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Notes on Spin Dynamis in Storage Rings( Seond revision: September 1999 )D.P. Barber, K. Heinemann and G. Ripken �AbstratIn the following report we present a olletion of notes on spin dynamis in storagerings. The spin motion is desribed in terms of a pair of real anonial spin variables� and � and in four di�erent spin dreibeins. The orbital motion is desribed by usingthe anonial variables x; px; z; pz ; � = s� v0 � t; p� = (1=�20) � � with � = �E=E0 ofthe fully 6{dimensional anonial formalism. Ation{angle variables Jk, �k of the linearoupled orbital motion are introdued by a anonial transformation. The equations thusobtained are valid for arbitrary veloity of the partiles (below and above transitionenergy). The general periodi solution for spin motion, the ~n{axis, is determined bythe method of fored solution. Ation{angle variables of spin motion and a dreibeinwhih is a single valued funtion of the partile oordinates (Jk; �k; s) on an arbitrarypartile path are de�ned and the spin tune as a funtion of Jk is alulated. Finally,lassial spin di�usion aused by radiation proesses is investigated and a derivation ofthe depolarisation time presented.
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1 IntrodutionIn this paper we ollet together a number of results and methods useful for studyingspin{orbit motion in storage rings.The starting point of our investigations is the Lorentz equation for orbital motion and theThomas{BMT (T{BMT) equation for spin motion. These are studied in hapter 2.Both equations are expressed in mahine oordinates within the framework of the fully ou-pled 6{dimensional desription of partile motion by using the variables x; px; z; pz; �; p� =(1=�20) �� with � = �E=E0 whih allows to handle the external magneti fores in a onsistentanonial manner and whih inludes onsistently and anonially the synhrotron osillationsin the eletri �elds of the aelerating avities. This desription is summarised in hapter3. The equations so derived are valid for arbitrary veloity of the partiles (below and abovetransition energy).In hapter 4 we introdue the 8{dimensional losed orbit for the ombined spin{orbitsystem whih leads to the periodi 6{dimensional losed orbit of partile motion and to theperiodi orthonormal oordinate system (~n0; ~m; ~l) for spin motion. In this paper the varioussystems of orthonormal oordinate vetors used for desribing spin will be alled \dreibeins".In hapter 5 the spin motion is investigated in the (~n0; ~m; ~l) dreibein by introduing twoindependent real anonial spin variables � and �.We are then in a position to alulate the so alled ~n{axis by the method of fored solution(hapter 6).The de�nition of the ~n{axis allows now to introdue a new periodi dreibein and ation{angle variables for spin motion and to alulate the spin tune as a funtion of orbital phasespae variables (hapter 7).Finally in hapter 8 the depolarisation time due to stohasti orbital motion is alulated.A summary of the results is presented in hapter 9.In this paper only the orbit to spin oupling is taken into aount and the Stern{Gerlahfores [1℄ are negleted.In the First Revision (February 1997) of this paper some minor hanges were made to thetext. In this Seond Revision, some typographial errors are orreted and the argumentationin setion 7.4 relating to the onstrution of the periodi referene vetors (~̂n1; ~̂n2) is reor-ganised and improved. Furthermore, �gure 1 has been replaed by more explanation in thetext.2 Spin Motion in a Fixed Coordinate SystemThe starting point of our desription of lassial spin motion in storage rings will be theT{BMT equation [2, 3℄ ombined with the Lorentz equation.5



2.1 Orbital Motion (Lorentz Equation)The equation of motion for a relativisti non{radiating harged partile in an eletromag-neti �eld, the Lorentz equation, is:e � ~"+ e � _~r � ~B = ddt �E2 � _~r� (2.1)with E = m02q1 � ( _~r)2=2 =  �m02 (2.2)(energy of the partile)and the following de�nitions:� e = harge of the partile ;� m0 = rest mass of the partile ;�  = veloity of light;� ~" = eletri �eld;� ~B = magneti �eld ;� ~r = radius vetor of the partile;�  = E=m02.Equation (2.1) an be written in anonial formddt X1 = +�H�px ; ddt P1 = � �H�X1 ; (2.3a)ddt X2 = + �H�P2 ; ddt P2 = � �H�X2 ; (2.3b)ddt X3 = + �H�P3 ; ddt P3 = � �H�X3 (2.3)using the Hamiltonian:Ĥ(X1;X2;X3; P1; P2; P3; t) =  � n~� 2 +m202o1=2 + e� (2.4)with ~� = ~P � e ~A � m0 _~r (kineti momentum vetor) (2.5)6



where X1, X2, X3 and P1, P2, P3 are anonial orbital position and momentum variables ina �xed Cartesian oordinate system (~e1, ~e2, ~e3) and where ~A and � are the vetor and salarpotentials from whih the eletri �eld ~� and the magneti �eld ~B are derived as~� = �grad �� 1 � ~A�t ; (2.6a)~B = url ~A : (2.6b)2.2 Spin Motion (T{BMT Equation)2.2.1 The T{BMT EquationThe equation of relativisti lassial spin motion, the T{BMT equation, reads as [2, 3℄:ddt ~� = ~
0 � ~� (2.7a)with ~
0 = em0 � "� 1 + a! � ~B + a1 +  � 12 � ( _~r ~B) � _~r +  a+ 11 + ! _~r � ~" # (2.7b)and where ~r and ~P (the anonial orbital position and momentum variables) are determinedby the Lorentz equation.The following abbreviations have been used:� ~� = lassial spin angular momentum vetor in the rest frame of the partile,of length 1 ;� a = (g � 2)=2 (0:00116 for eletrons, 1:793 for protons) and quanti�es the anomalousspin g fator .In terms of the three unit artesian oordinate vetors in the �xed laboratory frame,~e1; ~e2; ~e3 we an write ~r; ~P ; ~
0 and ~� as:~r = X1 � ~e1 +X2 � ~e2 +X3 � ~e3 ; (2.8a)~P = P1 � ~e1 + P2 � ~e2 + P3 � ~e3 ; (2.8b)~
0 = 
1 � ~e1 + 
2 � ~e2 + 
3 � ~e3 ; (2.8)~� = �1 � ~e1 + �2 � ~e2 + �3 � ~e3 : (2.8d)7



It follows from eqn. (2.7a) that for two spins ~�1 and ~�2 the salar produt~�1(t) � ~�2(t)is a onstant of motion: ddt �~�1(t) � ~�2(t)� = 0 ;=) ~�1(t) � ~�2(t) = onsti.e. the modulus of ~� and the angle between ~�1 and ~�2 are invariants:j~�(t)j = onst ; (2.9a)6< (~�1(t); ~�2(t)) = onst : (2.9b)Introduing the matrix: 
 0 = 0B� 0 �
3 
2
3 0 �
1�
2 
1 0 1CA (2.10a)the T{BMT equation (2.7a) an also be written as:ddt 0B� �1�2�3 1CA = 
 0 0B� �1�2�3 1CA : (2.10b)As may be seen from eqn. (2.9a), the omponents �1, �2, �3 of the spin vetor ~� are notindependent, sine they ful�l the ondition:�21 + �22 + �23 = 1 :Eliminating the variable �3: �3 = q1 � �21 � �22 ;we get a pair of nonlinear oupled di�erential equations:ddt �1(t) = 
2 �q1� �21 � �22 �
3 � �2 ; (2.11a)ddt �2(t) = 
3 � �1 � 
1 �q1 � �21 � �22 : (2.11b)8



2.2.2 The Spin HamiltonianIntroduing a pair of independent spin variables � and � by the equations:�1 = � �s1� 14 (�2 + �2) ; (2.12a)�2 = � �s1� 14 (�2 + �2) ; (2.12b)=) �3 = q1� �21 � �22= 1� 12 ��2 + �2� (2.12)or (inverting (2.12a, b)): � = +s 21 + �3 � �1 ; (2.13a)� = +s 21 + �3 � �2 (2.13b)the T{BMT equation (2.7a) an also be written in anonial form:ddt � = +�Hspin�� ; (2.14a)ddt � = ��Hspin�� (2.14b)if we de�ne the spin Hamiltonian Hspin as:Hspin(�; �; s) = 
1 � �1 + 
2 � �2 + 
3 � �3= s1 � 14 (�2 + �2) � [
1 � �+ 
2 � �℄+ �1 � 12 ��2 + �2�� � 
3 (2.15)(see Appendix A and Ref. [1℄).We then obtain from (2.14) and (2.15) the relations:ddt � = + ��4s1 � 14 (�2 + �2) � [
1 � �+ 
2 � �℄9



+s1� 14 (�2 + �2) � 
2 � � � 
3 ; (2.16a)ddt � = � ��4s1� 14 (�2 + �2) � [
1 � � + 
2 � �℄�s1 � 14 (�2 + �2) � 
1 + � � 
3 (2.16b)whih are equivalent with eqn. (2.7a) (see Appendix A).2.2.3 Introdution of the Canonial Variables J and  Alternatively may introdue a seond pair of anonial spin variables (J ,  ) via therelations [4℄: � = q2 (1 � J) � os ; (2.17a)� = q2 (1 � J) � sin : (2.17b)From this de�nition we have: �� = tan ; (2.18a)J = 1� 12 ��2 + �2� (2.18b)and �1 = � �s1� 14 (�2 + �2)= q2 (1 � J) os �s1� 12(1 � J)= p1 � J2 � os ; (2.19a)�2 = � �s1 � 14 (�2 + �2)= p1 � J2 � sin ; (2.19b)�3 = 1� 12 ��2 + �2�= J : (2.19)10



The transformation �; � =)  ; Jan be obtained from the generating funtionF1(�;  ) = 12�2 � tan �  : (2.20)The transformation formulae are then:� = +�F1�� = � � tan ; (2.21a)J = ��F1� = �12�2 � �1 + tan2  �+ 1= �12�2 �  1 + �2�2!+ 1= �12 ��2 + �2�+ 1 ; (2.21b)Hspin �! Kspin( ; J) = Hspin + �F1�s = Hspin= 
1 � �1 + 
2 � �2 + 
3 � �3= p1� J2 � [
1 � os + 
2 � sin ℄ + 
3 � J ; (2.21)and one sees that (2.21a, b) lead bak to eqn. (2.18a, b). Thus  , J are indeed anonialvariables [5℄.2.3 Transition to a New Dreibein ~u1, ~u2, ~u3We now onsider the transformation [4℄:~e1; ~e2; ~e3 �! ~u1; ~u2; ~u3with ddt ~uk(t) = ~U (t)� ~uk(t) =) ~U = 12 3Xk=1 ~uk � ddt ~uk (2.22)and ~� = �1 � ~e1 + �2 � ~e2 + �3 � ~e3= ~�1 � ~u1 + ~�2 � ~u2 + ~�3 � ~u3 : (2.23)11



From (2.7a), (2.22) and (2.23) we obtain:ddt ~� = 3Xk=1~ek � ddt �k = ~
0 � ~�= 3Xk=1 ~�k � ddt ~uk + 3Xk=1 ~uk � ddt ~�k= 3Xk=1 ~�k � h~U � ~uki+ 3Xk=1~uk � ddt ~�kand thus 3Xk=1 ~uk � ddt ~�k = ~
0 � ~� � 3Xk=1 ~�k � h~U � ~uki= ~
0 � ~� � ~U � 3Xk=1 ~�k ~uk= ~
0 � ~� � ~U � ~�= h~
0 � ~Ui� ~� : (2.24)Therefore in the new dreibein the equation of spin motion is:=) ddt ~�k = ~uk � nh~
0 � ~Ui� ~�o :Writing: ~�1 = ~� �s1� 14 �~�2 + ~�2� ; (2.25a)~�2 = ~� �s1� 14 �~�2 + ~�2� ; (2.25b)~�3 = 1 � 12 �~�2 + ~�2� (2.25)and ~
0 = ~
1 � ~u1 + ~
2 � ~u2 + ~
3 � ~u3 ; (2.26a)~U = ~U1 � ~u1 + ~U2 � ~u2 + ~U3 � ~u3 (2.26b)the new Hamiltonian reads as: 12



~Hspin = h~
1 � ~U1i � ~�1 + h~
2 � ~U2i � ~�2 + h~
3 � ~U3i � ~�3= s1 � 14 �~�2 + ~�2� nh~
1 � ~U1i � ~�+ h~
2 � ~U2i � ~�o+ h~
3 � ~U3i � �1� 12 �~�2 + ~�2�� : (2.27)It follows that:ddt ~� = +� ~Hspin� ~�= + �~�4s1� 14 �~�2 + ~�2� � nh~
1 � ~U1i � ~�+ h~
2 � ~U2i � ~�o+s1 � 14 �~�2 + ~�2� � h~
2 � ~U2i� ~� � h~
3 � ~U3i ; (2.28a)ddt ~� = �� ~Hspin� ~�= � �~�4s1 � 14 �~�2 + ~�2� � nh~
1 � ~U1i � ~�+ h~
2 � ~U2i � ~�o�s1 � 14 �~�2 + ~�2� � h~
1 � ~U1i+ ~� � h~
3 � ~U3i : (2.28b)Introduing ( as in eqn. (2.17) or (2.19) ) the spin variables ( ~J, ~ ) via the relations:~� = q2 (1 � ~J) � os ~ ; (2.29a)~� = q2 (1 � ~J) � sin ~ (2.29b)or ~�1 = q1� ~J2 � os ~ ; (2.30a)~�2 = q1� ~J2 � sin ~ ; (2.30b)~�3 = ~J (2.30)13



we get:~Kspin( ~J; ~ ) = q1� ~J2 � nh~
1 � ~U1i os ~ + h~
2 � ~U2i sin ~ o+ h~
3 � ~U3i � ~J (2.31)and ddt ~ = + �� ~J ~Kspin( ~J; ~ )= � ~Jq1� ~J2 � nh~
1 � ~U1i os ~ + h~
2 � ~U2i sin ~ o+ h~
3 � ~U3i ; (2.32a)ddt ~J = � �� ~ ~Kspin( ~J; ~ )= q1 � ~J2 � n� h~
1 � ~U1i sin ~ + h~
2 � ~U2i os ~ o : (2.32b)2.4 A Speial Dreibein Based on a Solution of the T{BMT Equa-tionEquation (2.29a, b) represents the most general form of spin motion in an arbitraryrotating dreibein (~u1(t); ~u2(t); ~u3(t)) :If we require that ~u3(t) is a solution of the T{BMT equation, then~� = ~� = 0must be a solution of eqn. (2.29a, b).Equation (2.29a, b) then leads to:h~
1 � ~U1i = 0 ; (2.33a)h~
2 � ~U2i = 0 (2.33b)and thus: ddt ~� = �~� � h~
3 � ~U3i ; (2.34a)ddt ~� = +~� � h~
3 � ~U3i (2.34b)14



or ddt (~�+ i ~�) = i h~
3 � ~U3i � (~�+ i ~�) (2.35)=) h~�(t) + i ~�(t)i = h~�(t0) + i ~�(t0)i � ei � R t0 dt0 � h~
3(t0)� ~U3(t0)i ; (2.36)i.e. an arbitrary spin ~� preesses around the ~u3{axis. This result is in agreement with eqn.(2.9a, b).Equations (2.32a, b) take the form:ddt ~ = h~
3 � ~U3i ; (2.37a)ddt ~J = 0 : (2.37b)Choosing ~U3(t) = ~
3(t)� 2�L Qrot ; (2.38)whereQrot denotes an arbitrary onstant number, the preession beomes uniform with respetto the dreibein (~u1(t); ~u2(t); ~u3(t))and from eqns. (2.37a, b) we get: ddt ~ = 2�L Qrot ; (2.39a)ddt ~J = 0 ; (2.39b)i.e. ~ and ~J beome ation{angle variables for the spin Hamiltonian.Remarks:1) We will use these results in hapter 7 to de�ne ation{angle variables for spin motionin storage rings, where we shall introdue a speial dreibein (~n1; ~n2; ~n) for an arbitrary orbitreeting the periodiity properties of the orbit. By onstrution this dreibein is unique ex-ept at spin orbit resonanes. 15



2) The results of setions 2.2, 2.3 and 2.4 remain valid if we introdue the ar length s ofthe design orbit as independent variable (hapter 3) instead of the time t and if we hange theoordinate system (~e1; ~e2; ~e3) by orthogonal oordinate transformations, sine the strutureof the T{BMT equation (2.7a) is una�eted by these proedures [1℄.3 Introdution of Mahine Coordinates3.1 Referene Trajetory and Coordinate FrameThe position vetor ~r of the spin partile in eqns. (2.1) and (2.7) refers to a �xedoordinate system with the oordinates X1, X2 and X3. However, in aelerator physis, it isuseful to desribe the motion in terms of the natural oordinates x; z; s in a suitable urvilinearoordinate system by introduing as usual [6℄:a) the losed design orbit (a pieewise at path of a partile with onstant energy E0)whih will in the following be desribed by the vetor ~r0(s) where s is the length along thisideal orbit;b) an orthogonal oordinate system aompanying the partiles whih travels along thedesign orbit and omprises [7℄:the unit tangent vetor ~es(s) = dds ~r0(s) � ~r00(s) ;a unit vetor ~ex(s) perpendiular to ~es in the horizontal planeand the unit vetor ~ez(s) = ~es(s)� ~ex(s) :The Serret{Fresnet formulae for the orthonormal triad (~es; ~ex; ~ez) read as:dds ~ex(s) = +Kx(s) � ~es(s) ; (3.1a)dds ~ez(s) = +Kz(s) � ~es(s) ; (3.1b)dds ~es(s) = �Kx(s) � ~ex(s)�Kz(s) � ~ez(s) (3.1)with the assumption that Kx(s) �Kz(s) = 0(pieewise no torsion) and where Kx(s);Kz(s) designate the urvatures in the x{diretion andin the z{diretion respetively. 16



