,...., 120 mrad was observed at the location of the polarimeter and at the interaction point 

of the H1 experiment. Together with the fact that a localized skew quadrupole component could 

not be detected by difference orbit measurements this led to the conclusion that the twist was 

generated by a systematic evenly distributed skew quadrupole component in the ring, believed 

to be an effect of the iron of the proton magnets on the stray fields of the electron dipole 

magnets. This coupling could be compensated by a special "decoupling bump" [61]. 

5.1.1 The decoupling bump 

30 

NL NR 

WR~ OL 

VERTICAL 

CORRECTORS 

120mrad twist~> 

max. kick 11 1.1. rad 

We A E 

s 

OR I I 3 

\ 
kick ratio 0.5 

~ kickratiol.O 

30 

Figure 18: Schematic drawing of the decoupling bump distributed over the. four arcs of HEH./t. 

The whole orbit i.~ shifted vertically by lht: bttmp to generalf an evenly rli..st-ribu{ed skew 

quad1"Upole component in the sextupoles in m·der to minimize the eq·uilibrium bmm rUip::~e twist 
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Figure 19: Beam ellipse twisf versus rin"g position for three cases: 1. witho·ut an additional angle 

f"rror of the main quadrupoles, 2. with an additional systematic angle ermr of 4.3 rnrad of the 

main q·uadr-upoles, 3. with compensation of the resulting equilibrium beam ellipse twi;,·t by the 

dfcoupling bump (.see fig. (18}} 

The idea of the decoupling bump is to shift the whole orbit vertically to generate an evenly 

distributed skew quadrupole component in the sextupoles (see section 3.3) to minimize the 

equilibrium beam ellips~ twist. This is done by the correction scheme illustrated in fig. (18) 

consisting of 144 vertical correction coils in th~ arcs of HERA. The effect of this bump spanning 

the whole ring on the polarization will be studied in detail. 

The optic which is used as a starting point for the following simulations is that for t.he stan­

da.nl HERA lattice (no rotators) with randomly Gaussian distributed distortions (~Xrms ::;: 

6.z,·ms = 0.3 mm for positional errors, t:::..~trengthr=; = 0.5 x I0-3 for relative strength errors 

and t:::.anglenn; = 0.3.) mrad for angle errors) of quadrupolcs and sextupoles plus orbit correc­

tion with the MICADO [62] correction scheme. This algorithm is used as the standard orbit 

correction tool for HERA. YIICADO analyzes the monitor data and tries to find the most. effec­

tive corrector or combinations of correctors for the minimization of the rms orbit. this distorted 

and corrected optic has a systematic twist of the equilibrium beam ellipse of--.. 25 mrad du~ 

to the given distortion distribution ("no twist" in fig. (19)). To reproduce the measured twist 

of~ 120 rnrad an additional systematic angl~ error o{ 4.:~ mrad of the main quadrupQles with 

respect to the magnet axis is introduced in the simulation ("twist'' in fig. (19)). To compensat.e 

the resulting twist the average vertical kick applied by a single corrector in the decoupling 

bump has to be,.._, 10 firad ("twist+corr" in fig. (19)). The rms values about the mean values 

of the closed orbit arc not affected by the application of the bump. 

What is the effect on the polarization ? 

Due to the betatron coupling the ftrst order Qx = 0.11, Qz = 0.19 spin-orbit resonances are 

stronger than in the uncoupled case. Thifl can be seen by looking at the contributions of Qx 

and Qz to Lhe depolarization time 'Td. The ratios Tp/Tdy are plotted in fig. (20). The results 

are taken from the program SITF which calculates the equilibrium polarization using the first 

order SLIM formalism (~ec appendix A). The application of the dccoupling bump reduces the 
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Figure 21: Tilt of the equilibrium polarization axis Pi0 by the presence of the deeoupling bump 

for a HERA optic without distm·tions. The average tilt of the ii0 -axis is calwlated to be ......,£ 

mr•ad 

:-tr~ngth of the Qx,Qz resonances to their original values. For the Qs resonances (Qs = 0.07) 

the behaviour i.s different. Due to the additional vertical distortion generated by the bump the 

average tilt of the riwaxis is increased. To illustrate the e!Ted on the ii0-axis the dccoupling 

bump was applied to a HERA optic without distortions (see fig. (21)). The additional average 

tilt of the ii0 -axis is caknlatcd to be only "'2 rnrad compared to an rms tilt of ,__.2() rnrad 

generated by other errors in the machine with imperfections. The small increase of the average 

flo-axis tilt and of the vertical dispersion results in slightly stronger Q~ resonances after the 

compen.'lation. This leads to the following .'lituation: 

Tlw strong first order Q., resouances limit the polari?;ation to a maximum of ,..... 22% (see 

fig. {22)). Due to slightly stronger Q, resonances after the compensation of lhe coupling the 

lllaximum decreases Gy 2% on the first order level. Bul al higher order the situation is totally 

different. The sidebands iu Q.nQ~ (l:Q,_;z + msQ.) are driven by the parent resonances which 

are weakeued by the dccoupliug bump. These sidebands are dctngerous in the region around 

lbe bali integer v=GO.iJ Gecause lhey arc of low order (lm·sl < 4), resulting in an iucrease of 

polari;r.ation on the higher order level (see fig. (22)). This expbius why the decoupling bump is 

a helpful tool to increase the polarization under lhc condiLion that the vertical dispersion and 

lhc average ilo-axis till is not ~ignifie<1uLly increased (for a more theoretical treatment see also 

[60]). 
The first polarization measurements were made '.-vith a decoupli11g bnmp only applied in one 

arc (OR/SL) (see fig. (lS)) of HERA. The re~ultiuh -i70-axis tilt was bigger by a factor of 

four and thus resulted in a :-;ignificant decrease of polarization on the ftrst order level. But 

the orbital tunes CJx,CJz were ~hiftcd by .--..·0.1 towards the half integer compared with the 

cx<:tmplc just discussed. This makes the explained discrepancy bctvv·cen first and the higher 

order calcnlatiom, evea stronger i3Gj. It >vas found in the n1casuremcnts that the polari<-:ation 

increases from 0.15% to 3.02% at :!6.62 GeV and from 4.,±6% to 8.12% at 26.6'1 CeV [63]. The 

stated energies correspond to real machine energies with an uncertainty of ±2 MeV. Using 
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Figure 22: Polarization versus fnergy for three cases: 1. without an additional angle nTor of 
the main quadrupoles, 2. with an additional systematic angle error of 4.-1 mrad of the main 
quadrupoles, .9. with compensation of the resulting equilibrium beam ellipse twist by the decou­
pling bump (see jig. {18} ). Some of the most important resonances (especially sidebands to the 
±Qz r£sonanf~es appearing in the SITROS re.sult} arf shown at the top of the graph (/or thr 
notation see jig. {17)). The SITROS calculation show.5 that several sideband-5 ofQ, are wrak­
ened and the first order SITF result reflects the increase of 'lle-rtical dispe-rsion and the average 
r70 ~axis tilt due to the application of the decoupling bnrnp 
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Figure 23: Comparison of simulation and measurement for an energy scan made during a 
polarization run in november 1991. Some of the most important resonances are shown at the 
top of the graph. The solid/dashed line corresponds to the SITROS/SITF' result and the points 
·with r.rrorbars are the experimental data taken from {63}. The energy range correspond.~ to a 

spin tunc ran_qe from v=60.12 to v=60.88 

the method of energy calibration by resonant spin depolarization the beam energy waH found 
to be 33-36 MeV below the nominal energy given by the integrated field of the main dipoles 
(sec section 5.1.1). Fig. (23) shows the results of a single SITROS run and the corresponding 
measurement. The simulation takes into account the following machine conditions: 

1. The used optic reproduces the measured null orbit of HERA (hypothetical orbit after 
subtracting the corredor kicks) to within about 90% [64]. The strongest vertical closed 
orbit kicks recalculated from the measured null orbit are taken into account by equivalent 
vertical quadrupole displacements. In addition randomly Gaussian distributed distortions 
arc superposed. 

:2. After the correction with MICA DO the nns values· of the-dosed orbit are comparable to 
the measured values (zrms'"" 1.1 mm). 

3. The m~a~ured tunes Qx = 0.19,Qz = 0.28,Q., = 0.069 are reproduced. 

1. Th~ coupling of"' 120 mrad is simulated by an additional systematic angle error of the 

main quadrupoles. 

5. The decoupling bump in the arc (OR/SL) is applied for the compensation- of the coupling. 

The agreement between the realistic simulation and the measurement is encouraging. The Qz 
resonance (26.57 GeV) and four measured synchrotron sidebands to Qz spaced by 30 MeV can 
be identified. The maximum measured polarization during the run period was 9.2% at 26.64 
GeV compared to the simulation result of JO %. 
Thus the behaviour of HERA concerning polarit:ation during the 1991 run can be undentood 
quantitively on the basis of the Monte-Carlo studies. 
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5.2 Polarization optimization 

The polarization optimization process in 1992 will be described in detail and compared to the 

corresponding simulation studies. 
The reconstruction of the measured null orbit in 1991 showed already that several qHadrupoles 

must have had vertical misalignments around 1 mm. These quadrupoles and the strong (_h~cou­

pling bump in the arc (OR/SL) led to the low polarization level in 1991 (fig. (23)). 

The following actions were taken to increase the polarization in 1992: 

L During the shutdown 91/9'2 the alignment of the quadrupoles was checked and selected 

magnets realigned. 

