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Notes on Spin Dynami
s in Storage Rings( Se
ond revision: September 1999 )D.P. Barber, K. Heinemann and G. Ripken �Abstra
tIn the following report we present a 
olle
tion of notes on spin dynami
s in storagerings. The spin motion is des
ribed in terms of a pair of real 
anoni
al spin variables� and � and in four di�erent spin dreibeins. The orbital motion is des
ribed by usingthe 
anoni
al variables x; px; z; pz ; � = s� v0 � t; p� = (1=�20) � � with � = �E=E0 ofthe fully 6{dimensional 
anoni
al formalism. A
tion{angle variables Jk, �k of the linear
oupled orbital motion are introdu
ed by a 
anoni
al transformation. The equations thusobtained are valid for arbitrary velo
ity of the parti
les (below and above transitionenergy). The general periodi
 solution for spin motion, the ~n{axis, is determined bythe method of for
ed solution. A
tion{angle variables of spin motion and a dreibeinwhi
h is a single valued fun
tion of the parti
le 
oordinates (Jk; �k; s) on an arbitraryparti
le path are de�ned and the spin tune as a fun
tion of Jk is 
al
ulated. Finally,
lassi
al spin di�usion 
aused by radiation pro
esses is investigated and a derivation ofthe depolarisation time presented.
�E{mail: mpybar�mail.desy.de, heineman�mail.desy.de, ripken�mail.desy.de.2
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1 Introdu
tionIn this paper we 
olle
t together a number of results and methods useful for studyingspin{orbit motion in storage rings.The starting point of our investigations is the Lorentz equation for orbital motion and theThomas{BMT (T{BMT) equation for spin motion. These are studied in 
hapter 2.Both equations are expressed in ma
hine 
oordinates within the framework of the fully 
ou-pled 6{dimensional des
ription of parti
le motion by using the variables x; px; z; pz; �; p� =(1=�20) �� with � = �E=E0 whi
h allows to handle the external magneti
 for
es in a 
onsistent
anoni
al manner and whi
h in
ludes 
onsistently and 
anoni
ally the syn
hrotron os
illationsin the ele
tri
 �elds of the a

elerating 
avities. This des
ription is summarised in 
hapter3. The equations so derived are valid for arbitrary velo
ity of the parti
les (below and abovetransition energy).In 
hapter 4 we introdu
e the 8{dimensional 
losed orbit for the 
ombined spin{orbitsystem whi
h leads to the periodi
 6{dimensional 
losed orbit of parti
le motion and to theperiodi
 orthonormal 
oordinate system (~n0; ~m; ~l) for spin motion. In this paper the varioussystems of orthonormal 
oordinate ve
tors used for des
ribing spin will be 
alled \dreibeins".In 
hapter 5 the spin motion is investigated in the (~n0; ~m; ~l) dreibein by introdu
ing twoindependent real 
anoni
al spin variables � and �.We are then in a position to 
al
ulate the so 
alled ~n{axis by the method of for
ed solution(
hapter 6).The de�nition of the ~n{axis allows now to introdu
e a new periodi
 dreibein and a
tion{angle variables for spin motion and to 
al
ulate the spin tune as a fun
tion of orbital phasespa
e variables (
hapter 7).Finally in 
hapter 8 the depolarisation time due to sto
hasti
 orbital motion is 
al
ulated.A summary of the results is presented in 
hapter 9.In this paper only the orbit to spin 
oupling is taken into a

ount and the Stern{Gerla
hfor
es [1℄ are negle
ted.In the First Revision (February 1997) of this paper some minor 
hanges were made to thetext. In this Se
ond Revision, some typographi
al errors are 
orre
ted and the argumentationin se
tion 7.4 relating to the 
onstru
tion of the periodi
 referen
e ve
tors (~̂n1; ~̂n2) is reor-ganised and improved. Furthermore, �gure 1 has been repla
ed by more explanation in thetext.2 Spin Motion in a Fixed Coordinate SystemThe starting point of our des
ription of 
lassi
al spin motion in storage rings will be theT{BMT equation [2, 3℄ 
ombined with the Lorentz equation.5



2.1 Orbital Motion (Lorentz Equation)The equation of motion for a relativisti
 non{radiating 
harged parti
le in an ele
tromag-neti
 �eld, the Lorentz equation, is:e � ~"+ e
 � _~r � ~B = ddt �E
2 � _~r� (2.1)with E = m0
2q1 � ( _~r)2=
2 = 
 �m0
2 (2.2)(energy of the parti
le)and the following de�nitions:� e = 
harge of the parti
le ;� m0 = rest mass of the parti
le ;� 
 = velo
ity of light;� ~" = ele
tri
 �eld;� ~B = magneti
 �eld ;� ~r = radius ve
tor of the parti
le;� 
 = E=m0
2.Equation (2.1) 
an be written in 
anoni
al formddt X1 = +�H�px ; ddt P1 = � �H�X1 ; (2.3a)ddt X2 = + �H�P2 ; ddt P2 = � �H�X2 ; (2.3b)ddt X3 = + �H�P3 ; ddt P3 = � �H�X3 (2.3
)using the Hamiltonian:Ĥ(X1;X2;X3; P1; P2; P3; t) = 
 � n~� 2 +m20
2o1=2 + e� (2.4)with ~� = ~P � e
 ~A � m0
 _~r (kineti
 momentum ve
tor) (2.5)6



where X1, X2, X3 and P1, P2, P3 are 
anoni
al orbital position and momentum variables ina �xed Cartesian 
oordinate system (~e1, ~e2, ~e3) and where ~A and � are the ve
tor and s
alarpotentials from whi
h the ele
tri
 �eld ~� and the magneti
 �eld ~B are derived as~� = �grad �� 1
 � ~A�t ; (2.6a)~B = 
url ~A : (2.6b)2.2 Spin Motion (T{BMT Equation)2.2.1 The T{BMT EquationThe equation of relativisti
 
lassi
al spin motion, the T{BMT equation, reads as [2, 3℄:ddt ~� = ~
0 � ~� (2.7a)with ~
0 = em0
 � "� 1
 + a! � ~B + a
1 + 
 � 1
2 � ( _~r ~B) � _~r +  a+ 11 + 
! _~r � ~"
 # (2.7b)and where ~r and ~P (the 
anoni
al orbital position and momentum variables) are determinedby the Lorentz equation.The following abbreviations have been used:� ~� = 
lassi
al spin angular momentum ve
tor in the rest frame of the parti
le,of length 1 ;� a = (g � 2)=2 (0:00116 for ele
trons, 1:793 for protons) and quanti�es the anomalousspin g fa
tor .In terms of the three unit 
artesian 
oordinate ve
tors in the �xed laboratory frame,~e1; ~e2; ~e3 we 
an write ~r; ~P ; ~
0 and ~� as:~r = X1 � ~e1 +X2 � ~e2 +X3 � ~e3 ; (2.8a)~P = P1 � ~e1 + P2 � ~e2 + P3 � ~e3 ; (2.8b)~
0 = 
1 � ~e1 + 
2 � ~e2 + 
3 � ~e3 ; (2.8
)~� = �1 � ~e1 + �2 � ~e2 + �3 � ~e3 : (2.8d)7



It follows from eqn. (2.7a) that for two spins ~�1 and ~�2 the s
alar produ
t~�1(t) � ~�2(t)is a 
onstant of motion: ddt �~�1(t) � ~�2(t)� = 0 ;=) ~�1(t) � ~�2(t) = 
onsti.e. the modulus of ~� and the angle between ~�1 and ~�2 are invariants:j~�(t)j = 
onst ; (2.9a)6< (~�1(t); ~�2(t)) = 
onst : (2.9b)Introdu
ing the matrix: 
 0 = 0B� 0 �
3 
2
3 0 �
1�
2 
1 0 1CA (2.10a)the T{BMT equation (2.7a) 
an also be written as:ddt 0B� �1�2�3 1CA = 
 0 0B� �1�2�3 1CA : (2.10b)As may be seen from eqn. (2.9a), the 
omponents �1, �2, �3 of the spin ve
tor ~� are notindependent, sin
e they ful�l the 
ondition:�21 + �22 + �23 = 1 :Eliminating the variable �3: �3 = q1 � �21 � �22 ;we get a pair of nonlinear 
oupled di�erential equations:ddt �1(t) = 
2 �q1� �21 � �22 �
3 � �2 ; (2.11a)ddt �2(t) = 
3 � �1 � 
1 �q1 � �21 � �22 : (2.11b)8



2.2.2 The Spin HamiltonianIntrodu
ing a pair of independent spin variables � and � by the equations:�1 = � �s1� 14 (�2 + �2) ; (2.12a)�2 = � �s1� 14 (�2 + �2) ; (2.12b)=) �3 = q1� �21 � �22= 1� 12 ��2 + �2� (2.12
)or (inverting (2.12a, b)): � = +s 21 + �3 � �1 ; (2.13a)� = +s 21 + �3 � �2 (2.13b)the T{BMT equation (2.7a) 
an also be written in 
anoni
al form:ddt � = +�Hspin�� ; (2.14a)ddt � = ��Hspin�� (2.14b)if we de�ne the spin Hamiltonian Hspin as:Hspin(�; �; s) = 
1 � �1 + 
2 � �2 + 
3 � �3= s1 � 14 (�2 + �2) � [
1 � �+ 
2 � �℄+ �1 � 12 ��2 + �2�� � 
3 (2.15)(see Appendix A and Ref. [1℄).We then obtain from (2.14) and (2.15) the relations:ddt � = + ��4s1 � 14 (�2 + �2) � [
1 � �+ 
2 � �℄9



+s1� 14 (�2 + �2) � 
2 � � � 
3 ; (2.16a)ddt � = � ��4s1� 14 (�2 + �2) � [
1 � � + 
2 � �℄�s1 � 14 (�2 + �2) � 
1 + � � 
3 (2.16b)whi
h are equivalent with eqn. (2.7a) (see Appendix A).2.2.3 Introdu
tion of the Canoni
al Variables J and  Alternatively may introdu
e a se
ond pair of 
anoni
al spin variables (J ,  ) via therelations [4℄: � = q2 (1 � J) � 
os ; (2.17a)� = q2 (1 � J) � sin : (2.17b)From this de�nition we have: �� = tan ; (2.18a)J = 1� 12 ��2 + �2� (2.18b)and �1 = � �s1� 14 (�2 + �2)= q2 (1 � J) 
os �s1� 12(1 � J)= p1 � J2 � 
os ; (2.19a)�2 = � �s1 � 14 (�2 + �2)= p1 � J2 � sin ; (2.19b)�3 = 1� 12 ��2 + �2�= J : (2.19
)10



The transformation �; � =)  ; J
an be obtained from the generating fun
tionF1(�;  ) = 12�2 � tan �  : (2.20)The transformation formulae are then:� = +�F1�� = � � tan ; (2.21a)J = ��F1� = �12�2 � �1 + tan2  �+ 1= �12�2 �  1 + �2�2!+ 1= �12 ��2 + �2�+ 1 ; (2.21b)Hspin �! Kspin( ; J) = Hspin + �F1�s = Hspin= 
1 � �1 + 
2 � �2 + 
3 � �3= p1� J2 � [
1 � 
os + 
2 � sin ℄ + 
3 � J ; (2.21
)and one sees that (2.21a, b) lead ba
k to eqn. (2.18a, b). Thus  , J are indeed 
anoni
alvariables [5℄.2.3 Transition to a New Dreibein ~u1, ~u2, ~u3We now 
onsider the transformation [4℄:~e1; ~e2; ~e3 �! ~u1; ~u2; ~u3with ddt ~uk(t) = ~U (t)� ~uk(t) =) ~U = 12 3Xk=1 ~uk � ddt ~uk (2.22)and ~� = �1 � ~e1 + �2 � ~e2 + �3 � ~e3= ~�1 � ~u1 + ~�2 � ~u2 + ~�3 � ~u3 : (2.23)11



From (2.7a), (2.22) and (2.23) we obtain:ddt ~� = 3Xk=1~ek � ddt �k = ~
0 � ~�= 3Xk=1 ~�k � ddt ~uk + 3Xk=1 ~uk � ddt ~�k= 3Xk=1 ~�k � h~U � ~uki+ 3Xk=1~uk � ddt ~�kand thus 3Xk=1 ~uk � ddt ~�k = ~
0 � ~� � 3Xk=1 ~�k � h~U � ~uki= ~
0 � ~� � ~U � 3Xk=1 ~�k ~uk= ~
0 � ~� � ~U � ~�= h~
0 � ~Ui� ~� : (2.24)Therefore in the new dreibein the equation of spin motion is:=) ddt ~�k = ~uk � nh~
0 � ~Ui� ~�o :Writing: ~�1 = ~� �s1� 14 �~�2 + ~�2� ; (2.25a)~�2 = ~� �s1� 14 �~�2 + ~�2� ; (2.25b)~�3 = 1 � 12 �~�2 + ~�2� (2.25
)and ~
0 = ~
1 � ~u1 + ~
2 � ~u2 + ~
3 � ~u3 ; (2.26a)~U = ~U1 � ~u1 + ~U2 � ~u2 + ~U3 � ~u3 (2.26b)the new Hamiltonian reads as: 12



~Hspin = h~
1 � ~U1i � ~�1 + h~
2 � ~U2i � ~�2 + h~
3 � ~U3i � ~�3= s1 � 14 �~�2 + ~�2� nh~
1 � ~U1i � ~�+ h~
2 � ~U2i � ~�o+ h~
3 � ~U3i � �1� 12 �~�2 + ~�2�� : (2.27)It follows that:ddt ~� = +� ~Hspin� ~�= + �~�4s1� 14 �~�2 + ~�2� � nh~
1 � ~U1i � ~�+ h~
2 � ~U2i � ~�o+s1 � 14 �~�2 + ~�2� � h~
2 � ~U2i� ~� � h~
3 � ~U3i ; (2.28a)ddt ~� = �� ~Hspin� ~�= � �~�4s1 � 14 �~�2 + ~�2� � nh~
1 � ~U1i � ~�+ h~
2 � ~U2i � ~�o�s1 � 14 �~�2 + ~�2� � h~
1 � ~U1i+ ~� � h~
3 � ~U3i : (2.28b)Introdu
ing ( as in eqn. (2.17) or (2.19) ) the spin variables ( ~J, ~ ) via the relations:~� = q2 (1 � ~J) � 
os ~ ; (2.29a)~� = q2 (1 � ~J) � sin ~ (2.29b)or ~�1 = q1� ~J2 � 
os ~ ; (2.30a)~�2 = q1� ~J2 � sin ~ ; (2.30b)~�3 = ~J (2.30
)13



we get:~Kspin( ~J; ~ ) = q1� ~J2 � nh~
1 � ~U1i 
os ~ + h~
2 � ~U2i sin ~ o+ h~
3 � ~U3i � ~J (2.31)and ddt ~ = + �� ~J ~Kspin( ~J; ~ )= � ~Jq1� ~J2 � nh~
1 � ~U1i 
os ~ + h~
2 � ~U2i sin ~ o+ h~
3 � ~U3i ; (2.32a)ddt ~J = � �� ~ ~Kspin( ~J; ~ )= q1 � ~J2 � n� h~
1 � ~U1i sin ~ + h~
2 � ~U2i 
os ~ o : (2.32b)2.4 A Spe
ial Dreibein Based on a Solution of the T{BMT Equa-tionEquation (2.29a, b) represents the most general form of spin motion in an arbitraryrotating dreibein (~u1(t); ~u2(t); ~u3(t)) :If we require that ~u3(t) is a solution of the T{BMT equation, then~� = ~� = 0must be a solution of eqn. (2.29a, b).Equation (2.29a, b) then leads to:h~
1 � ~U1i = 0 ; (2.33a)h~
2 � ~U2i = 0 (2.33b)and thus: ddt ~� = �~� � h~
3 � ~U3i ; (2.34a)ddt ~� = +~� � h~
3 � ~U3i (2.34b)14



or ddt (~�+ i ~�) = i h~
3 � ~U3i � (~�+ i ~�) (2.35)=) h~�(t) + i ~�(t)i = h~�(t0) + i ~�(t0)i � ei � R t0 dt0 � h~
3(t0)� ~U3(t0)i ; (2.36)i.e. an arbitrary spin ~� pre
esses around the ~u3{axis. This result is in agreement with eqn.(2.9a, b).Equations (2.32a, b) take the form:ddt ~ = h~
3 � ~U3i ; (2.37a)ddt ~J = 0 : (2.37b)Choosing ~U3(t) = ~
3(t)� 2�L Qrot ; (2.38)whereQrot denotes an arbitrary 
onstant number, the pre
ession be
omes uniform with respe
tto the dreibein (~u1(t); ~u2(t); ~u3(t))and from eqns. (2.37a, b) we get: ddt ~ = 2�L Qrot ; (2.39a)ddt ~J = 0 ; (2.39b)i.e. ~ and ~J be
ome a
tion{angle variables for the spin Hamiltonian.Remarks:1) We will use these results in 
hapter 7 to de�ne a
tion{angle variables for spin motionin storage rings, where we shall introdu
e a spe
ial dreibein (~n1; ~n2; ~n) for an arbitrary orbitre
e
ting the periodi
ity properties of the orbit. By 
onstru
tion this dreibein is unique ex-
ept at spin orbit resonan
es. 15



2) The results of se
tions 2.2, 2.3 and 2.4 remain valid if we introdu
e the ar
 length s ofthe design orbit as independent variable (
hapter 3) instead of the time t and if we 
hange the
oordinate system (~e1; ~e2; ~e3) by orthogonal 
oordinate transformations, sin
e the stru
tureof the T{BMT equation (2.7a) is una�e
ted by these pro
edures [1℄.3 Introdu
tion of Ma
hine Coordinates3.1 Referen
e Traje
tory and Coordinate FrameThe position ve
tor ~r of the spin parti
le in eqns. (2.1) and (2.7) refers to a �xed
oordinate system with the 
oordinates X1, X2 and X3. However, in a

elerator physi
s, it isuseful to des
ribe the motion in terms of the natural 
oordinates x; z; s in a suitable 
urvilinear
oordinate system by introdu
ing as usual [6℄:a) the 
losed design orbit (a pie
ewise 
at path of a parti
le with 
onstant energy E0)whi
h will in the following be des
ribed by the ve
tor ~r0(s) where s is the length along thisideal orbit;b) an orthogonal 
oordinate system a

ompanying the parti
les whi
h travels along thedesign orbit and 
omprises [7℄:the unit tangent ve
tor ~es(s) = dds ~r0(s) � ~r00(s) ;a unit ve
tor ~ex(s) perpendi
ular to ~es in the horizontal planeand the unit ve
tor ~ez(s) = ~es(s)� ~ex(s) :The Serret{Fresnet formulae for the orthonormal triad (~es; ~ex; ~ez) read as:dds ~ex(s) = +Kx(s) � ~es(s) ; (3.1a)dds ~ez(s) = +Kz(s) � ~es(s) ; (3.1b)dds ~es(s) = �Kx(s) � ~ex(s)�Kz(s) � ~ez(s) (3.1
)with the assumption that Kx(s) �Kz(s) = 0(pie
ewise no torsion) and where Kx(s);Kz(s) designate the 
urvatures in the x{dire
tion andin the z{dire
tion respe
tively. 16



