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Ubersicht

[n der vorliegenden Atbeit werden spindepolarisierende Effekte in Eleklronenspeicherringen
untersucht. Im Detail wird hierbei das Verhalten des HERA Elekircnenspeicherrings hin-
sichtlich Polarisation studiert, Bei hohen Strahlenergien begrenzen nichtlineare Efflekte die
Cleichgewichispolarisation. Dies ist insbesondere bei IDRA der Fall, da HERA mil sogenan-
aten “Spinrotatoren” versehen wird, dic longitudinale Elektronenpolarisation zunachst fir das
[IERMES Experiment im Jahr 1994 und zu einem spiteren Zeitpunkt fiir die Dxperimente HI
und ZEUS crmoglichen sollen, Es ist von grofier Wichligkeit den Einflu dieser Effckte theo-
retisch dutch eine Modellierung von HERA zu quantifizieren, um dann iu der rcalen Maschine
einen holien Polarisationgrad erzielen zu kénnen.

Die Madellierung wird im Rahmen dieser Arbeit durch das Monte-Carlo Teilchenverfolgungspro-
gramm SITROS vorgenommen, weiches im Jahr 1982 vou J. Kewisch zur Untersuchung der
Polarisation in PETRA geschricben wurde. Der erste Teil der Arbeit widmet sich der Beschrei-
bung der in das Programm cingeflossenen theoretischen Grundlagen. Desweiteren werden die
wegen Rechenzeitlimiticrungen notwendigen Approximationen vorgesicllt, die in den verwen-
deten Algorithraus eingegangen sind und deren méglicher Einflufi auf das Simulationsergebnis
diskutiert. Dabei werden sowohl die auftretenden systemalischen als auch die statistischen
Vehler untersucht. Erweiterungen des Programms, die insbesondere den Vergleich der Ergeb-
nisse von SITROS mit den Ergebnissen der “linearen™ Theorie beinhalten, werden vorgestellt.

Nach der detaillierten Prisenlation des Modells wird das Programm im zweiten Teil zundchst
auf [IERA ohne Rotator angewandt. Dabel werden Polarisationsmessungen, die bei HERA
durchgefithrt wurden, mit Simulationsergebnissen verglichen. Diese beinhalten dabei eine re-
alistische Beschreibung der Maschinenkonditionen, die »um Zeitpunki der Messungen vorla-
gen.  Verschiedene Verfahren zur Optimierung der Polarisation werden in SITROS model
liert, analysierl und dann der korrespondierenden Messung gegeniibergestellt. Dabei zeigh
sich cine sehr gute Ubereinstimmung der Vothersagen des Modells und der experimentcll
gewonnenen Daten. Auf der Basis dieser Untersuchungen werden dann Vorhersagen fir die
zu erwartenden longitudinale Polarisation bei HERA mit einem Rotatorpaar fiir das HERMES
Experiment gemacht, Abgeschlossen wird der zweite Teil durch die Analyse der Wirkung eines
zeitabhiangigen radialen Dipolfeldes auf die Polarisation. Die durch ein solches Feld erzeugte
resonante Depolarisation des Elcktronenstrahls kann zur Kalibralion der Teilchenenergie ver-
wendel werden. 7u erwartende Resonanzbreiten fiir verschiedene integrierte Dipolfeldstirken
werden berechnet. Ein erster Vergleich mit den Messungen zeigt gule Ubcreinstimmung.

Iin letzten Teil wird SITROS aul einen Modellring, der dem am KEK betriebenen Elckivonen-
spoicherring TRISTAN dhnelt, und cine schwach gestdrte HERA Optik angewandt, um cinen
Vergleich mit anderen Verfahren zur Berechnung der Gleichgewichtzpolarisation vorzunehinen,
die nichlineare Effekte berficksichtigen, jedoch gewissen Einschrankungen hinsichtlich threr Axn-
wendbarkeit unterliegen. Es wird gezeigh, dafl dic SITROS Resullate mit denen der anderen
Verlalren unter Beriicksichtigung dieser Einschrankungen in guter Ubereinstimmung sind.
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Abstract

In this thesis spin depolarizing effects in electron storage rings are analyzed and the depolariz-
ing effects in the HERA electron storage ring ate studied in detail. At high beam energies the
cquitibrium polarization is limited by nonlinear effects. This will be particularly true in the
case of HERA, when the socatled “spin rotators” are inserted which are designed to provide
longitudinal electron polarization for the IERMES experiment in 1994 and Jater for the HI and
ZEUS experiment. |t is very important to quantify the influence of these effects theoretically
by a proper modelling of HERA, so that ways can be found 1o get a high degree of polarization
in the real machine.

In this thesis HERA is modelled by the Monte-Caslo tracking program SITROS which was
originally written by J. Kewisch in 1982 to sludy the polarization in PETRA. The first part
of the thesis is devoted to a detailed description of the fundamental theoretical concepts on
which the program is based. Then the approximations which are needed to overcome comput-
ing time limitalions are explained and their influence on the simulation result is discussed. The
syslematic and statistical errors are studied in detail. Extensions of the program which allow
& comparison of STTROS with the results given by “linear” theory are explained.

Alter the detailed presentation of the model, the second part of the thesis describes predictions
for the polarization in a HERA machine without rotators and comparisons are made with sev-
eral polarization measurcments. The simulations contain a realistic description of the machine
conditions pertaining during the measurements. Various schemes for the optimization of the
polarization are modeiled, analyzed and compared to the corresponding measurement. It is
shown that the predictions of the wodel are in good agreement with the experimental data.
On the basis of these studies predictions for the achievable degrec of longitudinal polarization
in HERA with one rotator pair for the HERMES experiment are made. At the end of this part
of the thesis, SITROS is used to model the effect of an oscillating radial magnetic dipole field
of the kind used to calibrale the bearmn energy via resonant depolarization. Resonance widths
ave catcilated for various integrated dipole strengths. A frst comparison with measurements
indicates good agreement,

In the last part SITROS simulaticns are made for a medel ring which is similar 10 the electron
ring TRISTAN, operated at KEK, and for & weakly distorted HERA optic in order to perform
comparisons with other approaches for the calenlation of the equilibrium polarization in regimes
wherc these are applicable. Taking into account the limilations of these treatments she Tesults
are i1 good agreement.
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1 Intreduction

The emission of synchrotron radiation by relativistic particles subject to transverse acceleration
is a much studied and used phenomenon. For a charge in uniform, circular motion the detailed
frequency spectrum and angular distributions were caleulated in 1912 by Schott [1]. But it
took more than 30 years until the synchrotron light was observed in the early synchrotrons.
Somewhat less well known is the fact that electrons and positrons gradually become spin polar-
ized when they arc travelling on a eurved orbit in a storage ring. The mechanisnis the emission
of spin flip synchrotron radiation, as first pointed out by Ternov, Loskutov and Korovina in 1961
[21. Positrons arc polarized parallel and electrons anliparallel to the main bending field which
is perpendicular to both velocity and acceleration. Thus one denoles this natural polarization
5 “transverse” or “vertical” polarizalion.
\Iatura,l polarization was first detected at ACO and Vov051b1rsk [3]. It has been obtained
at CESR, SPEAR, VEPP2M, VEPP4 [4] and a4 the DESY storage rings PETRA and DORIS
where vertical polarizations of ~ 70 % and ~ 80 % at energies of 16 GeV and 3 GeV, respectively
have been chserved (5]. High vertical polarization has also been observed at LEP [6], TRISTAN
7] and HERA [8]. In the following a few applications of transverse polarization will be discussed.
Polarized beams provide the means for making precise absolute measurements of the beam
energy in storage rings, using an artificially induced spin vesonance [9]. Since the vaiue of
the gyromagnetic anomaly is known very accurately, the measuremnent of the spin precession
frequency determines the beam energy (sec section 5.3). This meihod has been extensively used
al Nowvosibirsk, in particular for precise measurements of the masses of the ¢ meson and of the
K7 and K, as well as for an accurate comparison of the gyromagnetic anomalies of the clectron
and the positron {10]. Transverse polarization in DORIS was used to perform a measurement
of the T’ mass to better than 1| MeV {11]. At LEP the beam encrgy was determined with a
precision of 100 KeV avound the Z-energy [12].
High encrgy physicists are mich more interested in longitudinal polarization parallel or antipar-
allel to the particle momentum which has a wide ficld of applications. In 1957 it was shown
by Wi et al. [13] that the 8 decay of the polarized nucleus of Co® demonstrates a viclation of
the parity conservation law. The electrons are mainly emilted antiparallel to the polarization
direction of the nucleus. They are longitudinally polarized parallel to the nuclear spin and
antiparallel to the momentum of the electron. This illustrates the connection between parity
violation in weak inleraction and longiiudinal polarizalion of electrons. Thus longitudinal elec-
lvon polarization can be used to Lesl propertics of the weak interaction. An example iy the
experiment performed at SLAC by Prescott et al. [14] in 1978, 1t demonstrated that the cross
section of the inclastic clectron-nucleon scattering which is mainly a process of the electro-
magnetic interaclion, depends slightly on the helicity of the incident longitudinally polarized
electron. This confirms the existence of a small parity violating and thus weak interaction part
in the scallering process.
Longiludinal clectron polarization plays an important role in the determination of the spin
structure funclions of the proton and the ncutron by deep inelastic scattering which can be
compared with the predictions made by the {undamental theory QUCD. In 1988 the data on
deep inelastic scatlering of polarized muons on polarized protons by Lthe EMC collaboration at
CERN [15] together with previous dala from SLAC [16] implied that the total helicity carried
by quarks and antiquarks in the proton is compatible with zero. These measurements arc in
contradiction to the naive parton model. Thus more data of the spin structure functions are
necessary, The HIMRMES experiment at DESY will perform high-precision measurements on
the structure functions of proton and neutron using internal gas targels ol hydrogen, deulerinm
and “He and the longitudinally polarized electron beam of the HERA storage ring [17].
The cxperiments 111 and ZEUS at (TERA have plans to collide longitudinally polarized electrons
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and unpolarized protons to study one of the great mysteries of weak interaction namnely the
asymmetry beiween left- and right-handedness [18]. There are left-handed neutrinos and left-
handed charged currents and no right-handed counterparts. It has long been speculated that
left-right symmetry is restored at some very high energy. Longitudically polarized electrons
make HERA ideally suited to search for these missing right-handed currents.

For the experiments mentioned a high degree of longitudinal polarization has to be provided
by HERA which is far from being trivial for a storage ring operating ab an enevgy of about 30
GeV.

The electran ting of the cleciron-proton collider HERA [19] includes in its design Lhe possibility
to provide longitudinal electron polarization ai the intcraction points for high energy physics
experiments, As a first step it has been demonstrated by measurement that high transverse
polarization values of ~ 60 % are possible [8].

As already mentioned the natural polarization builds up in the transversc direction parallel
to the main bending ficld. To deliver longitudinal polarization it is nccessary lo rotate the
equilibrium polarization direction to the longitudinal direction in the straight scction before
the interaction point and back to the transverse afterwards. This is done by so called “spin
rotators”, [n HERA the “Mini-Rotator” scheme of Buon and Steffen has been adopted [20].
A combination of hotizontal and vertical bending magnets is used to rotate the equilibriun
polarization direction by 90 degrecs leaving the particle orbit undistorted outside the rotators.
In 1994 one pair will be installed in the east straight scction of HERA to deliver longitudinal
polarization for the HERMES experiment.

The achievable polarization value depends strongly on the understanding and suppression ol
the main depolarizing effects in high cnergy storage rings which counteract the mentioned nat-
ural polarization build up. As onc goes to higher cnergies, progressively more care is required
1o avoid the influence of depolarizing effects, mainly by proper choices of machine paramelers
and careful correction of errors. It s the main aim of this thesis Lo get a phenomenclogical un-
derstanding of polarization in HERA based on a Monte-Carlo treatment and to make estimales
for the maximum achievable polarization after suitable applications of corrections.

The work presented was started in 1990 and is based on the Monte-Carlo program SITROS
written by J. Kewisch in 1982 [21]. In 1988 ‘I Limberg {22] made some first predictions
far HERA using this tracking code. He studied one of the main limitations of Monte-Carlo
programs in general, namely the undercstimated influence of the Lails of the tracked particle
distributions and developed a diffusion model to quantify the inflaence of the tails on the
polarization.

Motivated by this and other linitations of SITROS and the urgent need to have an analytical
tool o calculate the polarization at high energics, D.P. Barber iu collaboration with S, Mane
and H. Grate brought the program SMILE written by S. Mane [23] to a stale in which it could
be used for HERA. It was found that due lo the presence of large depolarizing effects it was
not possible to make eredible predictions for HERA mainly due to convergence problems of the
perturbation theory used in SMILE.

This led to the idea to sludy the capability of the Monte-Carle program SITROS in greater
detail, to try to overcome the shorteomings of the Monte-Carlo treatment at least partially and
to get a betler understanding of the systemalic and statistical crrovs of the simulation results.
In this case il is possible to benefit from the following main advantages of SITROS:

1. The handling of all kinds of magnet distortions
2. The thick lens representation of the magnets

3. The inclusion of chromatic terms and sextupole corrections
4. The simple classical spin diffusion model

3
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5. The possibility to apply time varying magnebic fields (R]*'Adepcﬂarization)
6. The simulation of beam-beam interaction

1t will be shown that all approximations made in SITROS are physically sensible and, laking
care of the limitations of the Monte-Carlo treatment, the simulation results are fully consistent
with experimental resnlts (see section §) and analytical approaches in regimes where these are
applicable (sec section 6).




2 Fundamental concepts

For initially unpolarized electrons or pesitrons of charge e, mass ., energy B o= ~m.® in
uniform motion in a circle of radius p in a uniform magnetic field, there is a gradual build up
of polarization according to:

Fror(t) = Por (1 — exp (——LD ; (2.1)

N TST

where the asymptotic polarization is:

8
Por = —— =1.9238
5t 53

and the characteristic build up time is given by:

rop = (5\/§rcﬁ)’] [T,, r

8m, 1ol

(Sokolov and Ternov, 1963 [24]), where r, denotes the classical clectron radius. The polarization
is perpendicular to both velocity and acceleration and thus lies in the direction of the hending
field. Positrons are polarized parallel, clectrons antiparallel to the magnetic ficld. The work of
Sokolov and Ternov was based on exact solutions of the Dirac equation in a uniform magnetic
field.

In terms of classical normalized cenire of mass spin vectors 5. of individual particles the en-
semble polarization vector P for IV particles is given by:

s 10g .
P= ﬁzb;, (2.2)
=1

The amount of spin-flip radiation is extremely small corpared to the ordinary synchrotron
radiation. The ralic is given by:

Wapin—ttia q (1»_’)12_)2 (1 + 35\/3)
Hordmaru el 61 !

where the sign in the brackets depends ou the initial spin state of the particle. For the HERA
clectron ring (7 ~ 5 x 10% for £ ~ 27 GeV and an cffective bending radius p ~ 750 m) the
ratio is of the order 1 x 10729, The smallness of this ratio reflects the largencss of the build up
time rgr [~ 42 min at 27 GeV and ~ 11 min at 35 GeV in HERRA). Thus polarization changes
slowly compared to other phenomena occurring in storage rings.

Yo far it has been assumed Lhat the magnetic field is everywhere vertical and uniform. In real
tings however not only vertical fields but also horizontal and even longitudinal magnetic and
electric fields are prosent. [n addition, the electrons oscillate around the central orhit. Thus a
thorough aualysis is necessary starting with the dynamics of & classical spin vector in arbitracy
magnetic and electric fields. The metion of the centre of mass spin vector 5 of 2 vonradiating
electron is described by the Thomas-Bargmann-Michel-Telegdi (T-BMT) equation [25][26] iu
the laboratory frame:

48 - 4
]1)(5

em,

ds

]

where Qg( f;, E, v} is a tunction of the fields and the energy:

f = ([a ¥ 3{] B- 2 (GBhE - (a + —1) EE E]) , {2.3)

Thig 1+ 1+’y

o

For an wltrarelativistic electron {1/ < i) moving in a magnetic field this can be rewritten in

the form: .
dS ¢ = = 2
il (1t @B+ (14 ar)B) x S, (2.4}

where ﬁ”, B, are the magnetic fields parallel and perpendicular to the trajectory, s is the
longitudinai coordinate and @ denotes the gyromagnetic anomaly (g — 2)/2, which is ¢ =
1.159652 x 10~ in the case of clectrons and 1.792846 in the case of protons. One sees that
the lrequency of precession around A1 in eq. (2.4) is almost independent of energy {1/ < 1)
bul that the rate of precession arcund é” varies inversely with the energy. For vanishing §]|
and EJ_Ht?: in a “flat” ring and after transformation to a frame which is cirenlating with the
particle (1.c. o machine coordinates, see fig. {4)), §); transforms to:

g- B o (2.5)
Y

where the first part is the relativistic cyclotron frequency w, and a7 is called the spin tune v
This reans that the spin vector precesses v Limes around the bending ficld for one turn of the
patticle around the ring.

For real rings the analysis of Sokolov and Ternov, which is based on the assumption that
the applicd magnetic field is uniform, must be generalized. This yields the Baier-Katkov-
Strakhovenko (BKS) equation [27) for the rate of change of the ensemble-pelarization vector:

% =0, =P - é [ﬁ - S(P€)5+ PgTb} . (2.6)
This cquation contains a “large” part describing a T-BMT like precession and a “small” part
describing the build up of pelarization in a direction parallel to the normalized vector b=
@ w #/1# x ] which is perpendicular to the velocity veclor ¢ normalized to unit length and the
acecleration vector 7.

The concept of spin tune must also be generalized. This is achieved straightforwardly by inte-
srating the T-BMT equation around the periodic closed orbit (see section 3.1 for the definition)
of the ring and extracting the periodic spin vector which is delined as the periodic solution of
¢q. (2.4) on the closed orbit. This is denoted by flg and obeys 7ip(s + LY = fy(s), where L
denotes the circumlference of the ring. The spin tune v is now the number of spin precessions
around 7o for one turn around the machine (see section 3.4 and appendix A). For non integer
v a periodic solution of eq. (2.4) is unique. In a perfectly fat ring 7o is parallel to the main
bending ficld (7o]]€:) as expected.