2. The tilt of the beam ellipse was corrected by a decoupling bump which this time was 

distributed evenly around the ring (fig. (18)). 

3. The orbital tunes were shifted towards the integer values (60,61) to incre~e the region 

between the Qz and -Q, spin resonances. 

4. A spin-orbit correction scheme ("harmonic bump scheme") [60][65] was applied to mini­

mize the coupling between the orbital and the spin motion. 

N 1~ VERTICAL 
~ ,; CORRECTORS 8 

r;. 
NR NL \72 
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6C\:/ ~ 
0

~3 
~ ~ 5 4 

s 
Figme 24: Schematic drawing of the harmonic b11mp scheme consisting of eight bumps each of 

which contJists of three successive vertical correction coils in the arcs of HERA. The scheme is 

used to minimize the average r""iwaxis tilt in the arcs leading to an signifimnt increa.';e of the 

equilibrium polarization in first order approximat,ion {60} 

For all these steps Monte-Carlo studies were done before the application in the control room: 

l. To repre!-lent the realignment of the quadrupole magnets the assumption is made that the 

vertical displacements of the magnets have now a Gaussian distribution with an rms value 

of 0.3 mm. The orbit wa..<; corrected with MICA DO to Zrms = 0.7 mm. In the following, 
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Figure 25: J:,'mpirical optimization of the polarization using the harmonic bump scheme consist­

ing of eight bumps contr·olli1tg the moM important complex Fourier harmonics fk with k=60+(-

1.,0,1,2) of the spin-orbit coupling function (eq. (A.16}). The corrector strength has to be mul­

tiplied with the length of the cor-rector magnet of ."100 mm to get the maximum kick inside the 

indi·vidUiil bump 

results for a certain error distribution will be presented which is realistic but not identical 

with the distribution in HERA. This means that the strengths of individual resonances 

can be different.. 

2. The tilt correction with a distributed decoupling bump was already studied in the last 

subsection. 

:l, The shift of the orbital tunes is based on the experience (both from simulation and 

measurement) that the Qz resonances and the corresponding sidebands ±Qz + msQs 

are important for the maximum achievable polarization level in HERA. By shifting the. 

fractional part of Qz towards the integer just the sidebands of higher order (1m, I > 3) 
are in the region around the half integer. In addition the condition Qz- Qx ~ Q, was 

imposed in order to put the synchrotron sidebands of the parent resonances on top of 

each other. This minimizes interference effects between various resonances. The orbital 

tunes in the simulation are Q,_.=0.108, Qz=0.197 and Q .• =0.072. One has to avoid the 

situation that the condition Q,- Qx = Qs is exactly fulfilled because the orbital Qz- Qx 

coupling resonance is driven at this working point leading to an enhancement of the 

vertical emittance. 

4. The optimization with the harmonic bump scheme (see fig. (24)) wa.s implemented in the 

SITROS program to simulate the optimization process. 

Before the correction given in item 1 was applied STTROS predicted a maximum polarization of 

'""20% (see fig. (22),(26)) which is alr('n.dy a 12'11\ improvement in comparison to the calculations 

mack for the 1991 measurements. l'he fact that the polarization was nevertheless still low can 
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Figme 26: Increase of the pola-rization from 2.'3% to 15% after the s-uperposition of Jour (0 

rcaljirrwg, 1 ·realjimag) of the indivirf<ualty optirn·ized bumps (8ee fiy. (25)) (Qs=0.07216). The 

dashed n<T1Jes cor-respond to the fi1'8l o·rder and the points with errorba-rs to the SITfiOS s·mw­

lrLlion results. For the calculat-ion of the ermrbars see cq. (3.34} 

be explained by the relatively large average 'ii0-axis tilt of '"" 22 mrad il.t the half intcg(~r spin 

tunc v = 60.5 corresponding to 26.666 GeV, shown in ftg. (27) which is induced by a strong 

spin-orbit coupling (see section 4). The average is tab:n over the tilts of the 110 -axis at the main 

q11adrupolc magnets in the arcs of HERA. To increase the polil.ri.F.aLi.on it is thns necessary to 

reduce the coupling bel ween the orbital and the spin motion. This is done by the correction of 

tlw so called spin-orbit couplir1g function derived in appendix A (sec eq. (A.l6)) resulting in a 

redudiou or the il.Verage ito-axis tilt. 
The harmonic bump scheme reduces special tw.rmonics of this spin-orbit coupling fundion. 

Four harmonics fk with k=60+( -1 ,0,1,2) ncar to the integer spin tunc v...:::60 cn.n be corrccled. 

Each has a real and an imaginary part. A family of eight closed vertical humps each con::;isting 

of three coils is used, to reduce the strength of a particular harmonic [60]. For each harmonic 

the eight bumps have certain kick ratios, implying that. the harmonic can be described by a 

single parameter namely the kick strength of the strongest coil in the bump sc!Jeme (fig. (2S)). 

lt is not possible to calculate the parameter value for which the harmonic in t.he real machine 

is minimized because the strength depends on the actual magnet misaligment.s in the t·ing 

which are normally not. known exactly. Consequent,ly t.he bumps h;we to be optimized by 

measuring the polarization. The same method is used in SITTIOS to simulate t.he control 

room opt.imi11alion procedure. Due to the orthogonalily and linearit,y of the parameters the 

oplinmm is found in SITROS by opt.imi11ing them separately and "'uperpo~ing them afterwards. 

A simulation result is shown in fig. (25). The program simply increases/decreases the patameLer 

"corrector strength'' until a maximum of polarization is found. Although 1,he scheme has 

been designed to minimize the vertical dispersion generated by the individual bumps, vertical 

dispersion is nevert,heless generated and Lhe presence of sext.upoles imide the bumps can caus<c 

closure problems of the bumps that enhance depolarization. Thus one drops lite ineffective 

bumps (in this case (-1 real/imag) and (2 real/imag) corresponding to the complex Fourier 
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Figure 27: /)ec·rcasc of /.he rweragc r70 -(/x·is Wt < Oii0 > due to the har·rnonic bu·rnp optJ:mization. 

'/'he depolarization mle 1/rd. and th1.ts the polar-izat-ion depend.~ ·in first ordr::r qtw.dratically on 

thf lilt 1't1.r1:ation < 15-i"io > 

harmonics h wilh k -=- 59 and k = 62) aud add the remaining bumps to lhe optic. The result 

of lhc numerical optimiz<ttion procedure is shown in fig. (26). The average ii0-axis tilt < Diio > 
went. down from 22 to 11 mrad a.1. 26.666 GeV and the polarL;.ation increased from 23% to SO% 

(fig. 27). This remarkable increase is con.~ist.ent with the fact that. the first. order depolarization 

rate 1/Td due to horizontal synchrotron ami betatron oscillations is proportiona.l t.o ldl 2 i11 

cq. (2.12) and thus has approximately a quadratic dependence on < Oi£0 >. Due to the fact 

that. !.he strength of !.he first ord~r resonances is reduced signiftca.nt.ly by the average i!0 -axis 

tilt correction, also the synchrotron sidebands to these parent resonances are weakened (se€ 

section 4). !'his explains why the simnlation shows also a significant increa~e in polarization. 

;-./everthclcss the sideb<t.nds especially of the ±Q, resonances remain strong after the optimiza­

i.ion. The polarization plateau around the half integer is limited by the CJ_,+3Q., and --Qz-3Q, 

re~onance defining a. width of 80 MeV for lhe plateau. 

i\ few comparisons with measurements 111ade in 1992 will now be pre~ented. Fig. (29) contains 

various measurements and the simulatio11 results just discussed. Since the main aim of Lhe 1992 

run was to optimize the polarization with the harmonic bump scheme (ftg. (28·)) mdy partial 

energy scans were performed. The solid cmve (3a.) corre~ponds t.o a scan performed before 

the reduction of the harmonics and should be compared with the simulatioo result represented 

by cmve (1.). The measurement conditions were slightly different fro\!1 t.hose in the simulaLion: 

Q,=O.t 'L Qz=0.20, Q ,=0.082. T\VO resonances can be easily identified as Q • + .JQ s ( v=60.446) 

ami Q, ·i I±Q., (v=60.168). The maximnrn measured polariz:ation was,....., 25% correspouding to 

23% in tl~e simulation. The secoud scan (3b.) was ma.de Ilear the end of the run period, afler 

the successful complelion of t.he correction studies which are to be compared with (2.). Again 

the conditions W<Ore different.: O.c=0.15, Q,.=0.2l, Q,=0.071 (Q"-.=0.12, Q.::::0.20, Q.=0.076 for 

Hw last three points). The measured strong resonances correspond to -CJz- 'IQ .• (1J=60.506) 

and -Qz -.'lCJ, (v=60.577) respectively. The latter resonance might be idenLifted as -Q:: .. --2Q, 

(or -CJ,- 3Q,). The maximum polarization measured wa~,....., ,H%. This value is much lower 
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Figure 28: 8xperimental polarization studies for two of the most impo1'lanl ha-rmonics perfonned 

in .5ummer 1992 [8}. Some of the points are believed to be too low with respect to ncighb01tring 

points because of build up time effects, see fig. {25) for comparison with the sim1tlated optimiza­

tion process 
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Figure 30: Energy scan for a small synchmtron tune Q. = 0.05a80 which compared with the 

8can for a large Qs = 0.07216 given by curve (2.) in fi_q. (26) illust-rates that large Q, values 

are nol always helpful to increase the polarization 

than the simulation result of ,..., 75% but might be explained by the following observations: 

1. The data were recorded after waiting only 25 minutes after changing a bump and may 

be consistent with a maximum measured politrizat.ion of'"" 56% considering the effective 

build up time of Tef 1 = 21 min. 

