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Pre-existing betatron motion and spin ipping with RF�elds in storage rings.Desmond Barber.Deutshes Elektronen{Synhrotron, DESY, Hamburg, GermanyUniversity of Liverpool, UKCokroft Institute, Daresbury, UK.30 September 2010
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For students of the reent history of these matters:
Every loud has a silver lining. { English proverb
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Physis now stands on three legs { has three branhes

� Experimental physis� Theoretial physis� Computational physis
{ FZ Juelih: publiity material about the powerful omputers.
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Essential, pre-requisite tools and knowledge:� The T-BMT equation for spin motion:d~S=ds = ~
(z; s)� ~S; ~
(z; s) = ~
0(s) + ~!(z; s); z = (x; px; y; py ; �; Æ); � = 2�s=C� The 1-turn periodi oordinate system on the CO: ^l(s); ^n0(s); ^m(s)� The invariant spin �eld (ISF):^n(z; s) or ^n(z; �); ^n(z; s+ C) = ^n(z; s)� The spin tune on the losed orbit �0: = a0 in a simple perfetly at ring.� The uniform invariant frame �eld (u-IFF): ^u1(z; s); ^n(z; s); ^u2(z; s)� The equivalene lass of amplitude dependent spin tunes (ADST).� The naive single resonane model (SRM) for the ISF and ADST: a single Fourierharmoni of ~!(z; s) � (^l(s)� i ^m(s)) has dominant ontrol of spin motion=) the spin tune �0 on the losed orbit mathes an orbital tune:�0 = � = k0 �QI; k0 �QII; k0 �QIII or �0 = � = k0 �Qrf for an integer k0.� The well known notation for the SRM. For example:Æ = �0 � �, the resonane strength ��� The naive Froissart{Stora formula for survival of vertial polarisation (1960!) whenÆ rosses 0: S�nalyj~Sj = 2 exp(��)� 1 = 2 exp (��j�v�j22�FS ) � 1 ; �FS = dÆd�
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COSY
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The SLIM/SLICK formalismLinearised orbital and spin motion for �rst order analytial estimates of radiative depolarisationin eletron storage rings, e.g., HERA, eRHIC, ELIC, ENC�FAIR, SuperB, LHeC.....Attah an orthonormal 1-turn periodi oordinate system ^l(s); ^n0(s); ^m(s) to the losed orbit.^n0(s) obeys the BMT equation on the losed orbit { \the stable spin diretion".~S � ^n0(s) + � ^m(s) + �^l(s)�; �: 2 small spin tilt angles | have subtrated out the big rotations!

^M8�8 = 0� M6�6 06�2G2�6 D2�2 1Aating on ~z = (x; px; y; py; �; Æ) and �; �G2�6 represents the linearised solution of the T-BMT equation for �; � .This is the SLIM formalism: originally A.W. Chao 1981 { working at DESY.Theory and odes developed further by H. Mais and G. Ripken, D. Barber.D. Barber: also a thik-lens version, SLICK and with Monte-Carlo extensions, SLICKTRACK.
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‘big photon noise’
spin−orbit tracking

Orbit excitation

also beam−beam

‘big photon noise’

6x6 covariance matrix

Choose

‘‘Main’’

8x8 damped 6x6 damped

misalignments

‘big photon noise’

orbit tracking 
linearised M−C

and control files
Read optic/layout

non−linear M−C

3−D spin
with

orbit tracking 

6x6 damped
linearised M−C

with

Also: acceleration and spin flipOld + New
(done)

== = = old (SLICK) (in progress)
New

as in analytical (D−K)

−−> equil. 6x6 cov. mat.
as in analyticalττ τ

damping    constants

8x8 covariance mat.

New
(done) = Planned

dep−−> P−−> eq
dep−−> P−−> eq

τ

from symp. E.V.s
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linearised spin

motion using 8x8
matrices + D−K
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Correct the C.O.

6x6 formalism

Final C.O.

linearised optic
6x6 symplectic 

wrt C.O.
eigenvectors

damping constants
Robinson theorem

damping times

6x6 damped
linearised optic

wrt C.O.