In this natural oordinate system an arbitrary orbit vetor ~r (s) an be written in the form~r (x; z; s) = ~r0(s) + x(s) � ~ex(s) + z(s) � ~ez(s) : (3.2)Note that the sign of Kx(s) and Kz(s) is �xed by eqns. (3.1).3.2 Orbital Motion3.2.1 The Orbital HamiltonianThe variables x and z in eqn. (3.2) desribe the amplitude of transverse motion.In order to desribe also the longitudinal motion (synhrotron osillations) we have tointrodue two additional small and osillating variables � and p� [1℄ with� = s� v0 � t (3.3)and p� = 1�20 � � (3.4)where v0 and � are given byv0 = design speed = �0 ; �0 = vuut1 �  m02E0 !2and � = �EE0 : (3.5)The variable � denotes the delay in arrival time at position s of a partile and is the longitudinalseparation of the partile from the entre of the bunh. The quantity � is the energy deviationof the partile.Using this omplete set of variables we are in a position to provide an analytial desriptionfor the orbital motion by a simultaneous treatment of longitudinal and transverse osillations.Starting then from the orbital Hamiltonian (2.4) for the motion of a harged partile in aneletromagneti �eld and introduing the length s along the design orbit as the independentvariable (instead of the time t), we an onstrut the Hamiltonian of the orbital motion withrespet to the new variables x; z; � by a suession of anonial transformations and a saletransformation [8, 9, 1℄.Choosing a gauge with � = 0 (e.g. Coulomb gauge) we then obtain:H(x; px; z; pz; �; p�; s) = p� � (1 + �̂) � [1 +Kx � x+Kz � z℄�(1� (px � ep0� Ax)2 + (pz � ep0� Az)2(1 + �̂)2 )1=2� [1 +Kx � x+Kz � z℄ � ep0 �  As (3.6)17



with �̂ de�ned by: (1 + �̂) = 1�0s(1 + �)2 � (m02E0 )2 = 1�0 � p � E0 = pp0 ; (3.7a)�̂ = pp0 � 1 = p � p0p0 = �pp0 (3.7b)(p = m0v) .The orresponding anonial equations read as :dds x = +�H�px ; dds px = ��H�x ; (3.8a)dds z = +�H�pz ; dds pz = ��H�z ; (3.8b)dds � = + �H�p� ; dds p� = ��H�� (3.8)or, using a matrix form: dds ~y = �S � �H�~y (3.9)with ~y T = (x; px; z; pz; �; p�) (3.10)where the matrix S is given byS = 0B� S2 0 00 S2 00 0 S2 1CA ; S2 =  0 �1+1 0 ! : (3.11)In order to utilise this Hamiltonian, the eletri �eld ~� and the magneti �eld ~B or theorresponding vetor potential, ~A = ~A(x; z; s); (3.12)for the avities and for ommonly ourring types of aelerator magnets must be given. One~A is known the �elds ~" and ~B may be found using the relations (2.6a, b). Expressed in thevariables x; z; s; �, eqns. (2.6a, b) beome (with � = 0):~" = �0 � ��� ~A (3.13)18



and Bx = 1(1 +Kx � x+Kz � z) � ( ��z [(1 +Kx � x+Kz � z) �As℄� ��sAz) ; (3.14a)Bz = 1(1 +Kx � x+Kz � z) � ( ��sAx � ��x [(1 +Kx � x+Kz � z) �As℄) ; (3.14b)Bs = ��x Az � ��z Ax : (3.14)We assume that the ring onsists of bending magnets, quadrupoles, skew quadrupoles,solenoids, avities and dipoles. Then the vetor potential ~A an be written as [10℄ :ep0 �  As = �12 [1 +Kx � x+Kz � z℄ + 12 g � (z2 � x2) +N � xz� 1�20 � L2� � h � eV (s)E0 � os �h � 2�L � � + '�+ ep0 �  � (�Bx � z ��Bz � x) ; (3.15a)ep0 �  Ax = �H � z ; ep0 �  Az = +H � x (3.15b)(h = harmoni number) with the following abbreviations:g = ep0 �  �  �Bz�x !x=z=0 ; (3.16a)N = 12 � ep0 �  �  �Bx�x � �Bz�z !x=z=0 ; (3.16b)H = 12 � ep0 �  �Bs(0; 0; s) ; (3.16)Kx = + ep0 �  �Bz(0; 0; s) ; Kz = � ep0 �  �Bx(0; 0; s) : (3.16d)In detail, one has:a) g 6= 0; N = Kx = Kz = H = V = �Bx = �Bz = 0 : quadrupole;b) N 6= 0; g = Kx = Kz = H = V = �Bx = �Bz = 0 : skew quadrupole;) K2x +K2z 6= 0; g = N = H = V = �Bx = �Bz = 0 : bending magnet;d) H 6= 0; g = N = Kx = Kz = V = �Bx = �Bz = 0 : solenoid;e) V 6= 0; g = Kx = Kz = N = H = �Bx = �Bz = 0 : avity;f) �B2x +�B2z 6= 0; g = Kx = Kz = N = H = V = 0 : dipole:19



Thus the Hamiltonian (3.6) takes the form:H(x; px; z; pz; �; p�; s) = p� � (1 + �̂) � [1 +Kx � x+Kz � z℄�(1 � [px +H � z℄2 + [pz �H � x℄2(1 + �̂)2 )1=2+12 � [1 +Kx � x+Kz � z℄2 � 12 � g � (z2 � x2)�N � xz+ 1�20 � L2� � h � eV (s)E0 � os �h � 2�L � � + '� :� ep0 �  � (�Bx � z ��Bz � x) : (3.17)Furthermore, for the magneti �eld ~B we get:eE0Bx = �0 "�Kz + ep0 � �Bx + (N �H 0) � x+ g � z# ; (3.18a)eE0Bz = �0 "+Kx + ep0 � �Bz � (N +H 0) � z + g � x# ; (3.18b)eE0Bs = �0 � 2H (3.18)and for the eletri �eld ~� we have:�s = V (s) sin �h � 2�L � � + '�= V (s) sin'+ �(s) � h � 2�L � V (s) os'+ � � � ; (3.19a)�x = �z = 0 (3.19b)(see eqns. (3.13), (3.14) and (3.15) ).Remark:Equation (3.17) is valid only for protons. For eletrons we need the extra term in theHamiltonian Hrad = 1�20 � C1 � [K2x +K2z ℄ � � (3.20) where C1 = 23 e2 40E0!20



(for v0 � ) in order to desribe the energy loss by radiation in the bending magnets [7, 11℄.In this ase, the avity phase ' in (3.15a) and (3.17) is determined by the need to replae theenergy radiated in the bending magnets. Thus:Z s0+Ls0 ds � eV (s) � sin'| {z }average energy uptake in the avities ; = Z s0+Ls0 ds � E0 � C1 � [K2x +K2z ℄ :| {z }average energy loss due to radiation (3.21)Note, that the Hrad term only aounts for the average energy loss. Deviations from thisaverage due to stohasti radiation e�ets and damping introdue non{sympleti terms intothe equation of motion.For proton storage rings, where radiation e�ets an be negleted, one has:sin' = 0 =) ' = 0; � (3.22)(no average energy gain in the avities) and the hoie for ' is determined by the stabilityondition for synhrotron motion [9, 10℄:8><>: ' = 0 above \transition" ;' = � below \transition" :3.2.2 Series Expansion of the Orbital HamiltonianSine jpx +H � zj � 1 ;jpz �H � xj � 1the square root "1 � [px +H � z℄2 + [pz �H � x℄2(1 + �̂)2 #1=2in (3.17) may be expanded in a series :"1� [px +H � z℄2 + [pz �H � x℄2(1 + �̂)2 #1=2 =1� 12 � [px +H � z℄2 + [pz �H � x℄2(1 + �̂)2 + ::: (3.23)and the same an be done with the term 21



L2� � h � eV (s)E0 os �h � 2�L � � + '�resulting from the avity �eld :L2� � h � eV (s)E0 os �h � 2�L � � + '� = L2� � h � eV (s)E0 os'� � � eV (s)E0 sin'� 12�2 � h � 2�L � eV (s)E0 os'+ � � � : (3.24)Furthermore, for the quantity �̂ � f(�)one obtains from eqn. (3.7a) :�̂ � f(�)= f(0) + f 0(0) � � + f 00(0) � 12 �2 + � � �= 1�20 � � � 1�40 � 20 � 12 �2 + � � �= p� � 120 � 12 p2� � � � � : (3.25)Thus in pratie the orbital motion an be onveniently alulated to various orders of ap-proximation.From (3.7b) and (3.25) we obtain to the �rst order:p� � �pp0 :If we wish to obtain a sympleti linearised treatment of synhro{betatron motion weexpand the Hamiltonian up to seond order in the orbit variables x; px; z; pz; �; p�. Thenwe obtain from (3.17) and (3.20):H = 12 � 120 � p2� � [Kx � x+Kz � z℄ � p�+12 � n[px +H � z℄2 + [pz �H � x℄2o+12 � n[K2x + g℄ � x2 + [K2z � g℄ � z2 � 2N � xzo�12 � 1�20 � �2 � eV (s)E0 � h � 2�L � os'� 1�20 � � � eV (s)E0 � sin'+ 1�20 � C1 � [K2x +K2z ℄ � �� ep0 �  � (�Bx � z ��Bz � x) (3.26)22



(onstant terms in the Hamiltonian with no inuene in the motion have been dropped).The Hamiltonian (3.26) now leads to the (linearised) anonial equations :dds x = px +H � z ; (3.27a)dds px = �[K2x + g℄ � x+N � z + Kx � p�+[pz �H � x℄ �H � ep0 �  �Bz ; (3.27b)dds z = pz �H � x ; (3.27)dds pz = �[K2z � g℄ � z +N � x+Kz � p��[px +H � z℄ �H + ep0 �  �Bx ; (3.27d)dds � = 120 � p� � [Kx � x+Kz � z℄ ; (3.27e)dds p� = 1�20 � � � eV (s)E0 � h � 2�L � os'+ 1�20 � eV (s)E0 � sin'� 1�20 �C1 � [K2x +K2z ℄ (3.27f)or in matrix form: dds~y = A � ~y + ~0 + ~1 (3.28)withA = 0BBBBBBBBB� 0 1 H 0 0 0�[K2x + g +H2℄ 0 N H 0 Kx�H 0 0 1 0 0N �H [K2z � g +H2℄ 0 0 Kz�Kx 0 �Kz 0 0 1=200 0 0 0 1�20 � eV (s)E0 � 2�hL os'0 0 1CCCCCCCCCA (3.29)and ~y T = (x; px; z; pz; �; p�) ; (3.30a)~ T0 = 1�20 � (0; 0; 0; 0; 0; eVE0 sin'� C1 � [K2x +K2z ℄ ) ; (3.30b)~ T1 = �0 � (0; � eE0 �Bz; 0 + eE0 �Bx; 0; 0) : (3.30)23



Note that the linear transverse osillations (eqns. (3.27a - d)) and the longitudinal motion(eqns. (3.27e, f)) are oupled by the term�[Kx � x+Kz � z℄ (3.31)appearing in (3.27e) whih depends on the urvature of the orbit in the bending magnets.3.3 Spin MotionIntroduing again the ar length s of the design orbit as independent variable and usingthe relationship: ddt = dsdt � dds = _s � dds (3.32)the T{BMT equation (2.7a) beomes:dds ~� = 1_s � (~
0 � ~�) : (3.33)Representing the spin vetor ~� in the form~� = �s � ~es + �x � ~ex + �z � ~ez (3.34)and using eqn. (3.1) we have:dds ~� = �0s � ~es + �0x � ~ex + �0z � ~ez + �x � dds ~ex + �s � dds ~es + �z � dds ~ez= �0s � ~es + �0x � ~ex + �0z � ~ez � �s � (Kx � ~ex +Kx � ~ez) + �x �Kx~es + �z �Kz~es= �0s � ~es + �0x � ~ex + �0z � ~ez � ~� � (Kz � ~ex �Kx � ~ez) (3.35)so that eqn. (3.33) an be rewritten as:�0s � ~es + �0x � ~ex + �0z � ~ez = ~
� ~� (3.36a)with ~
 = 1_s � ~
0 �Kz � ~ex +Kx � ~ez : (3.36b)In order to get the omponents 
s, 
x, 
z of the vetor ~
:~
 = 
1 � ~e1 + 
2 � ~e2 + 
3 � ~e3= 
s � ~es + 
x � ~ex + 
z � ~ez24



with respet to the triad (~es; ~ex; ~ez) we use the relations:ddt ~r = _s � dds ~r= _s � f[1 +Kx � x+Kz � z℄ � ~es + x0 � ~ex + z0 � ~ezg (3.37)where the quantities x0 and z0 are given by (see (3.17) ) :x0 � �H�px= [1 +Kx � x+Kz � z℄�n(1 + �̂)2 � (px +H � z)2 � (pz �H � x)2o�1=2 � (px +H � z) ; (3.38a)z0 � �H�pz= [1 +Kx � x+Kz � z℄�n(1 + �̂)2 � (px +H � z)2 � (pz �H � x)2o�1=2 � (pz �H � x) (3.38b)and where the term _s an be obtained from the relation:�H�p� � �0= 1 � v0 � dds t(s)= 1 � v0 � 1_s=) _s = v01 � �H�p�= v0[1 +Kx � x+Kz � z℄ � 11 + ��n(1 + �̂)2 � (px +H � z)2 � (pz �H � x)2o1=2= v0[1 +Kx � x+Kz � z℄ � 1 + �̂1 + ��(1� (px +H � z)2 + (pz �H � x)2(1 + �̂)2 )1=2 : (3.39)25



Furthermore, for the quantities ( _~r ~B) and _~r � ~" appearing in eqn. (2.7b) we get:( _~r ~B) = _s � f[1 +Kx � x+Kz � z℄ �Bs + x0 �Bx + z0 �Bzg ; (3.40a)_~r � ~" = _s � fz0 � ~ex � x0 � ~ezg � "s : (3.40b)Thus eqn. (3.36b) leads to: 
s = 1_s � 
0s ; (3.41a)
x = 1_s � 
0x �Kz ; (3.41b)
z = 1_s � 
0z +Kx (3.41)with 
0s = em0 � (� 1 + a! �Bs + a1 +  � 12 � ( _~r ~B) � _s [1 +Kx � x+Kz � z℄) ; (3.42a)
0x = em0 � (� 1 + a! �Bx + a1 +  � 12 � ( _~r ~B) � _s �H�px (3.42b)+ a+ 11 + ! _s � "s � �H�pz) ;
0z = em0 � (� 1 + a! �Bz + a1 +  � 12 � ( _~r ~B) � _s �H�pz (3.42)� a+ 11 + ! _s � "s � �H�px) :Writing for the term  11 + ! appearing in eqn. (3.42):11 +  = 1(1 + 0) + 0 � �= 11 + 0 � "1 � 01 + 0 � �#+ � � �and taking into aount eqns. (3.18), (3.19), (3.23), (3.25) and (3.37 - 40), the preessionvetor ~
 reads in linear approximation as:
s = �2H � (1 + a) 26



+2H � (1 + a) � p���20 � px � a201 + 0 "Kz � ep0 �  ��Bx#+�20 � pz � a201 + 0 "Kx + ep0 �  ��Bz# ; (3.43a)
x = Kz � a0 � (1 + a0) � ep0 �  �Bx�(1 + a0) � [(N �H 0) � x� (K2z � g) � z℄+ a201 + 0 � 2H � �20 � [px +H � z℄+ "a0 + 01 + 0# � eV (s)E0 sin' � pz� "1 + 1 + a020 � 1 # �  Kz � ep0 �  �Bx! � �20 � p� ; (3.43b)
z = �Kx � a0 � (1 + a0) � ep0 �  �Bz+(1 + a0) � [(N +H 0) � z � (K2x + g) � x℄+ a201 + 0 � 2H � �20 � [pz �H � x℄� "a0 + 01 + 0# � eV (s)E0 sin' � px+ "1 + 1 + a020 � 1 # �  Kx + ep0 �  �Bz! � �20 � p� (3.43)(no solenoid �eld in the bending magnets and in the avities =) Kx � H = Kz � H =0 ; V �H = 0). 27



4 Introdution of a Periodi Referene Orbit for theCombined Spin{Orbit SystemAs an be seen from (3.26) and (3.43), the series expansion for H ontains terms linearin the orbital oordinates x, px, z, pz , �, p� and ~
 ontains terms independent of the orbitaloordinates. These and the linear terms an be eliminated by introduing a new refereneorbit for the ombined spin{orbit system (8-dimensional losed orbit).4.1 De�nition of the 8{Dimensional Closed OrbitWe begin by de�ning the 8{dimensional losed orbit:�~y0(s); ~�0(s)�ontaining a periodi orbital part~y T0 = (x0; px0; z0; pz0; �0; p�0);with ~y0(s+ L) = ~y0(s) (4.1a)and a spin part ~�0(s) whih de�nes a periodi spin vetor~�0(s) = �0s � ~es + �0x � ~ex + �0z � ~ezwith ~�0(s+ L) = ~�0(s) (4.1b)whereby the equations of motion read as:dds ~y0 = �S � ��~y0 H(~y0; s) ; (4.2a)~es � dds �0s + ~ex � dds �0x + ~ez � dds �0z = ~
(0) � ~�0 (4.2b)(see eqns. (3.9) and (3.36a) ) with ~
(0) � ~
(~y0; s) (4.3)and S is given by eqn. (3.11). Thus �~y0(s); ~�0(s)� is a periodi solution of the ombinedequations (3.9) and (3.36) of spin{orbit motion.28



The omponents of the preession vetor ~
(0) are given by (eqns. (3.43a, b, ) ):
(0)s = �2H � (1 + a)+2H � (1 + a) � p�0��20 � px0 � a201 + 0 "Kz � ep0 �  ��Bx#+�20 � pz0 � a201 + 0 "Kx + ep0 �  ��Bz# ; (4.4a)
(0)x = Kz � a0 � (1 + a0) � ep0 �  �Bx�(1 + a0) � h(N �H 0) � x0 � (K2z � g) � z0i+ a201 + 0 � 2H � �20 � [px0 +H � z0℄+ "a0 + 01 + 0# � eV (s)E0 sin' � pz0� "1 + 1 + a020 � 1 # �  Kz � ep0 �  �Bx! � �20 � p�0 ; (4.4b)
(0)z = �Kx � a0 � (1 + a0) � ep0 �  �Bz+(1 + a0) � h(N +H 0) � z0 � (K2x + g) � x0i+ a201 + 0 � 2H � �20 � [pz0 �H � x0℄� "a0 + 01 + 0# � eV (s)E0 sin' � px0+ "1 + 1 + a020 � 1 # �  Kx + ep0 �  �Bz! � �20 � p�0 : (4.4)29