To obtain the value of the asymptotic polarization and its direction one assumes that the clec-
trong are all on the closed orbil and one ignores the energy changes caused by the synchrotron
radialion. The BKS equalion is then integrated along the closed orbit and it is fou: d that even
when starling with an arbitrary polarization vector the polarization vaiue approaches [28]:

§ i (B ;
B T (2.7)
i |1~ Bliiod)

P = Psr
§

where b is the direction of the bending field. The corresponding build up time 7, is determined
1o be:

1 54/3r Ry ds [ 2, L ,
E“%ﬂffwmwb‘ﬁmwl (24)

The asymptotic direction of the polarization is fig(s), the only 'I-BMT solution in the system
stable over the time needed for the polarization to build up. It is clear from eq. (2.7) that

6
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Figure 1: An illusiration of the additional tilts which five sample spin vectors gel inside a
quadrupole dt a location where the fig-azis is parallel to the z-axzis. The spin vectors of the “on
azis” particle # and the particles 1 and 3 on horizontal hetatron trajectories get no additional
tilts with respect to the fg-azis. The spin vectors of the particles 4 and 5 on vertienl betufron
irajectorics are rotated backward /forward with respect to the c-axis due o the horizontal mag-
\netic field componenis of the quadrupole and thus become tited. The rotation augles depend
on the position of the particles inside the quadrupole. If iy is not vertical even pure horizontal
betatron oscillations lead to additional spin vector tilfs

the polarization is maximized by arranging that i1y is parallel to # in as much of the ring as
possible. Tn real rings with 3. - € # 0 o is almost never everywhere parallel to the main
bending field but g still defines the direction of the polarization vector.
So far only the natural pelarization build up process for electrons constrained Lo remain on
the closed orbit has been considered, But for the description in an electron storage ring an
important ingredient is missing. The emitted synchrotron radiation and the acceleration by the
longitudinal electric fields of the cavities change the particle encrgy and this leads to damping
and Lo an excitation of the electron motion (see section 3) due to the stochasticity of the photon
emission process, The equilibrium emittances in an clectron storage ring are the result of the
balance of these two processes. The maguetic moment of an electron expetiences the same
electric and magnetic fields as Ehc particle on its betatron trajectory. Thus in gquadrupoles, for
example, the individual spins §; see fields which depend on {he position of the electron in the
ensemble (fig. {1)). Due to the stochastic nature of the hetatron motion the orbit dynamics
leads to a diffusion of the spins away from fig for an ensemble of spins which arc initially all
patallel to the equilibrium direction fio. As a result the average projection of the g on g
is reduced leading t6 a smaller polarisation value. One also expects and finds that the spin
diffusion is strongest when the spin tune and the orbital tunes arc related by the resonance
condition:

v =k 4 me(le + m. Qs e, (2.9)

where kng ., are integers and @ . are the orbital tunes. In stored proton beams where there
is 1o synchrotron radiation an cnsemble initially polarized along 7, remains polarized providing
that the boam is not accelerated through resonances. In the latter case it depends on the specd
of the resonance crossing whether the ensemble remains polariged or not [29]. Tn the presence

of spin diffusion a depolarization term has 1o be included in eq. {2.6):

P < = L2 . 31 3,4
G B {P _2(Payi+ PSTb] LY}
dt TST 9 TST

Fq. (2.7) must then be modified and becomes:

$ i brio)
Pegy = Psto—4 lﬂ(zllw‘ 7y e’ (2.10)
§ i 11— 300 + 5] ]

where \(ﬂz describes the diffusion process with respect Lo fig. Iaq. {2.10) can be approximately

vewrilien in the form: L

Py =Puo—F7—
& U+ (rp/m)

(2.11)
with 7, defined in eq. (2.8) and g given by:

1 55r A" f ds | 5
Do FeRT Tl 2.12
e sl AP ST (212)

In analogy Lo eq. {2.1) the polarization build up process is described again by an exponential:

L .
P‘rﬁ!!(t) = Peff (1—6)(}) (—T)ff}) . (213)
- _ ‘TpTa{
wff = ———TP e

If the characteristic time rs for this depolarization process is of the same order or even smaller
than the build up time 7, there is & significant decrease of the asymptotic equilibrinm polar-
ization (see eq. (2.11)). 1t is thevefore obvious that the 92.4% level of polarization is in general
ot reachahle and vhat a method of calculating 7; is nceded so that predictions can be made at
the design stage of a storage ring or methods found for minimizing 1/74 during the operating
period.

Fig. (2) collects tine scales of various processes in electron storage rings and spans more than
fourtcen orders of magnitade. An important aspect s the clustering of synchro-betatron oscilla-
tion, orbii-harmonic and spin-precession periods, a feature which has a strong influence on the
spectrum of depolarizing resonances (see eq. (2.9)) and their excitation. The polarization time
constants T, and 74 are far away from these typical quantilies governing the particle snotion
in electron storage Tings. This fact justifies the application of averaging methods which are
extengively used by various formalisms. An example i3 the appearance of une turn averages
in e, {2.6). The separations between the synchro-betatron time scalos, the interval between
quanta emitled by a single electron and the duration of the quantum emission permit the latter
1o be considered as a random process with no correlation between successive photons.

Fig. (3) iilustrates the analogy between Lhe radiation damping process for the orbital motion
and the natural polarization build up duc to the Sokolov-Ternov effect for the spin motion.
The cxcitation of the particle molion due to quantum etuissions cortesponds to the diffusion
process for the spin motion. Damping and excitation lead to the equilibrium emittances. The
polarization build up and the counberacting depolarization process lead to the equilibrium
polarization.

The first attempt known to the author to calculate depolarization was made by Bajer and
Oulov [30L "Uhe first computer code able to make detailed realistic calculations was SLIM
written by Chao [31]. SLIM takes a standard oplic file and computes depolarization ecffects
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Figure 2: Characteristic time scales in a typical 25 GeV electron storage ring: p=bending radius,
A =Compton wavelength, ro=classical electron radins, Qp=betatron tunc, a=fine-structure con-
stant, a=gyromagnetic anomaly (28]

" analylically using spin-orbit iransfer matrix techniques on the basis of Lhe simple diffusion
model, As expected it is found that the spin diffusion effects are strongoest {7,/ms large} al
energy points {defined by » = e7) where the resonance condition eq. (2.9} is fulfilled. Since
the SLIM formalism treats the orhit and spin motion in lincar approximaticn assurning that
all spins are almost parallel to 7y, hence ignoring the noncommutativity of three dimensional
rotations, SLIM only finds the sa called first arder resonances (|mph + ] + [m,| =11 [32). A
detailed description is given in appendix A.

A more comprehensive semi-classical quantum mechanical treatment which falkes into account
various effects in a unified way has been given by Derbenev and Kondratenko in 1973 [33] and
Mane in 1987 [23]. They derived the following cxpression for the equilibrinm polarization F.jr:

Py = Psr et |7 -5 s (2.14)

9 a5 y oo | rlrf-;, 2
¥ e [1 = 3P+ 4 ]>

The angle brackets <> denote the average over the distribution of the phase space coordinates.
In eq. {2,11) the vector 7 is a sokution to the T-BMT equation and a single valued Iunction
of the particle position in phase space (sec section 3) and the longitudinal position s. T acts
as a phase spacc dependent spin quantization axis, the only direction in which polarization
cau be abserved. It is thus 2 natural generalization of o defined previously and away from
spin-orbit resonapces it is indeed almost parallel to g v97/dy describes the variation of #
with respect to the fractional cnergy deviation AE/E of the particle. Kq. {2.14) contains the
whole resonance structure given by eq. (2.9).

Eq. (2.14) bears an obvious similarity to eq. {2.10) and one sees thal the diffusion vector d is
replaced by 24 /dy which includes the quantum mechanics of the effect of the orbit molion
on the spin and which is now the quantity determining the limiting polarization value. In this
formalism the polatization is small rear the spin-orbit resonances (see eq. (2.9]) confirming the
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Figure 3: Analogy belween processes governing the orbital and spin mofion in an electron storage
ring

E

previous expectation. In this picture it is duc to the fact thal near a resonance 7 is a strong
function ol the phase spacc coordinates so thai the term (yd7/@|? in the denomivator becomes
large. The contribulion of 7#7 /&7 in the numerator is normally negligible because the diffusion
takes place in the plane perpendicular to the direction of the bending fhield b, ly&sifO|* can
increase stronugly with beamn energy.

In practice the analytical cvaluation of 7 and ~a7 /3y needed in the Derbenev-Kondratenko
formula for realistic storage rings has turned out to be nontrivial. A perturhation cxpansion
in the phase space coordinates can be used to calculate % and @i/@v and this has been
implemented in the program SMILE written by 5. Mane [23]. By going to higher and higher
order more and more resonances are included.

A new method to calculate 7 was introduced in 1992 by K. Yokoya and implemented in the
computer code SODOM [34], where 7 is evaluated by numerical tracking over one turn of the
spin-orbit inotion for nonradiating particles without using a perturbation expansion. The main
problem remains in the caleulation of 387 /8. Up to now SODOM uses first-order diffevences
[or points in phase space in an infinitesimal neighbourhood of 7. Thus the result for ~&n/d~y
depends on the chosen set of samples. In addition the methed involves Fourier expansions which
have to be truncated in a suitable way. Toq. (2.14) is then used to esiimate P Nevertheless
the results of SOOM are encouraging. SONOM results have been compared with results of
the Monle-Carlo program SITROS (see section 6.1).

SMILE and SODOM can only handle linear orbit motion, Eidelman and Yakimenke [35] have
written 1he computer code SPINLIE using a Lie algebra approach.At the moment SPINLIE
can handle the elfects of sextupoles but cannot caleulate 7 above sccond order, In all Lhree
formealisms, Lo repreduce the resonance structure in sufficient detail, 7 must be evaluated to
high order in the orbital coordinates and this requires very large amounts of computing time
and storage space.

In spite ol the availability of analytical methods it is Inleresting to sec if the more naive
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picture of combined spin-flip and diffusion can be simulated and thereby produce a realistic
description of the polarization phenomenology of a storage ring. This is the method adopted in
the Monte-Carlo program SITROS (($Timmltancons (TR)acking of (O)cbit and {S)pin wmotion)
writlen by J. Kewisch at DESY in 1982 [21]. The SITROS program tracks an cnsemble of
electrons carrying classical spin vectors with built in orbital damping and stochastic excitation
and “measures” the depolarization time 75 by “ohserving” the spin diffusion, The stochastic
excitations are chosen by a random number generator. The depolarization time 7 together
with the build up time 7, from eq. (2.8) and B, from eqy. (2.7) leads to an estimate of the
cquilibrivm polarization. The Maonte-Carlo treatment of SITROS is the topic of this thesis and
in particular this work will focus en the simulation of polarization in HERA. SITROS is up to
now the only program which is able to handle all aspects of the real HERA machine. SITTROS is
used extensively to understand the polarization phenomenology of HERA. Several comparisons
hetween predicted and measured polarization have been performed {section 5)[36],{8].

1

- - -

3 Description of the SITROS program

This section is devoted to a detailed description of the SITROS algorithm and to the presenta-
vion of tests designed 1o 'show how well SITROS represents the spin-orbit dynamics in electron
storage rings.

3.1 Description of the 6 x 6 matrix formalism for the orbit motion

The motion of a charged particle with cpergy £ in the presence of electric and magnetic fields
i H is determined by the Abraham-Lorentz equation (3

d E L, £} [N E3 =
. (E"') =B+ S (7 B) + R,

where f;’.md repregents the radiation reaction [orce originaling in the fact that a charged accel-
erated particle emits synchrotron radiation. In SITROS £,.q is represented as a sum of two
terms [38][39]:

Rog = RBP4+ 68R, {3.1)

a contimious part BY describing the average (smooth) emission {38]:

s et w2
s Y4 B
R = 7:—3-51")’ (1" + e (TT)

which leads to damping effects and a stochastic part Y, describing the guantum fluctuations
of the tadiation field. 8K leads to an excitation of the system. In the following the assumption
is made that both contributions can be treated separately. [n the first step only the damping
ierm AT is included, In order to establish a formalism in which the dynamical variables are
small so that approximations can be made, one describes the motion in coordinates following
ihe design orbit [40][11]. The change of the independent variable time t to the pathlength s,

designorhi_t__'_i ,,,,,, J—

Figure & Description of a particle trajeciory with respect to the coordinate systemn moving afong
the design orbil

describing the position of a particle along the design orbit (sce fig. (4)) yields:
. loe . 2e L 1f.,. DAY
Fi——7'x A (1 +5)*@-5- (7 — 1) = 7 [ér'+ (1+8) (r — 7 )] (3.2)
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with _

d _dsdd d  vd

At didt ds  Pds
¢ = length of the particle trajectory, df/dt ~ ¢, because the particles are uitrarclativistic, and
E = Fo(1+8),8 = AE/Eg. 'The vector ¥ and its derivative with respect to s can he represented

by:

7= B4zd, +2E
o AR  de_ | di dz e
I L + PR ds '

where &, €, &, are unit vectors. The derivatives of €, €:, 7, are given via the Frenet formulae
in terms of the curvatures h;{s), h;{s) of the design orbil;

di ~ de; L dE oooddh -

il Cg, Fii hyfs, i Loy IO o€y + o,

where ho(s), k.(s) are defined by the design fields Bf” = Fph./e, Hf” = — ik, /e, In the
new curved coordinate system one gets the expressions for 77 and 7™

Fto= '@+ 28+ (1 — ahy ~ zh.)€,
P (b by - eh ) + (7 B = shih, - 2R)E,
+{—2z'hy ~ 22, )€
¢ is given by:

PP =1 —2zh, - 2zh, + 2% 4 2% 4 2uzhoh, + 20h + 2R

The electric and magnetic ficlds are defined with respect to the design orbit. ‘I'he magnetic

fields are expanded in the small coordinates @ and z:

EB() = —hol(s) = juls) o+ k(3)a + kls)z + O(2)
%Br(z,z,S) = hls) +ia(s) + k(s)z — k(s)z + O(2)
]

Fi‘H_\,(r,z,s) = ha(s)

with the following abbreviations:

hy +ir = E%u.‘j’z(:/z;7 z =0 horizontal dipole
—h,—j, =£Bulz,z =0) vertical dipole

Eq
I = EL,OB,,(x,z =0 solenoidal strength at fig. (3.3
k = &% = %df; skew quadrupole
k = ﬁ%& = —Ei'u% quadrupole

Here j, and j, represent additional dipole fields in the horizontal and vertical plane duc to
misaligned quadrupoles ete. and corrector magnets. O(2) includes the sextupole terms, which
arc neglected in the following derivation but will be discussed later,

The electric fields, which are mainly found inside the cavities to accelerate the particles lougi-
tudinally, are given by:

€, = e, E,
0
e
., = — kK, 34
€ E, (3.4
= 2 : ) 2
& = i‘Vo sin (d)u + —rﬁ) = il/o (sin o + LI (;Sg) +0(2) = et a4 O(2).
Ey A Eqy A
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#o describes the nominal phase of the cavities, £ the longitudinal deviation of the particle from
a particle al ¢g given by € = {2 #ds — s, A is the wavelength of the RI" system, the quantity
£/X is the harmonic aumber, where [ is the circumference of the ring. As a first step one
can neglect the sextupoles, the higher order multipoles, the nonlinearities of the RF field and
the energy dependence of the terms in eq. {3.3) velated to chromatic effects. The resulting
particle motion is “linear” in the sensc that the forces which the particle experiences are linear
in the phase space coordinates. Tn this approximation for piecewise constant magnetic fields
dfi‘/ds =0 the system of the dillerential cquations takes the form:

2" = Gort ozt ewr’ + bt — b+ en + Ja
2 = Gt Gomtenr +hoa’ —h8+e +

= et~ Eolher F hoz) 4,2 + 62 (3.5)
VOB + Fox + Foz + Fon’ + Fuz' + 2046%
£ = —hgr—h.z
with
2 e?
Cy = —gm—"lg
Go o= —k—h—%hs + cohs
G, = —k—h =25k, +enh,
G = —k—hyh, ~ 25h, + eoh.
G, = —k—hohy — 2hhe + eohs

F. = C(~2kb, — 2kb, — 202b, — Zhchobe + bt
F = O {2k, — 2kb, — 2h%h, — Zholiib + hb?)
7 = 20 (heew + bohs)

Fzﬂ = ZC-V(bzstAhrhﬁ)

A = Ryl

by = hitjst e
by = hs+i:+e
o= bﬁ + B

This system of differential equations of second order in z,z and first order in £,§ can be rewrilien
as a system of (irst order:

K= AX 4 C

with X7 = {w, 2!, 2,2, £,6),

1 1 h 0 0 ¢

(.;,; €50 ;z h-s 0 f!,;

PO 0 0 100
. —h, a, o 0k,

by 0 —h. 0 0 0

Po—eqhr Fotew Fo—coby Foteao eq 20,0

and .
CF = (0,65 + 70, 0,6 + 2, 0, 0,0 + can)- (3.6)

All terms containing the factor €, and ¢, are dissipative terms. The F; and F, terms include
contributions from combined function magnets. ‘The radiation in quadrupoles is neglected.
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Onc gets the corresponding equalions {or ultrarelativistic protons by setting € and ¢ o to zero.
In the case of electrons the cavity phases and voltages are set so that the radiative energy
loss (described by the “damping term” C.b%) is replenished by the cavities (described by the
“acceleration lerm” €,0) 10 eq. (3.6). The synchrotron radiation just affects the encrgy deviation
§. The change of z',z due to the photon emission with an angle of order 1/y with respect to
the particle direction is neglected. For a more rigorous treatment see [39]. The transformation
of the vector X through an element can be written in the following form:

X(s1) = M(sy,50) % (s0) + {81, 50) (3.7

with the matrices:

1'-;1(51,30} = exp (x‘i(sl—so)) Z A" sp)"

Hisy,80) = (L At 41—3,))”)(7 (3.8)
= (M'(sl,.so -l) A~'é

if det A # 0. Derivations of M for varions magnel lypes can he found in 112] By adding a Tth
component {=1) to X one is able o combine M and H into an enlarged My.r mattix:

( :Xv(]sl) ) = 1‘}[7)47(51, Sg) ( X('&u) ) (3{})
\ / L
with . .

Mrr{st, 50) = ( M(S[;’S”) H(‘qi’f'o) ) .

Introducing the periodicity condition )?(sl) = X(sp+ f)y = _‘?(Hoj for a ring with cirounference
L one can calculate the *initial vector™ of the periodic solution Xo(sg):

()

Xolso)

Il

My.r(so + 15y 80) ( )\UESOJ )

- ~ -1 =
(1~ Misa+ Loso)) Hisot L,s0)

with M(sl, +L,s0) # 1
If the condition M{sp + L,s0) = i is fulfilled (corresponding to integer orbital “tunes™) no
bounded motion is possible. Using eq. (3.9} it is possible to caleulate X"o(s) al each position s,
)Eo(s) describes the closed orbit. In practice the closed orbit determination in SITROS musl
include the sextupoles. The problem is then nonlinear and the periodic solution has to be
found by i teralion. This orhit corresponds to the trajectory of the central particle i in the heam
and the position X — Xy describing synchro-botatron oscillations with respect to Xy obeys Lhe
homogeneous equation: )

X' = AX (3.10)
with the solution

X{s) = M(s,50)X (s0).

Having removed the closed orbit from the discussion one is now in 4 position to look morc closely
ab the stability of the motion and the damping behaviour. Examination of the coeficient snadrix

A 10 eq. (3.10) shows that it can he written as the sum of two parts, Ag and 54 [42):

0 1 s 0 0 0
_k_(hi +2J¢hJ.) 0 7@:7(’7‘1‘}’4; +2Jrhzj by 0 A,
F- } -y -0 Q : 0 0
BTk (Roh + 20hs) —hy —k— (R4 2R 0 0 A,
Fr 0 —kh, 0 0 0
0 0 0 0 €4 0O
] 0 0 ] 0 0
Ey0fe €50 Esohs 0 0 0
H 0 1] 0 t) 0 0
A= Cap i 0 €q0h, €50 0 0 (3.11)
] 0 0 0 0 0

Fy—ehs Foteo Fo—eafts Foten D 4‘2(7‘;’52

.Fio can be derived from a Hamiltonian and describes purely oscillatory motion with conservation
of the phase space volume [42}. 64 contains dissipative terms which can cause the phase space
volurne to contract {or expand). In these coordinates the dissipation comes about because
longisudinal acceleration {the terms in €,0) causes ¢’ and 2* to shrink and because the radiation
rate depends on Lhe energy of the particle [39]. In pure dipole-fields the radiation leads to a
damping of the § coordinate (the 2C, b term in eq. {3.11)). In combined function magnets where
bending and gradient fields are present the radiation can cause antidamping of the horizontal
motion (£, and £, terms in eq. (3.11))[13].