In this natural 
oordinate system an arbitrary orbit ve
tor ~r (s) 
an be written in the form~r (x; z; s) = ~r0(s) + x(s) � ~ex(s) + z(s) � ~ez(s) : (3.2)Note that the sign of Kx(s) and Kz(s) is �xed by eqns. (3.1).3.2 Orbital Motion3.2.1 The Orbital HamiltonianThe variables x and z in eqn. (3.2) des
ribe the amplitude of transverse motion.In order to des
ribe also the longitudinal motion (syn
hrotron os
illations) we have tointrodu
e two additional small and os
illating variables � and p� [1℄ with� = s� v0 � t (3.3)and p� = 1�20 � � (3.4)where v0 and � are given byv0 = design speed = 
�0 ; �0 = vuut1 �  m0
2E0 !2and � = �EE0 : (3.5)The variable � denotes the delay in arrival time at position s of a parti
le and is the longitudinalseparation of the parti
le from the 
entre of the bun
h. The quantity � is the energy deviationof the parti
le.Using this 
omplete set of variables we are in a position to provide an analyti
al des
riptionfor the orbital motion by a simultaneous treatment of longitudinal and transverse os
illations.Starting then from the orbital Hamiltonian (2.4) for the motion of a 
harged parti
le in anele
tromagneti
 �eld and introdu
ing the length s along the design orbit as the independentvariable (instead of the time t), we 
an 
onstru
t the Hamiltonian of the orbital motion withrespe
t to the new variables x; z; � by a su

ession of 
anoni
al transformations and a s
aletransformation [8, 9, 1℄.Choosing a gauge with � = 0 (e.g. Coulomb gauge) we then obtain:H(x; px; z; pz; �; p�; s) = p� � (1 + �̂) � [1 +Kx � x+Kz � z℄�(1� (px � ep0�
 Ax)2 + (pz � ep0�
 Az)2(1 + �̂)2 )1=2� [1 +Kx � x+Kz � z℄ � ep0 � 
 As (3.6)17



with �̂ de�ned by: (1 + �̂) = 1�0s(1 + �)2 � (m0
2E0 )2 = 1�0 � p � 
E0 = pp0 ; (3.7a)�̂ = pp0 � 1 = p � p0p0 = �pp0 (3.7b)(p = m0
v) .The 
orresponding 
anoni
al equations read as :dds x = +�H�px ; dds px = ��H�x ; (3.8a)dds z = +�H�pz ; dds pz = ��H�z ; (3.8b)dds � = + �H�p� ; dds p� = ��H�� (3.8
)or, using a matrix form: dds ~y = �S � �H�~y (3.9)with ~y T = (x; px; z; pz; �; p�) (3.10)where the matrix S is given byS = 0B� S2 0 00 S2 00 0 S2 1CA ; S2 =  0 �1+1 0 ! : (3.11)In order to utilise this Hamiltonian, the ele
tri
 �eld ~� and the magneti
 �eld ~B or the
orresponding ve
tor potential, ~A = ~A(x; z; s); (3.12)for the 
avities and for 
ommonly o

urring types of a

elerator magnets must be given. On
e~A is known the �elds ~" and ~B may be found using the relations (2.6a, b). Expressed in thevariables x; z; s; �, eqns. (2.6a, b) be
ome (with � = 0):~" = �0 � ��� ~A (3.13)18



and Bx = 1(1 +Kx � x+Kz � z) � ( ��z [(1 +Kx � x+Kz � z) �As℄� ��sAz) ; (3.14a)Bz = 1(1 +Kx � x+Kz � z) � ( ��sAx � ��x [(1 +Kx � x+Kz � z) �As℄) ; (3.14b)Bs = ��x Az � ��z Ax : (3.14
)We assume that the ring 
onsists of bending magnets, quadrupoles, skew quadrupoles,solenoids, 
avities and dipoles. Then the ve
tor potential ~A 
an be written as [10℄ :ep0 � 
 As = �12 [1 +Kx � x+Kz � z℄ + 12 g � (z2 � x2) +N � xz� 1�20 � L2� � h � eV (s)E0 � 
os �h � 2�L � � + '�+ ep0 � 
 � (�Bx � z ��Bz � x) ; (3.15a)ep0 � 
 Ax = �H � z ; ep0 � 
 Az = +H � x (3.15b)(h = harmoni
 number) with the following abbreviations:g = ep0 � 
 �  �Bz�x !x=z=0 ; (3.16a)N = 12 � ep0 � 
 �  �Bx�x � �Bz�z !x=z=0 ; (3.16b)H = 12 � ep0 � 
 �Bs(0; 0; s) ; (3.16
)Kx = + ep0 � 
 �Bz(0; 0; s) ; Kz = � ep0 � 
 �Bx(0; 0; s) : (3.16d)In detail, one has:a) g 6= 0; N = Kx = Kz = H = V = �Bx = �Bz = 0 : quadrupole;b) N 6= 0; g = Kx = Kz = H = V = �Bx = �Bz = 0 : skew quadrupole;
) K2x +K2z 6= 0; g = N = H = V = �Bx = �Bz = 0 : bending magnet;d) H 6= 0; g = N = Kx = Kz = V = �Bx = �Bz = 0 : solenoid;e) V 6= 0; g = Kx = Kz = N = H = �Bx = �Bz = 0 : 
avity;f) �B2x +�B2z 6= 0; g = Kx = Kz = N = H = V = 0 : dipole:19



Thus the Hamiltonian (3.6) takes the form:H(x; px; z; pz; �; p�; s) = p� � (1 + �̂) � [1 +Kx � x+Kz � z℄�(1 � [px +H � z℄2 + [pz �H � x℄2(1 + �̂)2 )1=2+12 � [1 +Kx � x+Kz � z℄2 � 12 � g � (z2 � x2)�N � xz+ 1�20 � L2� � h � eV (s)E0 � 
os �h � 2�L � � + '� :� ep0 � 
 � (�Bx � z ��Bz � x) : (3.17)Furthermore, for the magneti
 �eld ~B we get:eE0Bx = �0 "�Kz + ep0 � 
�Bx + (N �H 0) � x+ g � z# ; (3.18a)eE0Bz = �0 "+Kx + ep0 � 
�Bz � (N +H 0) � z + g � x# ; (3.18b)eE0Bs = �0 � 2H (3.18
)and for the ele
tri
 �eld ~� we have:�s = V (s) sin �h � 2�L � � + '�= V (s) sin'+ �(s) � h � 2�L � V (s) 
os'+ � � � ; (3.19a)�x = �z = 0 (3.19b)(see eqns. (3.13), (3.14) and (3.15) ).Remark:Equation (3.17) is valid only for protons. For ele
trons we need the extra term in theHamiltonian Hrad = 1�20 � C1 � [K2x +K2z ℄ � � (3.20) where C1 = 23 e2 
40E0!20



(for v0 � 
) in order to des
ribe the energy loss by radiation in the bending magnets [7, 11℄.In this 
ase, the 
avity phase ' in (3.15a) and (3.17) is determined by the need to repla
e theenergy radiated in the bending magnets. Thus:Z s0+Ls0 ds � eV (s) � sin'| {z }average energy uptake in the 
avities ; = Z s0+Ls0 ds � E0 � C1 � [K2x +K2z ℄ :| {z }average energy loss due to radiation (3.21)Note, that the Hrad term only a

ounts for the average energy loss. Deviations from thisaverage due to sto
hasti
 radiation e�e
ts and damping introdu
e non{symple
ti
 terms intothe equation of motion.For proton storage rings, where radiation e�e
ts 
an be negle
ted, one has:sin' = 0 =) ' = 0; � (3.22)(no average energy gain in the 
avities) and the 
hoi
e for ' is determined by the stability
ondition for syn
hrotron motion [9, 10℄:8><>: ' = 0 above \transition" ;' = � below \transition" :3.2.2 Series Expansion of the Orbital HamiltonianSin
e jpx +H � zj � 1 ;jpz �H � xj � 1the square root "1 � [px +H � z℄2 + [pz �H � x℄2(1 + �̂)2 #1=2in (3.17) may be expanded in a series :"1� [px +H � z℄2 + [pz �H � x℄2(1 + �̂)2 #1=2 =1� 12 � [px +H � z℄2 + [pz �H � x℄2(1 + �̂)2 + ::: (3.23)and the same 
an be done with the term 21



L2� � h � eV (s)E0 
os �h � 2�L � � + '�resulting from the 
avity �eld :L2� � h � eV (s)E0 
os �h � 2�L � � + '� = L2� � h � eV (s)E0 
os'� � � eV (s)E0 sin'� 12�2 � h � 2�L � eV (s)E0 
os'+ � � � : (3.24)Furthermore, for the quantity �̂ � f(�)one obtains from eqn. (3.7a) :�̂ � f(�)= f(0) + f 0(0) � � + f 00(0) � 12 �2 + � � �= 1�20 � � � 1�40 � 
20 � 12 �2 + � � �= p� � 1
20 � 12 p2� � � � � : (3.25)Thus in pra
ti
e the orbital motion 
an be 
onveniently 
al
ulated to various orders of ap-proximation.From (3.7b) and (3.25) we obtain to the �rst order:p� � �pp0 :If we wish to obtain a symple
ti
 linearised treatment of syn
hro{betatron motion weexpand the Hamiltonian up to se
ond order in the orbit variables x; px; z; pz; �; p�. Thenwe obtain from (3.17) and (3.20):H = 12 � 1
20 � p2� � [Kx � x+Kz � z℄ � p�+12 � n[px +H � z℄2 + [pz �H � x℄2o+12 � n[K2x + g℄ � x2 + [K2z � g℄ � z2 � 2N � xzo�12 � 1�20 � �2 � eV (s)E0 � h � 2�L � 
os'� 1�20 � � � eV (s)E0 � sin'+ 1�20 � C1 � [K2x +K2z ℄ � �� ep0 � 
 � (�Bx � z ��Bz � x) (3.26)22



(
onstant terms in the Hamiltonian with no in
uen
e in the motion have been dropped).The Hamiltonian (3.26) now leads to the (linearised) 
anoni
al equations :dds x = px +H � z ; (3.27a)dds px = �[K2x + g℄ � x+N � z + Kx � p�+[pz �H � x℄ �H � ep0 � 
 �Bz ; (3.27b)dds z = pz �H � x ; (3.27
)dds pz = �[K2z � g℄ � z +N � x+Kz � p��[px +H � z℄ �H + ep0 � 
 �Bx ; (3.27d)dds � = 1
20 � p� � [Kx � x+Kz � z℄ ; (3.27e)dds p� = 1�20 � � � eV (s)E0 � h � 2�L � 
os'+ 1�20 � eV (s)E0 � sin'� 1�20 �C1 � [K2x +K2z ℄ (3.27f)or in matrix form: dds~y = A � ~y + ~
0 + ~
1 (3.28)withA = 0BBBBBBBBB� 0 1 H 0 0 0�[K2x + g +H2℄ 0 N H 0 Kx�H 0 0 1 0 0N �H [K2z � g +H2℄ 0 0 Kz�Kx 0 �Kz 0 0 1=
200 0 0 0 1�20 � eV (s)E0 � 2�hL 
os'0 0 1CCCCCCCCCA (3.29)and ~y T = (x; px; z; pz; �; p�) ; (3.30a)~
 T0 = 1�20 � (0; 0; 0; 0; 0; eVE0 sin'� C1 � [K2x +K2z ℄ ) ; (3.30b)~
 T1 = �0 � (0; � eE0 �Bz; 0 + eE0 �Bx; 0; 0) : (3.30
)23



Note that the linear transverse os
illations (eqns. (3.27a - d)) and the longitudinal motion(eqns. (3.27e, f)) are 
oupled by the term�[Kx � x+Kz � z℄ (3.31)appearing in (3.27e) whi
h depends on the 
urvature of the orbit in the bending magnets.3.3 Spin MotionIntrodu
ing again the ar
 length s of the design orbit as independent variable and usingthe relationship: ddt = dsdt � dds = _s � dds (3.32)the T{BMT equation (2.7a) be
omes:dds ~� = 1_s � (~
0 � ~�) : (3.33)Representing the spin ve
tor ~� in the form~� = �s � ~es + �x � ~ex + �z � ~ez (3.34)and using eqn. (3.1) we have:dds ~� = �0s � ~es + �0x � ~ex + �0z � ~ez + �x � dds ~ex + �s � dds ~es + �z � dds ~ez= �0s � ~es + �0x � ~ex + �0z � ~ez � �s � (Kx � ~ex +Kx � ~ez) + �x �Kx~es + �z �Kz~es= �0s � ~es + �0x � ~ex + �0z � ~ez � ~� � (Kz � ~ex �Kx � ~ez) (3.35)so that eqn. (3.33) 
an be rewritten as:�0s � ~es + �0x � ~ex + �0z � ~ez = ~
� ~� (3.36a)with ~
 = 1_s � ~
0 �Kz � ~ex +Kx � ~ez : (3.36b)In order to get the 
omponents 
s, 
x, 
z of the ve
tor ~
:~
 = 
1 � ~e1 + 
2 � ~e2 + 
3 � ~e3= 
s � ~es + 
x � ~ex + 
z � ~ez24



with respe
t to the triad (~es; ~ex; ~ez) we use the relations:ddt ~r = _s � dds ~r= _s � f[1 +Kx � x+Kz � z℄ � ~es + x0 � ~ex + z0 � ~ezg (3.37)where the quantities x0 and z0 are given by (see (3.17) ) :x0 � �H�px= [1 +Kx � x+Kz � z℄�n(1 + �̂)2 � (px +H � z)2 � (pz �H � x)2o�1=2 � (px +H � z) ; (3.38a)z0 � �H�pz= [1 +Kx � x+Kz � z℄�n(1 + �̂)2 � (px +H � z)2 � (pz �H � x)2o�1=2 � (pz �H � x) (3.38b)and where the term _s 
an be obtained from the relation:�H�p� � �0= 1 � v0 � dds t(s)= 1 � v0 � 1_s=) _s = v01 � �H�p�= v0[1 +Kx � x+Kz � z℄ � 11 + ��n(1 + �̂)2 � (px +H � z)2 � (pz �H � x)2o1=2= v0[1 +Kx � x+Kz � z℄ � 1 + �̂1 + ��(1� (px +H � z)2 + (pz �H � x)2(1 + �̂)2 )1=2 : (3.39)25



Furthermore, for the quantities ( _~r ~B) and _~r � ~" appearing in eqn. (2.7b) we get:( _~r ~B) = _s � f[1 +Kx � x+Kz � z℄ �Bs + x0 �Bx + z0 �Bzg ; (3.40a)_~r � ~" = _s � fz0 � ~ex � x0 � ~ezg � "s : (3.40b)Thus eqn. (3.36b) leads to: 
s = 1_s � 
0s ; (3.41a)
x = 1_s � 
0x �Kz ; (3.41b)
z = 1_s � 
0z +Kx (3.41
)with 
0s = em0
 � (� 1
 + a! �Bs + a
1 + 
 � 1
2 � ( _~r ~B) � _s [1 +Kx � x+Kz � z℄) ; (3.42a)
0x = em0
 � (� 1
 + a! �Bx + a
1 + 
 � 1
2 � ( _~r ~B) � _s �H�px (3.42b)+ a+ 11 + 
! _s
 � "s � �H�pz) ;
0z = em0
 � (� 1
 + a! �Bz + a
1 + 
 � 1
2 � ( _~r ~B) � _s �H�pz (3.42
)� a+ 11 + 
! _s
 � "s � �H�px) :Writing for the term  11 + 
! appearing in eqn. (3.42):11 + 
 = 1(1 + 
0) + 
0 � �= 11 + 
0 � "1 � 
01 + 
0 � �#+ � � �and taking into a

ount eqns. (3.18), (3.19), (3.23), (3.25) and (3.37 - 40), the pre
essionve
tor ~
 reads in linear approximation as:
s = �2H � (1 + a) 26



+2H � (1 + a) � p���20 � px � a
201 + 
0 "Kz � ep0 � 
 ��Bx#+�20 � pz � a
201 + 
0 "Kx + ep0 � 
 ��Bz# ; (3.43a)
x = Kz � a
0 � (1 + a
0) � ep0 � 
 �Bx�(1 + a
0) � [(N �H 0) � x� (K2z � g) � z℄+ a
201 + 
0 � 2H � �20 � [px +H � z℄+ "a
0 + 
01 + 
0# � eV (s)E0 sin' � pz� "1 + 1 + a
0
20 � 1 # �  Kz � ep0 � 
 �Bx! � �20 � p� ; (3.43b)
z = �Kx � a
0 � (1 + a
0) � ep0 � 
 �Bz+(1 + a
0) � [(N +H 0) � z � (K2x + g) � x℄+ a
201 + 
0 � 2H � �20 � [pz �H � x℄� "a
0 + 
01 + 
0# � eV (s)E0 sin' � px+ "1 + 1 + a
0
20 � 1 # �  Kx + ep0 � 
 �Bz! � �20 � p� (3.43
)(no solenoid �eld in the bending magnets and in the 
avities =) Kx � H = Kz � H =0 ; V �H = 0). 27



4 Introdu
tion of a Periodi
 Referen
e Orbit for theCombined Spin{Orbit SystemAs 
an be seen from (3.26) and (3.43), the series expansion for H 
ontains terms linearin the orbital 
oordinates x, px, z, pz , �, p� and ~
 
ontains terms independent of the orbital
oordinates. These and the linear terms 
an be eliminated by introdu
ing a new referen
eorbit for the 
ombined spin{orbit system (8-dimensional 
losed orbit).4.1 De�nition of the 8{Dimensional Closed OrbitWe begin by de�ning the 8{dimensional 
losed orbit:�~y0(s); ~�0(s)�
ontaining a periodi
 orbital part~y T0 = (x0; px0; z0; pz0; �0; p�0);with ~y0(s+ L) = ~y0(s) (4.1a)and a spin part ~�0(s) whi
h de�nes a periodi
 spin ve
tor~�0(s) = �0s � ~es + �0x � ~ex + �0z � ~ezwith ~�0(s+ L) = ~�0(s) (4.1b)whereby the equations of motion read as:dds ~y0 = �S � ��~y0 H(~y0; s) ; (4.2a)~es � dds �0s + ~ex � dds �0x + ~ez � dds �0z = ~
(0) � ~�0 (4.2b)(see eqns. (3.9) and (3.36a) ) with ~
(0) � ~
(~y0; s) (4.3)and S is given by eqn. (3.11). Thus �~y0(s); ~�0(s)� is a periodi
 solution of the 
ombinedequations (3.9) and (3.36) of spin{orbit motion.28