3 emittanceseigenvectors
Dispersions

‘‘in line’’
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The structure of SLICKTRACK

tunes

also beam−beam

‘big photon noise’
orbit tracking 
linearised M−C

6x6 damped

−−> eq
−−> Pdep−−>eq

−−> Pdep

‘‘Main’’

3−D spin
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Using G2�6 to get �tot; �rfd etSee for example:� G.H. Ho�staetter, \High Energy Polarised Proton Beams: a Modern View", Springer Tratin Modern Physis, Vol 218 (2006).� M. Vogt, PhD Thesis, University of Hamburg, Germany, DESY-THESIS-2000-054 (2000):http://www-library.desy.de/preparh/desy/thesis/desy-thesis-00-054.pdf� D.P. Barber and G. Ripken in \Handbook of Aelerator Physis and Engineering", Eds:A.W. Chao and M. Tigner, World Sienti�, 3rd printing (2006).Just need the 1-turn G2�6 for free synhro-betatron motion and with the RFD, a trivialextension for the fored motion + a term for the RFD itself.For example, for free synhro-betatron motion:�sb� = 12� (1 i) ��G(C; 0)p2Jke�i �k �vk(0)Or do long term traking and averaging to get the Fourier integral.Any ring geometry, any misalignment, any linear oupling.Full 6-D orbital motion!No need for obsene ontortions!
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Getting � by traking or eigenanalysis:inluding the (inhomogeneous) rf dipole with the matrix G2�6
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‘‘in line’’
Correct the C.O.

6x6 formalism

Final C.O.

Read optic/layout
and control files

misalignments
Choose

The structure of EpsSLICK

optics checks
Linear, uncoupled


parts

,
tot

ε−−>
(Full sync−beta motion)

(Full 3−D spin motion)

spin−orbit tracking
with

2x6 ‘G’ matrix  + RFD

Any coupling
Any misalignment

Spin flip 

simulations

= old (SLICK) = New = Old + New

,ε
rfd variousε

8x8 linearised

‘‘Main’’

8x8 linearised
 eigen−analysis

with
2x6 ‘G’ matrix  + RFD

Any coupling
Any misalignment

various
parts

,
tot

ε,
rfd

ε−−> ε

Inv. spin field
Inv. tensor field
by stroboscopic 

averaging

‘‘Main’’
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Diagnostis!

Swith spin-orbit oupling o�/on to see what does what.

For example:Chek that �rfd omes out orretly.Study ontributions from y00; y0; y.Getting the relative signs right.
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The scaling factors E = ε/εrfd of the resonance strength in COSY for protons at 2.1 GeV/c

Etot 

Ey’’,y’ (rfd+ring)

EyK’  

2 * ES@C data

2 * ES@C    fit 

The values for Ey00 (rfd + ring) on�rm earlier preliminary results (2006!) from A. Lehrah.The values for Ey00;y0(rfd + ring) are on�rmed by M. Vogt with the ode SPRINT.Nothing unexpeted { just well known e�ets. Subjet losed.
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Spin ip simulations:Extend the 8x8 formalism of basi SLICK to handle full 3-D spin motion. A perfet formalismfor suh problems.�4 kHz � �57j�rf� j. Spins initially parallel to ISF....i.e vertial.Run down the RF amplitude at the end. � = 1 =) S�naln0 = �0:264.
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The vertical component of spin vector, evolution from turn to turn.
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Now look properlybeyond the naive SRM:^nrf(�rf) = (sgn Ærf)�Ærf ^n0(s) + j�rf� j (^l(s) os ��rf + ^m(s) sin ��rf)��rf ;where Ærf = �0 � �rf , �rf =q(Ærf)2 + j�rf� j2 and ��rf = �rf� � �� � � where �� is the phase of �rf� .j�rf� j = 47:2� 10�6; �rf = 5�Qrf ; Qrf � 0:605The ^l(s) and ^m(s) are hosen so that spins on the CO preess at the uniform rate �0 in the(^l(s); ^n0(s); ^m(s)) frame | NOT using (^x; ^y; ^s) =) any ring geometry.Protons, just before the RFD. RFD + fored solution. Ærf = �j�rf� j
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Inlude large-amplitude pre-existing vertial betatron motion.| o� spin-orbit resonane.

� No misalignments� 2:1 GeV/ =) �0 = a0 = 4:395� Qy = 3:580; Qx = 3:543� �v = 8�Qy =) Æv = �0 +Qy � 8 = �0:02490:::� Before ooling, the 3�� vertial emittane for protons at 2:1 GeV/ is 2��4� mm.mrad.For 4� mm.mrad: �maxy � 32 metre =) ymax � 11 mm.� For this simulation, sit ON the 18� mm.mrad ellipse and imagine that the motion is stilllinear.Then ymax � 24 mm: Relax! it's only a simulation!
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Then:
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What's happening?
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The \ground state" has shifted!!! and so has the spin tune{ and this is not just naive interferene.
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The uniform Invariant Frame Field