The first step in designing a storage ring optic is fo establish a situation where the motion
described by Lhe one turn transfer matrix Mn corresponding to the coefficient matrix AO, i5
stablc.

Omne can always cxpress the particle position in phd‘ﬂ-‘ space, characterized by X as & linear
combination of the six undamped cigenvectors Iy (k=1,2,3,4,56) of Mo

X = Zakﬁk,
where the Ek obey the relation
MO(S + L,S)Ek = /\k‘q‘k-

Stability is achieved by ensuring that the eigenvalues |\;]=1 [42]. In this case the A, come in

complex conjugate pairs and can be wrikten as exp (£:27Qy), where the @ are the lractional

parts of the escillation frequencies (“tunes™) of the linear system in units of the revolution time
The full frequencies for HERA are @, ~ 47.1, @, ~ 47.2, @, ~ 0.07.

In the corresponding eigenvalue problem for the full one turn tnatrix M{s + 1., 3) derived from

the full coefficient matrix A, ie. including dissipabion, it is found that the tunes already

calculated ave shifted slightly and acquire an imaginary pari.:

AM(S 4 L,s‘)&k == :\kﬁjk

wilth .
Apser = oxp (—oe 4270 k= 1,3,5.
Then if at position s, one now writes the orbit coordinate in terms of the damped eigenvectors
X(s0) = Y arky (3.12)
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with ﬁ’k(tg) S Ek. Transporting X using M one sces thal in the absence of a source of orbit
excitation the coordinates would either grow or shrink exponentially depending on the sign
of the ap. Clearly all three op have to be positive so that the motien is intrinsically stable.

“The damping times of the system 7, are given by T/ay. The a; can be calculated directly

analytically [39] in tcrms of the eigenvectors E\ and §A. TFor HERA the time coustants arc
approximately 7, =13 msec, 7, =17 msec and 7, =7 msec at 26.666 GeV. The damping effect
can also be discussed in the framework of the Folker-Planck equation for the phase space
distribution {39].

3.2 The stochastic part of the synchrotron radiation process

"The stochasticity of the radiation process leads to an excitation of the orbital and spin motion.
SR = Rops— RV {eq. (3.1)) is a stochastic quantity with the propertics:

<8R > 0
Shr ket 1

< GR(sPR(SN > = — T Es— &),
(PR > = g L b =)

where g describes the curvature of the tza_]ectory [38]. The beamm dimensions arc the wault

of the equilibrium of the excitation (6F) and the damping (R7?). Using ihe undamped E,

instead of the damped eigenvectors £y, the amplitudes &, in eq. {3.12) becorne time dependent.
Although a rigorous treatment of the combined excitation and daniping is besi, carried out using
stochastic differential equations or the Fokker-Planck equation [39], the equilibrium beain size
can be derived heuristically as follows [44]:

The rate of change of the second moment of the centred amplitude distribution for a given
patticle ensemble < |dx|? > duec to damping for a mode k is given by:

<< ia*; =

0 e (3.13)

"T'he rate of change of the amplitude spread duc to excitation is:

d .1 Bk }4 o c, _
— < iy e Faplf—ds = —, 3.14
it 4] T 24/ 3Im.c | sk lp? g T (3.14)

where Es; is the fifth component of the kth undamped eigenvector, normalized as in [44]. The
cquilibrium is reached for:

= C—}' = €k,
g
where ¢ is called the “mean particle emittance” of the beam lor the mode & [15], describing the
mean valuc of the single pariicle emittances ol an ensemnble {sce eq. (3.30)). Using more complete
treatments and assuming that the equations of motion are linear it is found vhat the particle
distributions in phase space arc Gaussian [39]. For a typical HERA optic with imperfections
and corrections the mean particle emitlances are ¢, ~ & % 1075 vad ni, ¢, ~ 8§ x 1077 rad m
and ¢, ~ 1.6 x 107" rad m at 26.666 GeV. The ratio ¢,/c, describes the “ecmittance conpling”
between the x and =z motion. Tn this case the ralic is caleulated to be 1% (see also section
5.6).
Using the relation X(so) = gk and
2

i =< |ap )t > Lk =1,3,5
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the “particle distribution parameters” < a;m; > {1, =1, ‘2 3,4,5,8) al a certain posilion sy in
the ving arc given by [14]:

;> (s) =2 Y <@l > Re [Bak}. (3.15)
k=125

The parameters < a? > denoie the second moments of the Gaussian disiribution functions
wla) for the 2,2’, 2,2, and § motion:

i

2
,'Ck

'U & — €&X S

K= \!2w<mk p( 2<a:£>)

The quantity o, = 2 < g2 > (y = #,2, 5) {in the [ollowing the index s is identified with the
index £} is called the “equilibrium beam size” describing the mean value of the single particle
amplitudes of an ensemble (see eq. (3.20)} under the condition that the nondiagonal elements
of the mateix < 2;2; > arc small. The tilt angle 0 of the z-z beam profile relative to the
horizontal axis can be lound {rom:

2 < wy >
<l - <zt

tan {28) = (3.16)
¢ describes the “betatron coupling” between the x and z motion introduced by systematic skew
quadrupole coniponents in the ring (see section 3.3) [16].

3.3 The representation of the nonlinear motion

So far only the linearized orbit motion has been considered. In this case the motion is completely
delermined by the 6 x 6 transfer matrices of the ring elernents.
However the natural chromaticitics describing the momentum dependence of the focusing in
HERA are ~ —60. This would cause a strong transverse single bunch instability {“head-iail
effect™) [47]. Furthermere, for a fractional energy spread of o5 = 1 x 107° at 26.666 GeV this
would cause a rms tune range of 0.06 which would lead to the crossing of unstable low order
orbil resonances and hence particle loss. Thus this chromatic dependence of the Ay cannot be
ignored and in praclice the tunes must be made ¢ independent by introducing sextupoles into
the lattice at places where the horizontal dispersion is large. Noulinearities above second order
can be neglected at this slage of the description of the particle motion. This is justified by the
strong damping of the synchrotron oscillations. The damping time corresponds to 7, ~ 300
turng in HERA which together with the stochastic excitation by quantum emission in effect
means thal the particles have a very short “memory”.
Iu the presence of chromatic cffects and sextupole corrections the above methods for solving
linear differential cquations are no longer applicable. One way to solve the problem is to track
a particle throngh the struclure using a transfer matrix formalism for the nonlinear elements
and then to include nonlinearities by means ol kicks. To determine particle distributions a
certain number of particles representing the real particle distribution is tracked in Monte-Carlo
programs. This is the approach used i SITROS.
As mentioned in eq. (3.5) the & dependence of the fields was neglected (the ferms in eq. (3.3)
are evaluated at Eg). Thus in the *next order” of approximation, eq. (3.5) has to be modified
to include these chromaiic effects. Replacing the encrgy Ko in eq. (3.3) by the energy of a
particle with an energy deviation &, the system of differential equations takes the form:

fs

fr e+ Jo
So= (2, oz 3 - - .
N vtG +1+6 Iy L P
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€30 hs I hz Cz +3:
Lt tTre e e
& = €+ € — ool hpr + Ruz) + 63 + 7 :
+H(1 + 6O 4 Fox+ Foz + Fua' + Fo ']

= Gt Gzt '+ (3.17)

¢ = —hyr—h,z
with
2 et
C“ﬂ 5177&?'70 .
(;'1- —_ = k _ h'z _ 2.}3’7'1‘ CsUhJ:.
1+48 T 1448 L46
k 2.;;zhz Ea()’l"'z
G, = ————h¥—
46 T A¥s 146
¢ k 2jrhz fsth
= —— _hoh, - ;
G i T A T
$ E: ijhx e
. = e = hh, — =
“ T R A W S

F. = Cy{-2kb, — 2kb. — 2h3b; — 2hohab. + hot)
F. = €, (—2kb, — 2kb, — 23b. — 2hsh.by + hb?)
Fooo= 20, (besn + boky)

Fo = 20, (byen — bshy)
B o= ARyA?

by = hy+jetes

b, = h:+J. e
o= #+b

[n principle the “weak focusing” terms 2, h? also have a 148 dependence as shown in {48]. The
chromatic contributions of thesc terms are neglegible and only of interest if one wants to preserve
symplecticity and thereby the phase space volume in the nondissipative case (0, = € = 0).
The term | + 6 (in HERA at 26,666 GeV the energy spread is g5 = 1 % 10~*) can be treated as
a constant inside a ring element. The transformation for an element is then given by a matrix
which depends on the energy deviation of the individual particle.

[n the derivation of eq. (3.5) the sextupole fields:

B:en: — %‘q! (J:’J _ 22) , B;Ez‘ — g'l‘z, 7
wete not taken into account. These fields are treated in a thin lens approximation neglect-
ing the change of x and z within a sextupole magnet. The resulting kick is applied to the
particles between the transfer matrices for linear elements which are given by the solution of
eq. (3.17). If there is a closed orbit deviation in a sextupole the transformation eflectively
acquires quadrupole, dipole and also skew quadrupole componcnts which leads to a betatron
coupling of the z and z motion and in the case of systematically distributed skew components
Lo a bwist of the equilibrium beam ellipse (eq. (3.16), see also scction 5.1.1)[44]. .
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3.4 The representation of the spin motion
The centre of mass spin motion for a single particle with the unit spin vector §is governed by

the Thomas-BMT (T-BMT) equation {25}(26]:

aé L =
E—Q;XS )

where Q;(fj, E,+) given by eq. (2.3) is a function of the fields and the energy. 3 can be
rewritten in terms of the coordinates in the moving frame: :

_ € D 7 1_#1"-:1 ot o 5 Y =1 i
;= E}(m{lel_l_’TF( BF - xE]+IB .(a7+——1+7) {7 xb]).

The derivative of § = 8,6 + 5.6, + 5.&, with respect to s is given by:

=)}

(5 = 5.8, + 812, + 518, + haSefr + hoSi8: — (haSe + huS3)Es.
The equations of spin motion with respect to the coordinate frame of the design orbit are
obtained. by substituting the vector 5 = Sy& + 5.€; + 5'&, and the vector {1 = {4 + g1,
with §, = —h.&» + h.&,, where Q, describes the contribution to © due to the rotation of the
coordinate system. The T-BMT equation can then be written in the form:

F=0x8, . (3.18)

where § describes the precession with respect to the rotating design coordinate frame. After
linearization in the orbital coordinates and by treating the é dependence in the same way as in
eq. (3.17) the following relations for the components of the vector {} hold: ‘

' 1 . .
Qz = (a’70+m) (hz +ite+ (k—hzszhz"ﬁzhz)z

+ (—i‘ — bhyhy — by ~ czhz) - EJQZI) — avoh,x’ — k.

B 1 . 2.
., (a m+m) (hx+j'r+€1-+ (—k+hr+j,hr+ezhi)a:

+ (12' — hohe = jubs - eth) 7 - csox’) — avohsd’ = hy
by — hohpx — hhyz
- . (a“fﬂ

Q, = {1+a) Sl

1
+ m) (60 = eaz). (3.19)

The differential equation (3.18) can be written in matrix form:

For constant {1 the spin transfer matrix for an element of length As is given by:
) ( W1 CI 40 wpe(l = C)—w,8 ww,(l—C)+w,S )
D=

o1 — Ch+ w8 Wl -C+C  waunl - C) - w,8
wotws(l — C) = .8 waw(1 — C} + w8 W(1-C)+C

(3.20)

With wy ., = {L. /|4, § = sin 1€}, C = cos |§}| and = [ ids = . As denotes the effective
rotation vector of the clement of length As.
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In analogy to the definition of the closed orbit for the orbital particle motion it is possible to
find a periodic solution of eq. (3.18) on the particle closed orbit given by:

fiols1) (H;))nu s0) ' (3.21)

with the periodicity condition #g{s) = fig(so+ L) = fio{se) and the D; describe the spin molion
along Xo. The solution fio{s) defines the equilibrium polarization axis mentioned in section 2
{see also appendix A). The one turn rotation angle around iy is obtained from the trace of the
product of all matrices I);:

F Tr H,-ﬁ, -1
[Uingl = 2w’ =  arccos (%)1

where ' is the fractional part of the “spin tune” » already defined in eq. (2.5). In a flat ring v
is proportional to the energy (v = av). A HERA beam energy of 26.666 GeV corresponds to
a spin tune ayg = 60.5.

3.5 The Monte-Carlo program SITROS

In the last section the basic concepts which are needed to discuss the spir-orbit tracking al-
gorithm of SITROS were summarized. As explained in section 2 the aim is to track clectrons
under the influence of linear and nonlincar fields, damping and stochastic excitation and to
study the resulting spin diffusion. It is desirable to track a “large” number of particles for a
sufficiently “long” time so to model the real storage ring as closely as possible. Since the inte-
gration of the T-BMT equation is very computing time consuming methods have to be found
to increase the tracking speed. There are three basic components:

1. the use of carefully chosen approximations for the integration of the T-BMT equation,

2. the reduction of the number of effective elements in the ring by lumping groups of clements
into sections,

3. emitting a small number of “high” energy photons (~ 300 KeV) between the scctions
instead of simulating the emission of a large number of “low” cncrgy photons (~ 60

KeV).

3.5.1 A few notes on approximations of the nonlinearities in the spin motion

"The rotation vector depends on the phase space coordinates of the incoming particle (eq. (3.19))
and is not piecewise constant in the orbital coordinates. Even for lincar orbit motion the spin
motion is nonlinear (see the sine S and cosine-C terms in eq. (3.20). In SITROS the following
approximations are made:

1. Dipoles have strong constanl fields which lead to large phase advances of the spin vee-
tor. {nly a small dependence on the phase space coordinates is introduced by the weak
focusing of the magnets. Thus in good approximation one can average the phase space
coordinates over the element length and calculate © by using eq. (3.19). The dipole fields
gencrated by the correction magnets and a nonzero closed orbit with respect to the centre
of quadrupoles and se‘(tupoles are alsc treated in this way. These ficlds mainly contribute

to the closed orbit part € of the rotation vector Q (see eq. (3.23)).
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2. In elements with magnetic fields of higher order than dipoles (especially quadrupoles and

sextupoles) the dependence of € on the phase space coordinates js very strong. But the
phase advance is very small. Under this condition the rotations of the spin vector around
the coordinate axes commute and can be integrated independently. In the absence of
longiludinal fields the relation [ Qds = (a7 + 1)(—=Az, Az’,0) hoids. This relation is a
solution of the T-BMT cquation, remains valid up to arbitrarily high order in the orbital
coordinates and does not rely on the approximations leading to eq. (3.19). The problem is
thus reduced to the determination of the orbital motion. These fields mainly contribute to

the the transformation matrix ﬂld'::] which will be defined in eq. (3.23) while introducing

the dependence of £ on the coordinates,

3.5.2 Transformation of the phase space coordinates

A central point in the description of the algorithm is the concept of “sectioning”. The basic
idea is to divide the ring structure into sections and to reduce the number of elements (typically
a few 1 x 10*) to a relatively small number of “section elements” (< 100), which represent the
transformation through the collected clements in a section up to second order. The advantage of
this method is a gain in computing speed of nearly two orders of magnitude reducing the needed
computing time for a SI'TROS run te an acceptable level (see appendix B). The disadvantages
and limitations of the sectioning method will be discussed in detail.

The ring is divided inte Ng sections {currently 16 or 32). Each section is described by a
transformation which contains the nonlinearities up to second order. The particle trajectory is
described by a 6 4+ 21 dimensional vector X constructed from the 6 dimensional vector X and
21 quadratic combinations of the phase space coordinates with respect to the closed orbit:

X = (&, 2,0 82% z2' 2z, ... £2,08,6%)

= orb:t
The transformation of X is given by a 6 x 27 matrix M

~ orhit <+

X =M_ X (3.22)

SEC
It order Lo determine the linear {colurnns 1-6) and the nonlinear {columns 7-27) parts ol M::”
for a section, a simple ray tracing method is used in which the closed orbit particle and 72
particles with specially chosen starting poinls are tracked with respect to the closed orbit and
their cutput cocrdinates are noted,
Twelve starting vectors ¥ are needed to detcrmine the linear and the quadratic coefficients for

x, 22, .., 6,87 of the matrix M::iﬂ
i= 152 34 9510 1112
Lo, 0 0 0
0 +op 0 U
%= 0 . 0 . 0 |, 0
0 ] 0 0
0 0 Lo, 0
0 0 0 +a;

22




radiation points@
VI Vil

depolarizer

polarization
/ measurement
IP PM

v VI

v I

beam-beam

) . I 11
interaction

Figure 5: Ezample for a partition of the HEIRLA ring. At “PM” the tracking date arve analyzed.
Al the interaction point “IP7 a time dependent depolarizing field ean be added (see seclion

5.9) and the beam-beam interaction can be simulated. At the “rediction poinis” photons wilh
randowmly chosen energy are emitted to simulate the stochastic excitation (see section 3.5.5)

and sixty (4(2)) starting vectors:

1= 1= 58 53 - 36 57 — 60
+o, ] to. 0 0
o | 0. 1] 1}
¥ = 0 R I T 0 , 0
0 0 Loy 0
0 0 0 +0,
0 0 fsate tos

which are used to determine the mixed coefficients. The 0f/2 =< xf > are the second moments
of the Caussian distributions of the =, 2% 2, 2", € and & coordinate of the linear theory (see
eq. (3.15)) and they thercfore represent a typical particle position in the beam at the beginning
of a section. )

All coefficients are calculated by taking the appropriale differential quotienis of the starting
vectors X and the corresponding transformed vectors X~. The coefficients of the linear part can
bhe checked against the coefficients of the transfer matrices derived from the linear calculation.
'{Hf;jame method is used for the determination of the coelficients of the transformation matrix
M,.. for the spin motion. An example for a ring with Ny = 8 scctions Ngp = Ng — 2 radiation
points is given in fig. (5}.

3.5.3 Transformation of the spin vector

In SITROS the spin vector S of a particle is described by a 3 component vector §= (52, 52,5).

This vecior is transformed by the matrix D {eq. {3.20)} which depends on {2 which itself is
a nonlinear function of the phase space coordinates. Limiting the influence of the particle
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igure 6: Structure of the matrices representing the sections for the orbitel and spin t'rafking.

The orbilal tracking is performed with respect to the closed orbit and the rotation vector g 15
determincd with respect to the design orbit

trajectory 10 second order terms one can describe the rotation {ls. for a section by a 4 x 27

i ~ gpin
matrix M,,. :
sy ay
Qz = on + Msec X, (3'23)
£l k)
Fd Zéo
/e 1/ e
oo
where §0,. represents the rotation vector of the particle on the closed orbit.

Far a detailed analysis of the resonance stracture given by the conditions of eq. {2.9) 1t is
necessary to calculate the equilibrium polarization for a certain energy range covering several
resonances. Normally the range between Lwo integer values of spin tune which are ~ 440 MeV
apart is appropriate (see section 4),

In SITROS spin vectors arc tracked simultaneously at different beam energies by including
these vectors in an enlarged trapsformation malrix. For the spin tracking at these encrgies
SITROS uses the paslicle orbits for the middle point in the chosen energy interval because the
change in the orbital motion of the particles is negligible for an energy range of M0 MeV { the
variation of the radiated power is of the order of & few percent and the tune change is a second
arder offect ). Using eq. (3.22) for the central energy and eq. (3.23) for 101 energies one can
constrict & matrix consisting of {6+ 4 - 101) x (1 + 27) elemenis (see fig. (6)).