The 
omponents of the pre
ession ve
tor ~
(0) are given by (eqns. (3.43a, b, 
) ):
(0)s = �2H � (1 + a)+2H � (1 + a) � p�0��20 � px0 � a
201 + 
0 "Kz � ep0 � 
 ��Bx#+�20 � pz0 � a
201 + 
0 "Kx + ep0 � 
 ��Bz# ; (4.4a)
(0)x = Kz � a
0 � (1 + a
0) � ep0 � 
 �Bx�(1 + a
0) � h(N �H 0) � x0 � (K2z � g) � z0i+ a
201 + 
0 � 2H � �20 � [px0 +H � z0℄+ "a
0 + 
01 + 
0# � eV (s)E0 sin' � pz0� "1 + 1 + a
0
20 � 1 # �  Kz � ep0 � 
 �Bx! � �20 � p�0 ; (4.4b)
(0)z = �Kx � a
0 � (1 + a
0) � ep0 � 
 �Bz+(1 + a
0) � h(N +H 0) � z0 � (K2x + g) � x0i+ a
201 + 
0 � 2H � �20 � [pz0 �H � x0℄� "a
0 + 
01 + 
0# � eV (s)E0 sin' � px0+ "1 + 1 + a
0
20 � 1 # �  Kx + ep0 � 
 �Bz! � �20 � p�0 : (4.4
)29



With the help of this pre
ession ve
tor~
(0)(s) = 
(0)s � ~es + 
(0)x � ~ex + 
(0)z � ~ez (4.5)whi
h des
ribes the spin motion along the 
losed orbit ~y0(s) we 
an 
onstru
t a suitableperiodi
 referen
e frame for spinh~n0(s+ L); ~m(s+ L); ~l(s+ L)i = h~n0(s); ~m(s); ~l(s)i(see Appendix B and Refs. [1, 12℄) with~n0 = ~�0=j~�0j ; (4.6a)~n0(s) ? ~m(s) ? ~l(s) ; (4.6b)~n0(s) = ~m(s)�~l(s) ; (4.6
)j~n0(s)j = j~m(s)j = j~l(s)j = 1 (4.6d)and ~es � dds n0s + ~ex � dds n0x + ~ez � dds n0z = ~
(0) � ~n0(s) ; (4.7a)~es � dds ms + ~ex � dds mx + ~ez � dds mz = ~
(0) � ~m(s) +~l (s) � dds  spin(s) ; (4.7b)~es � dds ls + ~ex � dds lx + ~ez � dds lz = ~
(0) �~l (s)� ~m(s) � dds  spin(s) (4.7
)and  spin(s+ L)�  spin(s) = 2� �Qspin (4.8)in whi
h the unit spin ve
tor ~� may be represented as~� = q1� �2m � �2l � ~n0 + �m � ~m+ �l �~l : (4.9)With the 
ondition (B.16b), spins on the 
losed orbit pre
ess at the 
onstant rate  0spinwith respe
t to (~m; ~l). Furthermore, J = ~� � ~n0 is 
onstant. Thus with (B.16b) and the
orresponding orthonormal ve
tors (~m; ~l) we 
an 
onsider (J;  spin) to be a
tion{angle vari-ables for motion on the 
losed orbit. As explained in Appendix B, the spin frequen
y Qspin isarbitrary up to an integer. There is a di�erent (~m; ~l) pair 
orresponding to ea
h integer part.In the 
ase that Qspin is an integer (the fra
tional part is zero) not only ~n0 but also ~m0and ~l0 are periodi
 solutions of the T{BMT equation. Thus in this 
ase the (~n0 ~m0~l0) dreibeinis not unique. Alternatively we 
an note that (3� 3) spin transfer matrix on the 
losed orbitbe
omes a unit matrix with degenerate eigenve
tors. Given one 
hoi
e of (~n0 ~m0~l0) or (~n0 ~m~l),equally valid dreibeins 
an then be generated by arbitrary orthogonal transformations.The ve
tor ~n0 obeys the T{BMT equation, but o� resonan
e (~m; ~l) are not T{BMTsolutions. On resonan
e this distin
tion is lost.30



4.2 Transformation of the Orbital Variables4.2.1 Canoni
al TransformationThe orbit ve
tor ~y(s) 
an now be separated into two 
omponents~y(s) = ~y0(s) + ~~y(s) ; (4.10)where the ve
tor ~~y(s) des
ribes the syn
hro{betatron os
illations about the new 
losed equi-librium traje
tory ~y0(s) .The transformation ~y =) ~~y (4.11)
an be obtained from the generating fun
tionF2(x; ~px; z; ~pz;�; ~p�; s) = (x� x0) � (~px + px0) + (z � z0) � (~pz + pz0)+(� � �0) � (~p� + p�0) + f(s) : (4.12)The transformation equations read as:px = �F2�x = ~px + px0 ; ~x = �F2�~px = x� x0 ; (4.13a)pz = �F2�z = ~pz + pz0 ; ~x = �F2�~px = x� x0 ; (4.13b)p� = �F2�� = ~p� + p�0 ; ~� = �F2�~p� = � � �0 (4.13
)whi
h reprodu
e the de�ning equation (4.10) for ~~y .The term f(s) in eqn. (4.12) is an arbitrary fun
tion. Choosing f(s) su
h thatdds f(s) = x0(s) � dds px0(s) + z0(s) � dds pz0(s) + �0(s) � dds p�0(s)we furthermore have:�F2�s = �dx0ds � px + dpx0ds � x� dz0ds � pz + dpz0ds � z � d�0ds � p� + dp�0ds � �= �px �  �H�px!~y=~y0 � x �  �H�x !~y=~y0�pz �  �H�pz!~y=~y0 � z �  �H�z !~y=~y0�p� �  �H�p�!~y=~y0 � � �  �H�� !~y=~y0= �~y �  �H�~y !~y=~y0 31



and therefore H �! ~H � H+ �F2�s= H� ~y �  �H�~y !~y=~y0 : (4.14)4.2.2 The Linearised Equations of Orbital MotionThe orbital Hamiltonian ~H in the linear 
ase (see eqn. (3.26) ) takes the form :~H(~x; ~z; ~�; ~px; ~pz ; ~p�; s)= 12 � 1
20 � ~p2� � [Kx � ~x+Kz � ~z℄ � ~p�+12 � n[~px +H � ~z℄2 + [~pz �H � ~x℄2o+12 � nhK2x + gi � ~x2 + hK2z � gi � ~z2 � 2N � ~x~zo�12 ~�2 � 1�20 � eV (s)E0 � h � 2�L � 
os' : (4.15)The 
orresponding 
anoni
al equations read as:dds ~~y = A (s) � ~~y (4.16)with A given by (3.29).Due to the linearity of the equations of motion (4.16) the solution may be written in theform: ~~y (s) = M (s; s0) ~~y (s0)whi
h de�nes the transfer matrix M(s; s0) .Sin
e the variables ~x; ~z; ~�; ~px; ~pz; ~p� are 
anoni
al, the transfer matrix is symple
ti
 [13℄ :MT (s; s0) � S �M(s; s0) = S : (4.17)The symple
ti
ity 
ondition (4.17) ensures that the transfer matrix , M (s; s0) , 
ontains
omplete information about the stability of the (linear) syn
hro{betatron os
illations.As a result of this 
ondition, we are able to introdu
e a
tion{angle variables for the orbitalmotion. 32



To do that we remark, that the orbit ve
tor ~~y 
an be represented as a linear 
ombinationof the (normalised) eigenve
tors ~v�k(s) (k = I; II; III) of the revolution matrixM(s+L; s)and may thus be written as:~~y (s) = Xk=I;II;III fAk � ~vk (s) +A�k � ~v�k (s)g (4.18)with M (s+ L ; s)~v�(s) = e�i � 2�Q� � ~v�(s) ; (4.19a)Q�k = �Qk ; (k = I; II; III) (4.19b)and 8><>: ~v+k (s) � S � ~vk(s) = �~v+�k(s) � S � ~v�k(s) = i ;~v+� (s) � S � ~v�(s) = 0 otherwise (4.20)whereby we have assumed, that the stability 
ondition:Q� real number (4.21)is satis�ed.Note that the eigenve
tors ~v�(s) represent spe
ial solutions of the equation of motion(4.16): ~v�(s) = M(s; s0)~v�(s0) :If we put ~v�(s) = ~̂v�(s) � e�i � 2�Q� � (s=L) (4.22a)we obtain from (4.19): ~̂v�(s+ L) = ~̂v�(s) : (4.22b)Equation (4.22) is a statement of the Floquet theorem : ve
tors ~v�(s) are spe
ial solutions ofthe equations of motion (4.16) whi
h 
an be expressed as the produ
t of a periodi
 fun
tion~̂v�(s) and a harmoni
 fun
tion e�i � 2�Q� � (s=L) :The \Floquet ve
tors" ~̂v�(s) ful�l the same relationships as the eigenve
tors ~v�(s):8>><>>: ~̂v+k (s) � S � ~̂vk(s) = �~̂v+�k(s) � S � ~̂v�k(s) = i ;~̂v+� (s) � S � ~̂v�(s) = 0 otherwise : (4.23)33



Using these results we are now able to introdu
e a new set of 
anoni
al variables. For thiswe write for the 
oeÆ
ients Ak; A�k (k = I; II; III) in eqn. (4.18) :Ak = qJk � e�i[�k � 2�Qk � s=L℄ ; (4.24a)A�k = qJk � e+i[�k � 2�Qk � s=L℄ : (4.24b)Then eqn. (4.18) takes the form:~~y(s) = Xk=I;II;IIIqJk � �~̂vk(s) � e�i�k + ~̂v�k(s) � e+i�k� : (4.25)From (4.25) we now have:�~~y��k = �i �qJk � �~̂vk(s) � e�i�k � ~̂v�k(s) � e+i�k� ; (4.26a)�~~y�Jk = + 12pJk � �~̂vk(s) � e�i�k + ~̂v�k(s) � e+i�k� : (4.26b)Taking into a

ount the relations (4.23) one obtains the equations [14℄:�~~y T�Jk � S � �~~y��l = ��~~y T��l � S � �~~y�Jk = Ækl ; (4.27a)�~~y T�Jk � S � �~~y�Jl = �~~y T��k � S � �~~y��l = 0 (4.27b)whi
h 
an be 
ombined into the matrix formJ T � S � J = S (4.28)where J signi�es the Ja
obian matrixJ =  �~~y��I ; �~~y�JI ; � ~~y��II ; �~~y�JII ; �~~y��III ; �~~y�JIII! (4.29)being a 6 � 6{matrix just written as a row of 
olumn ve
tors (�~y=��I) et
.Equation (4.28) proves that eqn. (4.25) represents a 
anoni
al transformation~x; ~px; ~z; ~pz; ~�; ~p� �! �I ; JI ; �II ; JII; �III ; JIII (4.30)and that �k; Jk (k = I; II; III) are indeed 
anoni
al variables whi
h 
an now be interpretedas a
tion{angle variables sin
e dJkds = 0 ; (4.31a)d�kds = 2�L Qk : (4.31b)The way to �nd the Hamiltonian in terms of Jk;�k is explained in Ref. [14℄.The orbit ve
tor ~~y(s) in (4.25) is thus an expli
it fun
tion of the 
anoni
al variables Jkand �k and of the longitudinal variable s, via the eigenve
tors, ~vk(s).34



4.3 Spin MotionIn analogy to the separation of the os
illation amplitude ~y into two parts we 
an dividethe pre
ession ve
tor ~
 (see eqn. (3.36b) ) into two 
omponents by writing:~
(~y) = ~
(0) + ~! (4.32)with ~! � ~
� ~
(0) = ~! (~~y) : (4.33)Writing ~! = !s � ~es + !x � ~ex + !z � ~ez (4.34)we obtain from eqns. (3.43a, b, 
) for the linearised 
omponents !s, !x, !z , of the ve
tor ~! :!s = +2H � (1 + a) � ~p���20 � ~px � a
201 + 
0 "Kz � ep0 � 
 �Bx#+�20 � ~pz � a
201 + 
0 "Kx + ep0 � 
 �Bz# ; (4.35a)!x = �(1 + a
0) � h(N �H 0) � ~x� (K2z � g) � ~zi+ a
201 + 
0 � 2H � �20 � [~px +H � ~z℄+ 1�20 � "a
0 + 
01 + 
0# � eV (s)E0 sin' � ~pz� "1 + 1 + a
0
20 � 1 # �  Kz � ep0 � 
 �Bx! � �20 � ~p� ; (4.35b)!z = +(1 + a
0) � h(N +H 0) � ~z � (K2x + g) � ~xi+ a
201 + 
0 � 2H � �20 � [~pz �H � ~x℄� 1�20 � "a
0 + 
01 + 
0# � eV (s)E0 sin' � ~px+ "1 + 1 + a
0
20 � 1 # �  Kx + ep0 � 
 �Bz! � �20 � ~p� : (4.35
)35



Furthermore, the ve
tor 0B� !s!x!z 1CAwith the linearised 
omponents !s, !x, !z 
an be written as:0B� !s!x!z 1CA = F (3�6) � 0BBBBBBBB� ~x~px~z~pz~�~p� 1CCCCCCCCA (4.36)with F12 = �a(
0 � 1) � "Kz � ep0 � 
 ��Bx# ;F14 = +a(
0 � 1) � "Kx + ep0 � 
 ��Bz# ;F16 = +2H � (1 + a) ;F21 = �(1 + a
0) � (N �H 0) ;F22 = +a(
0 � 1) � 2H ;F23 = +(1 + a
0) � (K2z � g) + 2a(
0 � 1) �H2 ;F24 = "a
0 + 
01 + 
0# � eE0V (s) sin' ;F26 = � "1 + a
0# �  Kz � ep0 � 
�Bx! ;F31 = �(1 + a
0) � (K2x + g)� 2a(
0 � 1) �H2 ;F32 = � "a
0 + 
01 + 
0# � eE0V (s) sin' ;36



F33 = +(1 + a
0) � (N +H 0) ;F34 = +a(
0 � 1) � 2H ;F36 = + "1 + a
0# �  Kx + ep0 � 
�Bz! ;Fik = 0 otherwise : (4.37)The pre
ession ve
tor ~! des
ribes the spin motion in the (~n0; ~m; ~l ) spin frame, as shall beshown in the next 
hapter.5 The Equations of Spin Motion in the (~n0; ~m; ~l ) System5.1 Spin Motion in the (~n0; ~m; ~l ) SystemBy eqns. (2.8) and (4.9) we have:~� = �s � ~es + �x � ~ex + �z � ~ez= �n � ~n0 + �m � ~m+ �l �~l ; (5.1)whi
h we rewrite as: 0B� �n�m�l 1CA = 0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA 0B� �s�x�z 1CA ; (5.2a)0B� �s�x�z 1CA = 0BB� ~n0 ~es ~m~es ~l ~es~n0 ~ex ~m~ex ~l ~ex~n0 ~ez ~m~ez ~l ~ez 1CCA 0B� �n�m�l 1CA : (5.2b)The equations of motion for spin in the (~ex; ~ez; ~es) system read in matrix form as (see eqn.(3.36) ): dds 0B� �s�x�z 1CA = 
 0B� �s�x�z 1CA (5.3)and (see eqns. (4.7a, b, 
) ): 37



dds 0B� ~n0 ~es~n0 ~ex~n0 ~ez 1CA = 
(0) 0B� ~n0 ~es~n0 ~ex~n0 ~ez 1CA ;dds 0B� ~m~es~m~ex~m~ez 1CA = 
(0) 0B� ~m~es~m~ex~m~ez 1CA +  0spin(s) � 0BB� ~l ~es~l ~ex~l ~ez 1CCA ;dds 0BB� ~l ~es~l ~ex~l ~ez 1CCA = 
(0) 0BB� ~l ~es~l ~ex~l ~ez 1CCA �  0spin(s) � 0B� ~m~es~m~ex~m~ez 1CA=) dds 0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA = 0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l~ex ~l ~ez 1CA [
(0)℄T+ 0B� 0 0 0~l ~es ~l ~ex ~l ~ez�~m~es �~m~ex �~m~ez 1CA �  0spin(s) (5.4)with 
 � 0B� 0 �
z 
x
z 0 �
s�
x 
s 0 1CA = 
(0) + ! : (5.5)From (5.2), (5.3) and (5.4) we obtain:dds 0B� �n�m�l 1CA =8><>:0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA [
(0)℄T + 0B� 0 0 0~l ~es ~l ~ex ~l ~ez�~m~es �~m~ex �~m~ez 1CA �  0spin(s)9>=>; 0B� �s�x�z 1CA+ 0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA 
 0B� �s�x�z 1CA (5.6)or (sin
e [
(0)℄T = �
(0) and 
� 
(0) = !) :dds 0B� �n�m�l 1CA 38