2. It wa.s not possible to make sure that the optimum for all bumps was really found. Because 

of the large b11ild up time a more systematic study is very time consuming. 

It WM already mentioned at the beginning of this section that the simulation for a single error 

distribution is very useful for predicting the tendencies for relative strengths of resonances .. 

However, since t.he actual polarization depends on the precise magnet error distribution, a 

prediction for the expected polarization can be obtained only from an average of results from 

several misaligned machines. Such a study was performed with SITROS on four different error 

distributions; the average maximum polarization before the optimization with the harmonic 

bump scheme was found to be 26.0 ± 6.0%, and the maximum was increased to 70.7 ± 6. 7% by 

the harmonic correction. 
In this context it is interesting to study the possible effect of running with a smaller synchrotron 

tune Q8 • On the basis of a formalism introduced by J. Buon [56], S. Mane [57] and K. Yokoya 

[59] and others the strength of the sidebands can be qttantified. The relevant parameter is the 

tune modulation index ,\2 : 

A'~ ("~:r 
The sideband strengths depend on powers of /\2 , e.g. an nth order sideband is about a fac­

tor Vn \e:;s in strength iu the case where ,\ < 1. The formula describing the sidebands to 

parent bclalron resonances can be found in section 6.2. For the above comparison between 

measurement and simulation V is calculated to be"' 0.7. By changing the synchrotron tunc 
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Figur~ 31: Compari.wm between SITROS and SfTF with 8upe1·posed sidebands lo Q. (v 

k ± Q, + m.,Q. with 1m, IS 5) for• Left. Q .• ~ 0.07216, RighL Q, ~ 0.05:180 

to Q,=0.0538, >.2 increases by a fador of LS. Thus one expects a significant increase of the 

sidebil.nd strengths and a decrease of the equilibrium polariy;<JJion. Fig. (:W) shows lhe simu­

lation result for Q .• = 0.0538 which should be compared to curve (2.) in fig. (26). !n fig. (31) 

a comparison between SITROS and Lhe predictions by the sideband model (sec also ~ection 4) 

is performed for two di!Terent Q. values. Sidebands to ±Oz satisfying the resonance condition 

v = k ± Q,. + rn.,Q .• with jm,j :::; ;) are taken into account. 'I' he SlTF result a.nd these sidebands 

are superposed by fitting the sideband strength for ]m~l = l to the corresponding one given by 

SlTR.OS at Q, = 0.07216. The comparison for Qs = 0.0.5.'380 uses the same Q., independent fit 

parameter with an increased..\'-'. The result given by the sideband model is consistent. with tlw 

simulation result. This is a confirmation of the gnocl modelling·, i.e. sufficient s;tmpling; of the 

tails, of the energy spread in the Monte-Carlo calculation. The SITROS resonance structure 

is quite well approximated by taking only sidebands of Q, into account. This indicates the 

dominating influence of these resonances. The effect of stronger sideband~ on the polarization 

around the spin tunc v = 60.5 is not so strong as expeded. Much more important is the fact 

that \.he strong sidebands of low order ±Qz + msQs (jm.,j < 5) arc shifted toward~ the ±Q" 

resonances. The spacing between the sidebands is ,...., 2:1 MeV instead of ,...., :12 MeV in the 

simulation with high Q,. [n particul;u the strong Qz + 3Q., and -Qz- 4Qs resonances Me 

shifted by -27 MeV and +36 MeV respectively broadening the polarization plate<tll around 

!I= 60.5 where no strong sidebands appear by 63 !vleV. Alti1ongh the "naive" application of 

the sideband model to SLrM results indicates that large Q. could be beneficial [66][56], this 

example shows that it is not possible to draw the genera.\ cond11sion that a higher q, is always 

helpful for realistic parameter values. 

What is the influence of the nonlinear orbit motion introduced by chromatic cWects ancl their 

compensation with scxtupole fields on the polarization '! 
To answer this question the chromatic terms in eq. (a.17) arc neglected and the sextt1poles 

are switched off in the simulation. The result is shown in fig. (32). Several S}Jin resonances 

driven by the .~extupoles (lmxl + lmzl = 2) arc missing compared with fig. (26), namely ±2Qz 

and the corresponding sidebands 2Q 4 + Qs and -'2Qz ·- Q.,. The maximum polarization level 

is not significantly reduced by the nonlinear orbit effects. 

Taking iuto account the uncertainties in the measurement mainly in1.rodnced by build up time 

cffeds and in the simulation mainly introd11ced by the missing knowledge of the exact rnagnel. 

error distribution, measurement and simulation are in good agreement. The identification of 

the main limiting resonances is possible. The Mont.e-Carlo results suggest tha.t, the maximum 
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Figure 32: t;nergy scan neglecting chr·omatic ej]ect8 and sextupolc conections for a synchrotron 

t-ane Q .• = 0.07216 which compared with fig. (26) shows that se11eral sviu resonances driven 

b.1) se.rtupoles {im.-,j + lmzl = 2} are missin_q, namely ±2Qz and the corresponding sidebands 

2Q 4 + Q, and -2Q,- Qs 

achievable polarization has not yet been reached. In fact in l99a nearly 70% polatization were 

observed. A measured build np curve corresponding 1.o this asymptotic polarization value is 

shown in fig. (:~:1). 
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l"ig11re 33: Measured pola-rization build ·ap curve. The fitted effective 1'ise time Yeff corresponds 

to an cq'ltilibrimn. polar·ization of Pcff '"""'6'5%. After changing the /.unes at 8:26h the polarization 

increased to ma:rimurn values close to 10% {61} (see also section 8.5.7). 'l'he polarization ·values 

just given a-re prclirn'inar7J1 because the s-ystematic error on the measur·ement has to be analyzed 

in detail 
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5.3 HERA with one pair of spin rotators 

h1 this subsection calculations for a HERA machinP with one rotator pair in the east straigl1t 

section will be presPnted. 
As mentioned earlier, the polarization builds up anti parallel to thP ruain bending field. Thus the 

equilibrium polarization axis i'i0 has Lobe vertical in the arcs of HERA. To provide longitndinal 

polariY.ation at the interaction point of the HERMES experiment in the east straight section the 

:r10-axis has to be rotated frow the vertical to the longil,udinal direction before the inLeraction 

point and back again to the vertical before tbe arc. This rotation could be performed by a 

combination of very strong solenoidal fields and dipole fields [68]. 
But it carl al~o be achieved u~ing moderate dipole fields as in the "'Mini-Rotator" scheme of' 

Buon and Steffen [20] which is the scheme chosen for HERA. The~e rotators arc plctced at the 

ends of the arcs and involve combination1:; of vertical and horiz-ontal bending fields arranged 

so thal the horiy;ontal bending field;; replace one cell of the arc and so that the total vertical 

deflection and translation of the orbit is hero. This is no problem since i.he required orbital 

deflections arc typically only tens of milliradians and therefore almost commute. However, the 

corresponding spin precessions angles are wy times larger than the orbit deflections and therforc 

do not commute. The noncommutative spin rotations add up to iUI e!Tedive rotation into the 

longitudinal direction whieh is illustrated in fig. (31). In this figure the angles are multiples 

of 45 degrees and are chosen so as to explain the basic principle in a clear way. ln reality the 

angles are close to those shown only at 29.788 GeV. To oblain the required spin transformation 

at other energies t.he magnetic fields must be changed appropriately and so therefore must the 

transverse positions of the rotator magnets. To reverse the helicity at the interaction point the 

polarity of the vertical bend magnets mns!. be reversed. This requires mechanically inverting 

the bend geometry in the vertical plane and can be achieved automatically \Vith the help of 

ja.cks driven under remote control. The horiy;ontal bend fields arc left-right symmetric around 

the interaction point. The vertical bend fields are antisymmetric. 
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the helicity of the clccl1'0n::; at the mtcTaclion point the rotators have to be moved vu'l-ically, 

ill-ustrated by the dashed lines 
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Figure 35: 8quilibrium pola"rizal1:on between the ±Q, resonances with Qz = 0.2 for a.n ·undis­

tor/.ed 8pm m.alched HERA optic w-ith one pair of rotators in the ca:;l .~tra-i_qh.t section for a 

central sp~·n tune of v = 61.5, corresponding to an energy of 21.08 C'c V (Leh) and 11 = 63.5 

corresponding lo 27.96 Gc V (Right). The specified 8pin tune scale a1 ha8 to be shifted by 
""' -0.05 to get the "1'eal" spin /.1mc v. This shift is induced by the JWescnce of the ·rotator 

magnets. The po·inl.~ with crro·rba-rs are the SJ'l'HOS rtsults and the dashed tine describes the 

fir-st o·rder SITF 1·esult. 

Ev~n in a perfect ring spin rota.tors introduce "spin diffusion". As explained in section 4 a 

tilted no-axis in quadrupoles results in ~pin diffusion driven by horizontal oscillations excited 

i11 the arcs. The relevant l.enns arc given by eq. (A.14) in appendix A. i'/:0 -axis tilts are usually 

non systematic and are cil.used by misalignments. However, the rotators in effect cause a sys­

tematic tilt of 90 degrees over a large section of the ring, namely between the rotators, and t.hi~ 

can obviously be a source of massive spin diffusion and Lhus depolarization (see also fig. (1)). 