24

S IR I BR o ot - - - -

A et




sigma_x fm]

0.001 00001
0.0001 _ - leDs B
E 3
L]
ea.
E ......
E
1e-05 |rrssomnimmnn 7 e
1206 L i Le-07 i . R
0 00l 002 003 004 005 006 0 00l 002 003 004 D05 006
time [sec] nme |sec|
o1
001
E "
E 0001 g
gl ‘‘‘‘‘ \\‘\\
& 00001 o : = *\
1605 : R o
le-06 L
0 06l 002 003 004 005 006

tume [sec)

Figure 7. Determination of the damping times 7, {y = x,z,3) for five starting Caussian particle

distributions with 1,2,3,4,568", where the (r;j" are given by linear theory. The beam excitation
by quantum emission is switched off in the simulalion. The ratio of ¢, and ¢, corresponds fo
2% emittance coupling

3.5.4 Problems induced by approximations

» orbit :
Kven if no damping is included, the quadratic matrices M,,. are nonsymplectic. This can

lead to an artificial growth of the phase space volume covered by the particles. To be sure that
this effect is insignificant one has to check the damping times for the modes & which should be
close to the values of 7 expected from the linear theory. In fig. (T) the results of a simulation
without beam excitation by quantum cmission for a HERA optlc at 26.666 GeV and an RV
voltage of 130 MV with 2% emittance coupling between the @ and z rmode are shown. The
cutves correspond lo starting Gamsian distributions of 500 particles with different mean beamn
3izCs (10‘““ — orri‘” y = x, 2, ¢), which are given by Huear rhem3 The method to determine the
heam sizes in thc simulation is described in seclion 3.5.6. The daniping times calculated from
the simulation are 7, = 17.5 msec, 7, —= 151 msec and 7, = 7.0 insec. These values are identical
to the damping times given by linear theory within the expected precision. In addition the slope
of the “straight” lincs in logarithmic scaling does not change with increasing variance of the
starting distribution, although one cxpects that the nonsyrmplecticity gets more important for
particles with lazge amplitudes. One can conclude that for the phase space region covered in
the simulation the nonsymplecticity of the matrices does not lead to an artificial excitation or
damping.

T‘l =
Tor the determination of the matrices M . another problem occurs. The calculation of ce
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for a section is done by using the spinor formalism. For a single element of length As with the

rotation vector {2 = $Eq, where & is a unit vector and ¢g denotes the rotation angle, the
spinor transformation is given by 28]

- 1.2 .
M = evp( File- a)%)

Feos (é—j) — (5 - &) sin (i—g), {3.24)

where the & = (G4, 6., 8,) are the 2 X 2 Pauli spin matrices and 1 is the unit matrix. The
transformation of a string of elements is obtained by multiplying the corresponding 2 x 2
matrices. The angle and the direction of the resulting rotation vector are calculated to be:

cos (‘?5{2“()
2
&, = [é sin (L’;)] r (Gazminery

In SITROS the transformation in eq. (3.24) can be represented by 4 x 4 matrices with real
coctlicients:

%T'r (Mspmor)

serc

él C "'S:c 7Sz —Ss 61
& 15 C -8, 8, &
& =|s s, ¢ s ||é (3:29)
64 Ss _Sz Sz: C {4
with
s, )
C = cos (%) , S, | =sin (@)Eﬁ. (3.26)
2
S_,
The starting vector £7 = (1,0,0,0) is transformed through the string of elements using the

mairices given by eq. {3.25). This starting condition enables ... to be extracted directly from

. . . . ~ spin .
the transformed vector using eq. (3.26). The matrix M, is then caleulated with the ray

tracing method just described. ‘
b
How good is the approximation by the matrix VIM

This depends etmngly on the fractional part v/, of the integral spin tune of a given section. If

the condition |-Q_m:|/27r = n, n =integer, cotresponding to v, = 0 is fulfilled, the S, terms
in cq. {3.25) vanish for the vesulting transformation through a section. This leads to a situation
where nonlinear terms higher than second order in the initial phase space coordinates become
important. (In the following discussion the index sec will be omitted.) Fig. (8) shows the
diflerence between 0 and the closed orbii contribution S?“’ normalized with S!CD (J =z,7,3)
for one selected scctlon. In fig. {8, Top} the fractional pa.lt of the spin tune is ¢ = & 00037

illustrating thal it is not sufficient to approximate lhe components of @ hy a polynomial of
sccond order in the initial ' and 2 phase space coordinates. [u the sccond case (fig. (8,
Bottom)) + is near the hall integer (v = 0.40851). The approximation by parabolas remains

valid for a large fraclion of the phase space. ‘This leads te the conclusion that the ring has to
- spm
he divided into sections with » near the kalf integer. If this is done the matrices M used

for the determination of 2, which are calenlated for *typical” particles at one oy (see section
3.5.2), provide normally a good approximation over a large fraction of the phase space.
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Figure 8: Dependence of the difference between 0, end the closed orbil contribulion Q;,” nor-
malized with (42 (y = 3,3,8) on the initial phase space coordinates z' and 2 for one selected
section, Top: with a fractionel part of the spin tune v = 0.00037, Boltom: with a frectional

part of the spin tune v = 0.40851 (ﬁ denotes the modulus of Q)
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3.5.5 Excitation by quantum emission

In SITROS the stochastic photon emission is simulated by applying a single large random
energy change AS to the relative cnergy & of each particle ai the beginning of each section
(see “radiation points” in fig (5)). The energy changes Aé are chosen from a centred Gaussian
distribution denoted as f(x) with unit variance, where j is a random variable. The tails ol f{n)
are cub off ab n in units of the variance (n denotes the “cut parameter”). The cut is introduced
because the tails of the Gaussian distribution cause the emission of photons with energies far
bevond the critical photon cnergy resulting in an unphysical excitation of the particle motion.
Fach cnergy change A# can he written in the form K, where K is called the “excitation
strenglh”™. The first nonvanishiug moment K?* < n® > of the excitation distribution Kfim)
needed to reproduce the correct beam dimensions, for example given by eq. {3.15)}, can be
delermined in two ways:

L. Igvoring thé small feedback from the x and z motion the change of the energy amplitude
spread < o > with time is given by:

d 2 1 9 .
e <t e S NpRY <t >,
dt o 7
where Ng is the number of radiation points, K the excitation strength, < 52 = the second
moment of the centred normalized random distribution and T the revolution time. From
eq. {3.13) for the equilibrinm state onc has:

; i .
<al> = ﬁT.;IVR[&’2<T,‘2> = 2<8>
K = 2WV<bt> LI ! {3.27)
B T, <Nt > Ng o
For a Caussian random diskribution with unit variance with tails cut off at » the second
moment < 5% > is given by (sec fig. (9)):

<pi>=1-— %cxp (—VLQ/Z)f\/T;‘QJ (%) : (3.28}

where @ is the error function[49].

2. The excitation strength K is varied during the tracking and the simulated bunch length
at PM (see fig. (3)) is adjusted empirically using a “gradient method” and the step size
is scaled with |oy — o[, where o, is the simulated (see section 3.5.6) and ol is the
tongitudinal equilibrium beam size determined by eq. (3.13). Fig. (10, Left) gives an
example for the adjustment of K in the presence of fourtcen radiation points (Na=11)
correspanding Lo sixteen sections. ‘T'he tails of fin) arc cut off at n = 1. All particles arve
started on the closed orbit. When the simulated bunch length o, reaches the equilibrium
value corresponding to the initially chosen K value (K =0 and K = 6.9 x 107%) and if
7, is 1ol yel equal Lo the predicied o%" K is changed and the process is repeated. Alter
a fixed time which is given by the damping time of the cpergy oscillations 7, ~T msec
{330 turns) it is assumed that the system is again in equilibrium and &, is again checked
against oi™. As can be seen K converges to K = 3.5 x 107° for both starting conditions.
This result is in agreement with the K value calculated using eq. (3.27) which is denoted
as “K(Ng = 14)” in fig. (10, Left}.

In fig. {10, Right} the solid line describes the excitation value K calculated for different numbers
Ng of radiation points using eq. (3.27). The spots correspond to the simulated values obtained
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Figure 9: Analytical feq. (3.28)} end simulated resull using the random number gencralor
“RANNOR" [30] for the second moment of ¢ normalized Ceussion distribution with unit vari-
ance for different cut parameters n

using the second method. The results of the analytical and the cmpirical method arc in good
agreement showing the validity of the simple model described by eq. (3.27).

For a typical run with Ng = 14, f(n) cut off at n =1, 7, = 7.15 msec, < 8= 4.2 1077, K is
equal to 3.5 x 1075, The second moment K < 7% »>=1.1 x 107" corresponds to an rms energy
change of ~300 KeV at 26.666 GeV and a maximum of ~900 KeV, which is large compared
with the critical photon energy ~60 KeV. A cut off at n = 3 would cause maximum photon
cnergies of ~ 2 MeV. After the adjustment of the bunch length SITROS normally reaches the
linearly predicted beam sizes in the » and z direction automatically. The fact thal -all three
beam sizes acquire their correct values simultancously is a confirmation that the feed through
of energy oscillations into the transverse motion expected from the § — z, § — z coupling terms
in the 6 x 6 orbit transformation iz well simmlated in SITROS even with the limited number of
radiated photons per turn. Otherwise one has to readjust the seclions in a way that the one
turn integral in eq. {3.14) is represented in a correct way by the radiation points. i the lattice
is periodic in the arcs this requirement is casy to fulfil, As shown in fig. (10, Right) simulaticns
have been performed for different numbers of radiation poinls Ng leading to the conclusion
thal the emission of a limited mumber of “high encrgy”™ photons has no significant influence on
the simulation of the orbital motion.

3.5.6 Simulation of the beam sizes

Another way to check the tracking algorithm is to ohserve the way the beam sizes reach equi-
librium for an ensemble in which all & particles start on the closced orbit. For this one chooses
a position sy in the lattice (so =PM, sce fig. (5)), where the dispersion functions I, and D,
and the beam ellipse twist arc small and onc defines the beam size o, (¥ = 2,7,5) to be the
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Figure 10: Left: Adjustment of the excitation strengih K in the presence of fourteen radiation
points (Np = 14) for two different indtial K velues K = 0 or K = 6.9 x 107° respectively.
The time step for the change of K is taken lo be the damping time of the energy oscillations
7, =7 msec corresponding to 330 turns. The dashed line represents the analytical result given by
eq. (3.27), Right: The dots describe the adjusted K for different numbers of chosen radiation
points Np and the solid fine the analytical result derived from eq. (3.27)

rms amplitude of the ensemble:

1
ay, = ﬁZai =/<ai> {3.29)

where the amplitudes a,, are the quantities ay, = \/m and the ¢, are the single particle
eruittances [51):

Ce, vzt F Qg 4 Hpe
Cx; "fzzi? + 2a12£24’ + ,823612 (330)
Yol + 2a lib; + fs6°

Il

;

1l

€5

&y, By Yy are the optical functions of the linear machine at the point sg. One then expects,
assuming the validity of a simple one dimensional diffusion model with damping and noise {52],
that o,(t) grows asymptotically in time like: '

; t
(J'y(f) = (ji‘m 1—exp (~2?), . (3.3})
v

where 7, is the damping time of the mode y and ¢ is taken from linear theory. Tig. (11)
illustrates the comparison between simulation and theory for an ensemble of N =1000 particles
and it is again seen thal SITROS produces the expected results. After a few hundred turns
the equilibrium distributions arc reached for all modes. [n SITROS typically 5 x 107 turns are
tracked 1o establish the heam equilibrium. To illustrate the shape of the particle distributions
in the equilibrium state for a typical HERA optic with chromaticity and sextupole correction
turned on the phase space with 1000 particles was projected onto the {(z, ), (z,2), {£,4) plane
after 5000 turns corresponding to 15 damping times 7,. The distributions were histogrammed
in 50 channels to show the form of the distribution functions. As can be seen in fig. (12,
Right) the distributions are close 1o Gaussians in form. The given ellipses (10,25) in fig. (12,
Left} correspond to the beam sizes o, which means that the variances of the fitted Ganssian
distributions are smaller by a factor v2.
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3.5.7 Calculation of the equilibrium polarization

Under the assumption that the depolarizalion process can be described by an exponential the
polarization build up process F, (#) is given by

’ +
P, (8 = Py (1 ~exp (—uf)) (3.32)

TaTd
with
]
L, = Po——— {3.33
eff 001+(,rp/,rd) 5 )
T = e
eff "—p + T4 ¥

where P, and 7, arc given by eq. (2.7,2.8). Fig. (13) illustrates the typical interplay between the
spin diffusion process and polarization build up for the case where P determined by cq. {2.7)
is £,,=90% and the polarization build up time 7, given by eq. (2.8) is 7,=2000 sec at 28 GeV
in HERA. Assuming a depolarization time of 7;=3600 scc the equilibrivm polarization Py in
eq. (3.33) is calculated to be P.;;=57%. Since, as can be seen, it takes ~ 1% 10* turns to reach
P.sr, it is not possible to simulate the system until the polarization equilibrium is rcached.
instead SITROS is used to cstimate the depolarization time 7; by tracking a particle ensemble
(typically ¥ =50) over a few theusand turns (typically 10 betatron damping times) starting
in the orbital equilibrium state and with all spins parallel to the #ig-axis. 'I'he asymptotic
polarization P.yy is then extracted from eq. {3.33), '

The polarization £, {t;) with respect to the fdy-axis of an ensemble of pariitcles at a cortain time
i1 s given by the énsemble average:

[ .
Pry(ti) = Pooy 38k - o
RS
The decay of Pr, with time is represented by:

P ()= P exp (7L>
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Figure 12: Left: Phase space projections for N =1000 particles onto the (x,2'), (2, 2}, (£, 8)
plone, Right: Particle distribution funchions for z, z, £

32

T T T T R

A




i

=90% , P o =57%

Tp=200056C , Td:3600sec,Pw
80 [ ]
A T P_® ]
.‘.l 'tp
. 60T U,
= u LT B
_‘P 40 i "'-\“ \P (t) ]
o AN Teff 1
0 p """ 1
T4 4
0 1 ) 1 MR Sy e
0 2000 4000 6000 8000 10000 12000
time [sec]

Figure 13: Hiustration of the effective polarization build up process Pr ,, in the presence of an
exponential depolarization process Pr, for a HERA optic with one rotator pair at an energy of
28 eV

One can determine 1/74 using the relation:

Loy = log( £, (1)) — log(Fr, (to))

Td i —to

L Fig. (14) shows the variation of the quantity log(Pr(t)/FPe) with time using time steps of
"~ 2lusec starting all spins parallel to the fig-axis (log(Fy,(to)/ Poc = 0) at tg = 0.1) sec for

a typical run. The overall 1/74 is obtained from the gradient which is calculaed by a one-
parameter fit to the values (1/73){t,). The fluctuations in fig. (14) are due to the [act that one
is dealing with a stochastic process applied to a finite number of particles. The rms ertor on

sG>

where the brackets denote averaging over the number of samples (see +o in fig. (14)). The
crror of the extrapolated P.py is calculated to be:

this cstimate of L/7y is:

-p. ™ l) :
AP = Pt & ) (3.31)
By tracking a larger number of particles this error decreases approximately with 1/v/N. The
numerical result for the example with N = 50 1s 1/mz = (2.8£0.25) x 107* sec™" and therefore
F.s = 57+ 2%, It should be mentioned, that from the fact that the projection (1/N) ¥, 5 -7ig
decreases with time one cannot conclude that the ensemble averages over the spin components
in the plane perpendicular to 7y vanish, This is a necessary condition for a “real” depolarization
process which is fulfilled in the example presented and will be discussed in detail in section 3.3.

3.6 Limitations of the SITROS program

A general problem with Monte-Carlo calculations is that adequate sampling of the parémeter
space requires an enermons amount, of computer power. This is also the case with SITROS

33

- e A B - bt A A Attt A = -

o] T T T T T T T
: {lftan_dyr ——
-sigma ——
k; ) +sigma ——
205 F° R tracking data
4e-05 |-
£
=
;I
T 6005 +
3
=9
@
=l
-8e-05
-0.0001 f.
000012 1 1 i i L i '
0.1 0.15 02 0.25 03 035 04 045 0.5

time [sec])

Figure 14: Simulation of the depolarization process in a logarithmic scale log( P, (£)/ Po) for a
HERA optic with one rotator pdir at an energy of 28 GeV. All spins are started parallel to the
To-azis at ty = 0.11 sec. The tracked time inferval corresponds to 2 % 10* turns. The samples
are taken every turn

where it is impraciical to track for more than about 2 x 10* turns corresponding to ~0.4 sec
real time in HERA. The aim of the following one-dimensional treatment is to get a rough idea
about the time scales of the particle diffusion into the tails.

For an ensemble consisting of NV particles starting on the closed orbit, the time 74sy,, (y =
x,,5) in which 63% of the ensemble have passed a boundary defined by g, is given by the
Kramers formula [53][43]:

e (vt/o2)
T, = g ¥
4if fy ¥ 2%?/0_3

e (on))

where o = 2 < y? > is the equilibrium beam size and 7, denotes the damping time of the y
motion. For y = » using 7, ~15 msec and ., = 3 x 107* m, 74z, (23) is shown as a function of
the boundary =y in fig. (15). After 1 x 10* turns 63% of the particles have passed the V<t =
boundary. To push the same percentage of particles through the 5v'< 2 > boundary | x i
turns would be mecessary in order to test the effect of the tails of the distribution beyond
~ 3.5¢, on the polarization. [i is not generally practical in SITROS to track the spins for
long enough so that they have been out in the tails of the approximately Gaussian phase space
distribution and have experienced the stronger diffusion to be cxpected at large amplitudes.
How important are Lhe particles in the tails 7

An answer can be given by a diffusion model introduced by T. Limberg [22]. In the one
dimensional case the depolarization time constant 74 can be approximated by:

(3.35)

Z
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Figure 15: Diffusion time 14p5, in number of turns given by eq. (3.35) versus the boundary in

the x direction in units of /< 2% > for the damping thne 7, ~ 15 msec corresponding to 700
turns and the cquilibrivin beam size 0, = 3 x 1074 m

with n = p%/02. Tu(n,.m,) 16 an average depolarization lime for the interval (wifol ytfa),

This is a phase space weighted depolarization rate appearing also in [55]{34]. For two intervals

{n1,m2) = (0,8) (corresponding to (0, 4/< y7 > = 2.80y)) and {ng, 1y} = (8, 00) 74 s calculated
to he:

I 1 —exp{—8) 4 exp(—8)

Td Td(0,8) Ted(8,00) ’
For - 74005 =3600 sec, Tis,00) has to be of the order ol one second to contribute to Yirg sig-
vificantly! In practice il is not casy to determine the lecal depolarization rates specified in
eq. (3.36). But the previous caleulation indicates that it is “unlikely” that the contributions
from Lhe talls arc important.
To estimate the elfect of the tails simulations were made for 10 particles over 1 x 107 turns. No
decrease of the polarization was observed. This shows that particles with large amplitudes are
not important for the determination of the equilibrium pelarization in these particular cases.
However a general conclusion cannot be drawn. It is always nccessary to verily whether one
can neglect the contributions from the tails.