= 8><>:0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA! + 0B� 0 0 0~l ~es ~l ~ex ~l ~ez�~m~es �~m~ex �~m~ez 1CA �  0spin(s)9>=>; 0B� �s�x�z 1CA= 0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA0B� 0 �!z !x!z 0 �!s�!x !s 0 1CA0B� �s�x�z 1CA+ 0spin(s) � 0B� 0 0 0~l ~es ~l ~ex ~l ~ez�~m~es �~m~ex �~m~ez 1CA0BB� ~n0 ~es ~m~es ~l ~es~n0 ~ex ~m~ex ~l ~ex~n0 ~ez ~m~ez ~l ~ez 1CCA 0B� �n�m�l 1CA= 0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA0B� �!z�x + !x�z+!z�s � !s�z�!x�s + !s�x 1CA +  0spin(s) � 0B� 0 0 00 0 10 �1 0 1CA0B� �n�m�l 1CA= 0B� ~n0 ~es ~n0 ~ex ~n0 ~ez~m~es ~m~ex ~m~ez~l ~es ~l ~ex ~l ~ez 1CA � 2640B� !s!x!z 1CA� 0B� �s�x�z 1CA375+  0spin(s) � 0B� 0+�l��m 1CA= 2640B� !n!m!l 1CA� 0B� �n�m�l 1CA375+  0spin(s) � 0B� 0+�l��m 1CA= 0B� !m �l � !l �m!l �n � !n �l!n �m � !m �n 1CA+  0spin(s) �0B� 0+�l��m 1CA= 0BB� (~m � ~!) � �l � (~l � ~!) � �m(~l � ~!) � �n � (~n0 � ~!) � �l(~n0 � ~!) � �m � (~m � ~!) � �n 1CCA +  0spin(s) � 0B� 0+�l��m 1CA (5.7)with ~! = !s � ~es + !x � ~ex + !z � ~ez= !n � ~n0 + !m � ~m+ !l �~l : (5.8)Using the notation: 
̂ = 0BB� 0 �
̂l 
̂m
̂l 0 �
̂n�
̂m 
̂n 0 1CCA (5.9)39



with 
̂n = (~n0 � ~!)�  0spin ; (5.10a)
̂m = (~m � ~!) ; (5.10b)
̂l = (~l � ~!) (5.10
)eqn. (5.7) 
an be rewritten in matrix form as:dds 0B� �n�m�l 1CA = 
̂ 0B� �n�m�l 1CA : (5.11)Equation (5.11) may be solved by methods as des
ribed in Appendix C.5.2 The Spin HamiltonianAs des
ribed in se
tion 2.2.2, we now introdu
e 
anoni
al spin variables � and � for thespin ve
tor ~�: ~� = �n � ~n0 + �m � ~m+ �l �~lby the relations: �n = 1� 12 ��2 + �2� ; (5.12a)�m = � �s1� 14 (�2 + �2) ; (5.12b)�l = � �s1� 14 (�2 + �2) ; (5.12
)=) 8>>>><>>>>: � = +s 21 + �n � �m ;� = +s 21 + �n � �l : (5.13)If the orbit ve
tor ~~y(s) is known, we then 
an 
al
ulate the spin motion from the equations:dds � = +�Hspin�� ; (5.14a)dds � = ��Hspin�� (5.14b)40



whi
h may be rewritten by using the notation~� =  �� !as: dds ~� = �S2 � dd~� Hspin : (5.15)The spin Hamiltonian Hspin reads (see eqns. (2.15), (5.10) and (5.11) ) as:Hspin(�; �; s) = 0��12 ��2 + �2� ; � �s1 � 14 (�2 + �2); � �s1� 14 (�2 + �2)1A�0B� nos(s) n0x(s) noz(s)ms(s) mx(s) mz(s)ls(s) lx(s) lz(s) 1CA0B� !s(s)!x(s)!z(s) 1CA+12 ��2 + �2� � dds  spin(s) (5.16)with [1℄ 0B� !s!x!z 1CA = F (3�6) � ~~y (5.17)or Hspin(�; �; s)= s1 � 14 (�2 + �2) � (�; �) ms(s) mx(s) mz(s)ls(s) lx(s) lz(s) ! � F (3�6)(s) � ~~y(s)+12 ��2 + �2� � ( dds  spin(s)� (n0s(s); n0x(s); n0z(s)) � F (3�6)(s) � ~~y(s))= F (�; �) � (�; ��) �G0 � ~~y(s)+12 ��2 + �2� � ( dds  spin(s)� g(s)) (5.18)with G 0(s) =  ls(s) lx(s) lz(s)�ms(s) �mx(s) �mz(s) ! � F (3�6)(s) ; (5.19a)41



g(s) = (n0s; n0x; n0z) � F (3�6)(s) � ~~y(s) ; (5.19b)F (�; �) = s1 � 14 (�2 + �2)= 1Xn=0  1=2n ! � (�1)n � �14 ��2 + �2��n= 1� 18 ��2 + �2�+ � � � : (5.19
)From (5.14) and (5.18) we obtain the equation of spin motion in the form:dds ~� = 0BB� ��� [� � F (�; �) ℄ 00 ��� [� � F (�; �) ℄ 1CCA �G 0(s) � ~~y (s)+D 0(s) � ~� + g(s) �  0 +1�1 0 ! � ~� (5.20)with D 0(s) =  0 + 0spin(s)� 0spin(s) 0 ! : (5.21)5.3 The Linearised Equations of Spin Motion Combined with theEquations of Orbital Motion5.3.1 The Spin Motion in Linear OrderTo prepare for later investigations we 
onsider in parti
ular the linear order of spin motion:�� 1; � � 1 =) F (�; �) = 1whi
h leads to the Hamiltonian :Hspin(�; �; s) = (�; �) �  ms(s) mx(s) mz(s)ls(s) lx(s) lz(s) !0B� !s!x!z 1CA+12 h�2 + �2i � dds  spin(s) : (5.22)42



The 
orresponding 
anoni
al equations for � and � read (see eqn. (5.20)) :dds ~� = G 0(s) � ~y (s) +D 0(s) � ~� : (5.23)Here the matrix G 0 des
ribes the linear spin{orbit 
oupling and the fun
tion  spin(s), appear-ing in D 0(s), designates the spin phase fun
tion.In this form the relation (5.23) is the basi
 equation for spin motion used in the 
omputerprogram SLIM [15, 7℄. We have thus derived the SLIM formalism from 
anoni
al equationsbased on a polynomial expansion of a spin Hamiltonian.Remark:The �rst order approximation of eqn. (5.7) in the limitj�mj � 1 ;j�lj � 1 ;j�nj � 1takes the form: �0 = +(~l � ~!) + �  0spin ; (5.24a)�0 = �(~m � ~!)� � 0spin (5.24b)with �m � � ; (5.25a)�l � � : (5.25b)This is equivalent to eqn. (5.23).5.3.2 The Combined Form of Orbital Motion with Linear Spin MotionBy 
ombining the orbital part ~~y and the spin part ~� into an 8{dimensional ve
tor as �rstdone by A. Chao [15℄: ~u =  ~~y~� ! (5.26)we 
an rewrite the orbital equation (4.16) and the spin equation (5.23) in a 
ompa
t matrixnotation as follows: dds~u = Â � ~u (5.27)43



with Â =  A 0G0 D0 ! : (5.28)Sin
e eqn. (5.27) is linear and homogeneous, the solution 
an be written in the form:~u(s) = M̂(s; s0) � ~u(s0) (5.29)whi
h de�nes the 8{dimensional transfer matrix M̂(s; s0) of spin{orbit motion.By eqn. (5.27), M̂ (s; s0) is determined by the di�erential equationdds M̂ (s; s0) = Â(s) � M̂ (s; s0) ; (5.30a)M̂ (s0; s0) = 1 : (5.30b)If we write M̂ as M̂ =  M 0G D ! (5.31)we obtain from eqn. (5.30) [16℄:dds  M 0G D ! =  A 0G0 D0 ! M 0G D ! (5.32a)=  AM 0G0M +D0G D0D !and  M (s0; s0) 0G(s0; s0) D(s0; s0) ! = 1 (5.32b)or I) dds M (s; s0) = A(s) �M (s; s0) ; M(s0; s0) = 1 ; (5.33)(M (s; s0)= transfer matrix for the orbit) ;II) dds D(s; s0) = D0(s) �D(s; s0) ; D(s0; s0) = 1) D (s; s0) =  
os [ spin(s)�  spin(s0)℄ sin [ spin(s)�  spin(s0)℄� sin [ spin(s)�  spin(s0)℄ 
os [ (s)spin �  spin(s0)℄ ! ; (5.34)44



III) dds G(s; s0) = G0(s) �M(s; s0) +D0(s) �G(s; s0) ; G(s0; s0) = 0) G(s; s0) = D(s; s0) � Z ss0 d~s �D(s0; ~s) �G0(~s) �M (~s; s0)= Z ss0 d~s �D(s; ~s) �G0(~s) �M (~s; s0) : (5.35)By eqns. (5.33 - 35) the transfer matrix M̂ (s; s0) is determined in a unique way.In parti
ular, one �nds the following expressions for the revolution matrix M̂ (s0 + L; s0):M̂ (s0 + L; s0) =  M(s0 + L; s0) 0G(s0 + L; s0) D(s0 + L; s0) ! (5.36)with D(s0 + L; s0) =  
os [2�Qspin℄ sin [2�Qspin℄� sin [2�Qspin℄ 
os [2�Qspin℄ ! (5.37)where the quantity Qspin de�nes the (linear) spin tune on the 
losed orbit ( see eqn. (4.8) ).The eigenve
tors of the whole 8{dimensional revolution matrix M̂(s0+L; s0) for spin andorbit whi
h are de�ned by M̂(s0 + L; s0) � ~q� = �̂� � ~q� (5.38)
an now be written in the form:~qk(s0) =  ~vk(s0)~wk(s0) ! ; ~q�k(s0) = [~qk(s0)℄� (5.39a)for k = I; II; IIIand ~qIV (s0) =  ~06(s0)~wIV (s0) ! ; ~q�IV (s0) = [~qIV (s0)℄� (5.39b)for k = IV .By 
ombining eqns. (5.38), (5.39), (5.36), (5.37) and (4.19) we obtain for the 2{dimensionalve
tors ~wk(s0) (k = I; II; III) and ~wIV (s0):G (s+ L; s) ~vk(s) +D (s+ L; s) ~wk(s) = �k � ~wk(s)=) ~wk(s0) = � hD(s0 + L; s0)� �̂ki�1 �G(s0 + L; s0) � ~vk(s0) (5.40a)45



for k = I; II; III ;~wIV (s0) = 1p2 �  1�i ! � e�i  spin(s0) (5.40b)for k = IVand ~w�k(s0) = [~wk(s0)℄� ; (k = I; II; III; IV ) (5.41)(~vk(s0) being de�ned in (4.19a)).The 
orresponding eigenvalues are�̂k = �k = e�i � 2�Qk ; (k = I; II; III) (5.42a)and �̂IV = e�i � 2�QIV with QIV = Qspin : (5.42b)For the the eigenve
tors ~q�(s) of the transfer matrix M̂(s+ L; s) (initial position s):M̂(s+ L; s) � ~q�(s) = �̂�(s) � ~q�(s) (5.43)we also have: ~q�(s) = M̂(s; s0) ~q�(s0) �  ~vk(s)~wk(s) ! : (5.44)In parti
ular we get ~qIV (s) =  ~06~wIV (s) ! ; ~q�IV (s) = [~qIV (s)℄� (5.45a)with~wIV (s) = D(s; s0) ~wIV (s0) = 1p2 �  1�i ! � e�i  spin(s) ; ~w�IV (s) = [~wIV (s)℄�: (5.45b)The eigenvalues are independent of s:�̂�(s) = �̂�(s0) : (5.46)As may be seen by (5.31) and (5.35), the solution of eqn. (5.23) 
an be written as:~� (s) = D (s; s0) � ~� (s0) + Z ss0 d~s �D (s; ~s) �G 0(~s) �M (~s; s0) � ~y(s0)= D (s; s0) � �~� (s0) + Z ss0 d~s �D (s0; ~s) �G 0(~s) �M (~s; s0) � ~y(s0)� : (5.47)46



Remark:Note, that the 
omponents ~wk in eqn. (5.44)~wk(s) = � [D (s+ L; s)� �k � 1℄�1 �G (s+ L; s) ~vk(s)= � [D (s+ L; s)� �k � 1℄�1 � Z s+Ls d~s �D (s+ L; ~s) �G 0(~s) � ~vk(~s) (5.48)for (k = I; II; III) are solutions of eqn. (5.23) with ~y(s) = ~vk(s):dds ~wk(s) = � [D (s+ L; s)� �k � 1℄�1 � Z s+Ls d~s � ddsD (s+ L; ~s) �G 0(~s) � ~vk(~s)� [D (s+ L; s)� �k � 1℄�1 �D (s+ L; s+ L) �G 0(s+ L) � ~vk(s+ L)+ [D (s+ L; s)� �k � 1℄�1 �D (s+ L; s) �G 0(s) � ~vk(s)= � [D (s+ L; s)� �k � 1℄�1 � Z s+Ls d~s �D0(s) �D (s+ L; ~s) �G 0(~s) � ~vk(~s)� [D (s+ L; s)� �k � 1℄�1 � 1 �G 0(s) � �k~vk(s)+ [D (s+ L; s)� �k � 1℄�1 �D (s+ L; s) �G 0(s) � ~vk(s)= D0(s) � ~wk(s) + [D (s+ L; s)� �k � 1℄�1 � [D (s+ L; s)� �k � 1℄ �G 0(s) � ~vk(s)= D0(s) � ~wk(s) +G0(s) � ~vk(s) :This result is in agreement with the de�nition of ~wk(s) by eqn. (5.44), i.e. the spin{orbitve
tor ~q�(s) de�ned by (5.44) is a solution of eqn. (5.27), whi
h represents the 
ombined formof spin{orbit motion.6 Cal
ulation of the ~n{AxisWe are now in a position to 
al
ulate the so{
alled ~n{axis [17, 4℄ whi
h represents aspe
ial solution of the T{BMT equation on the 6{dimensional parti
le orbit having the same47



periodi
ity properties as the parti
le orbit, namely:~n(JI ; JII; JIII ;�I ;�II ;�III ; s) = ~n(JI ; JII; JIII ;�I + 2�;�II ;�III; s)= ~n(JI ; JII; JIII ;�I ;�II + 2�;�III; s)= ~n(JI ; JII; JIII ;�I ;�II ;�III + 2�; s)= ~n(JI ; JII; JIII ;�I ;�II ;�III ; s+ L) (6.1)where the variables Jk and �k (k = I; II; III) are the a
tion{angle variables of the orbitalmotion [12℄.The ~n{axis is the key obje
t in the de�nition of 
ombined a
tion{angle variables for spinand orbit on arbitrary orbits and for des
ribing spin kinemati
s in ele
tron storage rings[4, 17, 18℄.6.1 De�nition of the ~n{AxisIn order to obtain the ~n{axis, we introdu
e a damping term�
 � ~� with 
 > 0on the r.h.s. of eqn. (5.14) for spin motion:dds ~� = �S2 � dd~� Hspin � 
 � ~� : (6.2)Denoting then the solution of eqn. (6.2) by~� = ~F (~�0; 
; s) (6.3)with ~�0 � ~� (s0) ;the ~n{axis is 
al
ulated from the relation:~n (s) = lim0<
!0 lims0!�1 ~F (~�0; 
; s) : (6.4)Thus we are using the fa
t that the asymptoti
 for
ed solution of a damped os
illator hasthe periodi
ity of the driving for
e [19℄. In this 
ase the driving for
e is the ve
tor ~! whi
hhas the periodi
ity (6.1) and we introdu
ed the damping via the term 
 � ~�. By subsequentlyallowing 
 �~� to approa
h zero we re
over the solution to the T{BMT equation with the desiredperiodi
ity properties. 48



6.2 Perturbation TheoryThe ~n{axis shall now be determined in a perturbation theory.Using (4.18) we write eqn. (5.19b) in the form:g(s) = Xk=I;II;III fAk � gk(s) +A�k � g�k(s)g (6.5)with g�(s) = (n0s(s); n0x(s); n0z(s)) � F (3�6) � ~v�(s): (6.6)Then we 
onsider the (small) 
oeÆ
ients A�k as perturbation parameters whi
h lead to aperturbation series for the spin ve
tor ~�:~� = ~� (0) + ~� (1) + ~� (2) + � � �+ ~� (N) + � � � : (6.7)The di�erent orders of the ~n{axis may then be 
onstru
ted in a systemati
 manner usingthe method of for
ed solution as des
ribed by eqns. (6.2 - 4).6.2.1 The ~n{Axis in 0th OrderFrom eqns. (5.20) and (6.2) we have:dds~� (0) = D 0(s) � ~� (0) � 
 � ~� (0) : (6.8)with the solution : ~� (0) (s) = e�
 � (s� s0) �D (s; s0) � ~� (0) (s0)and with D (s; s0) given by (5.34).The for
ed solution is:~n (0) (s) = lim0<
!0 lims0!�1 e�
 � (s� s0) �D (s; s0) � ~� (0) (s0)= 0 ; (6.9)i.e. the ~n{axis 
oin
ides with ~n0 in 0th order.Note, that ~n (0)(s) satis�es the periodi
ity 
ondition (6.1).49



6.2.2 The ~n{Axis in Linear OrderIn �rst order we obtain from (5.20) and (6.2):dds~� (1) = G 0(s) � ~~y (s) +D 0(s) � ~� (1) � 
 � ~� (1) : (6.10)The solution of eqn. (6.10) reads as:~� (1) (s) = e�
 � (s� s0) �D (s; s0)��~� (1) (s0) + Z ss0 d~s �D (s0; ~s) �G 0(~s) � ~~y(~s) � e+
 � (~s� s0)� :and the for
ed solution is:~n (1) (s) = lim0<
!0 lims0!�1 e�
 � (s� s0) �D (s; s0)��~� (1) (s0) + Z ss0 d~s �D (s0; ~s) �G 0(~s) � ~~y(~s) � e+
 � (~s� s0)�= lim0<
!0 Z s�1 d~s �D (s; ~s) �G 0(~s) � ~~y(~s) � e+
 � ~s= lim0<
!0 1Xn=0 Z s�n�Ls�(n+1)�L d~s �D (s; ~s) �G 0(~s) � 6X�=1 A� ~v�(~s) � e+
 � ~s= lim0<
!0 1Xn=0 Z s+Ls ds0 �D (s; s0) �D (s0; s0 � [n+ 1℄L) �G 0(s0 � [n+ 1℄L)� 6X�=1 A� ~v� (s0 � [n+ 1℄L) � e+
 � (s0 � [n+ 1℄L)= lim0<
!0 1Xn=0 Z s+Ls ds0 �D (s; s0) �Dn+1 (s+ L; s) �G 0(s0)� 6X�=1 A� ~v�(s0) � ��(n+1)� � e�(n+ 1) � 
L= lim0<
!0 6X�=1 A� 1Xn=0 Dn+1 (s+ L; s) � ��(n+1)� � e�(n+ 1) � 
L� Z s+Ls ds0 �D (s; s0) �G 0(s0) � ~v�(s0)= 6X�=1 A� � lim0<
!0 �1 � ��1� � e�
L � D (s+ L; s)��1 � ��1� � e�
L � D (s+ L; s)50



� Z s+Ls ds0 �D (s; s0) �G 0(s0) � ~v�(s0)= 6X�=1 A� � [�� � 1� D (s+ L; s)℄�1� Z s+Ls d~s �D (s+ L; ~s) �G 0(~s) � ~v�(~s)= 6X�=1 A� � ~w�(s) (6.11)(see also Ref. [20℄) whereby eqn. (5.48) and the following relations have been used:D (s0; s0 � [n+ 1℄L) = D(n+1) (s0 + L; s0) = D(n+1) (s+ L; s) ;G 0(s0 � [n+ 1℄L) = G 0(s0) ;~v�(s0 � [n+ 1℄L) = ��(n+1)� � ~v�(s0) ;D (s; s0) �D(n+1) (s+ L; s) = D(n+1) (s+ L; s) �D (s; s0) ;1Xn=0 Dn (s+ L; s) � ��n� � e�n � 
L = �1� ��1� � e�
L � D (s+ L; s)��1 :Equation (6.11) 
an also be written in the form:~n (1) (s) = 6X�=1 Â� � ~̂w�(s) (6.12)with ~̂w�(s) = e+i � 2�Q� � (s=L) � ~w�(s) (6.13)and Â� = e�i � 2�Q� � (s=L) �A�= qJ� � e�i��= Â�(J�;��) : (6.14)51