Moreover the vertical bending fields inside the rotator generate vertical dispersion leading to 

the excitation o[ vertical bcLatron oscillations and thus in the case of a longitudinal ri0 -axis 

to further spin diiTu8ion. The same mechanisms cause spin diffusion in the case of energy 

oscilbtions of the particle (se~ eq. (A. H)). 
To overcome these problems one tries to restore the "spin transparency" wbich is automatically 

<tva.ilablc in the ca~e of a perfectly fiat ring. The spin diffusion is described by the diffusion 

vector tfclel'ivedin appendix A i11 first order approximal.ion. Thns the optic with rot<J.lors has. 

to be designed so that. I. he condition ltn = 0 is fulfilled al alll0;1gitlHlinal positions where 1/lll 
is large. This "spin matching'' procedure has been applied to the present optic with one pair 

of rotators in the east str<tight section .[69][70]. li. is worth noting that the vertical spin match 

depend~ on energy. 

S!THDS is applied to a lattice which has been spin matched at a spin tune of 11 = 61Ji 

correspondi11g to <W energy()[ 27.08 GeV aud at r; '----' 63 .. '5 conespondiug to 27.96 GeV. The 

result~ for the undist.orted optic are shown in fig. (35). The spin tune range of the energy scans 

corresponds to the disLance bdweeu the ±CJ, resonances wilh Q,=0.2. Due to the fad t.ha.t 

i.lw rotators modify the spin precession gemnelry of the ring tlw "real" spin tunc u is shift~d hy 

~~ -0.0-5 with respect lo the "nominal" spin Lillie wy. [n both cases the maximurn <:quilibrium 

poliirizalion i~ calculated lo be """80 % beotuse the straigbt section layout means in practice 

that it is not possible to geL il pcrfecl spiu rwtl.ch [71]. In a range of a.bol!t 200 MeV around the 

half integer no strong higber order l'esonanes occur. ThP plateau is limited by sidebands to the 

±Qz resona.nce:-> (±Q, + msQs with ms < .1 and Q,.=0.07). Resonances to ±Q:c with Qx=O.l 

arc not visible, indicating a very good horizontal spin match. 

This lattice is then distorted randomly as in subsection 5.2. The YIICADO orbit correction 
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Figure 36: Equilibrium polarization bebneen the ±Q, Tesonances w1:th Qz = 0.2 f01· a spin 

matched HRRA optic with imperfections, corrections with MlCADO and the harmonic b·ump 

' scheme, for a central spin htne of v = 61.5 (;or responding to an energy of 27.08 Oe V The 

points with errorbars are the SJTROSns1tlt1> and the dashed li·ne describes the first orrin· SITF 

result. 
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Figure 37: Equilibrium polarization between the ±Qz resonances with Qz =--= 0.2 for a spin 

mutched HERA optic with imperfections and corrections with MlCADO and the ha·rmonic bump 

scherne. for a central spin tune of v = 6:l.5 corres1wnding to an enn·gy of 21.96 Ge V (Left} 

and u = 63.5, corresponding to 27.96 Gc V (Right). The points with errorbars are the SJTROS 

·results and the dashed line describes the first o·rder· SITF 1·esult. 
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scheme is ipplied to corrcd the rrns values of the orbit down to x,.m.•= l mrn and Zrms=0.9 mm, 

respectively. In the next step the harmonic bump scheme appropriate for a ring including the 

rotators, is applied to minimize the spin-orbit coupling. The results for both energy regions 

arc shown in fig. (36) and fig. (37). The maximum iiChicvable equilibrium polarization is ca.l­

culaLed to be "'60 %. Strong sidebands to the first order spin resonances ±Q, and ±CJx appear. 

A comparison with ~he result for an optimized machine without rotators presented in fig. (26, 

curve 2) shows thal the achievable equilibrium polari?.ation is reduced by 20 % due to the 

pt"CSCJICe of the rotil,tors. Sideba.nds to lhe ±Qx spin resonances are much stronger for a machine 

with rot.ators than without. 0!evcrthcles~, longitudinal polari;,:ation values above 50 % are 

possible. 
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5.4 Depolarization with a time dependent radial magnetic field Q_s;Q_054 Q_~=0.091 
Tau=2500 turns '!,-, 

! 
1 
! 
' I • 

Assuming that the equilibrium polarization axis ii0 is parallel to the vertical direction €, an 

ensemble of particles can be depolarized by rotating the spin vectors permanently into the 

hori~ontal plane. This is done by widening the precession cone of the individual particles with 

respect to ii0 as demonstrated in fig. (38). The widening can be performe(l by time dependent 

radial magnetic fields. The frequency of the depolarizing field is given by: 

Ovr =I ±a')'± k I w0 k= integer, (5.1) 

where w" is the relativistic cyclotron frequency in cq. (2.5). Eq. (5.1) illu~Lr~ttes the direct re\a, 

Lion between the depolarizer frequ~ncy and th(C energy Eo of the be<l.In. Thus the meil.surement 

of HDp allows the beam energy to be calibrated wit.h a precision mostly determined by the error 

of t.he frequency measur~ment and the width of the induced resonance (,...., l MeV for an int.e 

grated fteld of Bl = 1 Grn) which is much smaller than the energy spread o£ the beam (0"~,...., 30 

MeV at 26.666 GeV). The latter can be explained by t.he fad that the characteristic time for 

the depolarization process is much longer (rvP ,....., 11 sec for Hl = 1 Gm) than the period of 

the synchrotron frequency (,...., 300 J.I-Sec) and the damping time of the energy oscillations ('"'-' 7 
msec) of the particles. The method allows an energy calibration d<JWn to the 1 MeV level. [n 

conlra.st to this precision the knowledge of the int,egral field of the main dipoles a.t 26.66 GeV in 

HERA leads to an uncertainty in energy of ±50 MeV. This depolarizing mechanism has been 

demonstrated for example at DORIS[ll], PETRA[74], LEP[12] and recently.al~o at HERA [67]. 
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Figure 38: lJepolarizer m the case a1 = n ± 0.5. The depolariz·ing field uwst change its S<!Jn 

from revolution to ,.evolutwn [14} 

Already in 1982 J. Kewisch [72] used S!TilOS to sirnulale lhe influence of time dependenl 

dipole fields on the polarization, one of the main advantages of this tracking code compared 

with ol11er mdhod.s of determining the equilibrium polarization. In Lhis ~ection siwulalion 

results for HERA will be presented [73]. 
The ro~ation of a spin vector for a given field strength is almost independent of the cncrg_y for 

magnetic fields perpendicular to the velocity vector (see eq. (2J1)) of Lhe particle. The rotation 
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Figme 39: Coherence decay of the in.'ltantaneous horizontal polarization component for· two 

d·ij}"erenl synchrotron tunes CJs :== 0.05-1 (Left} and Q3 = 0.091 (Right} for a HERA oplic at 

wy = 60.4. The decohercnce time TJ.ec = 2.Sx 10:1 tums is calculated Jmm the dashed exponential 

CltT"Ve 

angle for a single passing of a localized radial field B is given by: 

§ ~ -'- (a+.!_) Bl, l= depolari,;er length, 
rnpc 1 

(5.2) 

with eaJ-rn.c = 0.068 mrad/Gm. Assuming an exact accumulation of the spin tilt from turn t.o 

turn one would expect a time of,...., 23000 tnrns (= 0.5 ~ec in HERA) to rotate the spin of a 

single particle by 7r /2 m;ing Bl = 1 Gm. 
What conditions are required to depolarize a.n ensemble of particles? 

Quantum fluctuations lead to a spin diffusion process in the hori,;ontal plane. One can simulate 

the decoherence time TJ.ec of the decay of the instantaneous horizontal polari;~,ation component 

by starting all particles with spin vectors in the horizontal plane and looking at the average 

over the projections of the individual spins onto a reference spin vector §ref belonging to the 

closed orbit particle which by defmition suffers no quat1tum fluctuations: 

I N 
-"' 5 ~ N L '· Sref· 

This quantity is shown in rig. (39) over 1.2 X 104 HERA turns and yields a. TJ.ec = 2 .. ) X 103 

turns. "!'he decohercnce time does not .depend on Q •. But the fluctuations become smaller due 

to synchrotron oscillations wiLh higher frequency. 
To depolarize an ensemble ()[ particles starting with all spin vectors parallel to the n0 -axis 

it i,~ necessil.ry that the time TDp which is needed to bring all spins from the din~ction no 
to the horizontal plane is large compared to Td~"' otherwise there is nearly no decay of the 

inslanl;weous horizontal polariza.tion cornponent. If the coherence were not lost, it would be 

possible ·to !lip the average spin vector into a direction which is anti parallel to the no··axis 

("polarization,fiip" )[12]. 
To calculate a resonance cnrve o[ the artificial resonance indt1ced by a depolarizer with a.n 

i11tegrated field of Bl = 1 Gm one varies the frequency around the chosen working point of 

w 1 = 60.4 (Dop -'-' 0.·1 in units of we)· Under th(' condition that the instantaneous horizontal 

polarizatjon component vanishes the <tverage spin vector (1 J N) L; .~; i~ parallel to the r"i0-axis. 