3.7 Structure of the SITROS program

SITROS is a program consisting of several modules (SITA, SI'TB, SITC, 5I''D, SITE, SITF)
which are tesponsible for different parts of the algorithm. The following short descriptions of
the modules are dircetly related Lo the topies ol this section and in this form they give an
overview over the entire algorithm (sce fig. (16)):

Module SITA

& Set initial parameters (central energy, number of energy points n,, energy range,
ete.)
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e Rcad an oplic file and sct special distortions (harmenic bumps, decoupling burmp,
ete.)

e Perform calculations based on linear orbit theory (closed orbit, optical functions,
equilibrium beam sizes, cte.)

o Caleulate 4iy at PM, P, and 7, for the chesen energy poinis

¢ Build scetions consisting of strings of ring clements:
set up the 6 x 28 part of the matrices for the description ol the orbital motion at
the central cnergy including chromaticity offccts and sextupole correclions,
get up the (n, -4) x 28 part of the matrices for the determination of € at », energy
points around the central energy

Module SITB :

s Repeat some lincar calculations performed by SITA

o Set the start value of the excitation strength & and the time hetween steps for the
A control procedure in SITC

s Set parameters for the particle tracking in SITC-and SITD (Number of particles ¥,
starting particle distributions, heam-hcam parameters, etc.)

Module SITC :

¢ Perform orbital tracking for ¥V particles at the central energy using the 6 x 28 part
of the mairices

¢ Determine cquilibrium beam sizes o, at IPy by tracking the ensemble for a few
damnping times (typically 5000 turns)

» Check the simulated o, against the beam sizes given by SITA
Module SITD :

¢ Set parameters for the depolarizer
¢ Perform orbital and spin tracking for N particles using the (64 n, - 4) % 28 inatrices
starting the spin vectors of the enserible parallel to the fy-axis at IP,

e Project the individual particle spin vectors onto the fg-axis at 1P, take the ensemble
average and note the result for each of typically 5000 turns

Module SITE :

e CGalculate 7y and Poyp = PoTaf/(7 + 7a)

» (raphical output ol £,y including the statistical ervor for n, energy points

Module SITF

s Sct various parameters including: the central enevgy, the number of energy points
n. and the energy range :

o Read an optic file and set special distortions (harmonic bumps. decoupling bump,
cte.) .

o Perform lincar orbit calculations {closed orbit, optical functions, equilibrium beam
sizes, elc.)

o Calenlate P, 7, and g

o Calculate 74 wsing first order perturbation theory and determine Popr = Foora/ (7 +
Tr!)
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Figure 16: Visualization of the SITROS program structure
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4 Classification of depolarizing resonances

In this section a classification of depolarizing resonances will be presented. The arguments will
be heuristic and will aim to provide a basic insight into the different sources of resonances so
that the polarization caleulations in the following sections can be interpreted.

The starting point is a perfectly “flat” ring without any distortions. The equilibrinm polariza-
tion direction ig(s) is parailel to the direction of the main bending field B which points in the
direction of &,. Due to the presence of horizontal dispersion D, horizontal betatron oscillations
and synchrotron oscillations are excited by quantum emission. No vertical beta,tron oscillations
are induced. Because of the fact that a particle starting with a spin vector 3 paralle] to fig(se)
at a ptmtlon 50 in the ring experiences only magnetic fields which aze parallel to g, § remains
parallel to #g. The precession frequency ¥{1+¢) of § with v = a7 (in the following the index 0
will be omitted) for a spin vector starting slightly tilted with respect to no(so) is modulated by
the energy oscillations. Since there is no depolarization mechanism the equilibrium polarization
reaches the Sokolov-Ternov level of Py, ~ 92.4%.

In real machines the magnet alignment is imperfect and the closed orbit s not exactly cenlered
in the quadrupoles. In addition correction coils are needed. ‘Thus a spin vector moving on
the closed orbit cxperiences horigontal fields. As a result 7 can be tilted significantly from
the vertical €, even for a nominally flat ring, For small imperfections this tilt depends linearly
on the closed orbit. This enables the use of speeial orbit correction schemes to reduce the
fig-axis tlt {sec appendix A). The tilt becomes extreme near integer spin tunes v = k. In this
case the polmization build up effect becomes weaker (see eq. (2.6)) due to the decrease in the
scalar product (nub] Furthermore spuricus vertical dispersion ), is generated resulting in the
excitation of vertical betatron oscillations. As can be seen ineq. (A.14) the occurrence of a tilted
7y or vertical dispersion leads immediately to spin diffusion. The resulting depolarization is
normaltly [ar more significant than the weakening of the Sokolov-Ternov effect mentioned above.
In the following the mosi important spin resonances which might appear will be summarized.
The depolarization effects will be divided into two main classes namely, first order effects and
higher ovder effects.

First order effects are those discussed in appendix A. As can be seen there, the spm motlon
in the rotating reference frame has been linearized and the precession vector & =0,
where (3% describes the closed orbit part of { (sec appendix A), is linearized so tha.t il is
a first oxder function of the orbit vector X. In this approximation the integrands in the
integrals appearing in the components of the diffusion vector d are of first order in the
orbital coordinates and proportional to the quadrupole strength. Dach term contains a
factor (a + 1) and an “excitation factor” accounting for the strength of the excitation of
that orbital mode due to emission of photons. There are also denominators which vanish
when v = k4 @, and these lead to a first order resonance behaviour of 1/7; which is
illustrated in fig. (17, Top). The presence of the (a7 + 1) factor ensures that the diffusion
effects increase with energy. These resonances affect the equilibrium polarization over a
large fraction of Lhe interesting energy range. They normally define the upper limit of
the achievable polarization. These resonances can be further classified as follows:

Vertical betatron resonances (condition: v = k £ ¢}.)
These resonances are induced by vertical betatron oscillations excited by photon
emission at positions where there is vertical dispersion. The integral eq. (A.14)
receives contributions at quadrupoles where fig(s) is not pointing exactly in the
horizontal &, direction. This happens, for example, when #y(s) {i.e. the average
spin direction) is almost vertical as in a typical siorage ring. The integrand then
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deseribes the backward/forward tilting of the spins around the radial quadrupole
fields ilinstrated in fig. (1).

In a ring with a superperiodicity, first order vertical betatron resonances only appear
for values of k (eq. {2.9)) wlich are an integer multiple of the superperiodicity,
This can be easily be seen by analyzing the harmonic content, with respect to the
azimuthal position s, of the integrands contributing to these resonances. However, in
practice there are gradient errors in the quadrupoles and the superperiodicity in the
4 funetions is lost and vertical betatron resonances can occur for all integer values
of k.

Horizontal betatron resonances (condition: » = k & Qy)

These tesonances are induced by the excitation of horizontal betatron oscillations at
positions where there is horizontal dispersion and at guadrupoles where flo{s) is not
pointing exactly in the & direction. This is typically the case [or a "flat” ring with
imperfections. Then fip(s) is slightly tilted and there can be stochastic precessions
around the vertical quadrupole fields. Horizontal motion at positions where there is
a skew quadrupole component can also lead to these resonances whenever Ag s not
pointing exactly in the &, direction.

Synchroton resonances (condition: v = k £ @,)

These precession mechanisms are analogous to those acting in the case of the hetatron
motion excepl that in this case the spin diffusion is driven by motion on vertical or
horizontal dispersion orbits insiead of verbical or horizontal betairon orhbits. These
resonances ate strong for imperfect rings at high energy and can limit the polarization
to a few percent (~20% at FIERA). Because the synchrotron tune @, is usually small
(~ 0.07 in IIERA al 26.666 Gev) the polarization near the integer values of the spin
tune v = k, which are 440.625 McV apart in energy, is normally destroyed by the
strong surrounding ¢, rescnances.

Higher order effects occur primarily due to the nonlinear nature of the three dimensional
spin motion (see section 3.5.2) and they appear even if the orbital motion is determined
by ficlds which arc completely linear in the orbital ecoordinates and even if & is a linear
funclion of the orbit vector X. The strength of the higher order resonances can e
estimated by extending the treatment in appendix A io include the squarc root termi in
eq. (A5)(A.T), ie. by not linearizing the spin motion and keeping the wris term. It is
then found that the dilfusion vector d has a much more complicated resonance straclore.
The first order resonance terms in d discussed so far contain a single {ay + i) factor and
a one turn integral over first order orbil, variables. A term with an wth order resonance
denominator contains a factor (ay + 17 and uth order muitiple integrals over nth order
products of the orbit variables. There is also an emittance excitation factor and an
(# — L)th order product of orbital amplitudes. [n calculating < ld]? = to obtain 1/7y
{see appendix A) the orbit amplitudes are converted into emittance factors. The higher
order resonances originate in photon emission al non-zero orbit amplitude and higher
order resonances become stronger as the cmitlances incrcase. This was alveady indicated
in section 3.6, where the possible influence of the tails of the beam was discussed.

"T'wo important subclasses of the higher order resonances will be now discussed:
synchrotron sidebands (condition: v = &k +m.Q. + m Q. + m L, gl + ] <
n,fm,| < m )

This is the strongest and most important subclass of higher order spin resonances
in high energy storage rings. Synchrotron escillations with large amplitudes canse a
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large frequency modulation of ». Similarly to the mechanism of frequency modula-
tion in RF waves, synchrotron sidebands appear in the spectrum of the spin motion.
This leads to sidebands up to the order m to cach of the previously discussed depo-
Javizing resonances with {m.| + [m.] < n. On the basis of a formalism introduced by
Buon [36], §. Mane [57][58] and K. Yokoya {59] the strength of the sidebands can be
qnantified. The relevant parameter is the tunc modulation index A%

2
Q ;7

which is basically a product of a spin tune factor ay and the energy spread o5 which
depends on the longitudinal emittance. After averaging over the phase space and
waking some reasonable approximations the sideband strengths only depend on the
strength of the parent resonances and on powers of A2, The tune modulation index
increases quadratically with the energy and the encrgy spread. For rings like HERA
with an energy spread o ~ 1 x 107% at 26.666 GeV the sideband resonances to
+(J, are strong up to high order (m = 4). The notation +@, describes resonances
satislying the conditions v =k + @, and v = k +1—(J,. For the resonance notation
used in the pictures see fig. (17, Bottom).

‘T'he intuitive approach to calculating d. explained in appendix A, allows the esti-
(mation of resonance sirengths duc to betatron motion in nonlinear ficlds which are
called

nonlinear betatron resonances {condition: v = EmaQe4m.Q.,  Imgl+im.] < 7)
“These higher order spin resonances are driven by magnetic multipole fields of n-th
order (n > 1). For example for a sextupole field (n=2)

R = -;—9' (:L'? - 22) . B =g'ex

will mainly drive nonlincar spin resonances with [mg| + jm.| = 2.

One can see this by noting that @ is a second order function of the orbit motion. By
integrating the spin motion, second order resonance denominators appear. However,
in contrast to the second order resonances generated in quadripoles, the d vector for
ihese “sextupole” resonances contains only a single (ay + 1) factor. Thus at HERA
energics {v = 60.5) these resonances should be much weaker than those gencraled
by quadrupolies [58]. This is confirmed in scetion 5.2.

The fact that the first order spin resonances occur near infeger spin tunes for the preferred
orbital tunes al HERA implies that the best working point for palarization measurements is
kall way between iwo integer values of the spin tune. For IIERA the energy 26.866 GeV was
chogen corresponding to a spin Lune of ay = 60.5. Although the strength of the resonances i
energy dependent the resonance patlern repeats more or less after every integer value of a7.

The equilibrium polarization #;; can be significantly reduced by these resonances. For au
average fg-axis il of 20 mrad with respect to the vertical at ay = 60.5 generated by imper-
fections in the “MNat® HERA ring, the polarizalion is reduced io about 209 by very strong
synchrotron resonances at v = 60 + @, and v = 61 - ), (soc fig. (26})} that are driven by
the motion on horizontal dispersion orbits. Since in a machine like HERA there are limits to
how well the machine can be aligned in the vertical plane and since horizontal dispersion and
horizontal emittance excitation can never be brought to zero the only remedy is to decrease the
average Ho-axis tilt, 14 is clear that this should help because alrcady for frst order effects the
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Figure 17: Netation used (n pictures: Top: Logarithmic graph illustrating the energy dependence
of the iolul depolarization rate Lty = 5, Y ey (¥ = v, 7, ¢) multiplicd with 7, which 15 given
by ey, {2.8) including the first order resonances £Q5, £Q, and Q.. The depolarization rate
is lurge of values of the spin tune where the resonance condition 60 = v — Qy or 6l = v+ Q)
is fulfilled, Botiom, Corrcsponding equilibrium polarization Py = P /(1 + olTe). P s
detevivined by cq. (5.7} Al the top of the yraph the resonance notatien used tn the following
is coplained. The pictuits are taken from section 6, where a comparison bebween SITROS and
analylical approaches in the case of weak depolarization will be performed.
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id]* depends quadratically on the ri-axis tilt. Besides conventional orbit cotrections, in HERA
& special harmonic bump scheme (see appendix A} is used to reduce the tilt {60]. Even after
the optimization willi these special orbit corrections leading te a reduction of the tilt down to
10 mrad sirong synchrotron resonances, betatron resonances and synchrotron sidebands occur
fimiting £ rs to ~ 80%.

Another reason for requiring good vertical alignment of the machine is to avoid the generation
of spurious vertical dispersion. As we have seen this leads to the excitation of vertical betatron
resonances and the excitation of a centribution o the synchrotron resonances.
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5 Analysis of depolarizing effects in HERA

In this section the Monte-Carlo program SITROS is used to study the depolarizing eflects in
HERA. The influences of various orbit correction schemes on the polarization are analyzed
and compared with the existing experimental results. Calculations for a HERA optic with one
rotator pair for the HERMES experiment are presented. Furthermore the influence of a lime
dependent radial dipole field is studied.

5.1 First polarization measurements

The aim of the following subsection is to get a qualitative understanding of the behaviour of
HERA concerning polarization during the tun period in 1991. No protons were filled and the
experiments ZEUS and H1 were switched off during the measurements. Thus no influence of the

beam beam interaction or badly compensated solenoids is taken into account in the simulations.

At the beginning of the run period, a twist of the equilibrium beam ellipse (see eq. {3.16)) of
about ~ 120 mrad was observed at the location of the polarimeter and at the interaction point
of the H1 experiment. Together with the fact that a localized skew quadrupole component could
ot be detected by difference orbit measurements this led to the conclusion that the twisl was
generated by a systematic evenly distributed skew quadrupole component ir the ring, belicved
to be an effect of the iron of the proton magnets on the stray fields of the electron dipole

. magnets. This coupling could be compensated by a special “decoupling bump” [61].

5.1.1 The decoupling bump

E

N VERTICAL
3 CORRECTORS
- 30 .
' 120mrad twist ->
ax. 1] 1 .
NR max. kick 11 pLrad
. 3
: QL
| \ or / ;
SR SL kak rago 05
/ kick ratio 1.0
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S

Figure 18: Schematic drawing of the decoupling bumyp distributed over the four arcs of HERA.
The whole orbit is shifted vertically by the bump to generate an evenly distributed skew
quadrupole component in the sextupoles in order to minimize the equilibrium beam ellipse twist
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Figure 19: Beum ellipse twist versus rinyg position for three cases: 1. witheut an additional angle
error of the main quadrupoles, 2. with an edditional systematic angle error of 4.3 mrad of the
main quadrupoles, 3. with compensation of the resulting equilibrium beam ellipse twist by the
decoupling bump (see fig. (18))

The idea of the decoupling bump is to shift the whole orbit vertically to gencrate an evenly
distributed skew quadrupole component in the sextupoles (see section 3.3) to minimize the
equilibrium beam ellipse twist. This is done by the correction scheme illustrated in fig. (18)
consisting of 144 vertical correction coils int the arcs of HERA. The cffect of this bump spanning
the whole ring on the polarization will be studied in detail.

The optic which is used as a starting point for the following simulations is that for the stan-
dard HERA lattice (no rotators) with randomly Gaussian distributed distortions (Ayms =
Az, = 0.3 mm for positional errors, Astrengthom, = 0.0 x 10~2 for relative strength errors
and Aangle,m, = 0.35 mrad for angle errors) of quadrupales and sextupoles plus orbit correc-
tion with the MICADO [62] correction scheme. This algorithm is used as the standard orbit
correction tool for HERA. MICADO analyzes the monitor data and tries to find the most effec-
tive corrector or combinations of correctors for the minimization of the rms orbif. Ttis distorted
and corrected optic has a systematic twist of the equilibrium beam ellipse of ~ 23 mrad due
i the given distortion distribution {“no twist” in fig. {19]). To reproduce the measured $wist
of ~ 120 mrad an additional systernaiic angle error of 4.3 mrad of the main quadrupoles with
respect to the magnet axis is introduced in the simulation {“twist” in fig, (19)). To compensate
the resulting twist the average vertical kick applied by a single cortector in the decoupling
bump has to be ~ 10 prad {“twist+cort” in fig. (19)}. The rms values about the mean values
of the closed arbit are not affected by the application of the bump.

What is the effect on the polarization ?

Due to the betatron coupling the first order @, = 0.11, @, = 0.19 spin-orbit resonances are
stronger than in the uncoupled case. This can be seen by looking at the contributions of QJx
and (), to the depolarization time 74. The ratios 7,/74, are plotted in fig. (20). The results
are taken from the program SITF which calculates the equilibrium polarization using the first
order SLIM formalism (see appendix A}, The application of the decoupling bump reduces the
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Figure 21: Tilt of the equilibrivm polarization exis fiy by the presence of the decoupling bump
for o HERA optic without distortions. The everage tilf of the ny-azis is calculuted to be ~2
T”T.a,fi

strength of the Q. resonances to their original values. For the (), resonances (¢, = 0.07T)
the hehavioir is different. Due to the additional vertical distortion generated by the bump the
average tilt of the fig-axis is increased. To illustrate the elfect on the fig-axis the decoupling
bump was applied to a IIERA optic without distortions (see fig. (21)). The additional average
tilt of the Hg-axis is calculated to be only ~2 mrad compared to an rms tilt of ~20 mrad
genetated by other errors in the machine with imperfections. The small increase of the average
fig-axis tilt and of the vertical dispersion results in slightly stronger @, resonances after the
compensation. This leads to the following situation:

The strong first order @, resonances limit the polarizetion to a maximum of ~ )Z% {see
fig. (22)). Due to slightly stronger (J; resonances after the compensation of the coupling the
maximum decreases by 2% on the fivst order level. Bul al higher order the situation is totally
different. The sidebands to Q,,Q. (£Q./: + m,Q.) are driven by the parent resonances which
are weakeued by the decoupling bump. These sidebands are dangerous in the region around
the half integer ¥=00.5 because they are of low order (] < 4}, resulting in an increase of
polarization on the higher order level (sce Ng. (22}). This explaius why the decoupling buinp is
a helpful tool Lo increase the polarization under the condition that the vertical dispersion and
the average fig-axis tilt is not significanily increased {for a more theoretical treatment see also
{60]).