It follows from (6.12) that ~n (1)(s) satis�es the periodi
ity 
ondition (6.1) sin
e~̂w�(s+ L) = ~̂w�(s) (6.15)and Â�(J�;�� + 2�) = Â�(J�;��) : (6.16)Remark:If we transform the rotation matrix D(s+ L; s)D (s+ L; s) =  
os [2�Qspin℄ sin [2�Qspin℄� sin [2�Qspin℄ 
os [2�Qspin℄ !into prin
iple axes:U�1 �D (s+ L; s) � U = J ; D (s+ L; s) = U � J � U�1 ; (6.17a)U =  1 1i �i ! ; (6.17b)J = 0� e+i � 2�Qspin 00 e�i � 2�Qspin 1A (6.17
)the ve
tor ~wk 
an be put into the form:~wk(s) = � �U � J � U�1 � e�i � 2�Qk � 1��1 �G (s+ L; s) ~vk(s)= �U � �J � e�i � 2�Qk � 1��1 � U�1 �G (s+ L; s) ~vk(s)= U � 0BBB� i2 sin �[Qk +Qspin℄ � e+i�[Qk �Qspin℄ 00 i2 sin �[Qk �Qspin℄ � e+i�[Qk +Qspin℄ 1CCCA�U�1 �G (s+ L; s) ~vk(s) :This equation shows that the 
omponents of ~wk be
ome in�nitely large forQk �Qspin �! integer :52



6.2.3 The ~n{Axis at Se
ond Orderdds ~� (2) = D 0(s) � ~� (2) +  0 +1�1 0 ! � g(s) � ~n (1)(s)� 
 � ~� (2) (6.18)with ~n (1)(s) = Xk=I; II; III fAk � ~wk(s) +A�k � ~w�k(s)g= X� A� � ~w�(s) (6.19)and g(s) = X� A� � g�(s) ; (6.20a)g�(s) = (ns(s); nx(s); nz(s)) � F (3�6)(s) � ~v�(s) : (6.20b)The solution of eqn. (6.18) ~� (2)(s) � ~F (2) (~� (2)0 ; 
; s)reads as:~F (2) (~� (2)0 ; 
; s) = e�
 � (s� s0) �D (s; s0) � ~� (2) (s0)+e�
 � (s� s0) �D (s; s0)� Z ss0 d~s �D (s0; ~s) �  0 +1�1 0 ! � g(~s) � ~n (1)(~s) � e+
 � (~s� s0)The for
ed solution is:~n (2)(s) = lim0<
!0 lims0!�1 ~F (2) (~� (2)0 ; 
; s)= lim0<
!0 Z s�1 d~s �D (s; ~s) �  0 +1�1 0 ! � g(~s) � ~n (1)(~s) � e+
 � ~s= X�1 X�2 A�1A�2 � lim0<
!0 Z s�1 d~s �D (s; ~s) �  0 +1�1 0 ! � g�1(~s) � ~w�2(~s) � e+
 � ~s53



= X�1 X�2 A�1A�2 � lim0<
!0 1Xn=0 Z s�n�Ls�(n+1)�L d~s �D (s; ~s)� 0 +1�1 0 ! � g�1(~s) � ~w�2(~s) � e+
 � ~s= X�1 X�2 A�1A�2 � lim0<
!0 1Xn=0 Z s+Ls ds0 �D (s; s0) �D (s0; s0 � [n+ 1℄L)� 0 +1�1 0 ! � g�1 (s0 � [n+ 1℄L) � ~w�2 (s0 � [n+ 1℄L)�e+
 � (s0 � [n+ 1℄L)= X�1 X�2 A�1A�2 � lim0<
!0 1Xn=0 Z s+Ls ds0 �D (s; s0) �Dn+1 (s+ L; s)� 0 +1�1 0 ! � ��(n+1)�1 g�1 (s0) � ��(n+1)�2 ~w�2 (s0)�e+
 � (s0 � [n+ 1℄L)= X�1 X�2 A�1A�2 � lim0<
!0 1Xn=0 Dn+1 (s+ L; s) � ��(n+1)�1 � ��(n+1)�2 � e�(n+ 1) � 
L� Z s+Ls ds0 �D (s; s0) �  0 +1�1 0 ! � g�1 (s0) � ~w�2 (s0) � e+
 � s0= X�1 X�2 A�1A�2 � lim0<
!0 �1 � ��1�1 � ��1�2 � e�
L �D (s + L; s)��1���1�1 � ��1�2 � e�
L � D (s+ L; s)� Z s+Ls ds0 �D (s; s0) �  0 +1�1 0 ! � g�1 (s0) � ~w�2 (s0)= X�1 X�2 A�1A�2 � [��1��2 � 1 � D (s+ L; s)℄�1� Z s+Ls ds0 � g�1 (s0) �D (s+ L; s0) �  0 +1�1 0 ! � ~w�2 (s0) : (6.21)Clearly the 
omponents of ~n (2) be
ome in�nitely large whenQ�1 +Q�2 = integer+Qspin :54



(For the general resonan
e relation see eqn. (6.27) ).6.2.4 The ~n{Axis at kth OrderFor an arbitrary (the kth) order we 
an in general write:dds ~� (k) = D 0(s) � ~� (k) + X�1;�2;���;�k A�1A�2 � � �A�k � ~K( k)�1�2����k(s)� 
 � ~� (k) ; (6.22)whereby the term ~K( k)�1�2����k(s) depends on ~n (�) for � < k.For instan
e we have:~K(0) = 0 ; (6.23a)~K(1)� = G 0(s) � ~v�(s) ; (6.23b)~K(2)�1�2 =  0 +1�1 0 ! � ~w�1(s) � (ns; nx; nz) � F (3�6)(s)~v�2(s) : (6.23
)(see eqns. (6.8), (6.10), (6.18) ). The general form of ~K( k)�1�2����k (s) may be found from eqn.(5.20) by iteration.Assumption: ~K( k)�1�2����k(s+ L) = ��1��2 � � � ��k � ~K(k)�1�2����k(s) : (6.24)This relation is ful�lled for k = 0; 1; 2 as may be seen from eqn. (6.23a, b, 
), and in thefollowing shall be proved by indu
tion.From eqn. (6.22) we obtain:dds ~� (k) = D 0(s) � ~� (k) + X�1;�2;���;�k A�1A�2 � � �A�k � ~K( k)�1�2����k(s)� 
 � ~� (k) : (6.25)The solution of eqn. (6.25) ~� (k) � ~F (k) (~� (k)0 ; 
; s)reads as:~� (1) (s) = e�
 � (s� s0) �D (s; s0)�(~� (k) (s0) + Z ss0 d~s �D (s0; ~s) � X�1 ;�2;���;�k A�1A�2 � � �A�k � ~K( k)�1�2����k(s) � e+
 � (~s� s0)) :55



The for
ed solution is:~n (k) = lim0<
!0 lims0!�1 ~F (k) (~� (k)0 ; 
; s)= lim0<
!0 Z s�1 d~s �D (s; ~s) � X�1;�2;���;�k A�1A�2 � � �A�k � ~K( k)�1�2����k(s) � e+
 � ~s= X�1;�2;����k A�1A�2 � � �A�k � lim0<
!0 Z s�1 d~s �D (s; ~s) � ~K( k)�1�2����k(~s) � e+
 � ~s= X�1;�2;����k A�1A�2 � � �A�k � lim0<
!0 1Xn=0 Z s�n�Ls�(n+1)�L d~s �D (s; ~s) � ~K( k)�1�2����k(~s) � e+
 � ~s= X�1;�2;����k A�1A�2 � � �A�k � lim0<
!0 1Xn=0 Z s+Ls ds0 �D (s; s0) �D (s0; s0 � [n+ 1℄L)� ~K( k)�1�2����k (s0 � [n+ 1℄L) � e+
 � (s0 � [n+ 1℄L)= X�1;�2;����k A�1A�2 � � �A�k � lim0<
!0 1Xn=0 Z s+Ls ds0 �D (s; s0) �Dn+1 (s+ L; s)� h��(n+1)�1 ��(n+1)�2 � � � ��(n+1)�k i � ~K( k)�1�2����k (s0) � e+
 � (s0 � [n+ 1℄L)= X�1;�2;����k A�1A�2 � � �A�k � lim0<
!0 1Xn=0 Dn+1 (s+ L; s) � h��(n+1)�1 ��(n+1)�2 � � � ��(n+1)�k i� e�(n+ 1) � 
L � Z s+Ls ds0 �D (s; s0) � ~K( k)�1�2 ����k(s0) � e+
 � s0= X�1;�2;����k A�1A�2 � � �A�k � lim0<
!0 �1 � (��1��2 � � � ��k)�1 � e�
L �D (s+ L; s)��1� (��1��2 � � � ��k )�1 � e�
L � D (s+ L; s) � Z s+Ls ds0 �D (s; s0) � ~K( k)�1�2����k(s0)= X�1;�2;����k A�1A�2 � � �A�k � [��1��2 � � � ��k � 1� D (s+ L; s)℄�1� Z s+Ls ds0 � ~K( k)�1�2����k(s0) : (6.26)Transforming the rotation matrix D (s+L; s) into prin
iple axis (see eqns. (6.17a, b, 
) ),one 
an easily show that the term[��1��2 � � � ��k � 1� D (s+ L; s)℄�156



in (6.26) be
omes in�nite forQ�1 +Q�2 + � � �+Q�k = integer+Qspin : (6.27)Finally we remark that the ve
tor ~n (k) in (6.26) obeys the periodi
ity relation (6.1):~n (k)(JI ; JII; JIII ;�I ;�II ;�III ; s) = ~n (k)(JI ; JII ; JIII;�I + 2�;�II;�III ; s)= ~n (k)(JI ; JII ; JIII;�I ;�II + 2�;�III ; s)= ~n (k)(JI ; JII ; JIII;�I ;�II ;�III + 2�; s)= ~n (k)(JI ; JII ; JIII;�I ;�II ;�III ; s+ L) (6.28)as may be seen by using eqns. (6.14), (6.16) and (6.24).With the help of (6.26) and (6.24) we now 
an prove that the relation (6.24) is also ful-�lled for the next order (k +1). It follows then that eqn. (6.24) and thus also the periodi
ity
ondition (6.28) is valid for all orders of ~n(s).Remarks:1) In this paper we have used the 
anoni
al variables � and � to 
al
ulate the ~n{axis.It is also possible to work with the 
omponents �n, �m and �l of the spin ve
tor ~� by usingan iterative te
hnique applied to equations of spin motion as represented in the form of eqn.(2.10). This is essentially the method used in the SMILE formalism introdu
ed by S. Mane[18℄. It is also possible to 
al
ulate ~n iteratively in terms of (�m; �l) by expanding eqn. (4.9)[21℄.2) The ve
tor ~n is unique ex
ept at spin{orbit resonan
es and in the neighbourhood ofresonan
es ~n depends very sensitively on the phase spa
e position. These statements are non{perturbative and are analogous to the la
k of uniqueness of ~n0 on the 
losed orbit (see se
tion4.2.1 and 7.3). However, when 
al
ulating ~n perturbatively, we �nd that the 
omponents(~�; ~�) diverge at resonan
es. This is the perturbative manifestation of the instability andnon{uniqueness that would be found in a non{perturbative 
al
ulation.3) As a result of the periodi
ity relations (6.1), the ~n{axis 
an be expanded into a Fourierseries: ~n (JI ; JII; JIII ;�I ;�II ;�III ; s) = Xm1;m2;m3 ; q ~Nm1m2m3 q (Jk)�e�i fm1�I(~s) +m2�II(~s) +m3�III(~s) + q � 2� (~s=L)g : (6.29)Using the ansatz (6.29), we obtain an alternative method to determine the ~n{axis by solvingthe equation of spin motion (5.14). (See also Ref. [4℄).57



4) The solution (6.26) diverges not only at the resonan
e (6.27), but also at the resonan
esthat were found at lower order.7 Spin Motion in the (~n1; ~n2; ~n) System7.1 Introdu
tion of the Dreibein (~n1; ~n2; ~n)In this se
tion we demonstrate how to use the ~n{axis to 
onstru
t a spe
ial dreibein(~n1; ~n2; ~n) on an arbitrary 6{dimensional orbit.In the following we shall introdu
e a 
ompa
t matrix notation by rewriting an arbitraryve
tor ~A = An � ~n0 +Am � ~m+Al �~las a 
olumn ve
tor with 
omponents An; Am; Al:An � ~n0 +Am � ~m+Al �~l � 0B� AnAmAl 1CAand de�ning the derivative of a 
olumn ve
tor with respe
t to the ar
 length s as the derivativeof the 
orresponding 
omponents Ai but not of the unit ve
tors:dds 0B� AnAmAl 1CA � ~n0 � dds An + ~m � dds Am +~l � dds Al :In parti
ular we then have: ~m � 0B� 010 1CA ; ~l � 0B� 001 1CAand thus in this notation: dds ~m = dds ~l = 0 :Furthermore we 
onstru
t the unit ve
tors ~n1 and ~n2 as:~n1 � 0B� (~n1 ~n0)(~n1 ~m)(~n1~l) 1CA = ~n� ~mj~n� ~mj ; (7.1a)58



~n2 � 0B� (~n2 ~n0)(~n2 ~m)(~n2~l) 1CA = ~n� ~n1= ~n� [~n� ~m℄j~n� ~mj= ~n � (~n ~m)� ~mj~n� ~mj ; (7.1b)=) ~n1 � ~n2 = ~n :By 
onstru
tion ~n1 and ~n2 obey the same periodi
ity 
ondition (6.1) as ~n and form amutually orthogonal set 1 .Sin
e dds ~a(s)j~a(s)j = ~a0j~aj � ~aj~aj2 � dds p~a2= ~a0j~aj � ~aj~aj2 � ~a � ~a0j~aj= ~a0 � (~a~a)� ~a � (~a~a0)j~aj3= ~a� [~a0 � ~a℄j~aj3we obtain with ~a = ~n� ~m (7.2)and (~a=j~aj) � ~n1: dds ~n1 = ~n1 � [~a0 � ~n1℄j~aj= ~n1 � ��~m� �~n � ~̂
��� ~n1�j~aj ;where ~̂
 is the spin pre
ession ve
tor in the (~n0; ~m; ~l ) frame.Writing �~n1 � �~m� (~n� ~̂
)�� = A � ~n+B � ~n1 + C � ~n21For ~n = ~n0 we have ~n1 = ~l and ~n2 = �~m. 59



=) j~aj � dds ~n1 = fA � ~n+B � ~n1 + C � ~n2g � ~n1= fA � ~n+ C � ~n2g � ~n1= +A � ~n2 �C � ~nit follows that: A = ~n � �~n1 � �~m� (~n� ~̂
)��= �~m� (~n� ~̂
)� � (~n� ~n1)= �~m� (~n� ~̂
)� � ~n2= (~n � ~̂
) � (~n2 � ~m)= ~̂
 � [~n� (~m� ~n2℄= ~̂
 f~m � (~n~n2)� ~n2 � (~n ~m)g= �(~̂
~n2) � (~n ~m) ;C = ~n2 � �~n1 � �~m� (~n� ~̂
)��= �~m� (~n� ~̂
)� � (~n2 � ~n1)= �~m� (~n� ~̂
� � (�~n)= �(~n� ~̂
) � (~n � ~m)= �(~n� ~̂
) � j~aj � ~n1= �j~aj � ~̂
 � (~n1 � ~n) ;= +j~aj � (~̂
~n2)and thus: dds ~n1 = ( Aj~aj � ~n+ Cj~aj � ~n2)� ~n1= ( Aj~aj � ~n+ (~̂
~n2))� ~n1 : (7.2a)Furthermore we get:dds ~n2 = dds (~n� ~n1) 60



= d~nds � ~n1 + ~n� d~n1ds= �~̂
� ~n�� ~n1 + ~n� " Aj~aj � ~n2 � Cj~aj � ~n#= (~̂
~n1) � ~n� (~n1 ~n) � ~̂
 + Aj~aj � ~n� ~n2= (~̂
~n1) � ~n+ Aj~aj � ~n � ~n2= ( Aj~aj � ~n + (~̂
~n1) � ~n1)� ~n2 (7.2b)and dds ~n = ~̂
� ~n= �(~̂
~n) � ~n+ (~̂
~n1) � ~n1 + (~̂
~n2) � ~n2� � ~n= �(~̂
~n1) � ~n1 + (~̂
 ~n2) � ~n2�� ~n : (7.2
)Using the relation: ~x� ~x = 0for an arbitrary ve
tor ~x, eqns. (7.2a, b, 
) 
an be gathered in the form:8>>>>>>>>>>><>>>>>>>>>>>: dds ~n = ~U � ~n ;dds ~n1 = ~U � ~n1 ;dds ~n2 = ~U � ~n2 (7.3)with ~U = Aj~aj � ~n+ (~̂
~n1) � ~n1 + (~̂
~n2) � ~n2 : (7.4)We 
an obtain the same expression for ~U by 
al
ulating 12 P3k=1 ~nk � dds ~nk with ~n3 � ~n[4, 1℄. 61