The depolariza.tion process of the vertical polarization component can be described by il.Tl 

increase of the tilt of il. fictitious unit spin vector .~1 with respect to the rio-axis (§J · iio = 
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Figure 40: Tilt of the fictitious ttnit 8jJ'in vcctm· ,Sf (§J · iio = I ( 1 / N) Li .?, i) ·wi!.h resper:t to the 

ii0 -axis for f3l =1 Gm. The depolarizcr jTf.q·uency Dvr t's varied from 0.3940 to fJ.4020 in units 

of the revolution freq-ur~ru:y y-t, fxl04 turns (0.21 sec) arc shown afto· the ti·mc varying field 

was switched on at "Start". The an·ow designates the n:nln: of the resonance corrf:sponding 

to a fractional spin tune of 0.398115. The num/l(;ts given in the h-ey cor"Tfspond to constant 

tilt contmu·s ·which arc shown at the bottom of the graph. The cohf'Tence decay -'haws ·up 'l'lt the 

damped oscillations of the smfru:e 

I( 1 /I'.f) 2:; .S";i). Fig. ( 40) shows the evolution of this tilt over l x 10'1 !.urns (0.21 sec) for ;1 

frequency range .3.Hnp of 0.394 :::; Dop :::=; 0.102 in units of We corresponding to a fu~quency ran~e 

of [18.656, 19.035] KHz or an energy range of [26.619:J, 26.6228] GeV. No orbital excitations clue 

to the presence of the additional radial field arc included. l'he simnlations arc perfonned 

for a HERA lattice without imperfections (J:Tms =0.3 rrnn, Zrm.., =0 mm) witJ1 <Ul equilibrium 

polarization of "' 92%. All spin vectors of the ensemble arc started parallel to ·1Yo. AI. the 

central energy Eo of the particlt> motion at fl.np = 0.3981 7?), indicated by tlw arrow t.hc tiliW 

varying rlepolarizer field is ill resonance with the central ,pin precession frequency(£"")'. The 

difference of f!Dp 1.0 the fractional spin tunc a1 = 0.4 can be explained by the fad. that lhe 

total bendin"g augle of the HI.;H;A optic used has an absolute error of 61r x 10-5 .Jeil.ding to an 

absolute spin tune shift of 1.82 X 10-:l at a~r = 60.1. This int.egntted error i;; generar.ed by 

the ~nite precision of the definition of the bending fields in the optic file. The shift chH' to 

the presence of scxt.upoles and the additional bending Gelds caused by the closed orbil. in the 

quadrupoles is more than one order of magnitude smaller. Assuming an exponential decay of 

the polarization (which is sensible under the condition that the ensei\1 b\e becomes clecoherent 

on a time scale which is much smaller t.ha.n the time scale of the depolarization time) the 

calculated TDr for N =i:iOO paxticlcs at. the ccnlral frequency is 6.8 X 105 tur11s ("' H ~ec in 

HERA) which is indeed large compared with the decohcrcncc time TJcc· Fig. ('11, BoHom) 

de~cribes lhe d(~pendence of TDp on the strength or the iutegrated depolarizcr fleld Bl between 

1 and 100 Gm and the corresponding tilt evolution in Fig. (11, Top) for the ccntnd frequency 

nov= O.J9817!'i. Starting from eq. (5.2) one would expect a 1/HI behaviour for Tnr· The fit, 

in fi.g. (11, Hottom) shows that t.he SITH.OS results for TDp are in agreement with a 1/(lJ/)2 

dependence. 
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Figure 11· Top: J'iU of the jictdio·as un·it .~pin vector gf with n.~peet to the i£0 -a:cis for d'ijj"erent 

inl.egratcJ field .'ilrcngth.'' 13! o-ver 1 x 10'1 turns, Bot torn: Co·rrespond·ing depolarization l-imes TDp 

(poin/.s) Vfr.•us Bl and a jil .~'hou;ing that Tnp has apprm:imatcly a 1/( B 1) 2 behaviour-. The da.~·hul 

.'dnr.·i_qht l-ine cornspvnds to the previously calcu.lated decohen:nec lime TJcc· The mlculat·ion of 

Tn, i.o, based on the as~mmplion of an exponential depola·rizat-ion process which -is only valid if 

Tf)p is lm·gf wmpan~d with T~c~ 
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Figure 42: Sidebands to the central depolarizt:r nsonance near wy = 60.4 for energit:s W( = 
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joT a depolarizcr with an integrated field of Bl = 1 Om and a fn:q'Untcy Tange from 0.394 f]!j 

to 0.402175 

As already mentioned the error of the energy calibration is mostly determined by the width of 

the resonance induced by the depolarizcr. In l\g. ( 13, Top) resonance curves for ;rarious integral 

field values bctwDcn O.:J and 2.5 Grn are shown. The results presented include tl1e depolarization 

process and tl1e competing build up procesF; due to the Sokolov-Tcrnov effect (see fig. (r!3, Top)). 

The width depends essentially linearly on the strength of the applied integral Geld (sec fig. (13, 

'Hottorn)). For Bl = 1 Gm the width is about 1 MeV correspondi11g t.o a freqm~ncy range of 

.6.nnp"' 100 lh. 
Owing to the fact that the particles are undergoing synchrotron oscillations the individual 

precession frequencies arc modulated with the synchrotron tune leading to sidebands l,o the 

main dcpolarizer resonance at 60.398175 separated by Os· For Q, = 0.072 sidebands <tppear 

at 60.39817,5 + m, · 0.072 with m., f 0. The sidebands with 1m, I :S: 2 arc shown in fig. (42). 

The simulations arc performed for energies with a spacing of ,...,32 MeV corresponding to Q, 
calculated at W( = 60.1 at either side of the main resonance. Thus the cha.nge ol the synchro!,ron 

tnne wil.h energy leads to a small shift of the sidebands in the dcpolarizer frequency· domain. 

The results indicate lhat. tlw first order sidebands itre strong. Therefore if one wanls to perform 

an energy calibration it is necessary to find ont whet her tbc dcpolari:oation takes place 011 a 

.~idebaud or the main resonance. This can be e<1.sily donte by the variation of Q., shifting tlw 

sidebands in the frequency domain. 
Tl1e results rrcsentt>d are not cornplctely realistic in the sense that the radial f1eld of the 

depolarizer produces a nmmegligible orbital excitation depending on the vcrticol j3 fund ion at 

the position of the magnet which can leil.d to a broadening of the depolari...;f'r iuduced resonance 

[7-'l]. Tlw frequency scans were performed for fixed fn~queucies l1DP ("i <; n, ·n-c- number of 

frequcncic.~). fn reality lhe depolarizcr sweeps around n[;p with a. certain frequency rauge ,6.!1bP 

and a certain speed dO.DPJdt. Depending on ,6.JJbP' df!j)p/dt and tfw width of the re~unancc 

the effective depolarization lime TlJp i::- changed. The calculations describe the limiting case 

6.11bP --1 0 and dn~;P/dt ---7 0. ~cvcrthclc% it i.~ interesting to compare these result.!:> vvit·h the 

first measurernenb performed in autumn lWJ:l [67]. 

At HERA the beam was depolarized with au iutegratecl field of <2 Grn in less than 1 minute 

which is consistent with llJp ~1 1[ Sf'C for F1l = 1 Cm given by SITROS (see flg. (41, Dottom)). 

As predicted by the pre~ented simulations (TJa ~50 mscc << TDp ..._.11 sec), no "polarization­

flip" 1vao, obc;erved. The widLh of the resonance wa.~ meitsurcd to be smaller than Dov <200 

Hz (2 MeV) which fits to lhe results shown in fig. ( 4:l, Dot tom). The bearn energy wac, found 
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to be about 33-36 1'IeV below the nominal energy given by the integrated lield of !.he main 

dipole:-;. It was checked by a Qs shift that the main resonance had been found. These results 

arc prdiminil.ry and not published .vet. The simulations present.t>d are consistent with the first 

depolarizcr mea.surements at. HERA. 
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6 Comparison of SITROS with analytical approaches 

In this section comparisons between S!THOS and other mel hods to calculate the equilibrinrn 

polarization level in the presence of depolarizing effects will be performed. The main airn of 

this section is to show that SITROS results arc in good agreement with results derived by 

the progra.m SODOM [34] using a completely different treatment. Furthermore a comparison 

with a sideband model for tbe betatron resonances [57] will be presented 8howing qualit,ative 

agreernent. where the differences, as will be demonstrated, can he explained by the restrictions 

of the sideband model. 

6.1 Comparison with SODOM 

SOU OM ((S)pin-(O)rbit (D)ynamics using (O)ne-t.urn (M)ap) is a tracking code for the calcu­

lation of equilibrium electron polarization Poff using one-t.urn spin maps written by K. Yokoya 

[34j. SOD0\1 cvalual.es ii. and ~rDri/fJ··y from tfw information of ti.uJilerica.l tracking of the 

~pin-orbit motion wit.hout ril.diation. Peff is then calculated using the Derbenev-Kondra.tenko 

formula (cq. (2.L4)). 
SODOM tracks part. ides with certain stil.rting conditions in phase space to determine the deriva­

~ive of r7 with respect to 1 and to perform the integration of rDi"i/ fJ1 and b8iij 8r] 2 over the 

orbital _phase space. A special problem is the sampling of the longitudinal phase space bc­

ca.n~e d depends strongly on the particle amplitudes in the longitudinal direction. One has 

to decide \Yhat the maximum amplitude is which has to be included in ihe evaluation of the 

integrals. This decision is related to the question of how important the particles in the tails of 

t,hrc distribution are for the determination of the equilibrium polarization (see section :1.6). 

CELL(B) 
HRING(BV) 
RING 
QFH 

QDH 

D 

B 
BUP 

BDOWN 
CAV 

QFH D B D QDH QDH D B D QFH 
CELL(BV) 32*CELL(B) CAV 32*CELL(B) CELL(BV) 
HRING(BUP) HRING(BDOWN) 

quad. length 0.5m. k=+O 09121608/m 

quad. length 0.5m. k=-0.08381805/m 

drift space. length 0.5m. 

bend. length 6m. angle 1.40625deg. 

vertical bend. 6m. +O.ldeg. 

vertical bend. 6m. -O.ldeg. 

rf cavity. length Om. peak voltage 75MV. 