The first ,)o!dnmtmn measurcments were made with a de(ouphng bump only applied in one
arc {OR/SL} fsee fig. (18)) of HERA. The resulting fy-axis ilt was bigger by a factor of
four and thus resulted in a significant decreasc of polarization on the first order level. But
the orhital tunes .,(}, were shificd by ~0.1 tewards the hall integer compared with the
example just discussed. This makes the explained discrepancy between first and the higher
order calenlations even stronger [36]. It was found in the mcasurcments that the polarization
increases from 0.45% to 3.02% at 26.62 GeV and from 4.46% to 8.12% at 26.61 GeV [63]. The
stated energies correspond to teal machine energies with an uncertainty of £2 MeV. Using
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L with errorbars are the experimental data taken from [63]. The energy range corresponds to a

ol ] spin tune range from p==60.12 to v=060.88

wor 3 l the method of energy calibration by resonant spin depolarization the beatn energy was found :
0 e ; L ek to be 33-36 MeV below the nominal energy given by the integrated field of the main dipoles z
40 60.2 604 +*gamma 606 508 81 {sec section 5.1.1). Fig. (23) shows the results of a single STTROS run and the corresponding :

measurement. The simulation takes into account the following machine conditions:
Figure 22: Polarization versus energy for three cases: 1. without an additional angle evror of
the main quadrupoles, 2. with an additional systematic angle error of 4.8 mrad of the mam
quadrupoles, 3. with compensation of the resulting equilibrium beam ellipse twist by the decou-
pling bumnp (see fig. {18)). Some of the most important resonances {especially sidebands to the
+(), résonances gppearing in the SITROS result) are shown af the top of the graph (for the
notation see fig. (17)). The SITROS colculation shows that several sidebands of @), are weak-
ened and the first order SITF resuit reflects the increase of vertieal dispersion and the average 2. After the correction with MICADO the tms values'of thé closed orbit are comparable to :
fig-azis tilt due to the application of the decoupling bump the measured values (2yms ~ 1.1 mm). i

1. 'T'he used optic reproduces the measured null orbit of HERA (hypothetical orbit after
subtracting the corrector kicks) to within about 90% [64]. The strongest vertical closed
orbit kicks recalculated from the measured null arbit are taken into account by equivalent
vertical quadrupole displacements. In addition randomly Gaussian distributed distortions
are superposed.

3. The measured tunes §, = 0.19,Q, = 0.28, Q, = 0.069 are reproduced.

4. The coupling of ~ 120 mrad is simulated by an additional systematic angle error of the
main quadrupoeles. ‘

; 5. The decoupling bump in the are (QR/SL) is applied for the compensatjon of the coupling.

The agreement hetween the realistic simulation and the measurement is encouraging. The Q.
resonance (26.57 GeV) and four measured synchrotron sidebands to Q. spaced by 30 MeV can
he identified. The maximum measured polarization during the run period was 9.2% at 26.64
GeV compared to the simulation result of 10 %. :

"Thus the behaviour of HERA concerning polarization during the 1991 run can be uaderstood

quantitively on the basis of the Monte-Carlo studies.
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5.2 Polarization optimization .

The polarizatior optimization process in 1992 will be described in detail and compared to the
corresponding simulation studies.

The reconstruction of the measured null orbit in 1991 showed already that several quadrupoles
must have had vertical misalignments around 1 mm. These quadrupoles and the strong decou-
pling bump in the arc (OR/SL) led to the low polarization level in 1991 (fig. (23)).

The following actions were taken to increase the polarization in 1992:

1. During the shutdown 91/92 the alignment of the quadrupoles was checked and selected
magnets realigned.

o)

. The tilt of the beam ellipse was corrected by a decoupling bump which this time was
distributed evenly around the ring (fig. (18)).

3. The orbital tunes were shifted towards the integer values (60,61) to increase the region
between the @, and —@, spin resonances.

4. A spin-orbit correction scheme (*harmonic bump scheme”) [60][65] was applied to mini-
mize the coupling between the orbital and the spin motion.

VERTICAL
CORRECTORS

Figure 24: Schematic drewing of the harmonic bump scheme consisting of eight bumips each of
which consists of three suecessive vertical correction coils in the arcs of HERA. The scheme is
used to minimize the average Hg-axis tilt in the arcs leading to an significant increase of the
equilibrium polarization in first order approzimation [60]

For all these steps Monte-Carlo studies were done before the application in the control room:

1. To represeut the rcalignrent of the quadrupole magnets the assumption is made that the
vertical displacements of the magnets have now a Gaussian distribution with an rms value
of 0.3 mm. The orbit was corrccted with MICADOQ to zpp, = 0.7 mm. In the following,
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Figure 25: Fmpirical optimization of the polarization using the harmonic bump scheme consist-
ing of eight bumps controlling the most important complex Fourier harmonies fi with k=60+(-
1,0,1,2) of the spin-orbil coupling function (eq. (A.16]). The corrector strength has to be mul-
tiplicd with the length of the corrector magnet of 300 mm to get the marimum kick inside the
individud! bump

results for a certain error distribution will be presented which is realistic but not identical
with the distribution in HERA. This means that the strengths of individual resonances
can he different.

2. The tilt correction with a distributed decoupling bump was already studied in the last
subscction. ‘

3. The shift of the orbital tunes is based on the experience (both from simulation and
measurement) that the @, resonances and the corresponding sidebands +¢); + sl
are important for the maximnm achievable polarization level in-HERA. By shifting the
fractional parl of €0, towards the integer just the sidebands of higher order (Jrm,| > 3)
are in the région around the half integer. In additien the condition @, — @z = (), was
imposed in order to put the synchrotron sidebands of the parent resonances on top of
each other. This minimizes interference effects between varions resonances. The orbital
tunes in the simulation are ,=0.108, ,=0.197 and @,=0.072. One has to avoid the
situation that the condition @, — @, = (J, is exactly fulfilled because the orbital Q. — Q.
coupling resonance is driven at this working point leading to an enhancement of the
vertical emittance.

4. The optimization with the harmonic bump scheme (see fig. (24)) was implemented in the
SITROS program to simulate the optimization process.

Before the correction given in item 1 was applied SITROS predicted a maximum polarization of
~ 20% (see fig. (22),(26)) which is already a 12% improvement in comparisou to the calculations
made for the 1991 measurements. The fact that the polarization was nevertheless still low can
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Figure 26: ncrease of the polarization from 28% to 15% after the superposition of four (0
real/imag, | real/imag) of the individually optimized bumps (see fig. (25)) (Q,=0.07216). The
dashed curves correspond to the first order and the points with evrorbars to the SITROS simu-
lulion results. For the ealculution of the errorbars see eq. [3.84)

be explained by the relatively large average nig-axis tilt of ~ 22 murad ai the half integer spin
tunc ¢ = 60.5 corresponding to 26.666 GeV, shown in fig. (27) which is induced by a stroug
spin-orbit coupling (see section 4). The average Is Laken over the tilts of the 7ig-axis at the main
quadrupole magnets in the arcs of HERA. To increasc the polarizabion it is thus nccessary to
reduce the coupling between the orbital and the spin motion. This is done by the correction of
ihe so called spin-orbit coupling function derived in appendix A (sec eq. (A.16}) resulting in &
reduction ol Lhe average rig-axis tilt.

The harmonic bump scheme reduces speclal harmonics of this spin-orbit coupling function.
Four harmonics f; with k=60+(-1,0,1,2} near to ihe integer spin tunc v=60 can be corrccted.
Fach has a real and an inaginary part. A {family of eight closed vertical bumnps each consisting
of three coils is used, to.reduce the strength of a particular harmonic [60]. For each harmonic
the eight bumps have certain kick ralios, implying that the harmonic can be described by a
single parameter namely the kick strength of 1he strongest coil in the bump scheme (fig. (25}).
It is not possibie to calculate the paramcter value for which the barmonic in the real machine
is minimized because the strengih depends on the actual magnet misaligments o the ving
which are normally not known exactly. Consequently the bumps bhave lo be optimized by
measuring the polarization. ‘The same method is used in SITROS to simulate the control
room optimization procedure. Due to the orthogonality and linearity of Lhe parameters the
optimum is found in SITROS by optimizing them separaiely and superposing them afterwards.
A simulation resull is shown in fig. (25). The program simply increases/decreases the paramcter
“corrector strength” until a maximum of polarization is found, Although the scheme has
been designed to minimize the verlical dispersion generated by the individual bumps, vertical
dispersion is nevertheless generated and Lhe presence of sextupoles inside the bumps can cause
closure problems of the bumps that enhance depolarization. Thus onc drops the ineffective
bumps (in this case (-1 real/imag) and (2 rcal/imag) corresponding to the complex Fourier
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Figure 27: ecreasc of the wierage fip-azis Lilt < 8ip > due lo the harmonic bump optimization.
The depolarization wale 1/1y and thus the polerization depends in first order quadratically on
the it variglion < by >

of the numerical optimization procedure is shown in fig. (28). The average fig-axis tilt < o7 >
wanl, down fror 22 to 11 mrad at 26.666 CeV and the polarization increased from 23% to 80%
{fig. 27). This remarkable increase is consistent with the fact that the firsl order depolarizition
rate 1/74 due Lo horizontal synchrotren and betatron oscillations is proportional to ld]* i
eq. (2.12) and thus has appreximately a quadratic dependence on < 87y >. Due fo the fact
that the strenghh of the first order resonances is reduced significantly by the average rip-axis
tilt correction, also the synchrotron sidebands to thesc parent resomances are weakencd (see
scction 4). T'his explains why the simulation shows also a significant increase in polarization.
Nevertheless the sidebands especially of the £, resonances remain sirong after the oplimiza-
ijon. The polarization platcan around the half integer is limited by the @, +3Q, and -, — 3@,
resonance defining a width of 80 MeV for the plateau.

A few comparisons with measurements made in 1992 will now be presented. Fig. (29) contains
varions measurements and the simulation results just discussed, Since the main aim of the 1992
run was to optimize the polarization with the harmonic bump scheme (fig. (28)) only partial
energy scans were performed, The solid curve (Ja.) corresponds to a scan performed before
the veduction of the harmonics and should be compared with the simulation result represented
by curve (1.). The measurement conditions were slightly different from those in the simulation:
(=014, (,=6.20, ,=0.082. Two resonances can be casily identified as Q, + 36, (v=00.446}
and @, 4 46), (»=60.168). The maximum measured polarization was ~ 25% corresponding to
23% in the siinulation. The sccond scan (3b.) was made near the end of the run period, after
the successful complelion of the cortection studies which are to be compared with (2.). Again
the conditions were different: €,=0.15, §,=0.21, @,=0.071 {Q,=0.12, Q.=0.20, ),=0.076 for
the last three points). The measured strong resonances correspond to —i}, — 4}, {1»=60.506)
and —@, — 36, (v=60.577) respactively. The latter resonance might be identified as —@); 2@,
{or —, — 3Q,). The maximum polarization measured was ~ 44%. This value is much lower
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Figure 28: Keperimental polurization studies for two of the most important harmonics performed
in summer 1992 [8]. Some of the points ave belicved to be too low with respect to neighbouring

points because of build up lime effects, see fig. (25) for comparison with the simulated optimaza-
tion process
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Figure 29: Comparison of stmulation and measurément for various energy scons made in sum-
mer 1992 [8]. The simulation results are those given in fig. (26). The experimental data {%a.)
have been faken before the reduction of the harmenics and the data (3b.) after the successful
completion of the correction studies

100 - T T T
: AQz+3Qs oAGe3s
s AQ+20s Apz-20 AQs
AQr 1 AQrQs [ AQu+dQs QzAQs  AQzQs - AQx
RO F - :"QL i R S "‘vQ'r;
SITROS ——
Ertorbars Fe—
. SITE ==~
= 60) [ “.“‘ o
= Y
g 4
2 '
il 1Y
5 |
£ [T I EE———— 5\. i
20
0 il
60 6.2 60.4 60.6 60.8 61

a¥gamma

Figure 30: Energy scan for a small synchrotron tune @, = 0.05380 which compared with the
scun for @ large Gy = 0.072L6 given by curve (2.) in fig. (26) illustrates that large Q, values
are not always helpful to increase the polarization

than the simulation result of ~ 75% but might be explained by the following observations:

1. The data were trecorded after waiting only 25 minutes after changing a bump and may
_be consistent with a maximum measured polarization of ~ 56% considering the effective
build up time of 7,55 = 21 min.

2. It was not possible to make sure that the optimum for all bumps was really found. Because
of the large build up time a more systematic study is very time consuming.

Tt was already mentioned at the beginning of this section that the siruulation for a single error
distribution is very useful for predicting the tendencies for relative strengths of resonances.
However, since the actual polarization depends on the precise magnet error distribution, a
prediction for the expected polarization can be obtained only from an average of results from
several misaligned machines. Such a study was performed with SITROS on four different error
distributions; the average maximum polarization before the optimization with the harmonic

bump scheme was found to be 26.0 + 6.0%, and the maximum was increased to 70.7 + 6.7% by
the harmonic correction. :

In this context it is interesting to study the possible effect of running with a smaller synchrotron
tune ¢J,. On the basis of  formalism introduced by J. Buon [56], 5. Mane {57] and K. Yokoya

[59] and others the strength of the sidebands can be quantified. The relevant parameter is the

tune modulation index A% .
ayos
¥ = ( ) |
&,

The sideband strengths depend on powers of X%, ep. an nth order sideband is about a fac-
tor A" less 1n strength iu the case where A < 1. The formula describing the sidebands to
parent belatron resonances can be found in section 6.2, For the above comparison between
measurement and simulation A? is calculated to be ~ 0.7. By changing the syachrotron tunc
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Figure 31: Comparison between SITROS and SITF with superposed sidebands to Q. (v =
B4 Q. +m.Q, with |m,f < 35) for: Left: @, = 0.07216, Right: Q, = 0.05380

Lo ,=0.0538, A% increases by a factor of 1.8. Thus one expects a significant increase of the
sideband strengths and a decrease of the equilibrium polarization. Iig. (30} shows the sirmnu-
lation tesult for @, = 0.0538 which should be compared to curve (2.) in fig. (26). in fig. (31)
a comparison hetween SITROS and the predictions by the sideband model (sec also section 4)

" is performed for two different ), values. Sidebands to €2, satisfying the resonance condition

v = k=£Q,+m,J, with }m,| < 5 are laken into account. The SITF result and these sidebands
are superposed by fitting the sideband sirength for [m,| = 1 to the corresponding one given by
SITROS al €, = 0.07216. The comparison for Q, = 0.05380 uses the same ), independent fit
parameter with an mncreased A*. The result given by the sideband model is consistent with the
sirulation result. This is a confirmation of the good modelliug, i.e. sufficient sampling of the
tails, of the encrgy spread in the Monte-Carlo calculation. The SITROS vesonance structure
is quite well approximated by taking only sidebands of ), into account. This indicates the
dominating influence of these resonances. The effect of stronger sidebands on the polarization
around the spin tunc » = 60.5 is not so strong as expected. Much more important is the fact
thal the strong sidebands of low order £6, + m,0; {|m,| < 5) arc shifted towards the £
resonances. The spacing between the sidebands is ~ 23 MeV instead of ~ 32 MeV in the
simulation with high €,. [n particular the strong (). + 3@, and —Q, — 4(J, resonances are
shifted by —27 MeV and +36 MeV respectively broadening the polarization plateau around
v = 80.5 where no strong sidebands appear by 63 McV. Although the “naive” application of
the sideband model to SLIM results indicates that large ¢, could be heneficial {66][56], this
exarple shows that it is not possible to draw the general conclusion that a higher 0, is always
helpful for realistic parameter valucs,

Whal is the influence of the nonlinear orbit motion introduced by chromatic cffects and Lheir
compensation with sextupole ficlds on the polarization 7

To answer this question the chromatic terms in eq. (3.17) arc neglected and the sextupoles
are switched off in the simulation. The result is shown in fig. {32). Several spin resonances
driven by the sextupoles (|mg| + Jm.] = 2) are missing compared with fig. (26), namely 20,
and the corresponding sidebands 2Q, + £, and =28, — ;. The maximum polarization level
is not significantly reduced by the nonlinear orbit effects.
Taking iule account the uncertainties in the measurement mainly inlroduced by build up time
effects and in the simulation mainly introduced by the missing knowledge of the exact magnet
ervor distribution, measurement and simutation are in good agreement. The identification of
the main Imiting resonances is possible, I'he Monte-Carlo tesults suggest thal the maximum
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Figure 32: Energy scon neglecting chromatic effects and sextupole corrections for a synchrotron
tune 0, = 0.07216 which compared with fig. (26) shows that several spin resonances driven
by sextupoles {lmy| + |m.] = 2) are missing, nemely £2Q, and the corresponding sidebands

2@2 + Qs and _ZQz - Qs

achievable polarization has not yel been reached. In fact in 1993 nearly 70% polar'iza,tion were
ohserved. A tneagured build up <curve corresponding to this asymptotic polarization value is
shown in fig. (33).
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Tigure 33: Measured polarization build up curve. The fitted effective vise time 7o;y corresponds
to an cquilibriwm polarization of Fupy ~65%. Afier changing the tunes at 8:26h the polarization
increased to mazimum values close to 0% [67] (see wlso section 3.5.7). The polarization values

just given are preliminary, becuuse the systematic errov on the measurement has to be analyzed
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5.3 HERA with one pair of spin rotators

In this subsection calculations for a HERA machine with one rotator pair in the east straight
section will be presenied.

As mentioned ealier, the polarization builds up antiparallel to the ruain hending field, Thus the
equilibrium pelarization axis fig has to be vertical in the arcs of IIERA. To provide longitndinal
polarization at the interaction point of the HERMES experiment in the east, straight section the.
o axis has to be rotated from the vertical to the longitudinal direction belore the inleraction
point and back again to the vertical befarc the arve. This rotation could be performed by a
combination of very strong solenoidal fields and dipele fields [68].

But it can also be achieved using moderate dipole fiekls as in the "Mini-Rotator” scheme of
Buen and Steffen [20] which is the scheme chosen for HERA. ‘I'hese rolators are placed at the
ends of the arcs and involve combinations of vertical and horizontal bending ficlds arranged
50 that the horizontal bending Gelds replace one cell of the arc and se that the total vertical
deflection and translation of the orbit is zero. This is no problem since the required orbital
deflections are typically only tens of milliradians and therefore almost commute. However, the
cortesponding spin precessions angles are oy times larger than the orbit deflections and therfore
do not commute. The noncommutative spin rotations add up fo an effective rotation into the
lougitudinal direction which is illustraied in fig. (34). In this figure the angles are multiples
of 45 degrees and are chosen so as to explain the basic principle in a clear way. v realily the
angles are close to thosc shown only at 29.788 GeV. To obiaiu the required spin transformation
at other cnergies the magnetic ficlds must be changed appropriately and so thercfore must the
Lransverse positions of the rotater magnets. To reverse the helicity ab the interaction point the
polarity of the vertical bend magnets musi be reversed. This requires mechanically inverting

* the bend geometry in the vertical plane and can be achieved automatically with the help of

jacks driven under remote control. The horizontal bend lields arc left-right syrmunetric around
the interaction poinl. T'he vertical bend ficlds are antisymmetric.
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Figure 34: Schemetic drawing of the “Mini-flotalor” scheme used in HERA [20]. To chonge
the heliciiy of the clectrons et the interaclion point the rofators have to be moved verlically,
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Figuve 35 Equilibrium polarization befween the +Q). resonances with §, = 0.2 for on undis-
torted spin matched HERA oplic with one pair of rotators in the cast straight section for a
central spin fune of v = G1.5, correspondiug to an energy of 27.08 GeV (Left) and v = 63.5
corresponding lo 27.96 GleV (Right). The specified spin lune scale ay has to be shifted by
~ —0.05 to get the “recl” spin lune v. This shift is induced by the presence of the rotator
magnets. The points with crrorbers are the SITROS results and the dashed iine deseribes the
first order SITF vesult.