7.2 Equations of Motion with Respe
t to the Dreibein (~n1; ~n2; ~n)In the following we use the formalism of se
tions (2.3, 2.4). De
omposing the spin ve
tor~� with respe
t to the dreibein (~n1; ~n2; ~n)~� = ~�0 � ~n + ~�1 � ~n1 + ~�2 � ~n2 ;we obtain from eqn. (5.11):dds ~� = ~̂
 � ~�= �(~̂
~n) � ~n+ (~̂
~n1) � ~n1 + (~̂
~n2) � ~n2� � ~� ;=) ~̂
� n~�0 � ~n + ~�1 � ~n1 + ~�2 � ~n2o = d~�0ds � ~n+ d~�1ds � ~n1 + d~�2ds � ~n2+~�0 � dds ~n+ ~�1 � dds ~n1 + ~�2 � dds ~n2= d~�0ds � ~n+ d~�1ds � ~n1 + d~�2ds � ~n2+~U � n~�0 � ~n + ~�1 � ~n1 + ~�2 � ~n2o ;=) d~�0ds � ~n + d~�1ds � ~n1 + d~�2ds � ~n2 = [ ~̂
� ~U ℄� �~�0 � ~n+ ~�1 � ~n1 + ~�2 � ~n2� :Sin
e ~n obeys the T{BMT equation (see eqn. (2.33) ) , the new pre
ession ve
tor [ ~̂
� ~U ℄is parallel to ~n: [ ~̂
� ~U ℄ = k(�k; Jk; s) � ~n ;and in this frame the spins pre
ess around ~n with 
onstant J = ~n � ~�.Our notation re
e
ts to the fa
t that 
, ~n1, ~n2, ~n and thus k all depend on(Jk; �k; s) :Furthermore k, like 
, ~n, ~n1, ~n2, is periodi
 in (�k; s).Then:d~�0ds � ~n+ d~�1ds � ~n1 + d~�2ds � ~n2 = [k(�k; Jk; s) � ~n℄ � �~�0 � ~n + ~�1 � ~n1 + ~�2 � ~n2�= k(�k; Jk; s) � �~�1 � ~n2 � ~�2 � ~n1�62



with (see 2.7b) k(�k; Jk; s) = (~̂
~n)� Aj~aj= (~̂
~n) + ~n1d~n2ds (7.5)leads to dds 0B� ~�0~�1~�2 1CA = 0B� 0�k(�k; Jk; s) � ~�2+k(�k; Jk; s) � ~�1 1CA ; (7.6)dds h~�1 + i � ~�2i = i k(�k; Jk; s) � h~�1 + i � ~�2i ; (7.7)h~�1(s) + i � ~�2(s)i = h~�1(s0) + i � ~�2(s0)i � exp�i � Z ss0 d~s � k(�k; Jk; ~s)� : (7.8)The interpretation of (7.5) is obvious: w.r.t. ~n1 and ~n2 the rate of spin pre
ession around~n is 
omposed of the proje
tion of ~̂
 onto ~n and the rate of rotation of ~n1 and ~n2 around ~n.7.3 Spin Tune on an Arbitrary OrbitWe now de�ne: Q̂spin = � limN!1 12�N Z s0+N �Ls0 d~s � k(�k; Jk; ~s) : (7.9)The quantity Q̂spin is a measure of the average spin pre
ession frequen
y in the (~n1; ~n2; ~n)frame on an arbitrary orbit. Note, that Q̂spin is independent of the starting point s0.On the 
losed orbit we obtain:~n � ~n0 ; ~~y � 0 =) k(�k; Jk; s) = � 0spin(s)and thus: Q̂spin = � limN!1 12�N Z s0+N �Ls0 d~s � [� 0spin(~s)℄= 12�N � f spin(s0 +N � L)�  spin(s0)g=  spin(s0 + L) �  spin(s0)2� � Qspin : (7.10)63



Thus our Q̂spin redu
es to Qspin on the 
losed orbit.For the spin tune shift with respe
t to the 
losed orbit:ÆQspin = Q̂spin �Qspin (7.11)we get from (7.9) and (7.10):ÆQspin = � limN!1 12�N Z s0+N �Ls0 d~s � nk(�k; Jk; ~s) +  0spin(~s)o : (7.12a)De�ning in (7.12): �k(�k; Jk; s) = k(�k; Jk; s) +  0spin(s) (7.12b)whi
h is periodi
 in �k and s so that:�k(�I ;�II ;�III;JI ; JII ; JIII; s) = �k(�I + 2�;�II ;�III ;JI ; JII; JIII ; s)= �k(�I;�II + 2�;�III ;JI ; JII; JIII ; s)= �k(�I;�II ;�III + 2�;JI ; JII; JIII ; s)= �k(�I;�II ;�III ;JI ; JII ; JIII; s+ L)we expand �k as a Fourier expansion:�k(�k; Jk; s) = Xm1;m2;m3 Rm1m2m3(Jk; s) � e�i fm1�I +m2�II +m3�IIIg; (7.13a)where Rm1m2m3(Jk; s) = � 12��3 � Z 2�0 d�I Z 2�0 d�II Z 2�0 d�III��k(�k; Jk; s) � e+i fm1�I +m2�II +m3�IIIg (7.13b)with Rm1m2m3 (Jk; s+ L) = Rm1m2m3 (Jk; s)= Xq Rm1m2m3 q (Jk) � e�i q � 2� (s=L) ; (7.13
)=) Rm1m2m3 q (Jk) = 1L Z s0+Ls0 d~s �Rm1m2m3 (Jk; ~s) � e+i q � 2� (~s=L) ;R�m1;�m2;�m3;�q (Jk) = [Rm1m2m3 q (Jk)℄� :64



Then we 
an in general write:ÆQspin = � limN!1 12�N � Xm1;m2;m3; q Z s0+N �Ls0 d~s �Rm1m2m3 q (Jk)�e�i fm1�I(~s) +m2�II(~s) +m3�III(~s) + q � 2� (~s=L)g : (7.14)Equation (7.14) may be written in the form:ÆQspin = � Xm1 ;m2;m3; q limN!1 12�N � NX�=1 Z s0+��Ls0+(��1)�L d~s �Rm1m2m3 q (Jk)�e�i fm1�I(~s) +m2�II(~s) +m3�III(~s) + q � 2� (~s=L)g= � Xm1 ;m2;m3; q limN!1 12�N � NX�=1 Z s0+Ls0 ds0 �Rm1m2m3 q (Jk)�e�im1 � �I(s0 + [�� 1℄ � L)�e�im2 � �II(s0 + [�� 1℄ � L)�e�im3 � �III(s0 + [�� 1℄ � L)�e�i q � (2�=L) (s0 � [�� 1℄ � L)= � Xm1 ;m2;m3; q limN!1 12�N � NX�=1 e�2�i � (�� 1) fm1QI +m2QII +m3QIII + qg� Z s0+Ls0 ds0 �Rm1m2m3 q (Jk)�e�i fm1�I(s0) +m2�II(s0) +m3�III(s0) + q � 2� (s0=L)g= �Xq limN!1 12�N NX�=1 e�2�i � (�� 1) q � Z s0+Ls0 ds0 �R000q (Jk) � e�i q � 2� (s0=L)� Xm1 ; m2; m3; qm1 ;m2 ;m3 6= 0;0;0 limN!1 12�N � NX�=1 e�2�i � (� � 1) fm1QI +m2QII +m3QIII + qg� Z s0+Ls0 ds0 �Rm1m2m3 q (Jk)�e�i fm1�I(s0) +m2�II(s0) +m3�III(s0) + q � 2� (s0=L)g= � limN!1 12�N � NX�=1 Z s0+Ls0 ds0 �R0000 (Jk)65



� Xm1 ; m2; m3; qm1 ;m2 ;m3 6= 0;0;0 limN!1 12�N � 1� e�2�i �N � fm1QI +m2QII +m3QIII + qg1� e�2�i � fm1QI +m2QII +m3QIII + qg� Z s0+Ls0 ds0 �Rm1m2m3 q (Jk)�e�i fm1�I(s0) +m2�II(s0) +m3�III(s0) + q � 2� (s0=L)g= � 12� � Z s0+Ls0 ds0 �R0000 (Jk)= � L2� �R0000 (Jk) (7.15)away from the orbital resonan
em1QI +m2QII +m3QIII = integer ;(m1; m2; m3; 6= 0; 0; 0) :On su
h a resonan
e the terms proportional to Rm1m2m3 q and its 
onjugate survive theaveraging and Q̂spin then depends on the orbit phase. In the following we will 
onsistentlyex
lude the 
ase of orbital resonan
e sin
e on resonan
e, Q̂spin is not 
onstant and 
annot beused as a tune for a
tion{angle variables of spin [4℄.In eqn. (7.15) we have used the relation:�k(s) = �k(s0) + 2�L Qk � (s� s0) (7.16)(see eqn. (4.31b) ). It follows from (7.15) that ÆQspin is independent of �k (k = I; II; III):ÆQspin = ÆQspin(Jk) : (7.17)To get the spin tune shift at �rst order we repla
e ~n with ~n0 to obtain:~n! ~n0 =) k(1)(�k; Jk; s) = ~̂
~n0= (~n0 � ~!)�  0spin(s)(see eqns. (7.5) and (5.10) ) and thus:�k(1)(�k; Jk; s) = (~n0 � ~!)or taking into a

ount (4.25) and (5.17):�k(1)(�k; Jk; s) = Xk=I; II; III qJk � e�i�k(~s) � (n0s(s); n0x(s); n0z(s)) F (3�6) ~̂vk(s) (7.18)66



whi
h leads to: ÆQ(1)spin = 0; (7.19)i.e. the spin tune shift vanishes in 1st order.7.4 A
tion{Angle Variables for Spin Motion on an Arbitrary OrbitSin
e k(Jk;�k; s) is not 
onstant we now wish to �nd a new spin 
oordinate systemin whi
h spins pre
ess uniformly and thereby 
onstru
t a
tion{angle variables for spin onarbitrary orbits. To this end we introdu
e the variables (J;  ) by the de�nition:8>>>>>><>>>>>>: ~�0 � J ;~�1 = p1 � J2 � 
os (s) ;~�2 = p1 � J2 � sin (s) : (7.20)The spin Hamiltonian des
ribing pre
ession motion around ~n ( see eqn. (7.7) ) is:Hspin = k(�k; Jk; s) � J (7.21)and the 
anoni
al equations of motion are then:dds  = +�Hspin�J = k(�k; Jk; s) ; (7.22a)dds J = ��Hspin� = 0 : (7.22b)The solution of (7.22a, b) is given by: (s) = Z ss0 d~s � k(�k; Jk; ~s) ; (7.23a)J = 
onst : (7.23b)We now employ the 
anoni
al transformation ; J �!  ̂ = �2�Q̂spin � sL ; Ĵ = J : (7.24)based on the generating fun
tionF2( ; Ĵ; s) = �Ĵ � �2�L Q̂spin � s+ Z ss0 d~s � k(�k; Jk; ~s)�+  � Ĵ (7.25)67



whi
h reads as:8>>>>><>>>>>:  ̂ = �F2� ~J = �2�L Q̂spin � s� Z ss0 d~s � k(�k; Jk; ~s) +  = �2�L Q̂spin(Jk) � s ;J = �F2� = Ĵ : (7.26)The new Hamiltonian Ĥspin = Hspin + �F2�s (7.27)is given by: Ĥspin = Hspin + �F2�s= k(�k; Jk; s) � J � Ĵ � �2�L Q̂spin(Jk) + k(�k; Jk; s)�= �2�L Q̂spin(Jk) � Ĵ : (7.28)The 
orresponding 
anoni
al equations read as:dds  ̂ = +�Ĥspin� ~J = �2�L Q̂spin(Jk) = 
onst ; (7.29a)dds Ĵ = ��Ĥspin� ~ = 0 : (7.29b)Thus we now have a spin pre
ession frequen
y independent of �k and s but dependent on Jkand identi
al to the average spin tune in the (~n1; ~n2; ~n) dreibein. The quantities Ĵ ,  ̂ are oura
tion{angle variables for spin on an arbitrary 6{dimensional orbit.Asso
iated with these new variables Ĵ ,  ̂ is the new dreibein (~̂n1; ~̂n2; ~n) with (~̂n1; ~̂n2)given by: ~̂n1 = +~n1 � 
os�(s) + ~n2 � sin�(s) ;~̂n2 = �~n1 � sin�(s) + ~n2 � 
os�(s)or ~̂n1 + i � ~̂n2 = [~n1 + i � ~n2℄ � exp [�i � �(s)℄ (7.30a)where by (7.26)�(�k(s); Jk; s) = �(�k(s0); Jk; s0) + Z ss0 d~s � k(�k(~s); Jk; ~s) + 2�L Q̂spin � (s� s0)= �(�k(s0); Jk; s0) + Z ss0 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin� : (7.30b)68



De�ning the spin 
omponents �̂1, �̂2 with respe
t to (~̂n1; ~̂n2) by the relation:~� = ~�0 � ~n + �̂1 � ~̂n1 + �̂2 � ~̂n2we 
an write: dds h�̂1 + i � �̂2i = i
(Jk) � h�̂1 + i � �̂2ior h�̂1(s) + i � �̂2(s)i = h�̂1(s0) + i � �̂2(s0)i � exp fi
(Jk) � (s� s0)gwith 
(Jk) = �2�L � Q̂spinwhi
h expresses again the fa
t that the spins pre
ess uniformly in the new dreibein.Choosing for simpli
ity �(�k(s0); Jk; s0) = 0 ;in (7.30b) we may write 2:�(�k(s); Jk; s) = Z ss0 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin� : (7.31)Further insight into the properties of the new dreibein 
an be obtained by using (7.12b)and expanding the integrand in (7.31):�k̂(�k; Jk; s) = k(�k; Jk; s) + 2�L Q̂spin(Jk)= �k(�k; Jk; s) + 2�L ÆQspin (Jk) + �2�L Qspin �  0spin(s)� (7.32)into a Fourier series:�k̂(�I ;�II ;�III ;JI ; JII; JIII ; s) = �k̂(�I + 2�;�II ;�III;JI ; JII ; JIII; s)= �k̂(�I ;�II + 2�;�III;JI ; JII ; JIII; s)= �k̂(�I ;�II ;�III + 2�;JI; JII ; JIII; s)= �k̂(�I ;�II ;�III ;JI; JII ; JIII ; s+ L) ;2Note that the proof of the periodi
ity 
onditions (7.35) and (7.36) also works for an arbitrary 
hoi
e of�(�k(s0); Jk; s0). 69



=) �k̂(�k; Jk; s) = Xm1;m2;m3 R̂m1m2m3(s) � e�i fm1�I +m2�II +m3�IIIg; (7.33a)R̂m1m2m3(s) = � 12��3 � Z 2�0 d�I Z 2�0 d�II Z 2�0 d�III ��k̂(�k; Jk; s)�e+i fm1�I(s) +m2�II(s) +m3�III(s)g (7.33b)with R̂m1m2m3(s+ L) = R̂m1m2m3(s)= Xq R̂m1m2m3 q (Jk) � e�i q � 2� (s=L) ;=) R̂m1m2m3 q (Jk) = 1L Z s0+Ls0 d~s � R̂m1m2m3 (Jk; ~s) � e+i q � 2� (~s=L)whi
h leads to:�k̂(�k; Jk; s) = Xm1; m2 ;m3 ; q(m1 ;m2 ;m3 ;q) 6=(0;0;0;0) R̂m1m2m3 q (Jk)�e�i fm1�I(s) +m2�II(s) +m3�III(s) + q � 2� (~s=L)g :Here we have used the fa
t that the 
oeÆ
ientR̂0000 = 1L Z s0+Ls0 d~s � � 12��3 � Z 2�0 d�I Z 2�0 d�II Z 2�0 d�III ��k̂(�k; Jk; ~s)vanishes: R̂0000 = 0as may be derived from eqn. (7.32), sin
e1L Z s0+Ls0 d~s � � 12��3 � Z 2�0 d�I Z 2�0 d�II Z 2�0 d�III ��k(�k; Jk; ~s)= R0000 = �2�L ÆQspin (Jk)and 1L Z s0+Ls0 d~s � �2�L Qspin �  0spin(~s)� = 0 :70



Then, using eqn. (7.16), eqn. (7.31) 
an be written in the form:�(�k; Jk; s)= Z ss0 d~s � Xm1; m2 ;m3 ; qm1;m2 ;m3 ; q 6= 0;0;0;0 R̂m1m2m3 q (Jk)� e�i fm1�I(~s) +m2�II(~s) +m3�III(~s) + q � 2� (~s=L)g= Xm1 ;m2 ; m3; qm1;m2 ;m3 ; q 6= 0;0;0;0 R̂m1m2m3 q (Jk) � e�i fm1�I(s0) +m2�II(s0) +m3�III(s0)g� e2�i � (s0=L) fm1QI +m2QII +m3QIIIg� Z ss0 ds0 � e�2�i � (s0=L) fm1QI +m2QII +m3QIII + q g= Xm1 ;m2 ; m3; qm1;m2 ;m3 ; q 6= 0;0;0;0 R̂m1m2m3 q (Jk) � e�i fm1�I(s0) +m2�II(s0) +m3�III(s0)g� e2�i � (s0=L) fm1QI +m2QII +m3QIIIg� 24 e�2�i � (s0=L) fm1QI +m2QII +m3QIII + q g�2�i � (1=L) � fm1QI +m2QII +m3QIII + qg 35s0=ss0=s0= Xm1 ;m2 ; m3; qm1;m2 ;m3 ; q 6= 0;0;0;0 R̂m1m2m3 q (Jk) � e�i fm1�I(s0) +m2�II(s0) +m3�III(s0)g� e2�i � (s0=L) fm1QI +m2QII +m3QIIIg�2�i � (1=L) � fm1QI +m2QII +m3QIII + qg� �e�2�i � (s=L) fm1QI +m2QII +m3QIII + q g�e�2�i � (s0=L) fm1QI +m2QII +m3QIII + q g�= Xm1 ;m2 ; m3; qm1;m2 ;m3 ; q 6= 0;0;0;0 R̂m1m2m3 q (Jk) � e�i fm1�I(s) +m2�II(s) +m3�III(s) + 2�q � s=Lg� 1�2�i � (1=L) � fm1QI +m2QII +m3QIII + qg71



� Xm1 ; m2; m3; qm1 ;m2 ;m3 ; q 6=0;0;0;0 R̂m1m2m3 q (Jk) � e�i fm1�I(s0) +m2�II(s0) +m3�III(s0) + 2�q � s0=Lg� 1�2�i � (1=L) � fm1QI +m2QII +m3QIII + qg= Xm1 ;m2 ; m3; qm1;m2 ;m3 ; q 6= 0;0;0;0 R̂m1m2m3 q (Jk) � e�i fm1�I(s) +m2�II(s) +m3�III(s) + 2�q � s=Lg� 1�2�i � (1=L) � fm1QI +m2QII +m3QIII + qg� 
onst: (7.34)From (7.34) it is 
lear that �(�k; Jk; s) ful�ls the periodi
ity 
onditions�(JI; JII ; JIII ;�I ;�II ;�III; s) = �(JI ; JII; JIII ;�I + 2�;�II ;�III ; s)= �(JI ; JII; JIII ;�I ;�II + 2�;�III ; s)= �(JI ; JII; JIII ;�I ;�II ;�III + 2�; s)= �(JI ; JII; JIII ;�I ;�II ;�III ; s+ L) : (7.35)Then by (7.30a) we see that ~̂n1 and ~̂n2 ful�l the same periodi
ity relations as�(�k(s); Jk; s) and thus as ~n1 and ~n2 (see eqn. (6.1) ) :~̂n�(JI ; JII ; JIII;�I ;�II ;�III ; s) = ~̂n�(JI ; JII; JIII ;�I + 2�;�II ;�III; s)= ~̂n�(JI ; JII; JIII ;�I ;�II + 2�;�III; s)= ~̂n�(JI ; JII; JIII ;�I ;�II ;�III + 2�; s)= ~̂n�(JI ; JII; JIII ;�I ;�II ;�III ; s+ L) ; (7.36)with � = 1; 2 for an arbitrary orbit.Thus we have found that the dreibein (~̂n1; ~̂n2; ~n) within whi
h spin motion 
an be des
ribedin terms of a
tion{angle variables, is fully periodi
 in (�k; s). A numeri
ally equivalent 
on-stru
tion of (~̂n1; ~̂n2) was used �rst in the program SPRINT [22, 23, 24, 25℄. The need fora periodi
 dreibein on arbitrary orbits is dis
ussed in Ref. [4℄. Re
alling the behaviour ofspins on the 
losed orbit, we note (see se
tion 4.1 and Appendix B ) that in the non{periodi
(~n0; ~m0; ~l0) dreibein the spins are stationary, but in the (~n0; ~m; ~l) dreibein the phase fun
tion 
an be 
hosen so as to vary linearly in s so that the spins pre
ess at a �xed frequen
y Qspin.The quantity Qspin is arbitrary up to an integer 
orresponding to various 
hoi
es of (~m; ~l).72