With the help of this preession vetor~
(0)(s) = 
(0)s � ~es + 
(0)x � ~ex + 
(0)z � ~ez (4.5)whih desribes the spin motion along the losed orbit ~y0(s) we an onstrut a suitableperiodi referene frame for spinh~n0(s+ L); ~m(s+ L); ~l(s+ L)i = h~n0(s); ~m(s); ~l(s)i(see Appendix B and Refs. [1, 12℄) with~n0 = ~�0=j~�0j ; (4.6a)~n0(s) ? ~m(s) ? ~l(s) ; (4.6b)~n0(s) = ~m(s)�~l(s) ; (4.6)j~n0(s)j = j~m(s)j = j~l(s)j = 1 (4.6d)and ~es � dds n0s + ~ex � dds n0x + ~ez � dds n0z = ~
(0) � ~n0(s) ; (4.7a)~es � dds ms + ~ex � dds mx + ~ez � dds mz = ~
(0) � ~m(s) +~l (s) � dds  spin(s) ; (4.7b)~es � dds ls + ~ex � dds lx + ~ez � dds lz = ~
(0) �~l (s)� ~m(s) � dds  spin(s) (4.7)and  spin(s+ L)�  spin(s) = 2� �Qspin (4.8)in whih the unit spin vetor ~� may be represented as~� = q1� �2m � �2l � ~n0 + �m � ~m+ �l �~l : (4.9)With the ondition (B.16b), spins on the losed orbit preess at the onstant rate  0spinwith respet to (~m; ~l). Furthermore, J = ~� � ~n0 is onstant. Thus with (B.16b) and theorresponding orthonormal vetors (~m; ~l) we an onsider (J;  spin) to be ation{angle vari-ables for motion on the losed orbit. As explained in Appendix B, the spin frequeny Qspin isarbitrary up to an integer. There is a di�erent (~m; ~l) pair orresponding to eah integer part.In the ase that Qspin is an integer (the frational part is zero) not only ~n0 but also ~m0and ~l0 are periodi solutions of the T{BMT equation. Thus in this ase the (~n0 ~m0~l0) dreibeinis not unique. Alternatively we an note that (3� 3) spin transfer matrix on the losed orbitbeomes a unit matrix with degenerate eigenvetors. Given one hoie of (~n0 ~m0~l0) or (~n0 ~m~l),equally valid dreibeins an then be generated by arbitrary orthogonal transformations.The vetor ~n0 obeys the T{BMT equation, but o� resonane (~m; ~l) are not T{BMTsolutions. On resonane this distintion is lost.30



4.2 Transformation of the Orbital Variables4.2.1 Canonial TransformationThe orbit vetor ~y(s) an now be separated into two omponents~y(s) = ~y0(s) + ~~y(s) ; (4.10)where the vetor ~~y(s) desribes the synhro{betatron osillations about the new losed equi-librium trajetory ~y0(s) .The transformation ~y =) ~~y (4.11)an be obtained from the generating funtionF2(x; ~px; z; ~pz;�; ~p�; s) = (x� x0) � (~px + px0) + (z � z0) � (~pz + pz0)+(� � �0) � (~p� + p�0) + f(s) : (4.12)The transformation equations read as:px = �F2�x = ~px + px0 ; ~x = �F2�~px = x� x0 ; (4.13a)pz = �F2�z = ~pz + pz0 ; ~x = �F2�~px = x� x0 ; (4.13b)p� = �F2�� = ~p� + p�0 ; ~� = �F2�~p� = � � �0 (4.13)whih reprodue the de�ning equation (4.10) for ~~y .The term f(s) in eqn. (4.12) is an arbitrary funtion. Choosing f(s) suh thatdds f(s) = x0(s) � dds px0(s) + z0(s) � dds pz0(s) + �0(s) � dds p�0(s)we furthermore have:�F2�s = �dx0ds � px + dpx0ds � x� dz0ds � pz + dpz0ds � z � d�0ds � p� + dp�0ds � �= �px �  �H�px!~y=~y0 � x �  �H�x !~y=~y0�pz �  �H�pz!~y=~y0 � z �  �H�z !~y=~y0�p� �  �H�p�!~y=~y0 � � �  �H�� !~y=~y0= �~y �  �H�~y !~y=~y0 31



and therefore H �! ~H � H+ �F2�s= H� ~y �  �H�~y !~y=~y0 : (4.14)4.2.2 The Linearised Equations of Orbital MotionThe orbital Hamiltonian ~H in the linear ase (see eqn. (3.26) ) takes the form :~H(~x; ~z; ~�; ~px; ~pz ; ~p�; s)= 12 � 120 � ~p2� � [Kx � ~x+Kz � ~z℄ � ~p�+12 � n[~px +H � ~z℄2 + [~pz �H � ~x℄2o+12 � nhK2x + gi � ~x2 + hK2z � gi � ~z2 � 2N � ~x~zo�12 ~�2 � 1�20 � eV (s)E0 � h � 2�L � os' : (4.15)The orresponding anonial equations read as:dds ~~y = A (s) � ~~y (4.16)with A given by (3.29).Due to the linearity of the equations of motion (4.16) the solution may be written in theform: ~~y (s) = M (s; s0) ~~y (s0)whih de�nes the transfer matrix M(s; s0) .Sine the variables ~x; ~z; ~�; ~px; ~pz; ~p� are anonial, the transfer matrix is sympleti [13℄ :MT (s; s0) � S �M(s; s0) = S : (4.17)The sympletiity ondition (4.17) ensures that the transfer matrix , M (s; s0) , ontainsomplete information about the stability of the (linear) synhro{betatron osillations.As a result of this ondition, we are able to introdue ation{angle variables for the orbitalmotion. 32



To do that we remark, that the orbit vetor ~~y an be represented as a linear ombinationof the (normalised) eigenvetors ~v�k(s) (k = I; II; III) of the revolution matrixM(s+L; s)and may thus be written as:~~y (s) = Xk=I;II;III fAk � ~vk (s) +A�k � ~v�k (s)g (4.18)with M (s+ L ; s)~v�(s) = e�i � 2�Q� � ~v�(s) ; (4.19a)Q�k = �Qk ; (k = I; II; III) (4.19b)and 8><>: ~v+k (s) � S � ~vk(s) = �~v+�k(s) � S � ~v�k(s) = i ;~v+� (s) � S � ~v�(s) = 0 otherwise (4.20)whereby we have assumed, that the stability ondition:Q� real number (4.21)is satis�ed.Note that the eigenvetors ~v�(s) represent speial solutions of the equation of motion(4.16): ~v�(s) = M(s; s0)~v�(s0) :If we put ~v�(s) = ~̂v�(s) � e�i � 2�Q� � (s=L) (4.22a)we obtain from (4.19): ~̂v�(s+ L) = ~̂v�(s) : (4.22b)Equation (4.22) is a statement of the Floquet theorem : vetors ~v�(s) are speial solutions ofthe equations of motion (4.16) whih an be expressed as the produt of a periodi funtion~̂v�(s) and a harmoni funtion e�i � 2�Q� � (s=L) :The \Floquet vetors" ~̂v�(s) ful�l the same relationships as the eigenvetors ~v�(s):8>><>>: ~̂v+k (s) � S � ~̂vk(s) = �~̂v+�k(s) � S � ~̂v�k(s) = i ;~̂v+� (s) � S � ~̂v�(s) = 0 otherwise : (4.23)33



Using these results we are now able to introdue a new set of anonial variables. For thiswe write for the oeÆients Ak; A�k (k = I; II; III) in eqn. (4.18) :Ak = qJk � e�i[�k � 2�Qk � s=L℄ ; (4.24a)A�k = qJk � e+i[�k � 2�Qk � s=L℄ : (4.24b)Then eqn. (4.18) takes the form:~~y(s) = Xk=I;II;IIIqJk � �~̂vk(s) � e�i�k + ~̂v�k(s) � e+i�k� : (4.25)From (4.25) we now have:�~~y��k = �i �qJk � �~̂vk(s) � e�i�k � ~̂v�k(s) � e+i�k� ; (4.26a)�~~y�Jk = + 12pJk � �~̂vk(s) � e�i�k + ~̂v�k(s) � e+i�k� : (4.26b)Taking into aount the relations (4.23) one obtains the equations [14℄:�~~y T�Jk � S � �~~y��l = ��~~y T��l � S � �~~y�Jk = Ækl ; (4.27a)�~~y T�Jk � S � �~~y�Jl = �~~y T��k � S � �~~y��l = 0 (4.27b)whih an be ombined into the matrix formJ T � S � J = S (4.28)where J signi�es the Jaobian matrixJ =  �~~y��I ; �~~y�JI ; � ~~y��II ; �~~y�JII ; �~~y��III ; �~~y�JIII! (4.29)being a 6 � 6{matrix just written as a row of olumn vetors (�~y=��I) et.Equation (4.28) proves that eqn. (4.25) represents a anonial transformation~x; ~px; ~z; ~pz; ~�; ~p� �! �I ; JI ; �II ; JII; �III ; JIII (4.30)and that �k; Jk (k = I; II; III) are indeed anonial variables whih an now be interpretedas ation{angle variables sine dJkds = 0 ; (4.31a)d�kds = 2�L Qk : (4.31b)The way to �nd the Hamiltonian in terms of Jk;�k is explained in Ref. [14℄.The orbit vetor ~~y(s) in (4.25) is thus an expliit funtion of the anonial variables Jkand �k and of the longitudinal variable s, via the eigenvetors, ~vk(s).34



4.3 Spin MotionIn analogy to the separation of the osillation amplitude ~y into two parts we an dividethe preession vetor ~
 (see eqn. (3.36b) ) into two omponents by writing:~
(~y) = ~
(0) + ~! (4.32)with ~! � ~
� ~
(0) = ~! (~~y) : (4.33)Writing ~! = !s � ~es + !x � ~ex + !z � ~ez (4.34)we obtain from eqns. (3.43a, b, ) for the linearised omponents !s, !x, !z , of the vetor ~! :!s = +2H � (1 + a) � ~p���20 � ~px � a201 + 0 "Kz � ep0 �  �Bx#+�20 � ~pz � a201 + 0 "Kx + ep0 �  �Bz# ; (4.35a)!x = �(1 + a0) � h(N �H 0) � ~x� (K2z � g) � ~zi+ a201 + 0 � 2H � �20 � [~px +H � ~z℄+ 1�20 � "a0 + 01 + 0# � eV (s)E0 sin' � ~pz� "1 + 1 + a020 � 1 # �  Kz � ep0 �  �Bx! � �20 � ~p� ; (4.35b)!z = +(1 + a0) � h(N +H 0) � ~z � (K2x + g) � ~xi+ a201 + 0 � 2H � �20 � [~pz �H � ~x℄� 1�20 � "a0 + 01 + 0# � eV (s)E0 sin' � ~px+ "1 + 1 + a020 � 1 # �  Kx + ep0 �  �Bz! � �20 � ~p� : (4.35)35



Furthermore, the vetor 0B� !s!x!z 1CAwith the linearised omponents !s, !x, !z an be written as:0B� !s!x!z 1CA = F (3�6) � 0BBBBBBBB� ~x~px~z~pz~�~p� 1CCCCCCCCA (4.36)with F12 = �a(0 � 1) � "Kz � ep0 �  ��Bx# ;F14 = +a(0 � 1) � "Kx + ep0 �  ��Bz# ;F16 = +2H � (1 + a) ;F21 = �(1 + a0) � (N �H 0) ;F22 = +a(0 � 1) � 2H ;F23 = +(1 + a0) � (K2z � g) + 2a(0 � 1) �H2 ;F24 = "a0 + 01 + 0# � eE0V (s) sin' ;F26 = � "1 + a0# �  Kz � ep0 � �Bx! ;F31 = �(1 + a0) � (K2x + g)� 2a(0 � 1) �H2 ;F32 = � "a0 + 01 + 0# � eE0V (s) sin' ;36



F33 = +(1 + a0) � (N +H 0) ;F34 = +a(0 � 1) � 2H ;F36 = + "1 + a0# �  Kx + ep0 � �Bz! ;Fik = 0 otherwise : (4.37)The preession vetor ~! desribes the spin motion in the (~n0; ~m; ~l ) spin frame, as shall beshown in the next hapter.5 The Equations of Spin Motion in the (~n0; ~m; ~l ) System5.1 Spin Motion in the (~n0; ~m; ~l ) SystemBy eqns. (2.8) and (4.9) we have:~� = �s � ~es + �x � ~ex + �z � ~ez= �n � ~n0 + �m � ~m+ �l �~l ; (5.1)whih we rewrite as: 0B� �n�m�l 1CA = 0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA 0B� �s�x�z 1CA ; (5.2a)0B� �s�x�z 1CA = 0BB� ~n0 ~es ~m~es ~l ~es~n0 ~ex ~m~ex ~l ~ex~n0 ~ez ~m~ez ~l ~ez 1CCA 0B� �n�m�l 1CA : (5.2b)The equations of motion for spin in the (~ex; ~ez; ~es) system read in matrix form as (see eqn.(3.36) ): dds 0B� �s�x�z 1CA = 
 0B� �s�x�z 1CA (5.3)and (see eqns. (4.7a, b, ) ): 37



dds 0B� ~n0 ~es~n0 ~ex~n0 ~ez 1CA = 
(0) 0B� ~n0 ~es~n0 ~ex~n0 ~ez 1CA ;dds 0B� ~m~es~m~ex~m~ez 1CA = 
(0) 0B� ~m~es~m~ex~m~ez 1CA +  0spin(s) � 0BB� ~l ~es~l ~ex~l ~ez 1CCA ;dds 0BB� ~l ~es~l ~ex~l ~ez 1CCA = 
(0) 0BB� ~l ~es~l ~ex~l ~ez 1CCA �  0spin(s) � 0B� ~m~es~m~ex~m~ez 1CA=) dds 0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA = 0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l~ex ~l ~ez 1CA [
(0)℄T+ 0B� 0 0 0~l ~es ~l ~ex ~l ~ez�~m~es �~m~ex �~m~ez 1CA �  0spin(s) (5.4)with 
 � 0B� 0 �
z 
x
z 0 �
s�
x 
s 0 1CA = 
(0) + ! : (5.5)From (5.2), (5.3) and (5.4) we obtain:dds 0B� �n�m�l 1CA =8><>:0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA [
(0)℄T + 0B� 0 0 0~l ~es ~l ~ex ~l ~ez�~m~es �~m~ex �~m~ez 1CA �  0spin(s)9>=>; 0B� �s�x�z 1CA+ 0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA 
 0B� �s�x�z 1CA (5.6)or (sine [
(0)℄T = �
(0) and 
� 
(0) = !) :dds 0B� �n�m�l 1CA 38



= 8><>:0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA! + 0B� 0 0 0~l ~es ~l ~ex ~l ~ez�~m~es �~m~ex �~m~ez 1CA �  0spin(s)9>=>; 0B� �s�x�z 1CA= 0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA0B� 0 �!z !x!z 0 �!s�!x !s 0 1CA0B� �s�x�z 1CA+ 0spin(s) � 0B� 0 0 0~l ~es ~l ~ex ~l ~ez�~m~es �~m~ex �~m~ez 1CA0BB� ~n0 ~es ~m~es ~l ~es~n0 ~ex ~m~ex ~l ~ex~n0 ~ez ~m~ez ~l ~ez 1CCA 0B� �n�m�l 1CA= 0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA0B� �!z�x + !x�z+!z�s � !s�z�!x�s + !s�x 1CA +  0spin(s) � 0B� 0 0 00 0 10 �1 0 1CA0B� �n�m�l 1CA= 0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA � 2640B� !s!x!z 1CA� 0B� �s�x�z 1CA375+  0spin(s) � 0B� 0+�l��m 1CA= 2640B� !n!m!l 1CA� 0B� �n�m�l 1CA375+  0spin(s) � 0B� 0+�l��m 1CA= 0B� !m �l � !l �m!l �n � !n �l!n �m � !m �n 1CA+  0spin(s) �0B� 0+�l��m 1CA= 0BB� (~m � ~!) � �l � (~l � ~!) � �m(~l � ~!) � �n � (~n0 � ~!) � �l(~n0 � ~!) � �m � (~m � ~!) � �n 1CCA +  0spin(s) � 0B� 0+�l��m 1CA (5.7)with ~! = !s � ~es + !x � ~ex + !z � ~ez= !n � ~n0 + !m � ~m+ !l �~l : (5.8)Using the notation: 
̂ = 0BB� 0 �
̂l 
̂m
̂l 0 �
̂n�
̂m 
̂n 0 1CCA (5.9)39



with 
̂n = (~n0 � ~!)�  0spin ; (5.10a)
̂m = (~m � ~!) ; (5.10b)
̂l = (~l � ~!) (5.10)eqn. (5.7) an be rewritten in matrix form as:dds 0B� �n�m�l 1CA = 
̂ 0B� �n�m�l 1CA : (5.11)Equation (5.11) may be solved by methods as desribed in Appendix C.5.2 The Spin HamiltonianAs desribed in setion 2.2.2, we now introdue anonial spin variables � and � for thespin vetor ~�: ~� = �n � ~n0 + �m � ~m+ �l �~lby the relations: �n = 1� 12 ��2 + �2� ; (5.12a)�m = � �s1� 14 (�2 + �2) ; (5.12b)�l = � �s1� 14 (�2 + �2) ; (5.12)=) 8>>>><>>>>: � = +s 21 + �n � �m ;� = +s 21 + �n � �l : (5.13)If the orbit vetor ~~y(s) is known, we then an alulate the spin motion from the equations:dds � = +�Hspin�� ; (5.14a)dds � = ��Hspin�� (5.14b)40



whih may be rewritten by using the notation~� =  �� !as: dds ~� = �S2 � dd~� Hspin : (5.15)The spin Hamiltonian Hspin reads (see eqns. (2.15), (5.10) and (5.11) ) as:Hspin(�; �; s) = 0��12 ��2 + �2� ; � �s1 � 14 (�2 + �2); � �s1� 14 (�2 + �2)1A�0B� nos(s) n0x(s) noz(s)ms(s) mx(s) mz(s)ls(s) lx(s) lz(s) 1CA0B� !s(s)!x(s)!z(s) 1CA+12 ��2 + �2� � dds  spin(s) (5.16)with [1℄ 0B� !s!x!z 1CA = F (3�6) � ~~y (5.17)or Hspin(�; �; s)= s1 � 14 (�2 + �2) � (�; �) ms(s) mx(s) mz(s)ls(s) lx(s) lz(s) ! � F (3�6)(s) � ~~y(s)+12 ��2 + �2� � ( dds  spin(s)� (n0s(s); n0x(s); n0z(s)) � F (3�6)(s) � ~~y(s))= F (�; �) � (�; ��) �G0 � ~~y(s)+12 ��2 + �2� � ( dds  spin(s)� g(s)) (5.18)with G 0(s) =  ls(s) lx(s) lz(s)�ms(s) �mx(s) �mz(s) ! � F (3�6)(s) ; (5.19a)41



g(s) = (n0s; n0x; n0z) � F (3�6)(s) � ~~y(s) ; (5.19b)F (�; �) = s1 � 14 (�2 + �2)= 1Xn=0  1=2n ! � (�1)n � �14 ��2 + �2��n= 1� 18 ��2 + �2�+ � � � : (5.19)From (5.14) and (5.18) we obtain the equation of spin motion in the form:dds ~� = 0BB� ��� [� � F (�; �) ℄ 00 ��� [� � F (�; �) ℄ 1CCA �G 0(s) � ~~y (s)+D 0(s) � ~� + g(s) �  0 +1�1 0 ! � ~� (5.20)with D 0(s) =  0 + 0spin(s)� 0spin(s) 0 ! : (5.21)5.3 The Linearised Equations of Spin Motion Combined with theEquations of Orbital Motion5.3.1 The Spin Motion in Linear OrderTo prepare for later investigations we onsider in partiular the linear order of spin motion:�� 1; � � 1 =) F (�; �) = 1whih leads to the Hamiltonian :Hspin(�; �; s) = (�; �) �  ms(s) mx(s) mz(s)ls(s) lx(s) lz(s) !0B� !s!x!z 1CA+12 h�2 + �2i � dds  spin(s) : (5.22)42