Tn.hle 1: Structure of th.e model r-ing from [75} 

Hec<cu~e SOD OM is not. able to handle nonlinear orbit motion up to now and the possibility to 

introduce magnet distortions has just been included recently [76], the comparison with SITH.OS 

i.-, performed for a. model ring consisting of 128 identical FODO cells plu:-, four vertical S-bencl 

cells (sec tab. (1)). The betatron tunes arc Q"-.=33.26,1 and Q,=28.:379. The synchrotron 

tnnf' Qs, a., and O"ii are O.OW243, 6.503 x 10-3 m and 1.137 x ·lo-3 at -Ho =20.74 (;ev. The 

dost'd orbit was determined neglecting radiation effects (xrms = !.5 X 10-5m, z,.m .• = Orn). In 

this model llw i'i0 -axi~ is parallel to t~e vertical direction i!z except in the S-benc\ cells where 

it i,~ tilted longitudina.l\y by ,......, 80 nuad at Eu ,......, 20 C:eV. The average vertical disper~ion 

if,. generated is calculate-d to be ,.....,20 mm. As a result a ftrst order synchrotron re.~onancc 

('17 +Qs) is excited. Owi11g to the spin tnne rnodnlil.tion due to synchrotron oscillations higher 

order sideband resonances are induced (47 + Q, + msQ.,m, > 0) in the energy region 47::::; 

~ra :S:47.:1. This region was chosen because the effect of the betatron resonances Qx, Q, is 

very small in this interval due to the supcrperiodicity conditions of the lattice. Fig. (H) shows 

68 

~ 

l 



-~--~~----·-~------·-~--------------- --- -- ------------------------

~ 
" j 
~ 

100 ,---~--~--~---,-----,--, 

'Q; 

8(1 

60 l~ 
4D' ; 