Moreover the ve
tors (~m; ~l) are periodi
 in s. The 
onstru
tion that we have just 
arried outis the generalisation of this to arbitrary integrable orbits. On the 
losed orbit (~̂n1; ~̂n2) redu
eto (~l; �~m).From (7.34) it is 
lear that our 
onstru
tion of the periodi
 (~̂n1; ~̂n2) be
omes invalid on anorbit resonan
e m1QI +m2QII +m3QIII + q = 0 ;(m1; m2; m3; q 6= 0; 0; 0; 0)for whi
h R̂m1m2m3 q does not vanish. But this 
ase had to be ex
luded in order to make Q̂spinindependent of orbit phase. Away from spin orbit resonan
es the whole dreibein (~̂n1; ~̂n2; ~n)is a single valued fun
tion of the phase spa
e point (Jk; �k; s) and the ve
tors (~n1; ~n2) and(~̂n1; ~̂n2) os
illate with respe
t to ea
h other. In the neighbourhood of an orbital resonan
e theos
illation amplitude be
omes very large.Remarks:An alternative way, used in the earlier versions of this paper, to prove the periodi
ity of(~̂n1; ~̂n2) is to write (7.30b) in the spe
ial form�(�k(~s); Jk; s) = lim0<
!0 lims0!�1 Z ss0 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin(Jk)� � e+
 � ~s= lim0<
!0 Z s�1 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin(Jk)� � e+
 � ~s : (7.37)by making a spe
ial 
hoi
e of �(�k; Jk; s0) and using the method of for
ed solution.Then we have:�(�k(s); Jk; s+ L) = lim0<
!0 Z s+L�1 d~s � �k(�k(~s� L); Jk; ~s) + 2�L Q̂spin(Jk)� � e+
 � ~s;= lim0<
!0 Z s�1 ds0 � �k(�k(s0); Jk; s0 + L) + 2�L Q̂spin(Jk)� � e+
 � (s0 + L);= lim0<
!0 Z s�1 ds0 � �k(�k(s0); Jk; s0) + 2�L Q̂spin(Jk)� � e+
 � (s0 + L)= lim0<
!0 Z s�1 ds0 � �k(�k(s0); Jk; s0) + 2�L Q̂spin(Jk)� � e+
 � s0= � (�k(s); Jk; s)and �(�k + 2�; Jk; s) = lim0<
!0 Z s�1 d~s � �k(�k + 2�; Jk; ~s) + 2�L Q̂spin(Jk)� � e+
 � ~s73



= lim0<
!0 Z s�1 d~s � �k(�k; Jk; ~s) + 2�L Q̂spin(Jk)� � e+
 � ~s= �(�k; Jk; s) ;sin
e k(�k(s); Jk; s+ L) = k(�k(s); Jk; s)and k(�k + 2�; Jk; s) = k(�k; Jk; s) :Thus the fun
tion �(�k; Jk; s) indeed obeys the periodi
ity relation (7.35). Note, that thisanalysis is not valid on resonan
es for whi
h R̂m1m2m3 q does not vanish.The proof of the periodi
ity 
ondition (7.35) remains valid, if we use the ansatz:�(�k(s); Jk; s) = C + lim0<
!0 Z s�1 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin(Jk)� � e+
 � ~s ;by introdu
ing an arbitrary additional integration 
onstant C in (7.31). UsingC = � lim0<
!0 Z s0�1 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin(Jk)� � e+
 � ~swe obtain (7.31) again:�(�k(s); Jk; s) = lim0<
!0 Z ss0 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin(Jk)� � e+
 � ~s= Z ss0 d~s � �k(�k(~s); Jk; ~s) + 2�L Q̂spin(Jk)� : (7.38)2) Having established the periodi
 dreibein (~̂n1; ~̂n2; ~n) in whi
h spins pre
ess uniformly,we 
an 
onstru
t another dreibein (^̂~n1; ^̂~n2; ~n) as^̂~n1 + i � ^̂~n2 = h~̂n1 + i � ~̂n2i� exp f�i [m1�I(s) +m2�II(s) +m3�III(s) + q � 2� (s=L)℄g : (7.39)Sin
e the spins pre
ess at the rate
(Jk) = �2�L Q̂spinwith respe
t to (~̂n1; ~̂n2; ~n) then they pre
ess at the rate
(Jk)� 2�L [q +m1 �QI +m2 �QII +m3 �QIII℄= �2�L hQ̂spin + q +m1 �QI +m2 �QII +m3 �QIIIi74



with respe
t to (^̂~n1; ^̂~n2; ~n).By 
onstru
tion (^̂~n1; ^̂~n2) is again periodi
 and the pre
ession rate is uniform. Thus the(^̂~n1; ^̂~n2; ~n) dreibein has the same status as (~̂n1; ~̂n2; ~n) and is a perfe
tly valid dreibein. Onthe resonan
e, Q̂spin + q +m1 �QI +m2 �QII +m3 �QIII = 0 ; (7.40)the spins are stationary in the \resonan
e dreibein" (^̂~n1; ^̂~n2; ~n) 
onstru
ted using the(m1;m2;m3; q):Thus at resonan
e these (^̂~n1; ^̂~n2; ~n) all obey the T{BMT equation and the distin
tion between~n and (^̂~n1; ^̂~n2) is lost. Then at a spin{orbit resonan
e (7.38) a dreibein 
an always be foundin whi
h spins are stationary and for whi
h the 
hoi
e of (^̂~n1; ^̂~n2; ~n) is not unique. This isanalogous to the situation with the 
losed orbit dis
ussed in se
tion 4.1 (see also Ref. [4℄).3) In arriving at a
tion{angle variables for spin, either on the 
losed orbit or an arbitrarytraje
tory, we 
an see an analogy with the 
ase of the 
onstru
tion of a
tion{angle variablesfor orbital motion. In the latter 
ase the orbital Hamiltonian is s{dependent (se
tion 3.2.1)but the s{dependen
e 
an be absorbed by applying an s{dependent 
anoni
al transformationinvolving orbital eigenve
tors (se
tion 4.2.2) and the motion from then on is des
ribed withrespe
t to a basis of orbital eigenve
tors with amplitudes that are written in terms of a
tion{angle variables. A
tually, we use the \Floquetized" orbital eigenve
tors periodi
 in s and auniformly in
reasing phase fun
tion. In the 
ase of spin on the 
losed orbit we 
ome to a
tion{angle variables by an s{dependent 
anoni
al transformation involving a spin phase fun
tion in
reasing linearly in s (se
tion 4.1) and the 
orresponding s dependent orthonormal pair(~m; ~l) whi
h is periodi
 in s. On an arbitrary orbit, we arrive at a
tion{angle variables via a
anoni
al transformation to a dreibein whi
h is periodi
 in �k as well as in s.For an analysis of spin{orbit motion and the introdu
tion of spin tune in terms of Floquettheory see [26℄.4) To 
onstru
t (~̂n1; ~̂n2) we began by using the periodi
 ve
tor produ
t ~n� ~m. We 
ouldinstead have begun with the ve
tor produ
t ~n � ~ex or with ~n � ~v (~v=unit parti
le dire
tionve
tor) sin
e ~ex is periodi
 in s and ~v is periodi
 in s and �k. Then we 
ould have 
al
ulatedk(Jk;�k; s) for these 
ases and pro
eeded with the 
anoni
al transformation. The resultingvarious (^̂~n1; ^̂~n2) are presumably related by a transformation of the form (7.39).5) Note that Q̂spin depends on the orbital a
tions Jk and that an ensemble spans a rangeof Jk. Thus more than one orbit in an ensemble 
an in prin
iple be on resonan
e and someorbits will have no asso
iated unique dreibein i.e. no unique ~n{axis.75



8 Cal
ulation of the Depolarisation TimeHaving determined the ~n{axis and investigated the spin motion in the spe
ial 
oordinatesystem (~̂n1; ~̂n2; ~n)asso
iated with the ~n{axis, we are now in a position to study 
lassi
al spin di�usion and to
al
ulate the depolarisation time.The spin di�usion is 
aused by radiation pro
esses whi
h 
an be 
hara
terised by a sto
has-ti
 di�erential equation for the orbital 
oeÆ
ients Ak [12, 7℄:A0k(s) = +i � v�k5(s) �q!(s) � P(s) ; (8.1a)A0�k(s) = [A0k(s)℄� ; (8.1b)(k = I; II; III)with < P(s);P(s0) > = Æ(s� s0) : (8.2)and !(s) = (jKxj3 + jKzj3) � C2 (8.3)where the 
oeÆ
ient C2 is given by:C2 = 55 � p348 � C1 � � � 
20 with � = �hm0
 and C1 = 23e2 � 
40E0 : (8.4)Equations (8.1a, b) may be written in a 
ombined form as:A0�(s) = +V�(s) �q!(s) � P(s) (8.5)with Vk(s) = +i � v�k5(s) ; (8.6a)V�k(s) = [Vk(s)℄� : (8.6b)In the following we shall use the notation:~n = ~n (�̂; �̂)= �1 � 12 ��̂2 + �̂2�� � ~n0 + �̂s1 � 14 ��̂2 + �̂2� � ~m+ �̂s1 � 14 ��̂2 + �̂2� �~lfor the ~n{axis, denoting the �{ and �{
omponent of ~n by �̂ and �̂.76



8.1 Depolarisation Degree due to an Orbital JumpWe 
onsider the 
ase where at ea
h point in phase spa
e the spins are initially all parallel tothe respe
tive ~n{axes and that orbital equilibrium 
hara
terised by the distribution fun
tionW (stat)orbit (Jl;�l):W (stat)orbit (Jl;�l) = 1(2�)3 � 1ĴI � ĴII � ĴIII � e� hJI=ĴI + JII=ĴII + JIII=ĴIIIi (8.7)with Ĵk = Mk2ak= 12�k � Z s0+Ls0 d~s � jvk5(~s)j2 � !(~s) ; (k = I; II; III) : (8.8)(see Ref. [12℄) has already been established.After a jump to a new position in phase spa
eJk �! Jk +�Jk ;�k �! �k +��k
aused by the emission of a photon, the spin of the parti
le has the dire
tion of the old ~n{axis, ~nold, 
hara
terised by the 
omponents �̂ and �̂ but the spin now pre
esses around thenew ~n{axis, ~nnew = ~nold + �~n, with 
omponents �̂ + ��̂, �̂ +��̂ 
orresponding to the neworbital position. Only the proje
tion of ~nold onto ~nnew survives, sin
e the spin 
omponentperpendi
ular to ~nnew (= ~n(�̂ +��̂; �̂ +��̂) ) averages away due to the uniform pre
essionof the spin with respe
t to the dreibein(~̂n1; ~̂n2; ~n)new :Thus the depolarisation takes pla
e along the latest ~n{axis, ~nnew, and by simple geometri
al
onsiderations one �nds that the degree of depolarisation due to the jump�̂ �! �̂+��̂ ;�̂ �! �̂ +��̂reads exa
tly as [27℄ : �P = 12 � j�~nj 2 : (8.9)By writing �~n as �~n = �~n��̂ ���̂+ �~n��̂ ���̂ (8.10)77



with �~n��̂ = ��̂ � ~n0+8>>>><>>>>:s1� 14 ��̂2 + �̂2�� �̂24 �s1 � 14 ��̂2 + �̂2�9>>>>=>>>>; � ~m� �̂ �̂4 �s1� 14 ��̂2 + �̂2� �~l ; (8.11a)�~n��̂ = ��̂ � ~n0� �̂ �̂4 �s1� 14 ��̂2 + �̂2� � ~m+8>>>><>>>>:s1� 14 ��̂2 + �̂2�� �̂24 �s1 � 14 ��̂2 + �̂2�9>>>>=>>>>; �~l : (8.11b)and putting (8.11a, b) into (8.10), we then obtain:�P = 12 8<: �~n��̂!2 ���̂ 2 + 2  �~n��̂ � �~n��̂! ���̂��̂ +  �~n��̂!2 ���̂29=; (8.12)with  �~n��̂!2 = 1 + 14 (�̂2 � �̂2) + �̂2 ��̂2 + �̂2�16 � h1 � 14 ��̂2 + �̂2�i ; (8.13a) �~n��̂ � �~n��̂! = 12 �̂�̂ + �̂�̂ ��̂2 + �̂2�16 � h1� 14 ��̂2 + �̂2�i ; (8.13b) �~n��̂!2 = 1� 14 (�̂2 � �̂2) + �̂2 ��̂2 + �̂2�16 � h1 � 14 ��̂2 + �̂2�i : (8.13
)78



8.2 Sto
hasti
 Behaviour of Spin MotionThe sto
hasti
 behaviour of the orbital motion 
hara
terised by eqn. (8.5) is transferredto the spin motion. Thus we have: dds �̂!rad = X� ��̂�A� �A0�(s)= X� ��̂�Â� � �Â��A� � V�(s) �q!(s) � P(s)= X� ��̂�Â� � e�i � 2�Q� � s=L � V�(s) �q!(s) � P(s)= X� ��̂�Â� � V̂�(s) �q!(s) � P(s)= F1(s) �q!(s) � P(s) ; (8.14a) dds �̂!rad = F2(s) �q!(s) � P(s) (8.14b)with F1(s) = X� ��̂�Â� � V̂�(s) ; (8.15a)F2(s) = X� ��̂�Â� � V̂�(s) (8.15b)and V̂�(s) � e�i � 2�Q� � s=L � V�(s)= V̂�(s+ L) : (8.16)Integration of eqn. (8.14) leads to:[�̂(s1)� �̂(s0)℄rad = Z s1s0 d~s � Æ
(~s) � F1(~s) ; (8.17a)h�̂(s1)� �̂(s0)irad = Z s1s0 d~s � Æ
(~s) � F2(~s) : (8.17b)From eqn. (8.17) we obtain:< [�̂(s0) � �̂(s1)℄rad � h�̂(s0)� �̂(s1)irad >79



= Z s1s0 ds0 � Z s1s0 ds00� < Æ
(s0) Æ
(s00) > �F1(s0) � F2(s00)= Z s1s0 ds0 � Z s1s0 ds00 � !(s0) � Æ(s0 � s00) � F1(s0) � F2(s00)= Z s1s0 ds0 � !(s0) � F1(s0) � F2(s0) (8.18a)and < �h�̂(s0)� �̂(s1)irad� 2 > = Z s1s0 ds0 � !(s0) � F1(s0) 2 ; (8.18b)< �h�̂(s0)� �̂(s1)irad� 2 > = Z s1s0 ds0 � !(s0) � F2(s0) 2 : (8.18
)8.3 Depolarisation TimeFor the sto
hasti
 average of �P in (8.12) we get, using eqns. (8.18a, b, 
) :< �P (Jk;�k; s) > = �s � 12 !(s)�8<: �~n��̂!2 � F1(s) 2 + 2  �~n��̂ � �~n��̂! � F1(s)F2(s) +  �~n��̂!2 � F2(s) 29=; : (8.19)Taking an average of < �P (Jk;�k; s) > over one revolution and over the orbital phasespa
e by using the distribution fun
tion (8.7), eqn. (8.19) then leads to the 
hara
teristi
 spindepolarisation time �D for the di�usion of spins resulting from sto
hasti
 orbit motion givenby: ��1D = 
L � Z s+Ls d~s � Z 2�0 d�I Z 2�0 d�II Z 2�0 d�III Z 10 dJI Z 10 dJII Z 10 dJIII�W (stat)orbit (Jl;�l) � < �P (Jk;�k; s) >�s= 
2L Z s+Ls d~s � !(~s) �R(~s)= 
2L Z s0+Ls0 d~s � !(~s) �R(~s) (8.20)with R(s) = Z 10 dJI Z 10 dJII Z 10 dJIII � e� hJI=ĴI + JII=ĴII + JIII=ĴIIIiĴI � ĴII � ĴIII80



� 1(2�)3 Z 2�0 d�I Z 2�0 d�II Z 2�0 d�III�8<: �~n��̂!2 � F1(s) 2 + 2  �~n��̂ � �~n��̂! � F1(s)F2(s) +  �~n��̂!2 � F2(s) 29=;= R(s + L) : (8.21)Taking into a

ount the 1st order relations: �̂(1)(s)�̂(1)(s) ! = X� Â� � ~̂w� (s) ; (8.22) F (1)1 (s)F (1)1 (s) ! = X� ~̂w� (s) � V̂�= X� ~w� (s) � V�= i � Xk=I; II; III f~wk � v�k5 + 
ompl:
onj:g= �2 � =m Xk=I; II; III ~wk � i v�k5 (8.23)(see eqns. (6.11) and (8.15) ) the depolarisation rate �D�1 reads as:��1D = 2 � 
L Z s0+Ls0 d~s � !(~s) � 2X�=10�=m Xk=I; II; III[v�k5(~s) �wk�(~s)℄1A2 : (8.24)This result has already been derived in a di�erent manner by A. Chao [15℄) (see alsoRefs. [7, 12℄ ), and serves as the basis of various s
hemes for maximising the polarisation[16, 28, 29, 30, 31, 32, 33℄.In the same way higher orders of �D may be obtained by using eqns. (6.26) and (8.15).Remark:Note that sin
e Z 2�0 d�k � (Ak)� (A�k)� = 0 for �+ � 6= 0(with Ak given by eqn. (4.24) ), many terms of the integral (8.21) vanish. Only terms 
on-taining even balan
ed produ
ts of Ak's su
h as AkA�k remain [18℄.81