� ^u1(z; s); ^n(z; s); ^u2(z; s) with ^u1(z; s+ C) = ^u1(z; s) and ^u2(z; s+ C) = ^u2(z; s)� { a loal oordinate system attahed to eah (z; s) to appraise spin motion as partiles owthrough phase spae. No History. Generalises ^l(s); ^n0(s); ^m(s)� ^u1(z; s) and ^u2(z; s) are hosen so that spins preess at a uniform rate.
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The proper de�nition of spin tune and spin-orbit resonaneSee \Quasiperiodi spin{orbit motion and spin tunes in storage rings"Barber, Ellison and Heinemann, PRST-AB, 7, 124002 (2004).� An ADST �(J) desribes the rate of uniform spin preession around ^n in a u-IFF.(^u1(z; s); ^n(z; s); ^u2(z; s)). where J is the list of 3 amplitudes or, if an external RF �eld isapplied, 4 amplitudes.� The transform ^u1 � i^u2 =) (^u1 � i^u2) expf(j0 + j �Q)�g with (j0; j) 2 Z � Z3auses the hange �(J) =) ��(J) + j0 + j �Q� This motivates the de�nition of an equivalene relation where �1 and �2 in [0; 1) are said tobe equivalent - and we write �1 � �2 - i� there exist ("; j0; j) 2 f�1; 1g � Z � Z3 suh that�2 = "�1 + j0 + j �Q.� =) The ADST is an equivalene lass! { ountably in�nite in size.� The system is on spin-orbit resonane if the equivalene lass ontains 0,i.e. if some �(J) = j0 + j �Q.� The ondition �0 = j0 + j �Q is NOT a spin-orbit resonane ondition but the system will benear resonane if some �(J) � �0.� Systems tend to avoid exat resonane! { see the SRM� The ADST does not exist on orbital resonane.
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The preferred member of the equivalene lass

� The equivalene lass is ountably in�nite� The member �(J) whih ! ��0 as its u-IFF redues smoothly to (^l(s); ^n0(s); ^m(s)){ if suh a member exists.� =) these (^u1(z; s); ^u2(z; s)) are the generalisation of (^l(s); ^m(s))� The new referene spin tune is the preferred member of the ADST of thenew ground state!!
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The spin motion for the pre-existing vertial betatron motion?Just before the RFD
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The SRM for vertial betatron motion

^nv(s; ��) = (sgn Æv)�Æv^n0(s) + j�v�j (^l(s) os ��� + ^m(s) sin ���)��vwhere �v =p(Æv)2 + j�v�j2 with Æv = �0��v and ��� = ��v���+� where �� is the phase of �v�.� With Æv = �0:02490 and ^nvn0 = 0:934, j�v�j should be 0:009582.� This agrees exatly with the value from the Fourier integral� ^nvn0 = 1=p2 when Æv = �j�v�j et et.=) spin motion for the pre-existing vertial betatron motion is well desribed by an SRM |expeted!
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The preferred member of the ADST for the SRMThe preferred member of the ADST for the SRM is�(Jy) = ��v + �v =) �(Jy)� �0 = ��v � Æv = �0:001779::: The shift is negative!� The full �0 = 4:39498 at 2.1 GeV/� The shift represents about 2.6 kHz in the original san range of �4 kHz!=) Chao's \matrix formalism" would not be too relevant.� Spetral analysis of spin motion with Theorem 9.1. in BEH (2004):Lines at j��(Jy) + j0 + jyQy : j� 2 f0; 1;�1g The line with [�(Jy)℄ = 0:393201:::: isprominent� The Qrf at whih spins ip in a Froissart-Stora san is shifted upwards by 0.001779
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� = 1 with ~S initially parallel to ^nv: �nal average -0.11 instead of -0.264.
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Everything is onsistent, and with the RFD running suh that ~Ærf := �(Jy) � �rf = 0 we get
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The ^n0 omponent of the full ISF
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A surfae so that the ISF is a single valued funtion of the phases �rf and �y as required.A very simple form, being very well parametrised by the funtion^nn0(�rf ; �y) = (j�v�j=�v) osf[(�rf � �y)=2�℄g
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Now view within the u-IFF of the pre-existingvertial betatron motion
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[φrf/2π]An SRM within an SRM!

^nfull(�v; �rf) = (sgn ~Ærf)�~Ærf^nv + j~�rf� j(^uv1 os ��rf + ^uv2 sin ��rf)�~�rf ;~�rf� is the resonane strength in the u-IFF, and ~�rf =q(~Ærf)2 + j~�rf� j2 and ~Ærf = �(J) � �rfWhat is j~�rf� j???We naively expet:j~�rf� j � j�rf� j sine ^nv is tilted from the vertial while the perturbing �elds are horizontal.
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Three tests� With j~Ærf j = j~�rf� j � f j�rf� j = 0:901 j�rf� j �! ^nfull � ^nv = 1=p2 et et� The Froissart-Stora formula desribes the level of adiabati invariane of ~S � ^nA san with ~S initially parallel to ^nv and observing the �nal ^nfull � ^nv i.e. a F-S san withinthe u-IFF. For f = 0:901
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Final Sn
F-S prediction