,i 
20 h1 

0 
47 47.05 47.1 

"2Q~ "3Qs 

\ 
\ 
' II 

\ 
~ i 
. . 
~~~ 

'!l"~~ 
r ~ , r ... ~ 

1 r ! 
~ ; 

i .. j' 
' ~ : 

!\ 1 
~i 

i~ • ii 

47.1) 47.2 
a* gamma 

('4Qs 

'l 
\I 
i i 

I 
SITKOS >-+-

!il<;or56~ --

47.25 47.3 

Figure 44: Equilibri·um polarization for a model ring (tab. (!)) calculated by SODOM (dashed 

line) and SJTROS' (points wilh errorbars). ThF sol-id curve shows thF first ordF'l' f'CS'IJit from 

SITF 

the SODOM result (dashed curve), the first order calculation with SJTF (solid curve) iJ,nd t.be 

SITROS result (points \Vitb errorbars). The maximum longitudinal particle itmplitude used in 

SODOM 1.o perform the integration over the longitudinal phase spa.ce is 3cr5 • Contributions 

from particles wilh larger amplitudes have a neglcgible effed on Pefi· The SITI{()S calculat.ion 

takes into account particles up to 2.3cr., (sec fig. (12)). Small difference~ due to t.he different. t.ail 

sampling have been corrected by an increase of rJ, by a factor of 1.2 in Sl'l'l-tOS adjusting the 

excitation strength [{properly. The agreement between SODOM and SITTIOS is perfect. The 

lineil.r optical parameters arc almost identical and t.he differences for the calculated eqt~ilihrium 

polarization between 47 and 47.3 itre neglegible. 
At. l~ast for this artificial example these totally different treatments lead \.o t.o the same re~ult. 

Furthermore both programs demonstrate that the effect of depolarization far out. in 1.he \,il.ils of 

the energ_y distribution can be neglected in I. his example, where I. he depolarization is weak. 

6.2 Comparison with a sideband model for betatron resonances 

In the following subsection a comparison between SlTRO'l and a sideband model Cor beLt!, ron 

resonances introduced by S. Mane [57] will btc performed. 
The sideband model predicts Uw strengths of sideband'> to,, given isolated lwtatron rcson<~.nce 

due to tunc wodulaticn cLaracteri~ed by the tunc modub~ion illdcx ,\2: 

(6 l) 

!!('--"-1'""1') '" { cxp(-.1') [ I ( .. 1') 
lt! :r lp(;)l.' '_(;!2.._ = At/- '\' -· -~-----·--. -----

2 
J~'/z m, 

=-~~dc'-s - ")z ~ (11- k T Qx/~ + 1n,,Q.,j 
§ lp(s)IJ m,_ oc:. 2 . . l exp(-.\) m,J,I (I')} +J,~ (I,v,(A') +1m,+<(.\')) + V- k Cf Q,;, + m,Q, Q, "'' . ' 

where A;j,- characterizes thtc strength of the hdatron resonance at u = k l: Qx;z, .1"-"/z il.nd J, 
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arc the damping partition numbers, lm, is a modified Bessel function, m .• denotes the order 

of the sideband~ IJ = k ± Qx/z + rn.,Q.,. This equation describes the main contribution to 

depolarization in the Derbcnev"Kondratenko formula (eq. (2.11)) under the condition that the 

depolarization due t,o a till of 11 0-axi~ is small. In this case the left part of eq. (6.1) can he 

identified with the ratio of the polarizat.ion buildup time Tp and the depolarization time ra: 

"' TJ 

"(' ,, I ,,1l') 
l8J'~"YJ::; 

f 
,, 

jp(sJF 

The equilibrium polari~:ation is determined by cq. (2.11). 
The calculations are performed for a HERA lattice without imperfections but with an additional 

c,ysternatic quadrupole twist of 0.1 nnad in the energy ;ange 60 ~ wy s; 6J at a working point 

(JL. = 0.2:-!8, Qz = 0.328, Qs-;;:::: 0.072. This sytematic distortion leads to a beam ellipse twist of 

....., 35 mrad and a small ·ii0-axis tilt of ....... 0.0:-1 mrad around a~/= 60 .. ') and "'5 mrad at integer 

spin tune. The generated vertical dispersion is D, ,..._, 1 mm. The rms values for the closed orbit 

are Xrms=0.5,1 mm and Zrms=O.OO!J mm. The finiteness of the vertical closed orbit originates 

in the fad that. the energy loss and gain leads to a small horizontal dosed orbit distortion and 

tht1s in the presence of skew quadrupole components to a small vertical closed orbit distortion. 

The Qy resonances arc induced by betatron coupling and the vertical di,persion. The tune 

modulation index is calculated to be V ....., 0.6. 
The A~ I- arc determined by fit.ting the ratios Tp/Td.y evaluated from the first order spin integrals 

(in fact SITF uses a. different approach, sec appendix A) for the individual oscillation modes 

neglecting interference effects in t,he calculation of J (see appendix A). The fit function for 

isolated first order resonances of mode y is given by: 

Tp A~ Jy A;· Jy 
ray (v) = (v- 60- Qy)2 + (u 61 + Qy)2 

(6.2) 

with .fx = .]z = I, J., = 2. Fig. (15) shows the SlTF result, for the first. order spin integrals and 

the fit. for rp/Tdy using eq. (6.2). Large rl'/ray corre8pond t.o small equilibrium polarization val­

ues. The last. picture compares Tp(Ly 1/ray) with the SITF result., which includes interference 

effects. The significant difference between SlTF itnd the Gt can be explained by the neglect of 

interference terms when adding up t.he squares of spin integrals for the individual modes. The 

s.idebands of the bdaJron resunanccs are given by eq. (6 .. 1) nsing t.he fitted A:/z- Considerin~ 
:-:idebamls which satisfy the resonance conditons 11 = k ± CJ,_;z + m.,CJs with 1m, I ::; 5 and the 

s.vnchrotron resonances at 11 = k ·± CJ, one can try to compare the result for the equilibrium 

pola.rization (ftg. (16). Bottom) wilh ltw corresponding SfTROS result (fig. (46), Top). The 

resonance structure loob sirnilar although the maximum prcctided polarization around t.he half 

integer is different. 
The sideband model is very helpful to identify sideba11d resonances and to get an overview over 

the resona.nce structure whidt is dominated by the first order bcta.hon resonances and their 

sidebands. But i1. i~ nol <thle to predict the absolute polarization level. The main drawback of 

the mct.hod is the assm11ption of isolated resonances and non-interference which is clearly not 

fulfilled in the case of HEI{A. 
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7 Summary 

In this work the algorithm of the Monte-Carlo program SITROS originally written by J. Kt~wisch 

has been analyzed in detail. Several checks have heen performed to make sure tha.1. the i1p­

proximations which arc needed to overcome computing time limitations are physically sen~iblc 

and that these have no undesirable influence on the simulation rcsult'J. The systematic and 

statistical errors of the Monte-Carlo treatment have been stndied in detaiL The potentia.! prob­

lem~ introduced by the bad sampling of the tails of the tracked pa,rticle distributions have been 

discussed. 
On the basis of tbis analysis the program h<t~ been applied to a HERA machine without rot<J.tor:; 

and compari~ons have been rnade with several polarization mea~urements. The ~imulations 

contain a realistic de~cription of the machine conditiom pertaining during the measurements. 

The influence on the equilibrium polarization of the beam ellipse twist introduced by an evenly 

distributed skew quadrupole component in the ring observed in 1991 and the correctiou with 

a decoupling bump have been studied in detail. The simulation results are in good agreement 

with the performed measmcments. The behavionr of HERA concerning polariJ:ation in 1991 

can be understood on the basis of 1.he Monte" Carlo studies. 

A special spin-orbit correction scheme has been tested in SITROS before the applica.l.ion in 

the control room in summer 1992. The simulatiom show an significant increase in polariza.tion 

due io the application of the scheme although the correclion method is based on first order 

perturbation theory. Nevertheless, the synchrotron sidebands to 1.he horizou1,al and vertical 

betatron spin resonances are predicted to remain strong. The sidebands to vertical betatron spin 

resonances arc especially strong up to high order. Again comparisons between measurements 

and simulatiou~ with realistic machine condition~ have been performed. The agreement is 

encouraging. 
On the basis of the experience with SITl-tOS for H El{A without rotators the program has been 

used to predict the equilibrium polarization level for a machine with one spin rotator pair in 

the e;tst straight section of the ring. This rotator pair will be installed ill 1994 to provide 

longitudinal polarization for the HERMES experiment. The simulations indicate tbat it is 

possible to get a high degree of polarization by a proper spin matching of the optic and a 

correction of special harmonics of the spin-orbit coupling function with Uw above meutioned 

correction scheme. 
The effect of an oscillating radial magnetic dipole field on the polarization has been· studied. 

The dependence of the widths of the induced resonance~ on t.he strength of the integrated 

dipole field have been calculat.ed. The possibility of polarization fiip ha:-, been ~t.udied. The 

fu~t measurements made in 199:J are consistent with the simulation re:o,ults. 

SITROS has been compared with the program SODOM written by K. Yokoya in ·which he uses 

a different approach to calculate the equilibrium polarization. For'' model ring which is silllilar 

to TRISTAN, operated at KEK, the results of both programs are in excellent. agreemenl. In 

addition SITI{QS has been appli(CJ to a weakly distorted !-! I•: I{ A optic to comp<tn' it with a 

sideband model introduced by S. YTane which is based on the asw1npt.ion ol" i~olat.(Cd bct.<l­

t.ron spin resonances in lhe case of an only :-,lightly tilted 1"i0-axis. [t has been found tbat the 

assumpliou of isolated resonances cannot. be ma.de, leading to quantitatively different. results. 

Nevertheless the sideband model represents a good method to get a quick overview ovN the 

sideband structure. 

It. has been demonstrated that SITl-tOS i.s able to model HERA in a realistic way. Thus a.\l 
changes to the machine conditions can be simulated in SITROS to estimale t.he pos~ible influ. 

ence on the equilibrium polarization. In the future the influence of the beam-beam intera.ct.ion 

has to be studied in detail to answer the que~tion whether a high degree of longitudinal polar-

73 

ization is possible under luminosity conditions. 
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A Polarization calculation in first order approximation 

!'his appendix is written with the intention to give a short introduction to the first order polar­

iz;J,i,ion theory and thus to introduce the quantities Vl'hich arc necessary for t.hc iutcrprf:taLion 

of the tracking re~mlb. In fact many rcsu!Ls given by the spin tracking can be interpreted on 

the basis of" flr~t order polarization theory. ~'urthcrrnore the first order poJariY.<HiOll calclllations 

performed hy SITF arc an important independent check of the tracking calculations. The ap­

pendix follows the argumentation of K. Yokoyil. [77]. Following sect.ion .) . .t the spin motio11 is 

governed by the Thomas-HMT equation: 

g'=!lx,q, (A. I) 

where n describes the precession wil.h respect to the design coordinate ]'nunc and is given I'm 

example at 0 = 0 by: 

n~ 

fl" 

(], 

(W( + l) (h, + )z + lz t· (k- h·;- j,h,- C)l.z);: 

+ (-k- h)r.,- ]zhx- E)<,) X- C5oz') -- rqhs:f:1
- h, 

(w} + 1) (h.x + )x + f.r + ( -k +h.;+ j,Jr., + t,h":) J: 

+ (k- h,h.,- }.rhz- t .. -ch~) Z- Csox') - o--;1h.,.z'- h, 

(1 -1- a) (h.,- hshx:l:- h,h~z)- (a~!+ 1) (tz:t'-

0 can be written as a .'>Ulll of two parts (~ec cq. (3.23)): 

fi = !1co +W, (A.2) 

where flco denotes the angular frequency vector on the closed orbit which is a periodic quanti tv 

f1' .. "(s) = f'2cv(s + L) and W describes the aperiodic contributions of the orbil.al motion lo 1i. 

The solution of the corresponding differential cqmdion for the periodic part 0·''' 

§I = ~1c:a X .? (A.:J) 

can be expressed as il. linear combination of three orthonormal ~olutions 7l.o(c;), ni.(.~) and n.s). 

where ii0 (s) is the periodic solution defined in eq. (3.21). The vectors -ffi(s) ;111d n,~) ~alid'y the 

condil.ion: 

( 
m(,+L)) _ ( co~(2"') 
n.~ + L) - , ~in (211'!!) 