Ewven in a perfect ring spin robators introduce “spin diffusion”. As explained in section 4 a
tilted fg-axis in quadrupocles results in spin diffusion driven by horizental oscillations excited
in the ares. The televant terms are given by eq. (A.14) in appendix A. fp-axis tilts are usually
nonsystematic and are caused by misalignments, However, the rotators in effect cause a sys-
tematic tilt of 90 degrees aver a large seclion of the ring, namely between the rotators, and this
can obviously be a source of massive spin diffusion and thus depolatization (see also fig. (1)).
Moreover the vertical bending fislds inside the rotator generate vertical dispersion leading to
Lhe excitation of vertical belatron oscillations and thus in the case of a longitudinal fg-axis
to further spin diffusior. The samc mechaniss cause spin diffusion in the case of cnergy
oscillations of the particle (see eq. (A.14)).

To overcome these problems one tries to restore the “spin fransparency” which is automatically
available in the case of a pevfectly #at ring. The spin diffusion is described by the diffusion
vector d derived in appendix A n ﬁrsE order approximation. Thus the optic with rotators has,
to be designed so that the coadition |d] = 0 is fulfilled at all fongitadinal pesitions where 1/10°]
is large. This “spin matching” procedure has been applied to the present optic with onc palr
of ralators in Lhe east straight scction [69][701. U is worth noting thal the vertical spin match
depends on cnergy.

SITROS is applied to a lattice which has been spin matched at a spin tune of v = 615
corresponding Lo an energy of 27.08 GeV and al v = 1.5 corresponding to 27.96 GeV. The
resilts for the undistorted optic are shown in fig. (35). The spin tune range of the energy scans
corresponds to the distance bebween the £8), resonances with @.=0.2. Due to the faci that
the rotators modify the spin precession geormnelry of the ring the “rcal” spin tunc ¢ is shifted hy
~o —0.05 with respect to the “nominal” spin {une av. In both cases the maximun equilibrium
polarizalion is caleulated to be ~80 % because the straight section layout means in practice
that it is not possible to gel a perfect spin mateh [71], In a range of about 200 MeV around the
half integer no strong higher order resonanes occur. The plateau is limited by sidebands to the
+@Q, rvesonances (£Q. + mQ, with m, < 3 and ,=0.07}). Resonances to £Q, with ¢J,=01
arc not visible, indicating a very good horizontal spin match,

This latlice is then distorted randomly as in subscction 5.2. The MICADO orbit correction
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Figure 36: FEquilibrium polarization between the £Q, resonances with §, = 0.2 for a spin
' matched HERA eptic with imperfections, eorrections with MICADO and the harmonic bump
' scheme, for a central spin tune of v = 6L.5 corresponding to an encrgy of 27.08 GeV. The
poinks with errorbars are the SITROS results and the dashed fine describes the first order SITF

resull.
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Figure 37: Fquilibrium polarization between the (), resonances with Q. = 0.2 for a spin
maiched HERA optic with imperfections and corrections with MICADO and the hormonic bump
scheme, for a central spin tune of v = 63.3 corresponding to an cnergy of 27.96 GeV {Lett }
and v = 63.5, corresponding to 27.96 GeV (Right ). The points with errorbars ere the SITROS
results and the dashed line describes the first order SITF result.

scheme 1s applied to correct the rms values of the orbit down to Zrms=1 mm and zms=0.9 mm,
vespectively. In the next step the harmonic bump scheme appropriate lor a ring including the
rotators, is applied to minimize the spin-orbit. coupling. The results for both energy regions
are shown in fig. (36) and fig. (37). The maximum achievable equilibriam polarization is cal-
culated 1o be ~60 %. Strong sidebands to the first order spin resonances £, and +(J, appear.

A comparison with the result for an optimized machine withoul rotators presented in fig. (26,
curve 2) shows that the achievable equilibrium polarization is reduced by 20 % eue to the
presence of the rotators. @idebands to the £, spin resonances are much stronger for a machine
with rotators than without. Nevertheless, longitudinal polarization values above 50 % are
possible.
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5.4 Depolarization with a time dependent radial magnetic field

Assuming that the equilibrium polarization axis @y Is paralel to the vertical direction £, an
ensemble of particles can be depolarized by rotating the spin vectors permanently iuto the
horizontal plane. This is done by widening the precession cone of the individual particles with
respect to fig as demonstrated in fig. (38). The widening can be performed by time dependent
radial magnetic fields. The frequency of the depolarizing field is given by:

Qpp =| Lay £ k|w, k= integer, (5.1

where w, is the relativistic cyclotron frequency in eq. (2.5). Fq. (5.1} illustrates the direct rela-
tion between the depolarizer frequency and the energy Eo of LhL beam. Thus the measureinent
of {15, allows the beam energy to be calibrated with a precision mostly determined by the error
of the frequency measurement and the width of the induced resonance {~ 1 MeV for an mte-
grated field of I =1 Gm) which is much smaller than the energy sprcad of the heam (o5 ~ 30
MeV at 26.666 GeV). The latier can he explained by the fact that the characteristic time for
the depolarization process is wich longer (7pp ~ 14 sec for Bl = 1 Gm} than the period of
the synchrotron frequency (~ 300 psec) and the damping time of the energy oscillations {~ 7
msec) of the particles. The method allows an encrgy calibralion down fo the 1 MeV level. In
contrast to this precision the knowledge of the integral field of the main dipales at 26.66 GeV in
HFRA leads to an uncertainty in energy of +50 MeV. This depolarizing mechanism bas been
demonstrated for example at DORIS[11], PETRA[74], LEP{12] and recently also at HERA [67].
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Figure 38: Depolarizer in the case ey = n £ 0.5. The depolarizing field must change its sign
from revolulion Lo revolution [74]

Already in 1982 J. Kewisch [72] used SI'IROS to simulate the influence of time dependent
dipole fields on the polarization, one of the main advantages of this tracking code compared
with olher methods of determining the equilibrium polarization. In this section simulation
results for HERA wili be presented [73].

The rotation of a spin vector for a given ficld strength is almost independent of Lhe energy for
wagnetic fields perpendicular to the velocity vector (see eq. (2.4}) of Lhe particle. The rotation

61

DN A — A

1 T T T T T 1 T r T T T
s, Q s=0054 — 3 Q s=0091 —
08 kY Tau=2500 turng ----—- 1 08 ".\ Tau=2500 trns == 1
[y oy N,
3 g 06 Fy N : -
S Ft
A o
4 5
E g
= =
wy w1
f_\ 5
< Z
04 L .. L " 1 04 L L T X 1
0 2000 4000 6000 8000 10000 12000 .0 2000 4000 6000 BDOO 10000 12000
Number of tures Number of turns

Figute 39: Coherence decay of the instantaneous horizontal polarization component for twe
different synchrotron tunes (), = 0.054 (Left) and {J, = 0.091 (Right) for « HERA oplic at
ay = 60.4. The decoherence time tge; = 2.5 107 turns is coleulated from the dashed exponential
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angle for a single passing of a localized radial field B is given by:

]
§=— (a + ;) Bl, = depolarizer length, (5.2)

n.C

with ea/m.c = 0,068 mrad/Gm. Assuming an exact accumulation of the spin tilt from turn to
turn one would expect a time of ~ 23000 turns (= 0.5 sec in HERA) to rotate the spin of a
single particle by 7/2 using Bf = 1 Gm.

What conditions are required to depolarize an ensemble of particles?

Quantum fAuctuations lead to a spin diffusion process in the horizontal plane. One can simulate
the deccherence time 7. of the decay of the instantaneous horizontal polarization component
by starting ali particles with spin vectors in the horizontal plane and looking at the average
over the projections of the individual spins onto a reference spin vector gmj belonging to the
closed orbit particle which by definition suffers no quantum fluctuations:

—ZS Seer-

This quantity is shown in fig. (39) over 1.2 x 16* HERA turns and yields a 74 = 2.3 % 10°
turns. ‘Uhe decoherence time does not depend on Q4. But the fluctuations become smaller due
to synchrotron oscillations with higher frequency.

To depolarize an ensemble of particles starting with all spin vectars parallel to the fig-axis
it is necessary that the time rp, which is needed to bring all spins from the direction g
to the horizontal plane is large compared to T, otherwise there is nearly no decay of the
inslantaneous horizontal polarization component. If the coherence were not lost, il would be
possible to {lip the average spin vector into a direction which s antiparallel to the fig-axis
(“polarization-flip”}[12].

To calculate a resonance curve of the artificial resonance induced by a depolarizer with an
iniegrated field of Bl = 1 (im one varics the frequency around the chosen working point of
as = 60.4 [Qp, = 04 in units of w.j. Under Lthe condition that the instantancous horizontal
polamzatjon compenent vanishes the average spin vector (1/N) 37, 5, is parallel to the fig-axis.
The depolarizalion process of the vertical polarization componcnt can be described hy an
increase of the tilt of a fictitions unit spin vector 9f with respect to the fiy-axis (Sf g =
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Figure 40: Tilt of the fictitions unit spin vector 5"! {;S—f chg = (/N3 s |) with respect to the
flo-azis for Bl =1 Gm. The depolarizer frequency Qp, is varied from 0.3940 to 0.4020 e wnits
of the revolution freguency T™', {x10* turns (0.2 sec) are shown after the time varying field

\ was switched on at “Start”. The arrow designates the centre of the resonance correspending

‘o @ fractional spin tune of 0.398175. The numbers given in the key correspond lo coustan!
tilt contours which arc shoum af the boftom of the graph. The coherence decay shows up i the
damped oscillations of the surface

[{1/N)S2; Sib). Fig. (40) shows the evolution of this biit over 1 x 10" turas (0.21 secj for
frequency range Aflp, of 0.394 < Qpp < 0.402 in units of w, corresponding to a frequency range
of [18.656, 19,035) KHz or an energy range of [26.6193, 26,6228} GeV. No orbital excitations due
to the presence of the additional radial field arc included. The simulations are pertormed
for » HERA lattice without imperfections (:r:',,,” =0.3 MM, zrm, =0 mm) with an equilibrium
polarization of ~ 92%. All spin vectors of the ensemble are started parallel to iy, Al the
central encrgy Eg of the particle motion at Qp, = 0.398173, indicated by the arrow the time
varying depolarizer ficld is in resonance with the central spin precession frequency a7. The
difference of 5, to the fractional spin tune ay = 0.4 can he explained by the faci that the
tbtal bending angle of the HIIRA optic used has &n absolute error of fr x 107" leading Lo an
ahsolute spin tune shift of 1.82 x 107" at av = 60.4. This integrated error is gencrated by
the Fnile precision of the definition of the bending fields in the optic file. The shift due to
the presence of sextupoles and the additional bending fields caused by the closed orbil in the
quadrupoles is more than one order of magnitude smaller. Asstming an exponential decay of
ihe polarization (which is sensible under the condition thai the ensemble becomes decoherent
on a time scale which is much smaller than the time scale of the depolarization time) the
calculated g, for N =300 particles at the central frequency is 6.8 10% turns {~ 14 sec in
HERA) which ig indeed large compared with the decoherence time 7o, Fig. (41, Botlom}
describes the dependence of 7o, on the strength ol ihe integrated depolarizer fleld B between
1 and 100 Gm and the corresponding tilt evolution in Fig. {41, Top) for the central frequency
2p, = 0.398175. Starting from eq. (5.2) one would expect a 1/ B! behaviour for 7. The fit
in fig. (41, Bottom) shows that the SI'TROS results for 7p, are in agreement with a 1/{3!)?
dependence.
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Figure 41: Top: Tl of the fictilious unit spin vector fff with respect to the fy-azis for different
indegrated field strengths Bl over 1107 turns, Bollo: Corresponding deépolarization limes Tp,
(points) versus Bl and o fil showing thal 115, hus approzimately a 1/(B{)? behaviour, The dashed
struight fine corresponds to the previously calculated decohierence time Tg.. The calculetion of
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oy 5 large compared with Ti.
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As alreadvy mentioned the error of the energy calibration is mostly determined by the width of
the resonance induced by the depolarizer. In fig. (13, Top) resonance curves for various integral
field valucs between 0.5 and 2.5 Gm are shown. The results presented include the depolarization
process and the cornpeting build up process due to the Sokolov-Ternov effect (see fig. (43, Top)).
The width depends essentially linearly on the strength of the applied inlegral field (sce fig. {13,
‘Bottom)). For Bl = | Gm the width is about 1 MeV corresponding to a frequency range of
Aflp, ~ 100 Ha.

QOwing to the fact that the particles are undergoing synchrotron escillations the individual
precession frequencies are modulated with the synchrotron tune leading to sidebands to the
main depolarizer resonance at 63.398175 separated by @,. For @, = 0.072 sidebands appear
al 60.398175 + m, - 0.072 with vn, # 0. The sidcbands with fn,| < 2 arc shown in fig. {42).
The simulations are performed for energies with a spacing of ~32 MeV corresponding to ¢,
calculated at ay = 60.1 al either side of the main resonance. Thus the change of the synchrotron
tune with encrgy leads to a small shift of the sidebands in the depolarizer frequency- domain.
The results indicate Lhat the first order sidebands are strong. Therefore if oue wants to perform
an cnergy calibration it is necessary to find out whether the depolarizaiion takes place on a
gidebawd or the main resonance. This can be easily done hy the variation of @, shifting the
sidebands in the frequency domain.

The results presented are not completely realistic in the scnse that the radial field of the
depolarizer produces a nounegligible orbital excitation depending on the vertical 8 function at
the position of the magnet which can lead to a broadening of the depolarizer induced resonance
[74]. The {requency scans were perforned for fixed [frequencies Qp, (1 < n, n= number ol
frequencies) . In reality the depolarizer sweeps around (2, with & certain frequency range AQp,
and a certain speed dQ_'bp/dt. Depending on AQBP, €ty /dt and the width of the resonance
the effective depolarization tinie 75, is changed. The calculations describe the limiting case
Al —+ 0 and 40, fdt — 0. Nevertheless it is interesting to compare these results with the
first measurements performed in autumn 1993 [67].

Al HERA the beam was depolarized with an inlegrated ficld of <2 Gm in less than 1 minuie
which 1s consistent with rp, ~14 sec for Bl =1 Qm given by SITROS (see fig. (41, Bottom)).
As predicted by the presented simulations (7. ~ 50 msce << 7p, ~14 sec), no “polarizalion-
flip” was observed. The width of the resonance was measured to be smaller than p, <200
Hz (2 MeV) which fits 1o Lhe results shown in fig. (43, Bottomn). The beam energy was found
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Figure 43: Top: Resonance curves for different integrated feld strengths B, Bottom: Corre-

sponding resonance widths (points) versus Bl und o fit showing that the calevlated resonance
width depends finearly on the depolarizer strenglh
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to be about 23-36 MeV below the nominal energy given by \he integrated lield of the main
dipales. 1t was checked by a (), shift that the main resonance had been found. These results
arc preliminary and not published yet. The simulations presented are consistent with the first
depolarizer measurements at [IERA.
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6 Comparison of SITROS with analytical approaches

[n this section compariscns between SITROS and other methods to calculate the equilibrinm
polarization level in the presence of depolarizing effects will be performed. The main aim of
this section is to show that STUROS results arc in good agreement with results derived by
the program SODOM [34] using a completely different treatment. Furthermere a comparison
with  sideband model for the betatron resonances [57] will be presenied showing qualitative
agreement, where the differences, as will be demonstrated, can he explained by the restrictions
of the sideband model,

6.1 Comparison with SODOM

SONOM ((8)pin-(O)rbit (D)ynamics using (O}ne-turn (M)ap) is a tracking code for the calcu-
lation of equilibrium electron polarization £.;; using one-turn spin maps written by K. Yokoya
[34]. SODOM evaluates 7 and 784/8y from the information of anmerical tracking of the
spincorbit mation without radiation. Pefy is then calculated using the Derbenev-Kondratenko
formula (eq. (2.14)). ‘

SODOM tracks particles with certain starting conditions in phase space to determinc the deriva-
sive of 7 with respect to 7 and to perform the integration of ydni/dy and |v87 /8] over the
orbital phase space. A special problem is the sampling of the longitudinal phase space be-
cause d depends strongly on the particle amplitudes in the longitudinal direction. One has
to decide what the maximum amplitude is which has to be included in the evaluation of the
integrals. This decision is related to the question of how important the particles in the rails of
vhe distribution are for the determination of the equilibrium pelarization (see section 3.6).

CELL{B} =QFH D B D QDH GDH D B D GFH

HRING(BY) = CELL(BV) 32+CELL(B) CAV 32*CELL(B) CELL{(BV)
RING = HRING(BUP) HRING (BDOWN)

QFH quad. length 0.5m. k=+0.09121608/m

QUH quad. length 0.6m. k=-0.08381805/m

D drift space. length 0.5m.

8 bend. length ém. angle 1.40625deg.

BUP vertical bend. 6m. +0.1ldeg.

EDOWN vertical bend. 6m. -0.ldeg.

CAV rf cavity. length Om. peak voltage 7BMV.

Table 1: Structure of the model ring from [75]

Becanse SODOM is not able to handle nenlinear orbit motion up to now and the possibility to
introduce magues distortions has just been included recently [76}, the comparison with SITROS
is performed for a model ring consisting of 128 identical FODO cells plus four vertical S-bend
cells (sec tab. (1)), The betatron tunes arc €2,=33.264 and Q.=28.37). The synchrotron
tune €, o, and a5 are 0.06243, 6.503 x 103m and 1.137 x 1072 at -Fy =20.74 GeV. The
closed orhit was determined neglecting radiation effects (z,m, = 1.0 x 107°m, Zums = Om). In
this model Lhe fig-axis is parallel to the vertical direction &, except in the S-bend cells where
it is tilted longitudinally by ~ 80 mrad at By ~ 20 GeV. The average vertical dispersion

D, generated is caleulated to be ~20 mm. As a result a first order synchrotron resonance

(474G, ) is excited. Owing to the spin tune modulation due to synchrotron oscillations higher
order sideband resonances are induced (47 + @, + m.(},,m, > 0) in the energy region 47<
~e <47.3. This region was chosen because the effect of the betatron resonances Qs Q. 15
very small in this interval due to the superperiodicity conditions of the latlice. Fig. {44) shows
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Figure 44: Equilibrium polurization for a model ring {lub. (1)) colculated by SODOM {dashed
line) and SITROS (points with errorbars). The solid curve shows the first order result from
SITF '

the SODOM result (dashed curve), the first order caleulation with SITF (solid curve] and the
STTROS result, (points with errorbars). The maximum lougitudinal particle amplitude used in
SODOM to perform the integration over the longitudinal phase space is 3oy, Contributicns
[rom particles with larger amplitudes have a neglegible-effect on Foyp. The SITROS calculation
takes into account particles up to 2.3a, (sce fig. (12}). Small differences due to the differcnt tail
sampling have been corrected by an increase of o, by a factor of 1.2 in SITROS adjusting the
excitation strenglh K properly. Ulie agrecment between SOBOM and SITROS is perfect. The
linear optical parameters arc alinost identical and the differences for the caleulated equilibrium
polarization between 47 and 47.3 are neglegible. ’

At least, for this artificial example these totally different treatments lead 1o to the same result.
Furthermore both programs demonstrate that the effect of depolarization far out in the iails of
the cnergy distribution can be neglected in Lhis example, where the depolarization is weak.