The orresponding anonial equations for � and � read (see eqn. (5.20)) :dds ~� = G 0(s) � ~y (s) +D 0(s) � ~� : (5.23)Here the matrix G 0 desribes the linear spin{orbit oupling and the funtion  spin(s), appear-ing in D 0(s), designates the spin phase funtion.In this form the relation (5.23) is the basi equation for spin motion used in the omputerprogram SLIM [15, 7℄. We have thus derived the SLIM formalism from anonial equationsbased on a polynomial expansion of a spin Hamiltonian.Remark:The �rst order approximation of eqn. (5.7) in the limitj�mj � 1 ;j�lj � 1 ;j�nj � 1takes the form: �0 = +(~l � ~!) + �  0spin ; (5.24a)�0 = �(~m � ~!)� � 0spin (5.24b)with �m � � ; (5.25a)�l � � : (5.25b)This is equivalent to eqn. (5.23).5.3.2 The Combined Form of Orbital Motion with Linear Spin MotionBy ombining the orbital part ~~y and the spin part ~� into an 8{dimensional vetor as �rstdone by A. Chao [15℄: ~u =  ~~y~� ! (5.26)we an rewrite the orbital equation (4.16) and the spin equation (5.23) in a ompat matrixnotation as follows: dds~u = Â � ~u (5.27)43



with Â =  A 0G0 D0 ! : (5.28)Sine eqn. (5.27) is linear and homogeneous, the solution an be written in the form:~u(s) = M̂(s; s0) � ~u(s0) (5.29)whih de�nes the 8{dimensional transfer matrix M̂(s; s0) of spin{orbit motion.By eqn. (5.27), M̂ (s; s0) is determined by the di�erential equationdds M̂ (s; s0) = Â(s) � M̂ (s; s0) ; (5.30a)M̂ (s0; s0) = 1 : (5.30b)If we write M̂ as M̂ =  M 0G D ! (5.31)we obtain from eqn. (5.30) [16℄:dds  M 0G D ! =  A 0G0 D0 ! M 0G D ! (5.32a)=  AM 0G0M +D0G D0D !and  M (s0; s0) 0G(s0; s0) D(s0; s0) ! = 1 (5.32b)or I) dds M (s; s0) = A(s) �M (s; s0) ; M(s0; s0) = 1 ; (5.33)(M (s; s0)= transfer matrix for the orbit) ;II) dds D(s; s0) = D0(s) �D(s; s0) ; D(s0; s0) = 1) D (s; s0) =  os [ spin(s)�  spin(s0)℄ sin [ spin(s)�  spin(s0)℄� sin [ spin(s)�  spin(s0)℄ os [ (s)spin �  spin(s0)℄ ! ; (5.34)44



III) dds G(s; s0) = G0(s) �M(s; s0) +D0(s) �G(s; s0) ; G(s0; s0) = 0) G(s; s0) = D(s; s0) � Z ss0 d~s �D(s0; ~s) �G0(~s) �M (~s; s0)= Z ss0 d~s �D(s; ~s) �G0(~s) �M (~s; s0) : (5.35)By eqns. (5.33 - 35) the transfer matrix M̂ (s; s0) is determined in a unique way.In partiular, one �nds the following expressions for the revolution matrix M̂ (s0 + L; s0):M̂ (s0 + L; s0) =  M(s0 + L; s0) 0G(s0 + L; s0) D(s0 + L; s0) ! (5.36)with D(s0 + L; s0) =  os [2�Qspin℄ sin [2�Qspin℄� sin [2�Qspin℄ os [2�Qspin℄ ! (5.37)where the quantity Qspin de�nes the (linear) spin tune on the losed orbit ( see eqn. (4.8) ).The eigenvetors of the whole 8{dimensional revolution matrix M̂(s0+L; s0) for spin andorbit whih are de�ned by M̂(s0 + L; s0) � ~q� = �̂� � ~q� (5.38)an now be written in the form:~qk(s0) =  ~vk(s0)~wk(s0) ! ; ~q�k(s0) = [~qk(s0)℄� (5.39a)for k = I; II; IIIand ~qIV (s0) =  ~06(s0)~wIV (s0) ! ; ~q�IV (s0) = [~qIV (s0)℄� (5.39b)for k = IV .By ombining eqns. (5.38), (5.39), (5.36), (5.37) and (4.19) we obtain for the 2{dimensionalvetors ~wk(s0) (k = I; II; III) and ~wIV (s0):G (s+ L; s) ~vk(s) +D (s+ L; s) ~wk(s) = �k � ~wk(s)=) ~wk(s0) = � hD(s0 + L; s0)� �̂ki�1 �G(s0 + L; s0) � ~vk(s0) (5.40a)45



for k = I; II; III ;~wIV (s0) = 1p2 �  1�i ! � e�i  spin(s0) (5.40b)for k = IVand ~w�k(s0) = [~wk(s0)℄� ; (k = I; II; III; IV ) (5.41)(~vk(s0) being de�ned in (4.19a)).The orresponding eigenvalues are�̂k = �k = e�i � 2�Qk ; (k = I; II; III) (5.42a)and �̂IV = e�i � 2�QIV with QIV = Qspin : (5.42b)For the the eigenvetors ~q�(s) of the transfer matrix M̂(s+ L; s) (initial position s):M̂(s+ L; s) � ~q�(s) = �̂�(s) � ~q�(s) (5.43)we also have: ~q�(s) = M̂(s; s0) ~q�(s0) �  ~vk(s)~wk(s) ! : (5.44)In partiular we get ~qIV (s) =  ~06~wIV (s) ! ; ~q�IV (s) = [~qIV (s)℄� (5.45a)with~wIV (s) = D(s; s0) ~wIV (s0) = 1p2 �  1�i ! � e�i  spin(s) ; ~w�IV (s) = [~wIV (s)℄�: (5.45b)The eigenvalues are independent of s:�̂�(s) = �̂�(s0) : (5.46)As may be seen by (5.31) and (5.35), the solution of eqn. (5.23) an be written as:~� (s) = D (s; s0) � ~� (s0) + Z ss0 d~s �D (s; ~s) �G 0(~s) �M (~s; s0) � ~y(s0)= D (s; s0) � �~� (s0) + Z ss0 d~s �D (s0; ~s) �G 0(~s) �M (~s; s0) � ~y(s0)� : (5.47)46



Remark:Note, that the omponents ~wk in eqn. (5.44)~wk(s) = � [D (s+ L; s)� �k � 1℄�1 �G (s+ L; s) ~vk(s)= � [D (s+ L; s)� �k � 1℄�1 � Z s+Ls d~s �D (s+ L; ~s) �G 0(~s) � ~vk(~s) (5.48)for (k = I; II; III) are solutions of eqn. (5.23) with ~y(s) = ~vk(s):dds ~wk(s) = � [D (s+ L; s)� �k � 1℄�1 � Z s+Ls d~s � ddsD (s+ L; ~s) �G 0(~s) � ~vk(~s)� [D (s+ L; s)� �k � 1℄�1 �D (s+ L; s+ L) �G 0(s+ L) � ~vk(s+ L)+ [D (s+ L; s)� �k � 1℄�1 �D (s+ L; s) �G 0(s) � ~vk(s)= � [D (s+ L; s)� �k � 1℄�1 � Z s+Ls d~s �D0(s) �D (s+ L; ~s) �G 0(~s) � ~vk(~s)� [D (s+ L; s)� �k � 1℄�1 � 1 �G 0(s) � �k~vk(s)+ [D (s+ L; s)� �k � 1℄�1 �D (s+ L; s) �G 0(s) � ~vk(s)= D0(s) � ~wk(s) + [D (s+ L; s)� �k � 1℄�1 � [D (s+ L; s)� �k � 1℄ �G 0(s) � ~vk(s)= D0(s) � ~wk(s) +G0(s) � ~vk(s) :This result is in agreement with the de�nition of ~wk(s) by eqn. (5.44), i.e. the spin{orbitvetor ~q�(s) de�ned by (5.44) is a solution of eqn. (5.27), whih represents the ombined formof spin{orbit motion.6 Calulation of the ~n{AxisWe are now in a position to alulate the so{alled ~n{axis [17, 4℄ whih represents aspeial solution of the T{BMT equation on the 6{dimensional partile orbit having the same47



periodiity properties as the partile orbit, namely:~n(JI ; JII; JIII ;�I ;�II ;�III ; s) = ~n(JI ; JII; JIII ;�I + 2�;�II ;�III; s)= ~n(JI ; JII; JIII ;�I ;�II + 2�;�III; s)= ~n(JI ; JII; JIII ;�I ;�II ;�III + 2�; s)= ~n(JI ; JII; JIII ;�I ;�II ;�III ; s+ L) (6.1)where the variables Jk and �k (k = I; II; III) are the ation{angle variables of the orbitalmotion [12℄.The ~n{axis is the key objet in the de�nition of ombined ation{angle variables for spinand orbit on arbitrary orbits and for desribing spin kinematis in eletron storage rings[4, 17, 18℄.6.1 De�nition of the ~n{AxisIn order to obtain the ~n{axis, we introdue a damping term� � ~� with  > 0on the r.h.s. of eqn. (5.14) for spin motion:dds ~� = �S2 � dd~� Hspin �  � ~� : (6.2)Denoting then the solution of eqn. (6.2) by~� = ~F (~�0; ; s) (6.3)with ~�0 � ~� (s0) ;the ~n{axis is alulated from the relation:~n (s) = lim0<!0 lims0!�1 ~F (~�0; ; s) : (6.4)Thus we are using the fat that the asymptoti fored solution of a damped osillator hasthe periodiity of the driving fore [19℄. In this ase the driving fore is the vetor ~! whihhas the periodiity (6.1) and we introdued the damping via the term  � ~�. By subsequentlyallowing  �~� to approah zero we reover the solution to the T{BMT equation with the desiredperiodiity properties. 48



6.2 Perturbation TheoryThe ~n{axis shall now be determined in a perturbation theory.Using (4.18) we write eqn. (5.19b) in the form:g(s) = Xk=I;II;III fAk � gk(s) +A�k � g�k(s)g (6.5)with g�(s) = (n0s(s); n0x(s); n0z(s)) � F (3�6) � ~v�(s): (6.6)Then we onsider the (small) oeÆients A�k as perturbation parameters whih lead to aperturbation series for the spin vetor ~�:~� = ~� (0) + ~� (1) + ~� (2) + � � �+ ~� (N) + � � � : (6.7)The di�erent orders of the ~n{axis may then be onstruted in a systemati manner usingthe method of fored solution as desribed by eqns. (6.2 - 4).6.2.1 The ~n{Axis in 0th OrderFrom eqns. (5.20) and (6.2) we have:dds~� (0) = D 0(s) � ~� (0) �  � ~� (0) : (6.8)with the solution : ~� (0) (s) = e� � (s� s0) �D (s; s0) � ~� (0) (s0)and with D (s; s0) given by (5.34).The fored solution is:~n (0) (s) = lim0<!0 lims0!�1 e� � (s� s0) �D (s; s0) � ~� (0) (s0)= 0 ; (6.9)i.e. the ~n{axis oinides with ~n0 in 0th order.Note, that ~n (0)(s) satis�es the periodiity ondition (6.1).49



6.2.2 The ~n{Axis in Linear OrderIn �rst order we obtain from (5.20) and (6.2):dds~� (1) = G 0(s) � ~~y (s) +D 0(s) � ~� (1) �  � ~� (1) : (6.10)The solution of eqn. (6.10) reads as:~� (1) (s) = e� � (s� s0) �D (s; s0)��~� (1) (s0) + Z ss0 d~s �D (s0; ~s) �G 0(~s) � ~~y(~s) � e+ � (~s� s0)� :and the fored solution is:~n (1) (s) = lim0<!0 lims0!�1 e� � (s� s0) �D (s; s0)��~� (1) (s0) + Z ss0 d~s �D (s0; ~s) �G 0(~s) � ~~y(~s) � e+ � (~s� s0)�= lim0<!0 Z s�1 d~s �D (s; ~s) �G 0(~s) � ~~y(~s) � e+ � ~s= lim0<!0 1Xn=0 Z s�n�Ls�(n+1)�L d~s �D (s; ~s) �G 0(~s) � 6X�=1 A� ~v�(~s) � e+ � ~s= lim0<!0 1Xn=0 Z s+Ls ds0 �D (s; s0) �D (s0; s0 � [n+ 1℄L) �G 0(s0 � [n+ 1℄L)� 6X�=1 A� ~v� (s0 � [n+ 1℄L) � e+ � (s0 � [n+ 1℄L)= lim0<!0 1Xn=0 Z s+Ls ds0 �D (s; s0) �Dn+1 (s+ L; s) �G 0(s0)� 6X�=1 A� ~v�(s0) � ��(n+1)� � e�(n+ 1) � L= lim0<!0 6X�=1 A� 1Xn=0 Dn+1 (s+ L; s) � ��(n+1)� � e�(n+ 1) � L� Z s+Ls ds0 �D (s; s0) �G 0(s0) � ~v�(s0)= 6X�=1 A� � lim0<!0 �1 � ��1� � e�L � D (s+ L; s)��1 � ��1� � e�L � D (s+ L; s)50



� Z s+Ls ds0 �D (s; s0) �G 0(s0) � ~v�(s0)= 6X�=1 A� � [�� � 1� D (s+ L; s)℄�1� Z s+Ls d~s �D (s+ L; ~s) �G 0(~s) � ~v�(~s)= 6X�=1 A� � ~w�(s) (6.11)(see also Ref. [20℄) whereby eqn. (5.48) and the following relations have been used:D (s0; s0 � [n+ 1℄L) = D(n+1) (s0 + L; s0) = D(n+1) (s+ L; s) ;G 0(s0 � [n+ 1℄L) = G 0(s0) ;~v�(s0 � [n+ 1℄L) = ��(n+1)� � ~v�(s0) ;D (s; s0) �D(n+1) (s+ L; s) = D(n+1) (s+ L; s) �D (s; s0) ;1Xn=0 Dn (s+ L; s) � ��n� � e�n � L = �1� ��1� � e�L � D (s+ L; s)��1 :Equation (6.11) an also be written in the form:~n (1) (s) = 6X�=1 Â� � ~̂w�(s) (6.12)with ~̂w�(s) = e+i � 2�Q� � (s=L) � ~w�(s) (6.13)and Â� = e�i � 2�Q� � (s=L) �A�= qJ� � e�i��= Â�(J�;��) : (6.14)51



It follows from (6.12) that ~n (1)(s) satis�es the periodiity ondition (6.1) sine~̂w�(s+ L) = ~̂w�(s) (6.15)and Â�(J�;�� + 2�) = Â�(J�;��) : (6.16)Remark:If we transform the rotation matrix D(s+ L; s)D (s+ L; s) =  os [2�Qspin℄ sin [2�Qspin℄� sin [2�Qspin℄ os [2�Qspin℄ !into priniple axes:U�1 �D (s+ L; s) � U = J ; D (s+ L; s) = U � J � U�1 ; (6.17a)U =  1 1i �i ! ; (6.17b)J = 0� e+i � 2�Qspin 00 e�i � 2�Qspin 1A (6.17)the vetor ~wk an be put into the form:~wk(s) = � �U � J � U�1 � e�i � 2�Qk � 1��1 �G (s+ L; s) ~vk(s)= �U � �J � e�i � 2�Qk � 1��1 � U�1 �G (s+ L; s) ~vk(s)= U � 0BBB� i2 sin �[Qk +Qspin℄ � e+i�[Qk �Qspin℄ 00 i2 sin �[Qk �Qspin℄ � e+i�[Qk +Qspin℄ 1CCCA�U�1 �G (s+ L; s) ~vk(s) :This equation shows that the omponents of ~wk beome in�nitely large forQk �Qspin �! integer :52