9 SummaryWe have investigated a number of aspe
ts of spin dynami
s in storage rings on the basisof the T{BMT equation.The orbital motion was des
ribed in terms of the fully 
oupled 6{dimensional formalismwith the 
anoni
al variables x; px; z; pz; �; p� = (1=�20) � �.Orbital a
tion{angle variables in linear approximation were introdu
ed via a 
anoni
altransformation taking into a

ount all kinds of 
oupling (syn
hro{betatron 
oupling and 
ou-pling of the betatron os
illations by skew quadrupoles and solenoids).In addition to the wellknown orbital variables x; px; z; pz; �; p� of the fully 
oupled6{dimensional formalism we de�ned the 
anoni
al spin variables � and � whi
h were used todetermine the ~n{axis by the method of for
ed solution.In order to des
ribe spin motion, various 
oordinate systems were introdu
ed, 
hara
terisedby the triad (~ex; ~ez; ~es), and the dreibeins (~n0; ~m; ~l) (~n1; ~n2; ~n) and (~̂n1; ~̂n2; ~n).With respe
t to the dreibein (~̂n1; ~̂n2; ~n) we were then able to de�ne a
tion{angle variablesof spin motion on an arbitrary parti
le path 
hara
terised by the orbital variables Jk, �k andto 
al
ulate the spin tune as a fun
tion of Jk.The dreibein (~̂n1; ~̂n2; ~n) is a single valued fun
tion of the orbital 
oordinates (�k; Jk; s).Then we presented a way to derive the general formula of the 
hara
teristi
 spin depolar-isation time �D for the di�usion of spins resulting from sto
hasti
 orbit motion and in linearapproximation obtained the usual result.The equations presented in this report 
an serve to develop an 8{dimensional tra
kingprogram for the 
ombined spin{orbit system, taking into a

ount nonlinear spin motion.Finally we remark that, starting from the variables x, px, z, pz , �, p� �, � and usinganalyti
al te
hniques as des
ribed in Refs. [9, 10, 34℄ one 
an also develop an 8{dimensionaldispersion formalism.In this paper we have negle
ted the Stern{Gerla
h for
es [1℄. We shall in
orporate thesein another report.A
knowledgementsWe wish to thank G. Ho�st�atter and M. Vogt for useful dis
ussions on the numeri
alevaluation of spin tune in the program SPRINT.Appendix A: The Hamiltonian for Spin MotionA.1 The Spin HamiltonianSpin motion 
an be des
ribed in terms of a spin Hamiltonian, namely:ddt � = +�Hspin�� ; (A.1a)82



ddt � = ��Hspin�� : (A.1b)where Hspin reads as [1℄ :Hspin(�; �; t) = s1 � 14 (�2 + �2) � [
1 � �+ 
2 � �℄ + �1� 12 ��2 + �2�� �
3 : (A.2)Then:ddt � = +�Hspin��= + ��4s1� 14 (�2 + �2) � [
1 � �+ 
2 � �℄ +s1� 14 (�2 + �2) � 
2 � � � 
3; (A.3a)ddt � = ��Hspin��= � ��4s1 � 14 (�2 + �2) � [
1 � �+ 
2 � �℄�s1 � 14 (�2 + �2) �
1 + � � 
3: (A.3b)The 
omponents �1, �2, �3 of the spin ve
tor ~�~� = �1 � ~e1 + �2 � ~e2 + �3 � ~e3 (A.4)are given by: �1 = � �s1� 14 (�2 + �2) ; (A.5a)�2 = � �s1� 14 (�2 + �2) ; (A.5b)�3 = 1� 12 ��2 + �2� ; (A.5
)=) Hspin = 
1 � �1 + 
2 � �2 + 
3 � �3 : (A.6)83



A.2 The Equations of Spin MotionIn terms of the 
omponents �i we have:ddt �3 = �� � dds �� � � dds �= ��s1� 14 (�2 + �2) � 
2 + �s1 � 14 (�2 + �2) � 
1= 
1 � �2 � 
2 � �1 ; (A.7a)ddt �1 = s1 � 14 (�2 + �2) � dds �+ �4q1� 14 (�2 + �2) � "�� � dds �� � � dds �#= ��4 � [
1 � � + 
2 � �℄ + �1� 14 ��2 + �2�� � 
2 � �s1� 14 (�2 + �2) � 
3+ �4q1 � 14 (�2 + �2) � [
1 � �2 � 
2 � �1℄= ��4 � [
1 � � + 
2 � �℄ + �1� 14 ��2 + �2�� � 
2 � �2 � 
3+�4 � [
1 � � � 
2 � �℄= �14 ��2 + �2� � 
2 + �1� 14 ��2 + �2�� � 
2 � �2 � 
3= �1� 12 ��2 + �2�� � 
2 � �2 � 
3= 
2 � �3 � 
3 � �2 ; (A.7b)ddt �2 = s1 � 14 (�2 + �2) � dds � + �4q1� 14 (�2 + �2) � "�� � dds �� � � dds �#= +�4 � [
1 � �+ 
2 � �℄� �1� 14 ��2 + �2�� � 
1 + �s1 � 14 (�2 + �2) � 
3+ �4q1 � 14 (�2 + �2) � [
1 � �2 � 
2 � �1℄= +�4 � [
1 � �+ 
2 � �℄� �1� 14 ��2 + �2�� � 
1 + �1 � 
3+�4 � [
1 � � � 
2 � �℄= +14 ��2 + �2� � 
1 � �1� 14 ��2 + �2�� � 
2 + �1 � 
384



= � �1� 12 ��2 + �2�� �
1 + �1 �
3= 
3 � �1 � 
1 � �3 ; (A.7
)=) ddt 0B� �1�2�3 1CA = 0B� 
1
2
3 1CA� 0B� �1�2�3 1CA : (A.8)The last formula is identi
al with the T{BMT equation (2.7a) or (2.10).Appendix B: The Periodi
 Spin Frame (~n0; ~m;~l) along theClosed OrbitIn order to investigate spin motion along the 
losed orbit, we write eqn. (4.2b) 3 in theform: dds ~�0(s) = 
(0)(s) � ~�0(s) (B.1)where we have set ~�0 = 0B� �0s�0x�0z 1CA (B.2a)and 
(0)(s) = 0B� 0 �
(0)z 
(0)x
(0)z 0 �
(0)s�
0x 
(0)s 0 1CA : (B.2b)The transfer matrix M (spin)(s; s0) for the spin motion de�ned by~�0(s) =M (spin)(s; s0) � ~�0(s0)satis�es the relationships: MT(spin)(s; s0) �M (spin)(s; s0) = 1 ; (B.3a)det [M (spin)(s; s0)℄ = 1 (B.3b)3This equation 
an be solved by methods as des
ribed in Appendix C, using ~
 (0) instead of ~̂
.85



sin
e (using eqn. (B.1) )dds M (spin)(s; s0) = 
(0)(s) �M (spin)(s; s0) ;M (spin)(s0; s0) = 1and therefore (with [
(0)℄T = �
(0))dds hMT(spin)(s; s0) �M (spin)(s; s0)i = h
(0)(s) �M (spin)(s; s0)iT �M (spin)(s; s0)+MT(spin)(s; s0) � h
(0)(s) �M (spin)(s; s0)i= �M (spin)(s; s0)T � 
(0)(s) �M (spin)(s; s0)+MT(spin)(s; s0) � 
(0)(s) �M (spin)(s; s0)= 0 ;det M(spin)(s; s0) = det M(spin)(s0; s0) = 1 ;i.e. M (spin)(s; s0) is an orthogonal matrix with determinant 1.Let us now 
onsider the eigenvalue problem for the revolution matrix M (spin)(s0 + L; s0)with the eigenvalues �� and eigenve
tors ~r�(s0):M (spin)(s0 + L; s0) ~r�(s0) = �� � ~r�(s0) ; (B.4)(� = 1; 2; 3)using the notation ~r� =̂ 0B� ~r� � ~es~r� � ~ex~r� � ~ez 1CA :Be
ause of (B.3a,b) we 
an write [35℄:�1 = 1 ;�2 = ei � 2� �Qspin ; (B.5)�3 = e�i � 2� �Qspin ;86



(Qspin= real number)and ~r1(s0) = ~n0(s0) ; (B.6a)~r2(s0) = ~m0(s0) + i �~l0(s0) ; (B.6b)~r3(s0) = ~m0(s0)� i �~l0(s0) ; (B.6
)(~n0; ~m0;~l0 =real ve
tors) .If we require that ~r+1 � ~r1 = 1 ; (B.7a)~r+2 � ~r2 � ~r+3 � ~r3 = 2 ; (B.7b)(normalising 
onditions)we �nd, using eqn. (B.3a) [35℄:j~n0(s0)j = j~m0(s0)j = j~l0(s0)j = 1 ; (B.8a)~n0(s0) ? ~m0(s0) ? ~l0(s0) : (B.8b)Thus the ve
tors ~n0(s0); ~m0(s0) and ~l0(s0) form an orthogonal system of unit ve
tors.Choosing the dire
tion of ~n0(s0) su
h that~n0(s0) = ~m0(s0)�~l0(s0) (B.8
)these ve
tors form a righthanded 
oordinate system.In this way we have found a 
oordinate frame for the position s = s0.An orthogonal system of unit ve
tors at an arbitrary position s 
an be de�ned by applyingthe transfer matrix M (spin)(s; s0) to the ve
tors ~n0(s0); ~m0(s0) and ~l0(s0):~n0(s) = M (spin)(s; s0) ~n0(s0) ; (B.9a)~m0(s) = M (spin)(s; s0) ~m0(s0) ; (B.9b)~l0(s) = M (spin)(s; s0) ~l0(s0) : (B.9
)Be
ause of eqn. (B.3a,b) the orthogonality relations remain un
hanged:~n0(s) = ~m0(s)�~l0(s) (B.10a)~m0(s) ? ~l0(s) ; (B.10b)j~n0(s)j = j~m0(s)j = j~l0(s)j = 1 : (B.10
)The 
oordinate frame de�ned by ~n0(s); ~m0(s) and ~l0(s) is not yet appropriate for a des
riptionof the spin motion, be
ause it does not transform into itself after one revolution of the parti
les:~m0(s0 + L) + i~l0(s0 + L) = M (spin)(s0 + L; s0) h~m0(s0) + i~l0(s0)i= ei � 2� �Qspin � h~m0(s0) + i~l0(s0)i6= ~m0(s0) + i~l0(s0)87



(if Qspin 6= integer).i.e. although ~n0(s) is periodi
 by eqns. (B.5), (B.6a), ~m0(s) and ~l0(s) are not periodi
.But by introdu
ing a phase fun
tion  (s) and using another orthogonal matrix D̂(s):D̂(s) =  
os[ spin(s)℄ sin[ spin(s)℄� sin[ spin(s)℄ 
os[ spin(s)℄ ! (B.11)with D̂T (s) � D̂(s) = 1 ; (B.12a)det [D̂(s)℄ = 1 (B.12b)we 
an 
onstru
t a periodi
 orthogonal system of unit ve
tors from ~n0(s); ~m0(s) and ~l0(s).Namely, if we put [36℄:  ~m(s)~l(s) ! = D̂(s) ~m0(s)~l0(s) !=) ~m(s) + i~l(s) = e�i �  spin(s) � h~m0(s) + i~l0(s)i (B.13)6= ~m0(s0) + i~l0(s0)we �nd, using eqns. (B.12a, b) :~n0(s) = ~m(s)�~l(s) ; (B.14a)~m(s) ? ~l(s) ; (B.14b)j~n0(s)j = j~m(s)j = j~l(s)j = 1 : (B.14
)Sin
e~m(s+ L) + i �~l(s+ L) = e�i �  spin(s+ L) � h~m0(s+ L) + i �~l0(s+ L)i= e�i �  spin(s+ L) � ei � 2�Qspin � h~m0(s) + i �~l0(s)i= e�i �  spin(s+ L) � ei � 2�Qspin � e+i �  (s) � n~m(s) + i �~l(s)o= e�i � [ spin(s+ L) �  spin(s)℄ � ei � 2� Qspin � n~m(s) + i �~l(s)oit follows, that the 
ondition of periodi
ity for ~n0; ~m and ~l :�~n0; ~m; ~l �s= s0+L = �~n0; ~m; ~l �s= s0 (B.15)88




an indeed be ful�lled if the phase fun
tion  (s) satis�es the following relationship: spin(s+ L)�  spin(s) = 2� �Qspin ; (B.16a)(Qspin = spin tune).For instan
e we 
an 
hoose:  spin(s) = 2� �Qspin � sL : (B.16b)In this frame, spins on the 
losed orbit pre
ess uniformly with respe
t to ~m and ~l.Note that the spin tune Qspin 
an be separated into an arbitrary integer part � and afra
tional part ~Qspin : Qspin = �+ ~Qspin ;0 � ~Qspin < 1 :Taking the derivatives of ~m(s) and ~l(s) with respe
t to s, and taking into a

ount eqns.(B.13), (B.9), and (4.2b) we getdds 0B� ~m � ~es~m � ~ex~m � ~ez 1CA = 
(0)(s) 0B� ~m � ~es~m � ~ex~m � ~ez 1CA +  0(s) � 0BB� ~l � ~es~l � ~ex~l � ~ez 1CCA ; (B.17a)dds 0BB� ~l � ~es~l � ~ex~l � ~ez 1CCA = 
(0)(s) 0BB� ~l � ~es~l � ~ex~l � ~ez 1CCA �  0(s) � 0B� ~m � ~es~m � ~ex~m � ~ez 1CA (B.17b)and ~n0(s) satis�es (see (B.9a) )dds 0B� ~n0 � ~es~n0 � ~ex~n0 � ~ez 1CA = 
(0)(s) 0B� ~n0 � ~es~n0 � ~ex~n0 � ~ez 1CA : (B.17
)Finally, the ve
tors~r1(s) = ~n0(s) � M (spin)(s; s0) ~r1(s0) ; (B.18a)~r2(s) = ~m0(s) + i �~l0(s) � M (spin)(s; s0) ~r2(s0) ; (B.18b)~r3(s) = ~m0(s)� i �~l0(s) � M (spin)(s; s0) ~r3(s0) (B.18
)are eigenve
tors of the revolution matrix M (spin) with the same eigenvalues as in (B.5):M (spin)(s+ L; s) ~r�(s) = �� � ~r�(s) : (B.19)Thus, the eigenvalues �� and the quantity Qspin de�ned by eqn. (B.5) are independent of the
hosen initial position s0.Finally, we remark that (~n0; ~m0; ~l0) are all T{BMT solutions whereas (~m; ~l) in general arenot T{BMT solutions. 89



Appendix C: Solution of the Equations of Spin MotionC.1 Thin Lens Approximation1) Using the variables � and �.The solution of the 
anoni
al spin equation (5.14a, b) 
an approximated by the form:�(s+�s) = �(s) + �s � �Hspin�� ;�(s+�s) = �(s)��s � �Hspin�� :Expanding the spin Hamiltonian (5.16) into a power series of � and �, we obtain variousorders of approximation. The 
omputer program \SLIM" [15℄ works with the linear order ofspin motion. In general this solution is not symple
ti
, i.e. the spin transformation is notorthogonal.2) Using the variables �n, �m and �l.For point{like �elds, the matrix 
̂(s) appearing in (5.11) is given by
̂(s) = P (s0) � Æ(s� s0) : (C.1)Writing P (s0) in the form: P (s0) = 0B� 0 �P3 P2P3 0 �P1�P2 P1 0 1CA (C.2)the solution of eqns. (5.11), (B.1) and (B.2) leads to the transfer matrix:M spin(s0 + 0; s0 � 0) =0BB� P̂ 21 (1� 
osP ) + 
osP P̂1P̂2(1� 
osP )� P̂3 sinP P̂1P̂3(1� 
osP ) + P̂2 sinPP̂2P̂1(1� 
osP ) + P̂3 sinP P̂ 22 (1 � 
osP ) + 
osP P̂2P̂3(1� 
osP ) � P̂1 sinPP̂3P̂1(1 � 
osP ) � P̂2 sinP P̂3P̂2(1 � 
osP ) + P̂1 sinP P̂ 23 (1� 
osP ) + 
osP 1CCA(C.3)with P̂� = 1P � P� ; (� = 1; 2; 3) ; (C.4a)P = qP 21 + P 22 + P 23 : (C.4b)If �n, �m, �l are known, the 
anoni
al variables � and � 
an be obtained from eqn. (5.13).In this way, eqn. (B.3) represents a symple
ti
 integration method of the 
anoni
al spinequations (5.14a, b) on the basis of a thin lens approximation, i.e. the spin transformation isorthogonal. 90



C.2 Integration by Lie SeriesA system of di�erential equations of the form:dds zi(s) = #i (z1; z2; � � � zn) ;(i = 1; 2; � � �n)with ��s #i = 0 ;(no expli
it s dependen
e) whereby the terms #i (z1; z2; � � �zn) represent analyti
al fun
tions,
an be solved by Lie series [37℄: zi(s) = e(s�s0)D ẑiwith D = #1 (ẑ1; ẑ2; � � �ẑn) ��ẑ1 + #2 (ẑ1; ẑ2; � � �ẑn) ��ẑ2 + � � �+ #n (ẑ1; ẑ2; � � �ẑn) ��ẑnand zi(s0) � ẑi :Applying this result to the 
anoni
al spin equations (5.14a, b):z1 � � ; z2 � � ;#1 = + ��� Hspin(�; �; x; px; z; pz; �; p�) ;#2 = � ��� Hspin(�; �; x; px; z; pz; �; p�)asso
iated with the equations for orbital motion:z3 � x; z4 � px ;z3 � x; z4 � px ;z5 � z; z6 � pz ;z7 � �; z8 � p� ;#3 = + ��px Horb(x; px; z; pz; �; p�) ;#4 = � ��xHorb(x; px; z; pz; �; p�) ;91



#5 = + ��pz Horb(x; px; z; pz; �; p�) ;#6 = � ��z Horb(x; px; z; pz; �; p�) ;#7 = + ��p� Horb(x; px; z; pz; �; p�) ;#8 = � ��� Horb(x; px; z; pz; �; p�)we obtain: �(s) = e(s�s0)D �̂ ; (C.5a)�(s) = e(s�s0)D �̂ ; (C.5b)x(s) = e(s�s0)D x̂ ; (C.5
)px(s) = e(s�s0)D p̂x ; (C.5d)z(s) = e(s�s0)D ẑ ; (C.5e)px(s) = e(s�s0)D p̂z ; (C.5f)�(s) = e(s�s0)D �̂ ; (C.5g)px(�) = e(s�s0)D p̂� (C.5h)with D = " ���̂ Hspin# ���̂ � " ���̂ Hspin# ���̂+ " ��p̂x Horb# ��x̂ � " ��x̂ Horb# ��p̂x+ " ��p̂z Horb# ��ẑ � " ��ẑ Horb# ��p̂z+ " ��p̂� Horb# ���̂ � " ���̂ Horb# ��p̂� (C.6)and �̂ � �(s0) ; �̂ � �(s0) ;92



x̂ � x(s0) ; p̂x � px(s0) ;ẑ � z(s0) ; p̂z � pz(s0) ;�̂ � �(s0) ; p̂� � p�(s0) : (C.7)Referen
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