6.2 Comparison with a sideband model for betatron resonances

It the following subsection a comparison between SITROS and a sideband model lor betateon
resonances introduced by 5. Mane [57] will be performed. :

The sideband model predicts the strengihs of sidebands to a given isolated betatrou resonance
due to tunc modulaticn characterized by the tune modulaiion indes A%

- ds o oo :
MWT ) — At~ Z { Cap{A) Toiidm (A1)
§ |st3)\3 x/z o (y — ko QL_/.Z + 'thh)z zfzdm;
A ; exp [—A%) mJ ;
oo (Lo A 4 T a (W L A L B S 6.1
N N Ry e e SRR
where ./i:_'f; characterizes the strength of the betatron resonance at ¥ = & & Qupey Joye and Jy
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arc the damping partition numbers, f, is a modified Bessel function, m, denotes the order
of the sidebands » = k £ @7, + Qs This equation describes the main contribution to
depolarization in the Derbenev-Kondratenko formula (eq. (2.14)) under the condition that the
depolarization duc te a till of fs-axis is small. In this case the left part of eq. (6.1) can be
identificd with the ratio of the polarization buildup time 7, and the depolarization time 7y

WLy ds ik
T _ 44 pr ”’5§| )
- d.
T f oE

The equilibrium polarization is determined by eq. {2.11).

The caleulations are performed for a HERA lattice without imperfections but with an additional
systematic quadrupole twist of 0.1 mrad in the cnergy range 60 < av < 6} at a working point
(1, = 0.238, Q, = 0.328, @, = 0.072 . This sytematic distortion leads to a beam ellipse twist of
~ 35 mrad and a small fy-axis tilt of ~ 0.03 mrad around a7y = 60.5 and ~ 5 mrad at integer
spin tune. The generated vertical dispersion is D, ~ 1 mm. The rms values for the closed orbit
are ,,,s=0.51 mm and z,,,=0.004 mm. The finiteness of the vertical closed orbit originates
in the fact that the energy loss and gain leads to a small horizental ¢losed orbit distortion and
thus in the presence of skew quadrupole components to a small vertical closed orbit distertion.
The (, resonances arc induced by belatron coupling and the vertical dispersion. The tune
madulation index is calculated to be A% ~ 0.6.

The A+~ are determined by fitting the ratios 7,/ 7y, evaluated from the first order spin integrals
(in fact SITF uses a different approach, sec appendix A) for the individual oscillation modes
neglecting interference cffects in the caleulation of d (see appendix A). The fit {nnction for
isolated lirst order resonances of mode y is given by:

Doy ot Ay
Tdy (v — 60— Q¢ {v—61+Q,°

with Jy, = J, = 1, J, = 2. Fig. (15) shows the SYTF resuls for the firsi order spin inlegrals and
the fit. for 7,/74, using eq. (6.2). Large 7, /7, correspond to small cquilibrium polarization val-
nes. The last picture compares To(35, 1/74,) with the SITF resuit, which includes interference
effects. The significant differcnce between SITF and the fit can be explained by the neglect of
interference terms when adding up the squares of spin intcgrals for the iudividual modes. The
sidebands of the hetairon resonances are given by eq. (6.1) nsing the fitted A:”Z—. Considering
sidebands which satisfy the resonance conditons v = & £ Q. ++ m4(2, with || <5 and the
synchrotron resonances at # = & + (), one can iry lo compare the result for the equilibrium
polarization {fig. (48). Bottom) wilh the corresponding STTROS result (fig. (46), Top). The
resonance structure looks similar although the maximum predicted pelarization around the half

(6.2)

iteger s different.

The sideband model is very helpful to identify sideband resonances and to get an overview over
the resonance struciure which is dominated by the first order betatron resonances and their
sidebands. But i1 is nol able to predict the absolute polarization level. The main drawhack of
the method is the assumptbion of isolated resonances and nen-interference which is clearly not

fulfilled in the case of HERA.
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7  Summary

[n this work the algorithm of the Monte-Carle program SITROS originally writien by J. Kewisch
has been analyzed in detail. Several checks have been performed to make sure that the ap-
proximations which are needed to overcome computing time limitations are physically scusible
and that these have no undesirable influence on the simnulation results. The systematic and
statistical errors of the Monte-Carlo treatment have been studied in detail. ‘The polential prob-
lerus introduced hy the bad sampling of the tails of the tracked particle distributions have been
discussed. :

On the basis of this analysis the program has been applied te a HERA machine withoul rotalors
and comparisons have been made with several polarizalion measurements. The simujations
contain a realistic description of the machine conditions pertaining during the measurements.
The influence on the equilibrium polarization of the beam ellipse twist introduced by an cvenly
distributed skew quadrupole component in the ring observed in 1991 and the correction with
a decoupling bump have been studied in detail. The simulaticn results are in good agreement,
with the performed measurements. The behaviour of HERA concerning polarization in 1991
can be understood on the basis of the Monte-Carlo studies.

A special spin-orbil correction scheme has been tested in SI'TRQS before the application in
the control room in summer 1992, The simulations show an significant increase in polarization
due 1o the application of the scheme although the correction method is based on first order
perturbation theory. Nevertheless, the synchrotron sidcbands to the horizontal and vertical
betatron spin resonances are predicted to remain strong. The sidebanes to vertical betatron spin
resonances are cspecially strong up to high order. Again comparisons belween measnrements
and simulations with realistic machine conditions have been performed. The agreemeus is
encoutaging.

On the basis of the experience with STTROS for HERA without rotators the program has been
used to predict the equilibrium polarization level for a machine with one spin rotator pair in
the east straight section of the ring. This rotator pair will be installed in 1994 1o provide
longitudinal polavization for the HERMES experiment. The simulations indicate that it is
possible 1o get a high degree of polarization by a proper spin matching of the optic and a
correction of special harmonies of the spin-orbit coupling function with the above mentioncd
correction scheme,

The effect of an oscillating radial magnctic dipole ficld on the polatization has beer studied.
The dependence of the widths of the induced resonances on the strength of the integrated
dipole field have been calculated. The possibility of polarization fiip has been studied. The
first measurements made in 1993 are consistent with the simulation results.

STTROS has been compared with the program SODOM written by K. Yokoya in which he uscs
a different approach to calculate the equilibrium polarizalion. For a model ring which is similar
o TRISTAN, operated at KFK, the results of both programs are in excellent agreznent. In
addition SITROS has been applied ta a weakly distorled HERA optic to compare it with a
sideband model intreduced by 8. Mane which is based on the assumption of isolated beta-
tron spin resonances in the case of an only slightly tilted rig-axis. [t has been found that the
assumption of isolated resonances cannot be made, leading to quantitatively dillerent results.
Nevertheless the sideband model represents a good method to get a quick sverview over the
sideband structure. ’

It has been demonstrated that SITROS is able to madel HERA in a realistic way. Thus all
changes to the machine conditions can be simulated in SITROS to estimate the possible influ-
ence on the equilibrinm polarization. In the future the influence of the bearm-beam intcraction
has to be studied in detail to answer the question whether a high degree of longitudinal polar-
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ization is possible under luminosity conditions.
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A Polarization calculation in first order approximation

Thig appendix is wrilten with the intentici to give a shorl introduction to the first order polar-
izalion theory and thus to introduce the quantities which are necessary for the iuterpretation
of the tracking results. In fact many results given by the spin tracking can be interpreved on
the basis of first order polarization theory. Furthermore the first order pelarization calculations
performed by SITF aze an important independent check of the tracking calculations. The ap-
pendix follows the argumentation of K. Yokoya [77]. Tollowing section 3.4 the spin motion ls
governed by the Thomas-BMT equation:

F =<8 (A1)

where (1 deseribes the precession with respect to the design coordinate frame and is given for
example at § = 0 by:

0 = (ay+ 1) (bt te v (k=hl-jh - ch)z
+ (—k — by — johy — Eghz) z — csgz’) — avhyr’ — k.

0. = (ay+ 1) (hatiebest (—k R h fh) J:
+ (k= Bk, — b, — eehi)z =t} —ovhee —hy
Q, = (14a)(h— hehor — hohoz) — (a7 + 1) e’ — 2]

) can be written as a sum of two parts (see eq. {3.23)):

0 =0+, (A.2)

where 1°° denotes the angular frequency vector on the closed orbit which is a periodic quantity
sy = Qs + L) and & deseribes the aperiodic coniributions of the orbilal molion to (.

The solution of the corresponding differential equation for the periodic parl 0

—

§r=g (A.3)

can be expressed as a linear combinalion of three orthonormal solutions rip(s), mis) and (s},

where 7ig{s) is the periodic solution defined in eq. (3.21). The vectors (s} and I{s) satisty the

condition:
S misH LYy ( cos (27} —sin(2xv) m(s) (AA)
s+ L) )\ sin{2nv)  cos(2my) ifs) }° o
where v is the spin tune. The formal solution G of eq. (A.1) can be wrillen in terms of this
orthonormal spin basis:

§= Vl —a? — 3% fy+arm b ,HE (A.5)

where o and /4 arc solutions of the following nonlinear system of differential equations:
o = l-at— @ ol po {A.6)
g = —J1—or— 5 T+ adi. (A7)

These equations contain two different sources of nonlinearity of the spin motion: ~

1. The aperiodic function & is in general a noniinear function of the phase space covrdinates,
which is the case even for completely linear motion.

-7
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9 The fact that the solutions of Lhe Thomas-BM'F equation are three dimensional rotations
leaels to the T — af — 37 terms and the terms including 7, in eq. (A.7]. Even if & s
Linear in the phase space eoordinales the solutions o and 3 have a ponlinear dependence

on these coordinales due fo the nonlincarity of eq. (A7) in a and 8.

Eq. (A7) is linearized by considering only Hinear orhit motion, linearizing & in the orbital
coordinates and by assuming that the spin vector S remains close lo fig which leads to the
situation thal « and 3 are always small quantities. Thus the system of differential equations
reduces to:

o = ol (A.8)

and & is given by:

%

A

= fig + R+ f‘][.

Neglecting the contributions from the bending magnets which are mainly absorbed by the
scriodic solution g and assuming that no skew guadrupole fields arc present & becomes in
limear approximation: ’

D = (ay + Dk (28, ~ xé}, {A.9)
where & denotes the quadrupole strength. Now consider a patticle undergoing no synchro-
betatzon oscillations. At s = s a photon of the energy Ad = —AL/ Ky is emitted. After the

emission of the photon the motion is given by:

vols) = L [ tsaly B e (0alo) 4 amabou/FlS) e (it e (< -5
zals) = %Ac‘f[az(s(])mexp(wsz(s))'5'U—z(su)\/ﬁ:i;jcxl‘(*i‘ﬁz(ﬁ))] exp (—%L}E)
5(s) = ]Q-m (s(50) exp (i65(5)) + a_s(s0) exp (— ()] exp (—Tis"" —), (A.10)
where
auelon) = T EHERT ) o (i o)
oton) = RO D) i )
axa(se) = cxp{Fid.(s0})

and 3, @y, dy, Iy, D) (y = 3,2, s} denote the usual machine functions. The 7, are the damping

times derived in sechion 3.1, Substituting = = 244+ 6 D, and z = z5 + § - L. in eq. {A.9) &
becomes:

B 1 -~ o 1s—sg

W(s) = 5.&52(15;(3(])&;‘:;(5}6)('{) e

3 f .

7j

)1 = 4t bz, Es (AL
with

Gie = (a7 Dk Boexp (Hidels))z.

Gre = Ly + kA exp(£ig,(5))é,
e o= (e + Dk(D,8 - D8 ) exp(Eie.(s))

The «; lake over the quasi-periodicity of the synchro-betatron oscillations:
Gy {8+ L) = exp(£i2rQ )0y, (s), y=z,2,8 (A.12)
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where , are the orbital tunes. The spin motion after the emission of a photon Ad at sy can
be obtained by solving eq. [A.8) with & given by eq, {(A.11) in the form:

§ = 7y + Abdis, s0),

with

-

d(s. 50) = ELE (a3, 50)7% + B(s, so)l) .

For s -+ oo the quantities o{s,s¢) and f3(s,se) converge to constants afco, s) and (oo, su).
dise) is then given by [77]:

- 1 o y . i ‘
d{s0) = 51m (B (50} (Co 4+ Coa + O + Cop + Oy ) (A.13)
with . .
R{s) = mi{s) +il(s) = Koo + K8 + K&
and
ay+1 o fswb y [ ‘ ]
Cyplsg) xp (7o —0,)) 7.1.».13(50) 8 ds Kz‘ kv/ By exp (+i¢y) .,
ay+1 soth [ . ]
J z = - - 28 d T’ z € z A
Cs:(0) exp {i2n(v — @:)) — 1 (o) ~/-9n | k\/,Er-xp(:i:icb ) of (A-14)
3 ay+1 et e
Culio) = gl [, 4D K = Da) kesp (i

- T'his solution for Add describes the contributions a particle spin vector gets in the /i and
I direction by the emission of a photon with energy A& at an arbitrary position s in the
ting. Thus d can be identified with the more general object +8i /0~ given in the Derbenev-
Kondratenko formula eq. {2.14 under the condition that the spin vector remains close to the
fo-axis. This allows to calculate the depolarization rate 1/7; using eq. (2.12) in first order
approximation.

Fq. (A.14) contains resonznce denominators which lead te large dund thus large ¢ arization
rates 1/74 whenever the spin tunc » is near to one of the orbital tuncs Gy

vo= k4 melds 4+ Qe+ mee,  with || 4 | 4 g =1, (A.13)

where k,m.,, ate integers. The auy lead to “excitation factors” in ‘(ﬂz = a?(o0, 80) + %20, 50)
of the form: )
Dy (.’);ﬂy + Dyo, )
aiyaiy =
B

with y = 2, z, which shows for example that D, generated by imperfections in a “Hat” ring can
be dangerous and cnhance depolarization. Thus the vertical dispersion should be minimized.

Although the estimates for the linearized motion just given is based on intuitive argumeits,
the same result can be obtained by a more formal method. At the linear level (eq. (A.8)) the
differential equation for the spin coordinates o and 8 can be combined with the 6 x 6 equa-
tions of the orbit motion to obtain an 8 % § system of linear stochastic differential equations
far combined spin-orbit motion {31][32]. These can be solved to obtain the rate of increase of
< o2 + 8% > and then the depolarization rate 1/73. This method has been implemented in
the programs SLIM [31] and SITF. All first order polatization calulations prescnted in the text
are performed with the program SITF. The SLIM formalism has heen reformulated to describe

Firl

the orbital inotion in terms of  functions and dispersion [78]. An 8 x 8 system of stochastic
equations is again obtained. But now 1/74 is written in terms of one turn integrals involving 4
functions and dispersion. The results obtained are numerically almost identical to those given
by the original SLIM formalism. The expressions are identical to those (eq. (A.14)) derived
from the heuristic approach introduced at the beginning of this appendix.

Eq. (A.8) can also be applied to the periodic orbit motion on the closed orbit. Oue defines a iy
on the design orbit and caleulates 67y, which is induced by imperfections in the ring, to obtain
fio+ 87ig on the closed orbit by solving eq. (A.8), where éfiq = a*mi+ 8% = Re [(aw — 14 K]
and contains onc burn integrals and resonance denominators (see eq. (A.14). The solutions can
be Fourier analyzed in the orbital coordinates:

fe exp <i2ﬂki). (4.16)
—V

k L

ff — i) sy =—iy.

k

It is clear that the Fourier harmonics fy which are near to the integer part of the spin tune are

the most dangerous. The values of the fi depend linearly on the distortions of the ring elements.

In the case of IIERA it was found that four of these harmonics need to be controlled. This

is done by the application of a special harmonic bump scheme {60] consisting of eight bumps

in the arcs of HERA which is controlled by eight independent parameters for the correction of

the harmonics. The harmonics can be minimized separately and the result is given by linear
superpasition.
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B Changes to the SITROS code

The main problem in using SITROS was duc to limitations in computing time:
1. The small number of tracked turns {< 3000)
2. The bad sampling ol the tails of the tracked particle distribution
3. 'I'he small number of particles to represent the beam (< 50)

4. The small number of sections and radiators to represens the elements in the ring and the
dynamical behaviour of the pariicles due to qanntum excitation (< 8)

What was done to overcome these problems 7

The progrant was translerred from a relatively slow IBM 3050/6 with strong computing time
limitations to a UNIX based iewlett Packard workstation of the type HP 9000/730 wilh an
advanced processor architecture. Central tracking routines, implemented in the Assembler
language on the IBM, were rewritten to fit to this architecture (mainly effeciing the malrix
operaiions). SITROS got a new X Windows' based user interface which allows it to make
cfficient use of the program features. Dne to the gain in available computing time on several
workstations (including DEC Statiou(s) 3100 and a SUN Sparcstation 10) it was possible to
push the limits to a regime where they do no harm { ensembles with 1000 particles, 32 sections

' corresponding to 30 radiation points. tracking for 1 107 turns}. Special runs can be made
. where one tracks more parlicles for a longer time. Several important checks on the remaining

limitations were performed which can be found in section 3. Further improvements to the
program. include :

L. Some linear orbit calculations were implemented to get mmore information about the linear
behaviour of the program including the caleulation of equilibrium beam sizes and heam
twists, which was important for the analysis of the TTERA performance (see section 3.

2. The knowledge of these quantities ailowes a much bettor and automatized control of the
main tracking conditions (beam sizes) and was used to implement an excitalion coutrol
algorithm.

3. The program was rewritten to simulale polarization optimisations with 2 special harmonic
bump scheme [60] to predict the maximum aitainable polarization. This scheme was later
successfully used to increase the polarization in HERA (section 3.

4. SITROS is now able to handle various bump schemes including bumps reducing the
coupling between vertical and horizontal motion and dispersion bumps to increase the
polarization. '

5. A time varying dipole field was introduced to simulate the effect an the polarization {see
depolarizer calenlations in sectlon 5.3) stepping over a cerlain {requency range to get

resonance curves which can be compared with corresponding measurements.

6. Various post processing routines exist to exarmine the output of the Monte-Carlo program.
Interfaces to several standard graphic programs are available,

In tab. (1) the computing time needed for the different parts of the SITROS program Is sum-
marized for three types of workstations. The chosen input parameters given in Lhe column
“(lfomments” are “typical” parameters for a SITROS run.

IThe X Window System is a trademark of the Massachusetts institute of Technology.
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[Trogram | [77 options | P 9000/730 [ SUN Sparc JO[ DEC 3100 | Commeats ]
‘ 02 K 2mH5 j 6m20 | linear calculations
. SITA -03 fm19 (c.0., fo, Tpy Pao)
fast 03 5m00 16 sections
-4 tm26 101 energies
T 07K 0m0% T 0ma0 tracking parameters
STl -03 Omll and initialization
-fast O3 Omll of files
-04 Bm1l ]
T -02 -K 2mh2 T 5m20 | orbital tracking
SITC -03 ] Am20 at central energy
fast -O3 3mds {6 x 6-matrices)
-04 4md2 50 particles, 5000 turns
-02 K 1h42m14 R Thilmb0 | orbitaldspin tracking
ST} -0 Sh3Tmd6 for 101 energics
-fast -03 4h48m15 (410 x 28-matrices)
-04 5h38m05 50 particles, 3000 turns
02 -K 1mG4 2m25 postprocessing
SITI ¢ -03 Im33
-fast -03 1m33
04 1m33
-02 K lmb2 B 4m12 | Huear polarization
SITF -03 327 calculations
fast O3 2mb6 {perturbation theory
| -0 3mid7T 18t order])

Teble 1: Compuling lime needed by the modules of the SITROS program for three fypes of
workstutions . ‘
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