6.2.3 The ~n{Axis at Seond Orderdds ~� (2) = D 0(s) � ~� (2) +  0 +1�1 0 ! � g(s) � ~n (1)(s)�  � ~� (2) (6.18)with ~n (1)(s) = Xk=I; II; III fAk � ~wk(s) +A�k � ~w�k(s)g= X� A� � ~w�(s) (6.19)and g(s) = X� A� � g�(s) ; (6.20a)g�(s) = (ns(s); nx(s); nz(s)) � F (3�6)(s) � ~v�(s) : (6.20b)The solution of eqn. (6.18) ~� (2)(s) � ~F (2) (~� (2)0 ; ; s)reads as:~F (2) (~� (2)0 ; ; s) = e� � (s� s0) �D (s; s0) � ~� (2) (s0)+e� � (s� s0) �D (s; s0)� Z ss0 d~s �D (s0; ~s) �  0 +1�1 0 ! � g(~s) � ~n (1)(~s) � e+ � (~s� s0)The fored solution is:~n (2)(s) = lim0<!0 lims0!�1 ~F (2) (~� (2)0 ; ; s)= lim0<!0 Z s�1 d~s �D (s; ~s) �  0 +1�1 0 ! � g(~s) � ~n (1)(~s) � e+ � ~s= X�1 X�2 A�1A�2 � lim0<!0 Z s�1 d~s �D (s; ~s) �  0 +1�1 0 ! � g�1(~s) � ~w�2(~s) � e+ � ~s53



= X�1 X�2 A�1A�2 � lim0<!0 1Xn=0 Z s�n�Ls�(n+1)�L d~s �D (s; ~s)� 0 +1�1 0 ! � g�1(~s) � ~w�2(~s) � e+ � ~s= X�1 X�2 A�1A�2 � lim0<!0 1Xn=0 Z s+Ls ds0 �D (s; s0) �D (s0; s0 � [n+ 1℄L)� 0 +1�1 0 ! � g�1 (s0 � [n+ 1℄L) � ~w�2 (s0 � [n+ 1℄L)�e+ � (s0 � [n+ 1℄L)= X�1 X�2 A�1A�2 � lim0<!0 1Xn=0 Z s+Ls ds0 �D (s; s0) �Dn+1 (s+ L; s)� 0 +1�1 0 ! � ��(n+1)�1 g�1 (s0) � ��(n+1)�2 ~w�2 (s0)�e+ � (s0 � [n+ 1℄L)= X�1 X�2 A�1A�2 � lim0<!0 1Xn=0 Dn+1 (s+ L; s) � ��(n+1)�1 � ��(n+1)�2 � e�(n+ 1) � L� Z s+Ls ds0 �D (s; s0) �  0 +1�1 0 ! � g�1 (s0) � ~w�2 (s0) � e+ � s0= X�1 X�2 A�1A�2 � lim0<!0 �1 � ��1�1 � ��1�2 � e�L �D (s + L; s)��1���1�1 � ��1�2 � e�L � D (s+ L; s)� Z s+Ls ds0 �D (s; s0) �  0 +1�1 0 ! � g�1 (s0) � ~w�2 (s0)= X�1 X�2 A�1A�2 � [��1��2 � 1 � D (s+ L; s)℄�1� Z s+Ls ds0 � g�1 (s0) �D (s+ L; s0) �  0 +1�1 0 ! � ~w�2 (s0) : (6.21)Clearly the omponents of ~n (2) beome in�nitely large whenQ�1 +Q�2 = integer+Qspin :54



(For the general resonane relation see eqn. (6.27) ).6.2.4 The ~n{Axis at kth OrderFor an arbitrary (the kth) order we an in general write:dds ~� (k) = D 0(s) � ~� (k) + X�1;�2;���;�k A�1A�2 � � �A�k � ~K( k)�1�2����k(s)�  � ~� (k) ; (6.22)whereby the term ~K( k)�1�2����k(s) depends on ~n (�) for � < k.For instane we have:~K(0) = 0 ; (6.23a)~K(1)� = G 0(s) � ~v�(s) ; (6.23b)~K(2)�1�2 =  0 +1�1 0 ! � ~w�1(s) � (ns; nx; nz) � F (3�6)(s)~v�2(s) : (6.23)(see eqns. (6.8), (6.10), (6.18) ). The general form of ~K( k)�1�2����k (s) may be found from eqn.(5.20) by iteration.Assumption: ~K( k)�1�2����k(s+ L) = ��1��2 � � � ��k � ~K(k)�1�2����k(s) : (6.24)This relation is ful�lled for k = 0; 1; 2 as may be seen from eqn. (6.23a, b, ), and in thefollowing shall be proved by indution.From eqn. (6.22) we obtain:dds ~� (k) = D 0(s) � ~� (k) + X�1;�2;���;�k A�1A�2 � � �A�k � ~K( k)�1�2����k(s)�  � ~� (k) : (6.25)The solution of eqn. (6.25) ~� (k) � ~F (k) (~� (k)0 ; ; s)reads as:~� (1) (s) = e� � (s� s0) �D (s; s0)�(~� (k) (s0) + Z ss0 d~s �D (s0; ~s) � X�1 ;�2;���;�k A�1A�2 � � �A�k � ~K( k)�1�2����k(s) � e+ � (~s� s0)) :55



The fored solution is:~n (k) = lim0<!0 lims0!�1 ~F (k) (~� (k)0 ; ; s)= lim0<!0 Z s�1 d~s �D (s; ~s) � X�1;�2;���;�k A�1A�2 � � �A�k � ~K( k)�1�2����k(s) � e+ � ~s= X�1;�2;����k A�1A�2 � � �A�k � lim0<!0 Z s�1 d~s �D (s; ~s) � ~K( k)�1�2����k(~s) � e+ � ~s= X�1;�2;����k A�1A�2 � � �A�k � lim0<!0 1Xn=0 Z s�n�Ls�(n+1)�L d~s �D (s; ~s) � ~K( k)�1�2����k(~s) � e+ � ~s= X�1;�2;����k A�1A�2 � � �A�k � lim0<!0 1Xn=0 Z s+Ls ds0 �D (s; s0) �D (s0; s0 � [n+ 1℄L)� ~K( k)�1�2����k (s0 � [n+ 1℄L) � e+ � (s0 � [n+ 1℄L)= X�1;�2;����k A�1A�2 � � �A�k � lim0<!0 1Xn=0 Z s+Ls ds0 �D (s; s0) �Dn+1 (s+ L; s)� h��(n+1)�1 ��(n+1)�2 � � � ��(n+1)�k i � ~K( k)�1�2����k (s0) � e+ � (s0 � [n+ 1℄L)= X�1;�2;����k A�1A�2 � � �A�k � lim0<!0 1Xn=0 Dn+1 (s+ L; s) � h��(n+1)�1 ��(n+1)�2 � � � ��(n+1)�k i� e�(n+ 1) � L � Z s+Ls ds0 �D (s; s0) � ~K( k)�1�2 ����k(s0) � e+ � s0= X�1;�2;����k A�1A�2 � � �A�k � lim0<!0 �1 � (��1��2 � � � ��k)�1 � e�L �D (s+ L; s)��1� (��1��2 � � � ��k )�1 � e�L � D (s+ L; s) � Z s+Ls ds0 �D (s; s0) � ~K( k)�1�2����k(s0)= X�1;�2;����k A�1A�2 � � �A�k � [��1��2 � � � ��k � 1� D (s+ L; s)℄�1� Z s+Ls ds0 � ~K( k)�1�2����k(s0) : (6.26)Transforming the rotation matrix D (s+L; s) into priniple axis (see eqns. (6.17a, b, ) ),one an easily show that the term[��1��2 � � � ��k � 1� D (s+ L; s)℄�156



in (6.26) beomes in�nite forQ�1 +Q�2 + � � �+Q�k = integer+Qspin : (6.27)Finally we remark that the vetor ~n (k) in (6.26) obeys the periodiity relation (6.1):~n (k)(JI ; JII; JIII ;�I ;�II ;�III ; s) = ~n (k)(JI ; JII ; JIII;�I + 2�;�II;�III ; s)= ~n (k)(JI ; JII ; JIII;�I ;�II + 2�;�III ; s)= ~n (k)(JI ; JII ; JIII;�I ;�II ;�III + 2�; s)= ~n (k)(JI ; JII ; JIII;�I ;�II ;�III ; s+ L) (6.28)as may be seen by using eqns. (6.14), (6.16) and (6.24).With the help of (6.26) and (6.24) we now an prove that the relation (6.24) is also ful-�lled for the next order (k +1). It follows then that eqn. (6.24) and thus also the periodiityondition (6.28) is valid for all orders of ~n(s).Remarks:1) In this paper we have used the anonial variables � and � to alulate the ~n{axis.It is also possible to work with the omponents �n, �m and �l of the spin vetor ~� by usingan iterative tehnique applied to equations of spin motion as represented in the form of eqn.(2.10). This is essentially the method used in the SMILE formalism introdued by S. Mane[18℄. It is also possible to alulate ~n iteratively in terms of (�m; �l) by expanding eqn. (4.9)[21℄.2) The vetor ~n is unique exept at spin{orbit resonanes and in the neighbourhood ofresonanes ~n depends very sensitively on the phase spae position. These statements are non{perturbative and are analogous to the lak of uniqueness of ~n0 on the losed orbit (see setion4.2.1 and 7.3). However, when alulating ~n perturbatively, we �nd that the omponents(~�; ~�) diverge at resonanes. This is the perturbative manifestation of the instability andnon{uniqueness that would be found in a non{perturbative alulation.3) As a result of the periodiity relations (6.1), the ~n{axis an be expanded into a Fourierseries: ~n (JI ; JII; JIII ;�I ;�II ;�III ; s) = Xm1;m2;m3 ; q ~Nm1m2m3 q (Jk)�e�i fm1�I(~s) +m2�II(~s) +m3�III(~s) + q � 2� (~s=L)g : (6.29)Using the ansatz (6.29), we obtain an alternative method to determine the ~n{axis by solvingthe equation of spin motion (5.14). (See also Ref. [4℄).57



4) The solution (6.26) diverges not only at the resonane (6.27), but also at the resonanesthat were found at lower order.7 Spin Motion in the (~n1; ~n2; ~n) System7.1 Introdution of the Dreibein (~n1; ~n2; ~n)In this setion we demonstrate how to use the ~n{axis to onstrut a speial dreibein(~n1; ~n2; ~n) on an arbitrary 6{dimensional orbit.In the following we shall introdue a ompat matrix notation by rewriting an arbitraryvetor ~A = An � ~n0 +Am � ~m+Al �~las a olumn vetor with omponents An; Am; Al:An � ~n0 +Am � ~m+Al �~l � 0B� AnAmAl 1CAand de�ning the derivative of a olumn vetor with respet to the ar length s as the derivativeof the orresponding omponents Ai but not of the unit vetors:dds 0B� AnAmAl 1CA � ~n0 � dds An + ~m � dds Am +~l � dds Al :In partiular we then have: ~m � 0B� 010 1CA ; ~l � 0B� 001 1CAand thus in this notation: dds ~m = dds ~l = 0 :Furthermore we onstrut the unit vetors ~n1 and ~n2 as:~n1 � 0B� (~n1 ~n0)(~n1 ~m)(~n1~l) 1CA = ~n� ~mj~n� ~mj ; (7.1a)58



~n2 � 0B� (~n2 ~n0)(~n2 ~m)(~n2~l) 1CA = ~n� ~n1= ~n� [~n� ~m℄j~n� ~mj= ~n � (~n ~m)� ~mj~n� ~mj ; (7.1b)=) ~n1 � ~n2 = ~n :By onstrution ~n1 and ~n2 obey the same periodiity ondition (6.1) as ~n and form amutually orthogonal set 1 .Sine dds ~a(s)j~a(s)j = ~a0j~aj � ~aj~aj2 � dds p~a2= ~a0j~aj � ~aj~aj2 � ~a � ~a0j~aj= ~a0 � (~a~a)� ~a � (~a~a0)j~aj3= ~a� [~a0 � ~a℄j~aj3we obtain with ~a = ~n� ~m (7.2)and (~a=j~aj) � ~n1: dds ~n1 = ~n1 � [~a0 � ~n1℄j~aj= ~n1 � ��~m� �~n � ~̂
��� ~n1�j~aj ;where ~̂
 is the spin preession vetor in the (~n0; ~m; ~l ) frame.Writing �~n1 � �~m� (~n� ~̂
)�� = A � ~n+B � ~n1 + C � ~n21For ~n = ~n0 we have ~n1 = ~l and ~n2 = �~m. 59



=) j~aj � dds ~n1 = fA � ~n+B � ~n1 + C � ~n2g � ~n1= fA � ~n+ C � ~n2g � ~n1= +A � ~n2 �C � ~nit follows that: A = ~n � �~n1 � �~m� (~n� ~̂
)��= �~m� (~n� ~̂
)� � (~n� ~n1)= �~m� (~n� ~̂
)� � ~n2= (~n � ~̂
) � (~n2 � ~m)= ~̂
 � [~n� (~m� ~n2℄= ~̂
 f~m � (~n~n2)� ~n2 � (~n ~m)g= �(~̂
~n2) � (~n ~m) ;C = ~n2 � �~n1 � �~m� (~n� ~̂
)��= �~m� (~n� ~̂
)� � (~n2 � ~n1)= �~m� (~n� ~̂
� � (�~n)= �(~n� ~̂
) � (~n � ~m)= �(~n� ~̂
) � j~aj � ~n1= �j~aj � ~̂
 � (~n1 � ~n) ;= +j~aj � (~̂
~n2)and thus: dds ~n1 = ( Aj~aj � ~n+ Cj~aj � ~n2)� ~n1= ( Aj~aj � ~n+ (~̂
~n2))� ~n1 : (7.2a)Furthermore we get:dds ~n2 = dds (~n� ~n1) 60



= d~nds � ~n1 + ~n� d~n1ds= �~̂
� ~n�� ~n1 + ~n� " Aj~aj � ~n2 � Cj~aj � ~n#= (~̂
~n1) � ~n� (~n1 ~n) � ~̂
 + Aj~aj � ~n� ~n2= (~̂
~n1) � ~n+ Aj~aj � ~n � ~n2= ( Aj~aj � ~n + (~̂
~n1) � ~n1)� ~n2 (7.2b)and dds ~n = ~̂
� ~n= �(~̂
~n) � ~n+ (~̂
~n1) � ~n1 + (~̂
~n2) � ~n2� � ~n= �(~̂
~n1) � ~n1 + (~̂
 ~n2) � ~n2�� ~n : (7.2)Using the relation: ~x� ~x = 0for an arbitrary vetor ~x, eqns. (7.2a, b, ) an be gathered in the form:8>>>>>>>>>>><>>>>>>>>>>>: dds ~n = ~U � ~n ;dds ~n1 = ~U � ~n1 ;dds ~n2 = ~U � ~n2 (7.3)with ~U = Aj~aj � ~n+ (~̂
~n1) � ~n1 + (~̂
~n2) � ~n2 : (7.4)We an obtain the same expression for ~U by alulating 12 P3k=1 ~nk � dds ~nk with ~n3 � ~n[4, 1℄. 61



7.2 Equations of Motion with Respet to the Dreibein (~n1; ~n2; ~n)In the following we use the formalism of setions (2.3, 2.4). Deomposing the spin vetor~� with respet to the dreibein (~n1; ~n2; ~n)~� = ~�0 � ~n + ~�1 � ~n1 + ~�2 � ~n2 ;we obtain from eqn. (5.11):dds ~� = ~̂
 � ~�= �(~̂
~n) � ~n+ (~̂
~n1) � ~n1 + (~̂
~n2) � ~n2� � ~� ;=) ~̂
� n~�0 � ~n + ~�1 � ~n1 + ~�2 � ~n2o = d~�0ds � ~n+ d~�1ds � ~n1 + d~�2ds � ~n2+~�0 � dds ~n+ ~�1 � dds ~n1 + ~�2 � dds ~n2= d~�0ds � ~n+ d~�1ds � ~n1 + d~�2ds � ~n2+~U � n~�0 � ~n + ~�1 � ~n1 + ~�2 � ~n2o ;=) d~�0ds � ~n + d~�1ds � ~n1 + d~�2ds � ~n2 = [ ~̂
� ~U ℄� �~�0 � ~n+ ~�1 � ~n1 + ~�2 � ~n2� :Sine ~n obeys the T{BMT equation (see eqn. (2.33) ) , the new preession vetor [ ~̂
� ~U ℄is parallel to ~n: [ ~̂
� ~U ℄ = k(�k; Jk; s) � ~n ;and in this frame the spins preess around ~n with onstant J = ~n � ~�.Our notation reets to the fat that 
, ~n1, ~n2, ~n and thus k all depend on(Jk; �k; s) :Furthermore k, like 
, ~n, ~n1, ~n2, is periodi in (�k; s).Then:d~�0ds � ~n+ d~�1ds � ~n1 + d~�2ds � ~n2 = [k(�k; Jk; s) � ~n℄ � �~�0 � ~n + ~�1 � ~n1 + ~�2 � ~n2�= k(�k; Jk; s) � �~�1 � ~n2 � ~�2 � ~n1�62



with (see 2.7b) k(�k; Jk; s) = (~̂
~n)� Aj~aj= (~̂
~n) + ~n1d~n2ds (7.5)leads to dds 0B� ~�0~�1~�2 1CA = 0B� 0�k(�k; Jk; s) � ~�2+k(�k; Jk; s) � ~�1 1CA ; (7.6)dds h~�1 + i � ~�2i = i k(�k; Jk; s) � h~�1 + i � ~�2i ; (7.7)h~�1(s) + i � ~�2(s)i = h~�1(s0) + i � ~�2(s0)i � exp�i � Z ss0 d~s � k(�k; Jk; ~s)� : (7.8)The interpretation of (7.5) is obvious: w.r.t. ~n1 and ~n2 the rate of spin preession around~n is omposed of the projetion of ~̂
 onto ~n and the rate of rotation of ~n1 and ~n2 around ~n.7.3 Spin Tune on an Arbitrary OrbitWe now de�ne: Q̂spin = � limN!1 12�N Z s0+N �Ls0 d~s � k(�k; Jk; ~s) : (7.9)The quantity Q̂spin is a measure of the average spin preession frequeny in the (~n1; ~n2; ~n)frame on an arbitrary orbit. Note, that Q̂spin is independent of the starting point s0.On the losed orbit we obtain:~n � ~n0 ; ~~y � 0 =) k(�k; Jk; s) = � 0spin(s)and thus: Q̂spin = � limN!1 12�N Z s0+N �Ls0 d~s � [� 0spin(~s)℄= 12�N � f spin(s0 +N � L)�  spin(s0)g=  spin(s0 + L) �  spin(s0)2� � Qspin : (7.10)63