A san with f = 1:0 gives a bad �t.� With the RFD inluded at various Qrf the \preferred member of the ADST" in the u-IFF(instead of in (^l; ^n0; ^m) frame) should be:�full = (sgn ~Ærf)~�rf + �rf = (sgn ~Ærf)~�rf + �(Jy)� ~Ærf :Spetral analysis of spin motion inluding the RFD:With Theorem 9.1. in BEH (2004), the observed spetra require that j~�rf� j = 0:901 j�rf� j
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Now some fun with spinorsThe Pauli matries and spinors (NOT wavefuntions!):�l = 0� 0 �ii 0 1A ; �n0 = 0� 1 00 �1 1A ; �m = 0� 0 11 0 1A ; ~S = 	y~�	With two dominant harmonis in ~!(z; s) � (^l(s) � i ^m(s)) :d	d� = � i20� � �0 �i(�v�)� exp(i�v�)� i(�rf� )� exp(i�rf�)i�v� exp(�i�v�) + i�rf� exp(�i�rf�) �0 1A	Then with a sequene of unitary transformations into the u-IFF (Maple):d	ui�d� = � i2(Mres +D+N)	ui� ;

Mres = 0� � �(Jy) �i(Erf� )� exp(i�rf�)iErf� exp(�i�rf�) �(Jy) 1A ;with (D;N) osillating but far o� resonane and with (D;N)! 0 as the omponent ^nvn0 ! 1jErf� j = (1 + ^nvn0)2 j�rf� j(~Æ=0) = 0:967� j�rf� j(~Æ=0) for ^nvn0 = 0:934BUT, j�rf� j(~Æ=0) = 0:930� j�rf� j(Æ=0) =) j~�rf� j = jErf� j = 0:899� j�rf� j(Æ=0) =) f = 0:899 !!!
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...and some serious stu� with COSY� If spin motion for pre-existing vertial betatron motion is desribed by an SRM and j�v�j isknown, we know the preferred member of the ADST.� At �xed j�v�j: j�(Jy)� �0j = j � �v � Ævj inreases as jÆvj dereases.� Measurements of resonane strengths for protons were made at Qy = 3:6 =) Æv = �0:0050.� Then if j�v�j is insensitive to Qy, �(Jy)� �0 = �0:00158 ON the ellipse with 3:6 mm.mrad.=) ymax � 10:7 mm.� Two parameters: the preferred member of the ADST for the pre-existing vertial betatronmotion �(J) and the attenuation f . Suggestion� Run at Qy = 3:6 and 2:1 GeV/ with polarised protons.� Cool the beam to get a 3�� vertial emittane of � 0:3 mm.mrad.� Use a vertial kiker to put the beam onto ellipses in the range 0� 3:6 mm.mrad.� Use the �eld of the RF solenoid as a probe to measure �(Jy)� �0 by measuring the RF tuneneeded to get zero time averaged vertial polarisation in eah ase and hek the dependeneof �(Jy)� �0 on Jy against the expetation.� Or run at Qy = 3:58 and a0 = 4:4148:::.
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Why?(1) Beause it's never been done.(2) Beause the literature on spin tune shifts ontains too muh mumbo-jumbo.(3) Beause COSY is perfetly plaed and has a very experiened rew.(4) Beause people wanting to measure beam energies very preisely might want to have a betterunderstanding of the systematis. See (2).(5) Et..... Questions:� Is it feasible to put the beam on the ellipse? See DESY 09-15 { in preparation.� Can the energy spread be kept low enough? Orbit length?� How long does the beam stay on the ellipse (non-linear motion, sattering in the polarimeter,IBS, spae harge, image fores....)?� How an the phase spae distribution be measured for heking that the partiles are on/o�the ellipse?� If it's only a short time, is it feasible to set up an injetion/measurement routine that andeliver enough preision?� Et. =) Homework for the COSY rew.In simple rings the shifts might be bigger at higher energies { we need large j�v�j
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Summary� Going beyond the ommon pereption that non-spin-resonant bakground vertial betatronmotion is not too interesting.� With appropriate omputational tools:{ Strobosopi averaging to get the ISF in general situations without models,{ EÆient spin-orbit traking{ Spetral analysis� and learly de�ned mathematial onepts with theorems (rigour). E.g. the proper de�nitionof the ADST based on onventional mathematis!=) EÆient analysis.� The resonane strength for the RFD does depend on the oordinate system

AND =) A suggestion for a test using COSY, a perfet faility with its experts.=) A hane to lean up this business of spin tune shifts.Confusions, ignorane and laziness about suh shifts in the literature.

More information in DESY 09-15 { in preparation.
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When you get too old to hunt, you teah a ourse on how to read bu�alo shit.(Eldon Dedini: The Traker Magazine 1985.)


