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The appliation of the amplitude dependent spin tunefor the study of high order spin{orbitresonanes in storage rings.D.P. Barber and G.H. Ho�st�atterDeutshes Elektronen{Synhrotron (DESY), Hamburg, GermanyM. VogtUniversity of New Mexio, Albuquerque, USA.16 September 2000
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PhilosophyA proper understanding of spin{orbit resonane struture at high energy in storage rings anonly be obtained with a orret de�nition of the \spin tune". This in turn requires establishing aproper oordinate system for \measuring" spin preession and that leads to the notion of the\invariant spin �eld",whih in turn failitates disussion of:� Stationary polarisation states.� Maximum attainable polarization.� Perturbation theory | if needed, e.g. noise, non-linear �elds, beam-beam.....
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A vetor �eld ^f of unit length in real 3{D spaeovering the 6{D phase spae at eah s and 1{turn periodi:. ^f(~u; s) with ~u � (x; px; y; py; z; pz)^f (~u; s+ C) = ^f (~u; s)d ^fds = � ^f�s + Xk=I;II;III dxkds � ^f�xk + dpkds � ^f�pk = ~G ^f (~u; s) = ~F (~u; s) � ^f| {z }�xed length!preession=====> � ^f�s = fHorb; ^fg+ ~F (~u; s)� ^fNow insist that this is the T{BMT equation!d ^fds = ~
(~u; s)� ^fRename: ^f �! ^nHave now set up the:
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The Invariant Spin Field, ^n. � So far just phase spae: partiles ome later!� ~n(M(~u; s); s) = R3�3(~u; s)~n(~u; s)This is NOT the eigenproblem ~N(~u; s) = R3�3(~u; s) ~N(~u; s)� On the losed orbit ^n(~u; s) �! ^n(~0; s) � ^n0(s).� ===> ^n and ^n0(s) should not be onfused!!!� ^n is alled the INVARIANT SPIN FIELD.� The invariant spin �eld for 1 plane of orbit motion is a smooth losed vetorurve. But ^n is NOT a \losed spin solution"!!!!� For 3 planes of orbit motion ^n is on a smooth surfae but is not losed.
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� Again: this is NOT the eigenproblem ~N(~u; s) = R3�3 (~u; s) ~N (~u; s)� ~N(~u; s): with 1 plane of motion it gives a smooth losed vetor urve whih repeats after 1turn.� But beyond the �rst turn the FIELD ~N (~u; s) does not repeat: IT IS NOT AN INVARIANTFIELD.� ~N is NOT EVEN A SOLUTION OF THE T{BMT EQUATION everywhere!
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More:� Existene of ^n: for general 6{D orbits, heavy mathematis, non{trivial, lots of work at DESY.� But the DESY algorithms so far work: pragmatism.� Plim(s) � Z d6u �eq(~u; s)^n(~u; s)is the maximum stationary polarization that an be ahieved: all points inphase spae fully polarized.� ===> estimate this before simulating aeleration!!!� At very high energy the resonane phenomena are very dense even with snakes===> models, folk lore, reeived wisdom, popular prejudie are all useless.Need traking simulations.
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The single resonane model (SRM)............Easy to show that ~n( + 2�Q) = R3�3 ( )~n( )Note that as Æ = � �Q ranges over �1, N passes through horizontal an in�nite number of times!But ^n passes through the horizontal one ===>The N from ~N( ) = R3�3 ( ) ~N ( ) is totally useless!
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Spin tune and the de�nition of resonane. � ^n(~u; s) is a unique unit vetor �eld on phase spae obeying T{BMT.� Attah 2 other unit vetors ^n1(~u; s); ^n2(~u; s) to eah (~u; s) ===>� (^n1; ^n2; ^n) form a right handed orthonormal oordinate system at eah (~u; s) ===>� have a loal oordinate system at eah point ~u and s ===> de�nes parallel transport .f.gauge theory, di�erential geometry.Still no partiles in the story!
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Now add partiles ying through phase spae.� Away from orbital resonane ^n1(~u; s); ^n2(~u; s) an be hosen so that spins ying throughphase spae preess around ^n uniformly w.r.t. the ^n1(~u; s); ^n2(~u; s) plane:� ~S � ^n is onstant along an orbit, in fat an integral of motion.� The preession rate �(Jx; Jy; Jz) is independent of  x;  y;  z; s.� That's the spin tune! ===> ation{angle variables for spin.� The resonane ondition is�(Jx; Jy; Jz) = k0 + kxQx + kyQy + kzQz� �(Jx; Jy; Jz) 6= �0 o� the losed orbit.� �(Jx; Jy; Jz) is NOT extrated from the eigenvalues of the eigenproblem for ~N : that givessome number depending on the  i!!
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Odds and ends on real Spin Tune. � With the orret de�nition one an identify high order resonanes properly and look foronsisteny.� Use the orret de�nition to searh for windows in the orbital tune diagram ===> dramatiinrease in \spin aperture" (M. Vogt Thesis 2000).� SRM with 2 snakes: �(Jy) = 1=2 !! independently of Jy or Qy exept at orbital resonanes.� Froisart{Stora formula applies for high order resonanes out in phase spae !!!
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The vetor ^n was introdued in the ontext of ation{angle variables for spin byDerbenev and Kondratenko (1973) to get a semilassial spin quantization axis foralulating eletron radiative spin ip rates,| I ome from another diretion.
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The Froissart{Stora formulaP�nalPinitial = 2 e��j�j22� � 1� � is the \resonane strength", a measure of the dominant spin perturbation at resonane,� � expresses the rate of resonane rossing.
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P (s) = Plim(s)jPdynjPlim(s) is a stati property of the opti and ring and energy.Pdyn depends on the history: essentially D~S � ^nE.
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� Top left:Energy san of Plim and � for HERA{p with atteners and a 4 snake sheme(rad., 45Æ, rad., 45Æ) with purely vertial motion at 0.75 �.� Top right:The dependene of the �nal Pdyn after ramping through the resonane at approximately802.7 GeV on the energy gain per turn.� Bottom left:Tune san of Plim and � for HERA{p with atteners and a 4 snake sheme(long., �45Æ, rad., 45Æ) with purely vertial motion at 2 �.� Bottom right:The dependene of the �nal Pdyn after ramping through the resonane at [Qy℄ � 0:2635 onthe total number of turns.