Thus our Q̂spin redues to Qspin on the losed orbit.For the spin tune shift with respet to the losed orbit:ÆQspin = Q̂spin �Qspin (7.11)we get from (7.9) and (7.10):ÆQspin = � limN!1 12�N Z s0+N �Ls0 d~s � nk(�k; Jk; ~s) +  0spin(~s)o : (7.12a)De�ning in (7.12): �k(�k; Jk; s) = k(�k; Jk; s) +  0spin(s) (7.12b)whih is periodi in �k and s so that:�k(�I ;�II ;�III;JI ; JII ; JIII; s) = �k(�I + 2�;�II ;�III ;JI ; JII; JIII ; s)= �k(�I;�II + 2�;�III ;JI ; JII; JIII ; s)= �k(�I;�II ;�III + 2�;JI ; JII; JIII ; s)= �k(�I;�II ;�III ;JI ; JII ; JIII; s+ L)we expand �k as a Fourier expansion:�k(�k; Jk; s) = Xm1;m2;m3 Rm1m2m3(Jk; s) � e�i fm1�I +m2�II +m3�IIIg; (7.13a)where Rm1m2m3(Jk; s) = � 12��3 � Z 2�0 d�I Z 2�0 d�II Z 2�0 d�III��k(�k; Jk; s) � e+i fm1�I +m2�II +m3�IIIg (7.13b)with Rm1m2m3 (Jk; s+ L) = Rm1m2m3 (Jk; s)= Xq Rm1m2m3 q (Jk) � e�i q � 2� (s=L) ; (7.13)=) Rm1m2m3 q (Jk) = 1L Z s0+Ls0 d~s �Rm1m2m3 (Jk; ~s) � e+i q � 2� (~s=L) ;R�m1;�m2;�m3;�q (Jk) = [Rm1m2m3 q (Jk)℄� :64



Then we an in general write:ÆQspin = � limN!1 12�N � Xm1;m2;m3; q Z s0+N �Ls0 d~s �Rm1m2m3 q (Jk)�e�i fm1�I(~s) +m2�II(~s) +m3�III(~s) + q � 2� (~s=L)g : (7.14)Equation (7.14) may be written in the form:ÆQspin = � Xm1 ;m2;m3; q limN!1 12�N � NX�=1 Z s0+��Ls0+(��1)�L d~s �Rm1m2m3 q (Jk)�e�i fm1�I(~s) +m2�II(~s) +m3�III(~s) + q � 2� (~s=L)g= � Xm1 ;m2;m3; q limN!1 12�N � NX�=1 Z s0+Ls0 ds0 �Rm1m2m3 q (Jk)�e�im1 � �I(s0 + [�� 1℄ � L)�e�im2 � �II(s0 + [�� 1℄ � L)�e�im3 � �III(s0 + [�� 1℄ � L)�e�i q � (2�=L) (s0 � [�� 1℄ � L)= � Xm1 ;m2;m3; q limN!1 12�N � NX�=1 e�2�i � (�� 1) fm1QI +m2QII +m3QIII + qg� Z s0+Ls0 ds0 �Rm1m2m3 q (Jk)�e�i fm1�I(s0) +m2�II(s0) +m3�III(s0) + q � 2� (s0=L)g= �Xq limN!1 12�N NX�=1 e�2�i � (�� 1) q � Z s0+Ls0 ds0 �R000q (Jk) � e�i q � 2� (s0=L)� Xm1 ; m2; m3; qm1 ;m2 ;m3 6= 0;0;0 limN!1 12�N � NX�=1 e�2�i � (� � 1) fm1QI +m2QII +m3QIII + qg� Z s0+Ls0 ds0 �Rm1m2m3 q (Jk)�e�i fm1�I(s0) +m2�II(s0) +m3�III(s0) + q � 2� (s0=L)g= � limN!1 12�N � NX�=1 Z s0+Ls0 ds0 �R0000 (Jk)65



� Xm1 ; m2; m3; qm1 ;m2 ;m3 6= 0;0;0 limN!1 12�N � 1� e�2�i �N � fm1QI +m2QII +m3QIII + qg1� e�2�i � fm1QI +m2QII +m3QIII + qg� Z s0+Ls0 ds0 �Rm1m2m3 q (Jk)�e�i fm1�I(s0) +m2�II(s0) +m3�III(s0) + q � 2� (s0=L)g= � 12� � Z s0+Ls0 ds0 �R0000 (Jk)= � L2� �R0000 (Jk) (7.15)away from the orbital resonanem1QI +m2QII +m3QIII = integer ;(m1; m2; m3; 6= 0; 0; 0) :On suh a resonane the terms proportional to Rm1m2m3 q and its onjugate survive theaveraging and Q̂spin then depends on the orbit phase. In the following we will onsistentlyexlude the ase of orbital resonane sine on resonane, Q̂spin is not onstant and annot beused as a tune for ation{angle variables of spin [4℄.In eqn. (7.15) we have used the relation:�k(s) = �k(s0) + 2�L Qk � (s� s0) (7.16)(see eqn. (4.31b) ). It follows from (7.15) that ÆQspin is independent of �k (k = I; II; III):ÆQspin = ÆQspin(Jk) : (7.17)To get the spin tune shift at �rst order we replae ~n with ~n0 to obtain:~n! ~n0 =) k(1)(�k; Jk; s) = ~̂
~n0= (~n0 � ~!)�  0spin(s)(see eqns. (7.5) and (5.10) ) and thus:�k(1)(�k; Jk; s) = (~n0 � ~!)or taking into aount (4.25) and (5.17):�k(1)(�k; Jk; s) = Xk=I; II; III qJk � e�i�k(~s) � (n0s(s); n0x(s); n0z(s)) F (3�6) ~̂vk(s) (7.18)66



whih leads to: ÆQ(1)spin = 0; (7.19)i.e. the spin tune shift vanishes in 1st order.7.4 Ation{Angle Variables for Spin Motion on an Arbitrary OrbitSine k(Jk;�k; s) is not onstant we now wish to �nd a new spin oordinate systemin whih spins preess uniformly and thereby onstrut ation{angle variables for spin onarbitrary orbits. To this end we introdue the variables (J;  ) by the de�nition:8>>>>>><>>>>>>: ~�0 � J ;~�1 = p1 � J2 � os (s) ;~�2 = p1 � J2 � sin (s) : (7.20)The spin Hamiltonian desribing preession motion around ~n ( see eqn. (7.7) ) is:Hspin = k(�k; Jk; s) � J (7.21)and the anonial equations of motion are then:dds  = +�Hspin�J = k(�k; Jk; s) ; (7.22a)dds J = ��Hspin� = 0 : (7.22b)The solution of (7.22a, b) is given by: (s) = Z ss0 d~s � k(�k; Jk; ~s) ; (7.23a)J = onst : (7.23b)We now employ the anonial transformation ; J �!  ̂ = �2�Q̂spin � sL ; Ĵ = J : (7.24)based on the generating funtionF2( ; Ĵ; s) = �Ĵ � �2�L Q̂spin � s+ Z ss0 d~s � k(�k; Jk; ~s)�+  � Ĵ (7.25)67



whih reads as:8>>>>><>>>>>:  ̂ = �F2� ~J = �2�L Q̂spin � s� Z ss0 d~s � k(�k; Jk; ~s) +  = �2�L Q̂spin(Jk) � s ;J = �F2� = Ĵ : (7.26)The new Hamiltonian Ĥspin = Hspin + �F2�s (7.27)is given by: Ĥspin = Hspin + �F2�s= k(�k; Jk; s) � J � Ĵ � �2�L Q̂spin(Jk) + k(�k; Jk; s)�= �2�L Q̂spin(Jk) � Ĵ : (7.28)The orresponding anonial equations read as:dds  ̂ = +�Ĥspin� ~J = �2�L Q̂spin(Jk) = onst ; (7.29a)dds Ĵ = ��Ĥspin� ~ = 0 : (7.29b)Thus we now have a spin preession frequeny independent of �k and s but dependent on Jkand idential to the average spin tune in the (~n1; ~n2; ~n) dreibein. The quantities Ĵ ,  ̂ are ouration{angle variables for spin on an arbitrary 6{dimensional orbit.Assoiated with these new variables Ĵ ,  ̂ is the new dreibein (~̂n1; ~̂n2; ~n) with (~̂n1; ~̂n2)given by: ~̂n1 = +~n1 � os�(s) + ~n2 � sin�(s) ;~̂n2 = �~n1 � sin�(s) + ~n2 � os�(s)or ~̂n1 + i � ~̂n2 = [~n1 + i � ~n2℄ � exp [�i � �(s)℄ (7.30a)where by (7.26)�(�k(s); Jk; s) = �(�k(s0); Jk; s0) + Z ss0 d~s � k(�k(~s); Jk; ~s) + 2�L Q̂spin � (s� s0)= �(�k(s0); Jk; s0) + Z ss0 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin� : (7.30b)68



De�ning the spin omponents �̂1, �̂2 with respet to (~̂n1; ~̂n2) by the relation:~� = ~�0 � ~n + �̂1 � ~̂n1 + �̂2 � ~̂n2we an write: dds h�̂1 + i � �̂2i = i
(Jk) � h�̂1 + i � �̂2ior h�̂1(s) + i � �̂2(s)i = h�̂1(s0) + i � �̂2(s0)i � exp fi
(Jk) � (s� s0)gwith 
(Jk) = �2�L � Q̂spinwhih expresses again the fat that the spins preess uniformly in the new dreibein.Choosing for simpliity �(�k(s0); Jk; s0) = 0 ;in (7.30b) we may write 2:�(�k(s); Jk; s) = Z ss0 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin� : (7.31)Further insight into the properties of the new dreibein an be obtained by using (7.12b)and expanding the integrand in (7.31):�k̂(�k; Jk; s) = k(�k; Jk; s) + 2�L Q̂spin(Jk)= �k(�k; Jk; s) + 2�L ÆQspin (Jk) + �2�L Qspin �  0spin(s)� (7.32)into a Fourier series:�k̂(�I ;�II ;�III ;JI ; JII; JIII ; s) = �k̂(�I + 2�;�II ;�III;JI ; JII ; JIII; s)= �k̂(�I ;�II + 2�;�III;JI ; JII ; JIII; s)= �k̂(�I ;�II ;�III + 2�;JI; JII ; JIII; s)= �k̂(�I ;�II ;�III ;JI; JII ; JIII ; s+ L) ;2Note that the proof of the periodiity onditions (7.35) and (7.36) also works for an arbitrary hoie of�(�k(s0); Jk; s0). 69



=) �k̂(�k; Jk; s) = Xm1;m2;m3 R̂m1m2m3(s) � e�i fm1�I +m2�II +m3�IIIg; (7.33a)R̂m1m2m3(s) = � 12��3 � Z 2�0 d�I Z 2�0 d�II Z 2�0 d�III ��k̂(�k; Jk; s)�e+i fm1�I(s) +m2�II(s) +m3�III(s)g (7.33b)with R̂m1m2m3(s+ L) = R̂m1m2m3(s)= Xq R̂m1m2m3 q (Jk) � e�i q � 2� (s=L) ;=) R̂m1m2m3 q (Jk) = 1L Z s0+Ls0 d~s � R̂m1m2m3 (Jk; ~s) � e+i q � 2� (~s=L)whih leads to:�k̂(�k; Jk; s) = Xm1; m2 ;m3 ; q(m1 ;m2 ;m3 ;q) 6=(0;0;0;0) R̂m1m2m3 q (Jk)�e�i fm1�I(s) +m2�II(s) +m3�III(s) + q � 2� (~s=L)g :Here we have used the fat that the oeÆientR̂0000 = 1L Z s0+Ls0 d~s � � 12��3 � Z 2�0 d�I Z 2�0 d�II Z 2�0 d�III ��k̂(�k; Jk; ~s)vanishes: R̂0000 = 0as may be derived from eqn. (7.32), sine1L Z s0+Ls0 d~s � � 12��3 � Z 2�0 d�I Z 2�0 d�II Z 2�0 d�III ��k(�k; Jk; ~s)= R0000 = �2�L ÆQspin (Jk)and 1L Z s0+Ls0 d~s � �2�L Qspin �  0spin(~s)� = 0 :70



Then, using eqn. (7.16), eqn. (7.31) an be written in the form:�(�k; Jk; s)= Z ss0 d~s � Xm1; m2 ;m3 ; qm1;m2 ;m3 ; q 6= 0;0;0;0 R̂m1m2m3 q (Jk)� e�i fm1�I(~s) +m2�II(~s) +m3�III(~s) + q � 2� (~s=L)g= Xm1 ;m2 ; m3; qm1;m2 ;m3 ; q 6= 0;0;0;0 R̂m1m2m3 q (Jk) � e�i fm1�I(s0) +m2�II(s0) +m3�III(s0)g� e2�i � (s0=L) fm1QI +m2QII +m3QIIIg� Z ss0 ds0 � e�2�i � (s0=L) fm1QI +m2QII +m3QIII + q g= Xm1 ;m2 ; m3; qm1;m2 ;m3 ; q 6= 0;0;0;0 R̂m1m2m3 q (Jk) � e�i fm1�I(s0) +m2�II(s0) +m3�III(s0)g� e2�i � (s0=L) fm1QI +m2QII +m3QIIIg� 24 e�2�i � (s0=L) fm1QI +m2QII +m3QIII + q g�2�i � (1=L) � fm1QI +m2QII +m3QIII + qg 35s0=ss0=s0= Xm1 ;m2 ; m3; qm1;m2 ;m3 ; q 6= 0;0;0;0 R̂m1m2m3 q (Jk) � e�i fm1�I(s0) +m2�II(s0) +m3�III(s0)g� e2�i � (s0=L) fm1QI +m2QII +m3QIIIg�2�i � (1=L) � fm1QI +m2QII +m3QIII + qg� �e�2�i � (s=L) fm1QI +m2QII +m3QIII + q g�e�2�i � (s0=L) fm1QI +m2QII +m3QIII + q g�= Xm1 ;m2 ; m3; qm1;m2 ;m3 ; q 6= 0;0;0;0 R̂m1m2m3 q (Jk) � e�i fm1�I(s) +m2�II(s) +m3�III(s) + 2�q � s=Lg� 1�2�i � (1=L) � fm1QI +m2QII +m3QIII + qg71



� Xm1 ; m2; m3; qm1 ;m2 ;m3 ; q 6=0;0;0;0 R̂m1m2m3 q (Jk) � e�i fm1�I(s0) +m2�II(s0) +m3�III(s0) + 2�q � s0=Lg� 1�2�i � (1=L) � fm1QI +m2QII +m3QIII + qg= Xm1 ;m2 ; m3; qm1;m2 ;m3 ; q 6= 0;0;0;0 R̂m1m2m3 q (Jk) � e�i fm1�I(s) +m2�II(s) +m3�III(s) + 2�q � s=Lg� 1�2�i � (1=L) � fm1QI +m2QII +m3QIII + qg� onst: (7.34)From (7.34) it is lear that �(�k; Jk; s) ful�ls the periodiity onditions�(JI; JII ; JIII ;�I ;�II ;�III; s) = �(JI ; JII; JIII ;�I + 2�;�II ;�III ; s)= �(JI ; JII; JIII ;�I ;�II + 2�;�III ; s)= �(JI ; JII; JIII ;�I ;�II ;�III + 2�; s)= �(JI ; JII; JIII ;�I ;�II ;�III ; s+ L) : (7.35)Then by (7.30a) we see that ~̂n1 and ~̂n2 ful�l the same periodiity relations as�(�k(s); Jk; s) and thus as ~n1 and ~n2 (see eqn. (6.1) ) :~̂n�(JI ; JII ; JIII;�I ;�II ;�III ; s) = ~̂n�(JI ; JII; JIII ;�I + 2�;�II ;�III; s)= ~̂n�(JI ; JII; JIII ;�I ;�II + 2�;�III; s)= ~̂n�(JI ; JII; JIII ;�I ;�II ;�III + 2�; s)= ~̂n�(JI ; JII; JIII ;�I ;�II ;�III ; s+ L) ; (7.36)with � = 1; 2 for an arbitrary orbit.Thus we have found that the dreibein (~̂n1; ~̂n2; ~n) within whih spin motion an be desribedin terms of ation{angle variables, is fully periodi in (�k; s). A numerially equivalent on-strution of (~̂n1; ~̂n2) was used �rst in the program SPRINT [22, 23, 24, 25℄. The need fora periodi dreibein on arbitrary orbits is disussed in Ref. [4℄. Realling the behaviour ofspins on the losed orbit, we note (see setion 4.1 and Appendix B ) that in the non{periodi(~n0; ~m0; ~l0) dreibein the spins are stationary, but in the (~n0; ~m; ~l) dreibein the phase funtion an be hosen so as to vary linearly in s so that the spins preess at a �xed frequeny Qspin.The quantity Qspin is arbitrary up to an integer orresponding to various hoies of (~m; ~l).72