-ein(2xv)) ( c~(<)) 
cos (211'1/) t(.~) ' 

I A Ji) 

where vis lhe spin tunc. '\'he fonnal solution .? of eq. (A.1) can be writl.en in 1.enns of this 

orthonormal spin basi<o: 
~ r;-- ~ 

S = y 1 - n 2 - /P iio-+ mit I· f) I, 

where et and /i arc solutions of t.he following nonlinear sy~t.em of differential equations: 

a' v~-= /32 Wi- /JW·ii0 

,81 = -Jl~ .. ~2 - /32 0rli + o:0il0 • 

These equations conta.in two different sources of nonline<1.rity of the spin motion: 

(i\.5) 

(A.G) 

(A.7l 

1. The aperiodic function W is in general a nonline<-l.r function of the phase space coordinates. 

which is the case even for completely linear motion. 
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~- The !'act that the solutions of !.he Thomas-BMT equation are three dimensional rotations 

!toad~ to the jl=--a2 - (P terms and the terms including ·ii0 in eq. (A.7). Even if W is 

iine<l.l' in the phase sp;u:e coordinates t.he solutions a and 3 have a nonlinear dependence 

on these coordinales due l,o the mmlincarity of eq. (A.7) in et and ,B. 

Eq. (A.7) is linearized by considering only linear orbit motion, linearizing Win the orbital 

coonlinil.tes and by a8suming that the spin vector ~~ remains close to r7o which lca.ds to tlw 

situation that er and /J arc always snuoJl quantities Tfn1s the system of diffPreutial equations 

red net>~ to: 

a' wi (A.S) 

()' -0rn 

and s-: is given by: 
g = rl.o + nr:ri + .or 

i\eglecting the contribution>< from the bending magnets which arc mainly ah~orbed by the 

periodic solution ii.0 and assuming that no skew quadrupole fiek1s arc present W becomes in 

linear approximation: 
W= (a~i+1)k(z2x-:te',), (A.9) 

where 1.: denotes the quadrupole strength. Now consider a. particle undergoing no syndlfo­

betatwn oscillations. At .5 =so a photon of I, he energy !":,{j = -6Ej };0 is emitted. After the 

emission of the pholon the motion is given by: 

J.·o(s) 

,,,(') 

b(.>) 

vvhen· 

l [ r;;-;-:; . r;;-;-:; ] ( 1 ' - ·'o) 
-6b a,(s,)y.B,(.>) cxp (,¢,(s)) + a_,(sc)y 8,(s) exp ( -i¢,(.> )) exp --'"--
2 Tc C 

t/":,0 [az(so)/Bc(s) exp{i,P,(.~)) + u_z(soJ/P:(-;)cxp ( -io/z(s))] exp ( -~ 5 -~~) 

I .. .. ( 1.<-Sc\ 
·6b[a,lsc)exp(,0,(s)) ta_,(sc)cxp(-,0,(,))]exp ----1, 
2 T, C ) 

ah.(.so) 
- f):r ± i ( D~/32. + Dxnx) 

ViJ; exp ('fi¢o('a)) 

a±z(·~o) 
=JJ, ± i (D~f3z + Dzaz) 

ViJ; exp('fi¢"(sa)) 

a±.,(s0 ) cxp(=t=·iJ..(su)) 

(A.!O) 

ami f3u, o:~, rf;y, Dy, ]);
1 

(y = x,z, s) denote the usual machine functions. The Ty are i.hc darnpin)l; 

times df:rivcd in sccl.ion :t l. Sctbstitut.ing x = xa + b · D~. and z = Z(i + {i • Dz in eq. (A.9) W 

becorne~: 

will1 

~ 1 ,, )~I) (Is-'") w(s) = -1"':,0 L...al(.~n ~·j,.S exp ·---- . 
2 

1 
T1 C 

W±:r: 

wh 
-(wr + 1 Jk{iJ:exp (±v¢,(,))2" 

(wy + l )k/(i: cxp ( ±i¢,(.") )i', 

j == ±:c, .Lz, ±.~ 

C:±s (a1 + l)k (D"C'' ·· IJ,C:,) exp(±i¢,(s)). 

The ;;1 la.ke over I. he quasi-periodicity of the synchro-beta.l.ron oscillation-'>: 

W±,(.~ + L) --, exp (±i2r.Qy)W±y(s), y = x, z. s. 
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(A.ll) 

(i\.12) 

---l 
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where Gv are the orbital tunes. The spin motion after the emission of<~ photon fl6 at s0 can 

he obtained by solving eq. (A.S) with W given by eq. (A.ll) in the form: 

fi = ii0 + fl.5d(s, so), 

with 
J(,~. so) = ~b ( o:(.~, so)ffi + .13(8, so)Q . 

F'or s ...._... oo the quantities n(s,s0 ) and f3(s,s 0 ) converge to constants n(oo,s0) <tnd ,IJ(oc,8o). 

d(so) is then given by [77]: 

i(.,,) ~ ~Im [I;'-(.,,) (C, + c_, + c, + c_, + c, + c_.,)] (A.l3) 

with 
R(s) = ril(s) +ins)= K,i!, + I<zitz +ICes 

and 

c.,(,o) -~-"::.-~( + 1 1•o+/, [ 
exp(i2•(v- Q,)) -] a±A'o) ,, J,' f{,. kv'/):exp(±'¢")L 

Ch(,,) ar+ J lso+L [ 
-exp(i2•(v-Q,))-1a'"(.'o) ,, M K"·k/;J:exp(±•Q\,1], (A.14) 

c±.(,,) ~ 
W( + 1 lsu+L · 

exp(i2r.(v- Q
8

)) -1 a±s(,<io) "o ds' [(DJ<x- Dxl(z) · kexp(±i,P,)J.,,. 

This solution for b.Ol describes the contributions a particle spin vector ge1,s in the rf~ and 

f direction by the emission of a photon with energy f::l{j at an arbitrary position s0 in the 

ring. Thus J can be identified with the more general object. {fJii/0---;r given in the Derbenev­

Kondratenko formula eq. (2.14 under the condition that the spin vector remAins closf' to thf' 

ii0 -axi:>. This allows to calculate the depolari~ation rate 1/Td nsing cq. (2.12) in first order 

approximation. 
Eq. ( A.l4) contains rewnanee denominator~ which lead to large J und thus large r 
rates 1/Td whenever the spin tnne vis ncar lo one of the orbital tunes Qy: 

'arization 

v = k + mxQx + rnzQz + m,Q, with [mx[ + [mz[ + [m,] = 1, (A.Li) 

where k,mx,z.s are integers. The a±y lead to "excitation factors" in [J[ 2 = n 2
( oo, sa)+ /P(oo, so) 

of the form: 
• D; + ( n;.ay + Dyay f 

a±ya±y = {3y 

withy= x, z, which shows for example that Dz generated by imperfec1.ions in a "·'fiat" ring can 

be dangerous and enhance depolariz;tt,ion. Thus the vertical dispersion should be minimized. 

Although the estimates for the linearized motion just given is based on intuitive argumenb, 

the same result can be obtained by a more formal method. At the linear level (eq. (A.S)) the 

differcnt.ial equation for the Hpin coordinates o: and {3 can be combined with the 6 X 6 equa­

tions of the orbit motion to obtain an 8 x 8 system of linear stochastic differential equations 

for combined !:lpin-orbit motion [:H][32]. These can be solved to obtain the ra.te of increa~e of 

< 0'2 + {32 > and then the depolarization rate 1/Td. This method has been implemented in 

the programs SLIM [31] and SITF. All first order polarization calulations presented in the text 

a.re performed with the program SITF. The SLfM formalism has been reformulated to describe 
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the orbital motion in terms of .fJ functions and dispersion [78]. An 8 X 8 system of stochastic 

equations is again obtained. But now 1/TJ is written in terms of one turn integrals involving jJ 

functions and dispersion. The results obtained are numerically almost identical to those given 

by the original SLIM formalism. The expressions are identical to those (eq. (A.14)) derived 

from the heuristic approach introduced at the beginning of this appendix. 

Eq. (A . .S) can also be applied to the periodic orbit motion on the closed orbit. One defines a iio 

on the design orbit and calculates 8iiu, which is induced by imperfections in the ring, to obtain 

iio + 8ii
0 

on the dosed orbit by solving eq. (A.8), where 8ii0 = acom, + {3caf = Rc [ ( aco - if)CD) .K] 
and contains one turn integrals and resonance denominators (see eq. (A.l4). The solutions can 

be Fourier analy~ed in the orbital coordinates: 

( w .·gw)() '<~ [c (·2 k·') a - t,. s = -~ L... -- exp ~ r. .- . 
k k- v L 

(A.16) 

It is dear thai the .Fourier harmonics fk which are near to the integer part of the spin tune are 

the most dangerous. The values of the /k depend linearly on the distortions of the ring elements. 

In the case of HERA it was found that four of these harmonics need to be controlled. This 

is clone by the application of a special ha.nnonic bump scheme [60] consisting of eight bumps 

in the arcs of HERA which is controlled by eight independent parameters for the correction of 

the harmonics. The harmonics can be minimized separately and the result is given by linear 

superposition. 
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B Changes to the SITROS code 

The rnain problem in using SITROS was due to limitations in com]mtit1g time: 

1. The small number of tracked turns ('S 3000) 

2. The bad sampling ol' the tails of the tracked j)itrticle distribution 

3. The small nurnbet· of particles to reprcsenl the beam(~ 50) 

4. The small number of sections and radiators to represent the elements in Ute ring and the 

dynamical behaviour of t.he particles due to qauntmn excitation (:5 S) 

VVhat was done to overcome these problem~ ? 

The progra.m was transferred from a relatively slow IBM 3090/6 with strong COlllJHtt.ing time 

limitations to a CI\'IX based Hewlett Packard workstation of the type HP ()()00/730 with an 

advanced processor architcdun~. Central tracking routines, implcmcnled in the As8cmblt>r 

language on the IHM, were rewritten to fit. !.o this architecture (mil.inly effecting the matrix 

opera.tionc;). SITROS got a new X Windows! based u~er interface which allows it to make 

cflicien1. use of the program features. D1w to the gain in available computing time on :-everal 

workstations (including DEC Statiou(s) 3100 and a SUN SparcstaLion 10) it 'NitS possible 1.o 

push the limit~ to a regime where they do no harm ( ensembles with LOOO particles, 32 sed ions 

corresponding to 30 radiation points, tracking for 1 X 107 turns). Special runs can bf' made 

where one tracks more particles for a longer time. Several irnponant checks 011 the remaining 

limitations were pc.rforrned which ca.n be found in section J. Further improvements to the 

program include : 

1. Some linear orbit calculations were implemented to get more information about the linPar 

behaviour of the program including the calculation of equilibrium bearn :-izes and bream 

twists, which was impo!'tant for the analysiS of the HERA performa.nce (see section 3). 

:2. The knowledge of these quantities allowes a much better and automatized control of lilt> 

main tracking conditions (beam si:~.e~) and was used to implement an excita.tion control 

algorithm. 

3. The program was rewritten to simulate polarization opt.imi/\a.!.ions with a special harmonic 

bump schem~ [60] to predict the maximum ;tttainable polarization. This scheme was later 

successfully used to incrca.sf~ the pola.ri,-:a.tion in HERA (sed ion.)). 

4. SITROS is now able to handle various bnmp schemes including blimp,~ t·educing the 

coupling between vertical and horizontal motion and dispersion bumps to increiJ,se the 

polarization. 

Ei. A time varying dipole field was introduced to simulate the effect on the polari:~.atiou (see 

depolarizer calculations in section 5.3) stepping over a certai11 freqtlCnc_y range to gd 

resonance curves which can be compared with corresponding mcasurenwnts. 

6. Various post processing routines exist to examine the output ()f thf' Monte-Carlo prograrn. 

Interfaces to severa.l standard graphic programs arc available. 

In tab. (l) the computing time needed for the different parts of the SITH.OS program is sum­

marized for three types of workstations. The chosen input paramet~rs given in the \"Oiumn 

"Comments" arc "typical" parameters for a SITROS run. 

1The X Window System is a trademark of the Massachusetts In~titutc of lechnology 

7Y 

__ __, 

[P.rog~r;l~ ~)ptiO~ 900(}/730 I SUN ~par~ 10 1m:c '1100 I Commenb -] 

I ol r' j o~;Kj 2;n:>:> I Gml9 ~ 

~ 
~ -fast -03 i 5m00 
1 

-04 t 6m26 
- ·r-:<)2 -K . Om OS - ·-Om20 

-fun29 ·-...-linear calculations 

(c.o., -i!u, Tp, Poo) 
16 sections 

101 energies 

tracking parameters 

SITil -0:1 Omll i , and initialization 

-faet -0:1 . Omll t' hi of fib 
1 -04 Om1l 

,()2 -K 2mfl2 - ~ . m:bital tracking 

SITC I -03 '1m20 at cculral energy 

r'"" I last 03 
1 

:{m48 
1 

! (6 x fi-rnatrices) 
0 I ~ 11m42 , 50 particles, 5000 turns 

02 K ~-----rh"42ml4 - 7hllm50 . orbital+.spin tra_cking 

O'l !)h:)7m:l6 for 101 energ1es 

~ 
0 l , ·1h!J8nd5 . ( 410 X 28-.matrices) 

Q!__J___ ___ ~ 5h38mO.''i -·-----1--~Q_partide~. 500_0 turns 

.

2 K 1 .~.m0-1. 2m251 postprocessmg 'I 

Sill•, 1 03 ll Lm>l::> 
I last 03 1 m:n 

h.o; lm:J3 _j 

-- )2 -K- ; lm,S2 I 4m12 l ~f'ar polarizatior~ ) 

SITF -03 ] :1m:27 I ca.lculations I 

-f,.,t 03 I 2m-56 (pcctmbation thcocy ] 

-0~~ 1 3m:n 1st ~mler) _ 
~-~--

Table l: Compntin.q time needed by the modules of the SfTHOS' program for three types of 

workstutions 

so 
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