Moreover the vetors (~m; ~l) are periodi in s. The onstrution that we have just arried outis the generalisation of this to arbitrary integrable orbits. On the losed orbit (~̂n1; ~̂n2) redueto (~l; �~m).From (7.34) it is lear that our onstrution of the periodi (~̂n1; ~̂n2) beomes invalid on anorbit resonane m1QI +m2QII +m3QIII + q = 0 ;(m1; m2; m3; q 6= 0; 0; 0; 0)for whih R̂m1m2m3 q does not vanish. But this ase had to be exluded in order to make Q̂spinindependent of orbit phase. Away from spin orbit resonanes the whole dreibein (~̂n1; ~̂n2; ~n)is a single valued funtion of the phase spae point (Jk; �k; s) and the vetors (~n1; ~n2) and(~̂n1; ~̂n2) osillate with respet to eah other. In the neighbourhood of an orbital resonane theosillation amplitude beomes very large.Remarks:An alternative way, used in the earlier versions of this paper, to prove the periodiity of(~̂n1; ~̂n2) is to write (7.30b) in the speial form�(�k(~s); Jk; s) = lim0<!0 lims0!�1 Z ss0 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin(Jk)� � e+ � ~s= lim0<!0 Z s�1 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin(Jk)� � e+ � ~s : (7.37)by making a speial hoie of �(�k; Jk; s0) and using the method of fored solution.Then we have:�(�k(s); Jk; s+ L) = lim0<!0 Z s+L�1 d~s � �k(�k(~s� L); Jk; ~s) + 2�L Q̂spin(Jk)� � e+ � ~s;= lim0<!0 Z s�1 ds0 � �k(�k(s0); Jk; s0 + L) + 2�L Q̂spin(Jk)� � e+ � (s0 + L);= lim0<!0 Z s�1 ds0 � �k(�k(s0); Jk; s0) + 2�L Q̂spin(Jk)� � e+ � (s0 + L)= lim0<!0 Z s�1 ds0 � �k(�k(s0); Jk; s0) + 2�L Q̂spin(Jk)� � e+ � s0= � (�k(s); Jk; s)and �(�k + 2�; Jk; s) = lim0<!0 Z s�1 d~s � �k(�k + 2�; Jk; ~s) + 2�L Q̂spin(Jk)� � e+ � ~s73



= lim0<!0 Z s�1 d~s � �k(�k; Jk; ~s) + 2�L Q̂spin(Jk)� � e+ � ~s= �(�k; Jk; s) ;sine k(�k(s); Jk; s+ L) = k(�k(s); Jk; s)and k(�k + 2�; Jk; s) = k(�k; Jk; s) :Thus the funtion �(�k; Jk; s) indeed obeys the periodiity relation (7.35). Note, that thisanalysis is not valid on resonanes for whih R̂m1m2m3 q does not vanish.The proof of the periodiity ondition (7.35) remains valid, if we use the ansatz:�(�k(s); Jk; s) = C + lim0<!0 Z s�1 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin(Jk)� � e+ � ~s ;by introduing an arbitrary additional integration onstant C in (7.31). UsingC = � lim0<!0 Z s0�1 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin(Jk)� � e+ � ~swe obtain (7.31) again:�(�k(s); Jk; s) = lim0<!0 Z ss0 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin(Jk)� � e+ � ~s= Z ss0 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin(Jk)� : (7.38)2) Having established the periodi dreibein (~̂n1; ~̂n2; ~n) in whih spins preess uniformly,we an onstrut another dreibein (^̂~n1; ^̂~n2; ~n) as^̂~n1 + i � ^̂~n2 = h~̂n1 + i � ~̂n2i� exp f�i [m1�I(s) +m2�II(s) +m3�III(s) + q � 2� (s=L)℄g : (7.39)Sine the spins preess at the rate
(Jk) = �2�L Q̂spinwith respet to (~̂n1; ~̂n2; ~n) then they preess at the rate
(Jk)� 2�L [q +m1 �QI +m2 �QII +m3 �QIII℄= �2�L hQ̂spin + q +m1 �QI +m2 �QII +m3 �QIIIi74



with respet to (^̂~n1; ^̂~n2; ~n).By onstrution (^̂~n1; ^̂~n2) is again periodi and the preession rate is uniform. Thus the(^̂~n1; ^̂~n2; ~n) dreibein has the same status as (~̂n1; ~̂n2; ~n) and is a perfetly valid dreibein. Onthe resonane, Q̂spin + q +m1 �QI +m2 �QII +m3 �QIII = 0 ; (7.40)the spins are stationary in the \resonane dreibein" (^̂~n1; ^̂~n2; ~n) onstruted using the(m1;m2;m3; q):Thus at resonane these (^̂~n1; ^̂~n2; ~n) all obey the T{BMT equation and the distintion between~n and (^̂~n1; ^̂~n2) is lost. Then at a spin{orbit resonane (7.38) a dreibein an always be foundin whih spins are stationary and for whih the hoie of (^̂~n1; ^̂~n2; ~n) is not unique. This isanalogous to the situation with the losed orbit disussed in setion 4.1 (see also Ref. [4℄).3) In arriving at ation{angle variables for spin, either on the losed orbit or an arbitrarytrajetory, we an see an analogy with the ase of the onstrution of ation{angle variablesfor orbital motion. In the latter ase the orbital Hamiltonian is s{dependent (setion 3.2.1)but the s{dependene an be absorbed by applying an s{dependent anonial transformationinvolving orbital eigenvetors (setion 4.2.2) and the motion from then on is desribed withrespet to a basis of orbital eigenvetors with amplitudes that are written in terms of ation{angle variables. Atually, we use the \Floquetized" orbital eigenvetors periodi in s and auniformly inreasing phase funtion. In the ase of spin on the losed orbit we ome to ation{angle variables by an s{dependent anonial transformation involving a spin phase funtion inreasing linearly in s (setion 4.1) and the orresponding s dependent orthonormal pair(~m; ~l) whih is periodi in s. On an arbitrary orbit, we arrive at ation{angle variables via aanonial transformation to a dreibein whih is periodi in �k as well as in s.For an analysis of spin{orbit motion and the introdution of spin tune in terms of Floquettheory see [26℄.4) To onstrut (~̂n1; ~̂n2) we began by using the periodi vetor produt ~n� ~m. We ouldinstead have begun with the vetor produt ~n � ~ex or with ~n � ~v (~v=unit partile diretionvetor) sine ~ex is periodi in s and ~v is periodi in s and �k. Then we ould have alulatedk(Jk;�k; s) for these ases and proeeded with the anonial transformation. The resultingvarious (^̂~n1; ^̂~n2) are presumably related by a transformation of the form (7.39).5) Note that Q̂spin depends on the orbital ations Jk and that an ensemble spans a rangeof Jk. Thus more than one orbit in an ensemble an in priniple be on resonane and someorbits will have no assoiated unique dreibein i.e. no unique ~n{axis.75



8 Calulation of the Depolarisation TimeHaving determined the ~n{axis and investigated the spin motion in the speial oordinatesystem (~̂n1; ~̂n2; ~n)assoiated with the ~n{axis, we are now in a position to study lassial spin di�usion and toalulate the depolarisation time.The spin di�usion is aused by radiation proesses whih an be haraterised by a stohas-ti di�erential equation for the orbital oeÆients Ak [12, 7℄:A0k(s) = +i � v�k5(s) �q!(s) � P(s) ; (8.1a)A0�k(s) = [A0k(s)℄� ; (8.1b)(k = I; II; III)with < P(s);P(s0) > = Æ(s� s0) : (8.2)and !(s) = (jKxj3 + jKzj3) � C2 (8.3)where the oeÆient C2 is given by:C2 = 55 � p348 � C1 � � � 20 with � = �hm0 and C1 = 23e2 � 40E0 : (8.4)Equations (8.1a, b) may be written in a ombined form as:A0�(s) = +V�(s) �q!(s) � P(s) (8.5)with Vk(s) = +i � v�k5(s) ; (8.6a)V�k(s) = [Vk(s)℄� : (8.6b)In the following we shall use the notation:~n = ~n (�̂; �̂)= �1 � 12 ��̂2 + �̂2�� � ~n0 + �̂s1 � 14 ��̂2 + �̂2� � ~m+ �̂s1 � 14 ��̂2 + �̂2� �~lfor the ~n{axis, denoting the �{ and �{omponent of ~n by �̂ and �̂.76



8.1 Depolarisation Degree due to an Orbital JumpWe onsider the ase where at eah point in phase spae the spins are initially all parallel tothe respetive ~n{axes and that orbital equilibrium haraterised by the distribution funtionW (stat)orbit (Jl;�l):W (stat)orbit (Jl;�l) = 1(2�)3 � 1ĴI � ĴII � ĴIII � e� hJI=ĴI + JII=ĴII + JIII=ĴIIIi (8.7)with Ĵk = Mk2ak= 12�k � Z s0+Ls0 d~s � jvk5(~s)j2 � !(~s) ; (k = I; II; III) : (8.8)(see Ref. [12℄) has already been established.After a jump to a new position in phase spaeJk �! Jk +�Jk ;�k �! �k +��kaused by the emission of a photon, the spin of the partile has the diretion of the old ~n{axis, ~nold, haraterised by the omponents �̂ and �̂ but the spin now preesses around thenew ~n{axis, ~nnew = ~nold + �~n, with omponents �̂ + ��̂, �̂ +��̂ orresponding to the neworbital position. Only the projetion of ~nold onto ~nnew survives, sine the spin omponentperpendiular to ~nnew (= ~n(�̂ +��̂; �̂ +��̂) ) averages away due to the uniform preessionof the spin with respet to the dreibein(~̂n1; ~̂n2; ~n)new :Thus the depolarisation takes plae along the latest ~n{axis, ~nnew, and by simple geometrialonsiderations one �nds that the degree of depolarisation due to the jump�̂ �! �̂+��̂ ;�̂ �! �̂ +��̂reads exatly as [27℄ : �P = 12 � j�~nj 2 : (8.9)By writing �~n as �~n = �~n��̂ ���̂+ �~n��̂ ���̂ (8.10)77



with �~n��̂ = ��̂ � ~n0+8>>>><>>>>:s1� 14 ��̂2 + �̂2�� �̂24 �s1 � 14 ��̂2 + �̂2�9>>>>=>>>>; � ~m� �̂ �̂4 �s1� 14 ��̂2 + �̂2� �~l ; (8.11a)�~n��̂ = ��̂ � ~n0� �̂ �̂4 �s1� 14 ��̂2 + �̂2� � ~m+8>>>><>>>>:s1� 14 ��̂2 + �̂2�� �̂24 �s1 � 14 ��̂2 + �̂2�9>>>>=>>>>; �~l : (8.11b)and putting (8.11a, b) into (8.10), we then obtain:�P = 12 8<: �~n��̂!2 ���̂ 2 + 2  �~n��̂ � �~n��̂! ���̂��̂ +  �~n��̂!2 ���̂29=; (8.12)with  �~n��̂!2 = 1 + 14 (�̂2 � �̂2) + �̂2 ��̂2 + �̂2�16 � h1 � 14 ��̂2 + �̂2�i ; (8.13a) �~n��̂ � �~n��̂! = 12 �̂�̂ + �̂�̂ ��̂2 + �̂2�16 � h1� 14 ��̂2 + �̂2�i ; (8.13b) �~n��̂!2 = 1� 14 (�̂2 � �̂2) + �̂2 ��̂2 + �̂2�16 � h1 � 14 ��̂2 + �̂2�i : (8.13)78



8.2 Stohasti Behaviour of Spin MotionThe stohasti behaviour of the orbital motion haraterised by eqn. (8.5) is transferredto the spin motion. Thus we have: dds �̂!rad = X� ��̂�A� �A0�(s)= X� ��̂�Â� � �Â��A� � V�(s) �q!(s) � P(s)= X� ��̂�Â� � e�i � 2�Q� � s=L � V�(s) �q!(s) � P(s)= X� ��̂�Â� � V̂�(s) �q!(s) � P(s)= F1(s) �q!(s) � P(s) ; (8.14a) dds �̂!rad = F2(s) �q!(s) � P(s) (8.14b)with F1(s) = X� ��̂�Â� � V̂�(s) ; (8.15a)F2(s) = X� ��̂�Â� � V̂�(s) (8.15b)and V̂�(s) � e�i � 2�Q� � s=L � V�(s)= V̂�(s+ L) : (8.16)Integration of eqn. (8.14) leads to:[�̂(s1)� �̂(s0)℄rad = Z s1s0 d~s � Æ(~s) � F1(~s) ; (8.17a)h�̂(s1)� �̂(s0)irad = Z s1s0 d~s � Æ(~s) � F2(~s) : (8.17b)From eqn. (8.17) we obtain:< [�̂(s0) � �̂(s1)℄rad � h�̂(s0)� �̂(s1)irad >79



= Z s1s0 ds0 � Z s1s0 ds00� < Æ(s0) Æ(s00) > �F1(s0) � F2(s00)= Z s1s0 ds0 � Z s1s0 ds00 � !(s0) � Æ(s0 � s00) � F1(s0) � F2(s00)= Z s1s0 ds0 � !(s0) � F1(s0) � F2(s0) (8.18a)and < �h�̂(s0)� �̂(s1)irad� 2 > = Z s1s0 ds0 � !(s0) � F1(s0) 2 ; (8.18b)< �h�̂(s0)� �̂(s1)irad� 2 > = Z s1s0 ds0 � !(s0) � F2(s0) 2 : (8.18)8.3 Depolarisation TimeFor the stohasti average of �P in (8.12) we get, using eqns. (8.18a, b, ) :< �P (Jk;�k; s) > = �s � 12 !(s)�8<: �~n��̂!2 � F1(s) 2 + 2  �~n��̂ � �~n��̂! � F1(s)F2(s) +  �~n��̂!2 � F2(s) 29=; : (8.19)Taking an average of < �P (Jk;�k; s) > over one revolution and over the orbital phasespae by using the distribution funtion (8.7), eqn. (8.19) then leads to the harateristi spindepolarisation time �D for the di�usion of spins resulting from stohasti orbit motion givenby: ��1D = L � Z s+Ls d~s � Z 2�0 d�I Z 2�0 d�II Z 2�0 d�III Z 10 dJI Z 10 dJII Z 10 dJIII�W (stat)orbit (Jl;�l) � < �P (Jk;�k; s) >�s= 2L Z s+Ls d~s � !(~s) �R(~s)= 2L Z s0+Ls0 d~s � !(~s) �R(~s) (8.20)with R(s) = Z 10 dJI Z 10 dJII Z 10 dJIII � e� hJI=ĴI + JII=ĴII + JIII=ĴIIIiĴI � ĴII � ĴIII80



� 1(2�)3 Z 2�0 d�I Z 2�0 d�II Z 2�0 d�III�8<: �~n��̂!2 � F1(s) 2 + 2  �~n��̂ � �~n��̂! � F1(s)F2(s) +  �~n��̂!2 � F2(s) 29=;= R(s + L) : (8.21)Taking into aount the 1st order relations: �̂(1)(s)�̂(1)(s) ! = X� Â� � ~̂w� (s) ; (8.22) F (1)1 (s)F (1)1 (s) ! = X� ~̂w� (s) � V̂�= X� ~w� (s) � V�= i � Xk=I; II; III f~wk � v�k5 + ompl:onj:g= �2 � =m Xk=I; II; III ~wk � i v�k5 (8.23)(see eqns. (6.11) and (8.15) ) the depolarisation rate �D�1 reads as:��1D = 2 � L Z s0+Ls0 d~s � !(~s) � 2X�=10�=m Xk=I; II; III[v�k5(~s) �wk�(~s)℄1A2 : (8.24)This result has already been derived in a di�erent manner by A. Chao [15℄) (see alsoRefs. [7, 12℄ ), and serves as the basis of various shemes for maximising the polarisation[16, 28, 29, 30, 31, 32, 33℄.In the same way higher orders of �D may be obtained by using eqns. (6.26) and (8.15).Remark:Note that sine Z 2�0 d�k � (Ak)� (A�k)� = 0 for �+ � 6= 0(with Ak given by eqn. (4.24) ), many terms of the integral (8.21) vanish. Only terms on-taining even balaned produts of Ak's suh as AkA�k remain [18℄.81



9 SummaryWe have investigated a number of aspets of spin dynamis in storage rings on the basisof the T{BMT equation.The orbital motion was desribed in terms of the fully oupled 6{dimensional formalismwith the anonial variables x; px; z; pz; �; p� = (1=�20) � �.Orbital ation{angle variables in linear approximation were introdued via a anonialtransformation taking into aount all kinds of oupling (synhro{betatron oupling and ou-pling of the betatron osillations by skew quadrupoles and solenoids).In addition to the wellknown orbital variables x; px; z; pz; �; p� of the fully oupled6{dimensional formalism we de�ned the anonial spin variables � and � whih were used todetermine the ~n{axis by the method of fored solution.In order to desribe spin motion, various oordinate systems were introdued, haraterisedby the triad (~ex; ~ez; ~es), and the dreibeins (~n0; ~m; ~l) (~n1; ~n2; ~n) and (~̂n1; ~̂n2; ~n).With respet to the dreibein (~̂n1; ~̂n2; ~n) we were then able to de�ne ation{angle variablesof spin motion on an arbitrary partile path haraterised by the orbital variables Jk, �k andto alulate the spin tune as a funtion of Jk.The dreibein (~̂n1; ~̂n2; ~n) is a single valued funtion of the orbital oordinates (�k; Jk; s).Then we presented a way to derive the general formula of the harateristi spin depolar-isation time �D for the di�usion of spins resulting from stohasti orbit motion and in linearapproximation obtained the usual result.The equations presented in this report an serve to develop an 8{dimensional trakingprogram for the ombined spin{orbit system, taking into aount nonlinear spin motion.Finally we remark that, starting from the variables x, px, z, pz , �, p� �, � and usinganalytial tehniques as desribed in Refs. [9, 10, 34℄ one an also develop an 8{dimensionaldispersion formalism.In this paper we have negleted the Stern{Gerlah fores [1℄. We shall inorporate thesein another report.AknowledgementsWe wish to thank G. Ho�st�atter and M. Vogt for useful disussions on the numerialevaluation of spin tune in the program SPRINT.Appendix A: The Hamiltonian for Spin MotionA.1 The Spin HamiltonianSpin motion an be desribed in terms of a spin Hamiltonian, namely:ddt � = +�Hspin�� ; (A.1a)82



ddt � = ��Hspin�� : (A.1b)where Hspin reads as [1℄ :Hspin(�; �; t) = s1 � 14 (�2 + �2) � [
1 � �+ 
2 � �℄ + �1� 12 ��2 + �2�� �
3 : (A.2)Then:ddt � = +�Hspin��= + ��4s1� 14 (�2 + �2) � [
1 � �+ 
2 � �℄ +s1� 14 (�2 + �2) � 
2 � � � 
3; (A.3a)ddt � = ��Hspin��= � ��4s1 � 14 (�2 + �2) � [
1 � �+ 
2 � �℄�s1 � 14 (�2 + �2) �
1 + � � 
3: (A.3b)The omponents �1, �2, �3 of the spin vetor ~�~� = �1 � ~e1 + �2 � ~e2 + �3 � ~e3 (A.4)are given by: �1 = � �s1� 14 (�2 + �2) ; (A.5a)�2 = � �s1� 14 (�2 + �2) ; (A.5b)�3 = 1� 12 ��2 + �2� ; (A.5)=) Hspin = 
1 � �1 + 
2 � �2 + 
3 � �3 : (A.6)83



A.2 The Equations of Spin MotionIn terms of the omponents �i we have:ddt �3 = �� � dds �� � � dds �= ��s1� 14 (�2 + �2) � 
2 + �s1 � 14 (�2 + �2) � 
1= 
1 � �2 � 
2 � �1 ; (A.7a)ddt �1 = s1 � 14 (�2 + �2) � dds �+ �4q1� 14 (�2 + �2) � "�� � dds �� � � dds �#= ��4 � [
1 � � + 
2 � �℄ + �1� 14 ��2 + �2�� � 
2 � �s1� 14 (�2 + �2) � 
3+ �4q1 � 14 (�2 + �2) � [
1 � �2 � 
2 � �1℄= ��4 � [
1 � � + 
2 � �℄ + �1� 14 ��2 + �2�� � 
2 � �2 � 
3+�4 � [
1 � � � 
2 � �℄= �14 ��2 + �2� � 
2 + �1� 14 ��2 + �2�� � 
2 � �2 � 
3= �1� 12 ��2 + �2�� � 
2 � �2 � 
3= 
2 � �3 � 
3 � �2 ; (A.7b)ddt �2 = s1 � 14 (�2 + �2) � dds � + �4q1� 14 (�2 + �2) � "�� � dds �� � � dds �#= +�4 � [
1 � �+ 
2 � �℄� �1� 14 ��2 + �2�� � 
1 + �s1 � 14 (�2 + �2) � 
3+ �4q1 � 14 (�2 + �2) � [
1 � �2 � 
2 � �1℄= +�4 � [
1 � �+ 
2 � �℄� �1� 14 ��2 + �2�� � 
1 + �1 � 
3+�4 � [
1 � � � 
2 � �℄= +14 ��2 + �2� � 
1 � �1� 14 ��2 + �2�� � 
2 + �1 � 
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= � �1� 12 ��2 + �2�� �
1 + �1 �
3= 
3 � �1 � 
1 � �3 ; (A.7)=) ddt 0B� �1�2�3 1CA = 0B� 
1
2
3 1CA� 0B� �1�2�3 1CA : (A.8)The last formula is idential with the T{BMT equation (2.7a) or (2.10).Appendix B: The Periodi Spin Frame (~n0; ~m;~l) along theClosed OrbitIn order to investigate spin motion along the losed orbit, we write eqn. (4.2b) 3 in theform: dds ~�0(s) = 
(0)(s) � ~�0(s) (B.1)where we have set ~�0 = 0B� �0s�0x�0z 1CA (B.2a)and 
(0)(s) = 0B� 0 �
(0)z 
(0)x
(0)z 0 �
(0)s�
0x 
(0)s 0 1CA : (B.2b)The transfer matrix M (spin)(s; s0) for the spin motion de�ned by~�0(s) =M (spin)(s; s0) � ~�0(s0)satis�es the relationships: MT(spin)(s; s0) �M (spin)(s; s0) = 1 ; (B.3a)det [M (spin)(s; s0)℄ = 1 (B.3b)3This equation an be solved by methods as desribed in Appendix C, using ~
 (0) instead of ~̂
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sine (using eqn. (B.1) )dds M (spin)(s; s0) = 
(0)(s) �M (spin)(s; s0) ;M (spin)(s0; s0) = 1and therefore (with [
(0)℄T = �
(0))dds hMT(spin)(s; s0) �M (spin)(s; s0)i = h
(0)(s) �M (spin)(s; s0)iT �M (spin)(s; s0)+MT(spin)(s; s0) � h
(0)(s) �M (spin)(s; s0)i= �M (spin)(s; s0)T � 
(0)(s) �M (spin)(s; s0)+MT(spin)(s; s0) � 
(0)(s) �M (spin)(s; s0)= 0 ;det M(spin)(s; s0) = det M(spin)(s0; s0) = 1 ;i.e. M (spin)(s; s0) is an orthogonal matrix with determinant 1.Let us now onsider the eigenvalue problem for the revolution matrix M (spin)(s0 + L; s0)with the eigenvalues �� and eigenvetors ~r�(s0):M (spin)(s0 + L; s0) ~r�(s0) = �� � ~r�(s0) ; (B.4)(� = 1; 2; 3)using the notation ~r� =̂ 0B� ~r� � ~es~r� � ~ex~r� � ~ez 1CA :Beause of (B.3a,b) we an write [35℄:�1 = 1 ;�2 = ei � 2� �Qspin ; (B.5)�3 = e�i � 2� �Qspin ;86



(Qspin= real number)and ~r1(s0) = ~n0(s0) ; (B.6a)~r2(s0) = ~m0(s0) + i �~l0(s0) ; (B.6b)~r3(s0) = ~m0(s0)� i �~l0(s0) ; (B.6)(~n0; ~m0;~l0 =real vetors) .If we require that ~r+1 � ~r1 = 1 ; (B.7a)~r+2 � ~r2 � ~r+3 � ~r3 = 2 ; (B.7b)(normalising onditions)we �nd, using eqn. (B.3a) [35℄:j~n0(s0)j = j~m0(s0)j = j~l0(s0)j = 1 ; (B.8a)~n0(s0) ? ~m0(s0) ? ~l0(s0) : (B.8b)Thus the vetors ~n0(s0); ~m0(s0) and ~l0(s0) form an orthogonal system of unit vetors.Choosing the diretion of ~n0(s0) suh that~n0(s0) = ~m0(s0)�~l0(s0) (B.8)these vetors form a righthanded oordinate system.In this way we have found a oordinate frame for the position s = s0.An orthogonal system of unit vetors at an arbitrary position s an be de�ned by applyingthe transfer matrix M (spin)(s; s0) to the vetors ~n0(s0); ~m0(s0) and ~l0(s0):~n0(s) = M (spin)(s; s0) ~n0(s0) ; (B.9a)~m0(s) = M (spin)(s; s0) ~m0(s0) ; (B.9b)~l0(s) = M (spin)(s; s0) ~l0(s0) : (B.9)Beause of eqn. (B.3a,b) the orthogonality relations remain unhanged:~n0(s) = ~m0(s)�~l0(s) (B.10a)~m0(s) ? ~l0(s) ; (B.10b)j~n0(s)j = j~m0(s)j = j~l0(s)j = 1 : (B.10)The oordinate frame de�ned by ~n0(s); ~m0(s) and ~l0(s) is not yet appropriate for a desriptionof the spin motion, beause it does not transform into itself after one revolution of the partiles:~m0(s0 + L) + i~l0(s0 + L) = M (spin)(s0 + L; s0) h~m0(s0) + i~l0(s0)i= ei � 2� �Qspin � h~m0(s0) + i~l0(s0)i6= ~m0(s0) + i~l0(s0)87



(if Qspin 6= integer).i.e. although ~n0(s) is periodi by eqns. (B.5), (B.6a), ~m0(s) and ~l0(s) are not periodi.But by introduing a phase funtion  (s) and using another orthogonal matrix D̂(s):D̂(s) =  os[ spin(s)℄ sin[ spin(s)℄� sin[ spin(s)℄ os[ spin(s)℄ ! (B.11)with D̂T (s) � D̂(s) = 1 ; (B.12a)det [D̂(s)℄ = 1 (B.12b)we an onstrut a periodi orthogonal system of unit vetors from ~n0(s); ~m0(s) and ~l0(s).Namely, if we put [36℄:  ~m(s)~l(s) ! = D̂(s) ~m0(s)~l0(s) !=) ~m(s) + i~l(s) = e�i �  spin(s) � h~m0(s) + i~l0(s)i (B.13)6= ~m0(s0) + i~l0(s0)we �nd, using eqns. (B.12a, b) :~n0(s) = ~m(s)�~l(s) ; (B.14a)~m(s) ? ~l(s) ; (B.14b)j~n0(s)j = j~m(s)j = j~l(s)j = 1 : (B.14)Sine~m(s+ L) + i �~l(s+ L) = e�i �  spin(s+ L) � h~m0(s+ L) + i �~l0(s+ L)i= e�i �  spin(s+ L) � ei � 2�Qspin � h~m0(s) + i �~l0(s)i= e�i �  spin(s+ L) � ei � 2�Qspin � e+i �  (s) � n~m(s) + i �~l(s)o= e�i � [ spin(s+ L) �  spin(s)℄ � ei � 2� Qspin � n~m(s) + i �~l(s)oit follows, that the ondition of periodiity for ~n0; ~m and ~l :�~n0; ~m; ~l �s= s0+L = �~n0; ~m; ~l �s= s0 (B.15)88



an indeed be ful�lled if the phase funtion  (s) satis�es the following relationship: spin(s+ L)�  spin(s) = 2� �Qspin ; (B.16a)(Qspin = spin tune).For instane we an hoose:  spin(s) = 2� �Qspin � sL : (B.16b)In this frame, spins on the losed orbit preess uniformly with respet to ~m and ~l.Note that the spin tune Qspin an be separated into an arbitrary integer part � and afrational part ~Qspin : Qspin = �+ ~Qspin ;0 � ~Qspin < 1 :Taking the derivatives of ~m(s) and ~l(s) with respet to s, and taking into aount eqns.(B.13), (B.9), and (4.2b) we getdds 0B� ~m � ~es~m � ~ex~m � ~ez 1CA = 
(0)(s) 0B� ~m � ~es~m � ~ex~m � ~ez 1CA +  0(s) � 0BB� ~l � ~es~l � ~ex~l � ~ez 1CCA ; (B.17a)dds 0BB� ~l � ~es~l � ~ex~l � ~ez 1CCA = 
(0)(s) 0BB� ~l � ~es~l � ~ex~l � ~ez 1CCA �  0(s) � 0B� ~m � ~es~m � ~ex~m � ~ez 1CA (B.17b)and ~n0(s) satis�es (see (B.9a) )dds 0B� ~n0 � ~es~n0 � ~ex~n0 � ~ez 1CA = 
(0)(s) 0B� ~n0 � ~es~n0 � ~ex~n0 � ~ez 1CA : (B.17)Finally, the vetors~r1(s) = ~n0(s) � M (spin)(s; s0) ~r1(s0) ; (B.18a)~r2(s) = ~m0(s) + i �~l0(s) � M (spin)(s; s0) ~r2(s0) ; (B.18b)~r3(s) = ~m0(s)� i �~l0(s) � M (spin)(s; s0) ~r3(s0) (B.18)are eigenvetors of the revolution matrix M (spin) with the same eigenvalues as in (B.5):M (spin)(s+ L; s) ~r�(s) = �� � ~r�(s) : (B.19)Thus, the eigenvalues �� and the quantity Qspin de�ned by eqn. (B.5) are independent of thehosen initial position s0.Finally, we remark that (~n0; ~m0; ~l0) are all T{BMT solutions whereas (~m; ~l) in general arenot T{BMT solutions. 89



Appendix C: Solution of the Equations of Spin MotionC.1 Thin Lens Approximation1) Using the variables � and �.The solution of the anonial spin equation (5.14a, b) an approximated by the form:�(s+�s) = �(s) + �s � �Hspin�� ;�(s+�s) = �(s)��s � �Hspin�� :Expanding the spin Hamiltonian (5.16) into a power series of � and �, we obtain variousorders of approximation. The omputer program \SLIM" [15℄ works with the linear order ofspin motion. In general this solution is not sympleti, i.e. the spin transformation is notorthogonal.2) Using the variables �n, �m and �l.For point{like �elds, the matrix 
̂(s) appearing in (5.11) is given by
̂(s) = P (s0) � Æ(s� s0) : (C.1)Writing P (s0) in the form: P (s0) = 0B� 0 �P3 P2P3 0 �P1�P2 P1 0 1CA (C.2)the solution of eqns. (5.11), (B.1) and (B.2) leads to the transfer matrix:M spin(s0 + 0; s0 � 0) =0BB� P̂ 21 (1� osP ) + osP P̂1P̂2(1� osP )� P̂3 sinP P̂1P̂3(1� osP ) + P̂2 sinPP̂2P̂1(1� osP ) + P̂3 sinP P̂ 22 (1 � osP ) + osP P̂2P̂3(1� osP ) � P̂1 sinPP̂3P̂1(1 � osP ) � P̂2 sinP P̂3P̂2(1 � osP ) + P̂1 sinP P̂ 23 (1� osP ) + osP 1CCA(C.3)with P̂� = 1P � P� ; (� = 1; 2; 3) ; (C.4a)P = qP 21 + P 22 + P 23 : (C.4b)If �n, �m, �l are known, the anonial variables � and � an be obtained from eqn. (5.13).In this way, eqn. (B.3) represents a sympleti integration method of the anonial spinequations (5.14a, b) on the basis of a thin lens approximation, i.e. the spin transformation isorthogonal. 90



C.2 Integration by Lie SeriesA system of di�erential equations of the form:dds zi(s) = #i (z1; z2; � � � zn) ;(i = 1; 2; � � �n)with ��s #i = 0 ;(no expliit s dependene) whereby the terms #i (z1; z2; � � �zn) represent analytial funtions,an be solved by Lie series [37℄: zi(s) = e(s�s0)D ẑiwith D = #1 (ẑ1; ẑ2; � � �ẑn) ��ẑ1 + #2 (ẑ1; ẑ2; � � �ẑn) ��ẑ2 + � � �+ #n (ẑ1; ẑ2; � � �ẑn) ��ẑnand zi(s0) � ẑi :Applying this result to the anonial spin equations (5.14a, b):z1 � � ; z2 � � ;#1 = + ��� Hspin(�; �; x; px; z; pz; �; p�) ;#2 = � ��� Hspin(�; �; x; px; z; pz; �; p�)assoiated with the equations for orbital motion:z3 � x; z4 � px ;z3 � x; z4 � px ;z5 � z; z6 � pz ;z7 � �; z8 � p� ;#3 = + ��px Horb(x; px; z; pz; �; p�) ;#4 = � ��xHorb(x; px; z; pz; �; p�) ;91



#5 = + ��pz Horb(x; px; z; pz; �; p�) ;#6 = � ��z Horb(x; px; z; pz; �; p�) ;#7 = + ��p� Horb(x; px; z; pz; �; p�) ;#8 = � ��� Horb(x; px; z; pz; �; p�)we obtain: �(s) = e(s�s0)D �̂ ; (C.5a)�(s) = e(s�s0)D �̂ ; (C.5b)x(s) = e(s�s0)D x̂ ; (C.5)px(s) = e(s�s0)D p̂x ; (C.5d)z(s) = e(s�s0)D ẑ ; (C.5e)px(s) = e(s�s0)D p̂z ; (C.5f)�(s) = e(s�s0)D �̂ ; (C.5g)px(�) = e(s�s0)D p̂� (C.5h)with D = " ���̂ Hspin# ���̂ � " ���̂ Hspin# ���̂+ " ��p̂x Horb# ��x̂ � " ��x̂ Horb# ��p̂x+ " ��p̂z Horb# ��ẑ � " ��ẑ Horb# ��p̂z+ " ��p̂� Horb# ���̂ � " ���̂ Horb# ��p̂� (C.6)and �̂ � �(s0) ; �̂ � �(s0) ;92



x̂ � x(s0) ; p̂x � px(s0) ;ẑ � z(s0) ; p̂z � pz(s0) ;�̂ � �(s0) ; p̂� � p�(s0) : (C.7)Referenes[1℄ D.P. Barber, K. Heinemann and G. Ripken: Zeitshrift. f. Physik vol.C64, pp.117{167,(1994).[2℄ L. Thomas: Phil. Mag., vol.3, p.1, (1927).[3℄ V. Bargmann, L. Mihel and V.L. Telegdi: Phys. Rev. Lett., vol.2, p.435, (1959).[4℄ K. Yokoya: \The Ation{Angle Variables of Classial Spin Motion in Cirular Aelera-tors"; DESY Report 86-57, (1986).[5℄ A.O. Barut: \Eletrodynamis and Classial Theory of Fields and Partiles"; TheMamillian Company, New York (1964).[6℄ E. Courant and H. Snyder: \Theory of the Alternating{Gradient Synhrotron"; Annalsof Physis vol.3, pp.1-48, (1958).[7℄ H. Mais and G. Ripken: \Theory of Spin{Orbit Motion in Eletron{Positron StorageRings. Summary of Results"; DESY 83-62, (1983)[8℄ G. Ripken: \Nonlinear anonial equations of oupled synhro{betatron motion and theirsolution within the framework of a nonlinear 6{dimensional (sympleti) traking pro-gram for ultra{relativisti protons"; DESY 85-84, (1985)[9℄ D.P. Barber, G. Ripken and F. Shmidt: \A nonlinear anonial formalism for the oupledsynhro{betatron motion of protons with arbitrary energy"; DESY 87-36, (1987)[10℄ G. Ripken and E. Karantzoulis: \A Fokker{Plank Treatment of Coupled Synhro{Betatron Motion in Proton Storage Rings under the Inuene of Cavity Noise"; DESY86-29, (1986).[11℄ H. Mais and G. Ripken: \Theory of Coupled Synhro{Betatron Osillations (I)"; DESYM-82-05, (1982).[12℄ D.P. Barber, K. Heinemann, H. Mais and G. Ripken: \A Fokker{Plank Treatmentof Stohasti Partile Motion within the Framework of a fully oupled 6{dimensionalFormalism for Eletron{Positron Storage Rings inluding Classial Spin Motion in linearApproximation"; DESY 91-146, (1991). 93
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