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Abstract. We complement the concept of theinvariant spin field (ISF) in storage rings by defining
the invariant polarisation—tensor field (ITF) for spin-1 particles and we suggest how to calculate
it by stroboscopic averaging or directly from the invariant spin field. The ITF the ISF are used to
construct equilibrium spin density—matrix fiel ds, and thereby offer a clean framework for describing
equilibrium ensembles of spin-1 particles such as deuteronsin storage rings.
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INTRODUCTION

Spin motion for particles moving in electric and magnetic fields is governed by the
T-BMT equation [1]. This describes the rate of precession of the rest—frame, pure—
state, spin expectation value S (“the spin”) of a particle. In circular particle accelerators
and storage rings we take the distance around the ring as the independent variable [2].
Then, at the position s along the design orbit and the point u in the 6-dimensional phase
space, we write the T-BMT equation as dS/ds = Q(u;s) x S where the vector Q(u;s)
describing the precession axis and the rate of precession, depends on the electric and
magnetic fields in the laboratory, and on the reference energy of the ring. The motion of
aparticleis governed by the Lorentz force [1]. Thus both the motion of the particle and
the motion of the spin expectation value can be treated classically. Nevertheless, we still
need to look at the quantum mechanics. For this we exploit the spin density matrix.

The spin state of an ensemble of spin-1/2 fermions is completely specified by means
of the 2 x 2 density matrix p = 3{I + P -3} where P is the vector polarisation, | isthe
unit matrix, the

0 —i 1 0 0 1
01 = i 0 , O2= 0 -1/ 03 = 1 0 ’

are the Pauli spin matrices [3] and & is the corresponding matrix-valued 3-vector. The
vector polarisation is (6) = P = Tr(p&) where () denotes a mixed-state expectation
value.
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Spin-1 particles such as deuterons need a 3 x 3 density matrix and we write it as[3]
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where the three matrices J
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representing the normalised spin operators §; (i = 1,2,3), are the analogues for spin-
1 of the Pauli matrices and where J is the corresponding matrix—valued 3-vector. The
rank—2, 3 x 3, real, symmetric, traceless, Cartesian tensor T has just five independent
components. With the three components of the vector polarisation there is a total of
eight parameters for defining p as required for a Hermitian matrix with a definite trace
(unity). The degree of tensor polarisation T = | /3 j T;¥ = /Tr (T2) isa most unity [3].

In accelerator physics, we define a density matrix for each point u and s. Then at
each u and s we write the density matrix for spin-1/2 fermions in terms of the local
vector polarisation Pi(u;s). For spin-1 particles we need the local polarisation tensor
Tioc(U; S) too. If the vector polarisation for spin-1/2 fermionsis periodic from turnto turn,
the density matrix can be described in terms of the vector i of the Invariant Spin Field
(ISF) and the value of the equilibrium vector polarisation. Is there an analogous object
for the polarisation tensor? This paper answers this in the affirmative by describing the
new concepts of the Invariant Tensor Field (ITF) and the equilibrium tensor polarisation.
Together with the ISF and the equilibrium vector polarisation they provide a complete
description of the equilibrium spin state of a beam of spin-1 particles such as deuterons
in astoragering.

This paper provides just a brief summary. More information can be found in [4].

THE INVARIANT SPIN AND TENSOR FIELDS

Since the T-BMT equation is linear in S and since the particles at (u,s) all see the
same Q(u;s), Boc(u(s);s) obeysthe T-BMT equation along trajectories. Furthermore,
Poc = |5|OC| is constant along atrajectory. For a storage ring at fixed energy, Qis1-turn
periodic in s at a fixed position in phase space u so that Q(u;s) = Q(u;s+C) where C
is the circumference. This opens the possibility that the polarisation is the same from
turn to turn in the sense that Fioe(U;s + C) = Pioc(U;s). We denote such a Fige by Peg
since, if the phase space density has the same periodicity, the polarisation of the whole
beam is 1-turn periodic, i.e. in equilibrium. Since I3eq also obeys the T-BMT equation
we then have Peg(M(U; s+ C,8);5+C) = Peg(M(U;8+C,5);8) = R(U;+C, ) Peg(U; 8)-
where M(u;s+C,s) isthe new position in phase space after one turn starting at u and s,
R(u;s+C,s) isthe corresponding 3 x 3 spin transfer matrix representing the solution to
the T-BMT equation for one turn from s to s + C and where here, 5eq IS represented by



a column matrix of its components.

These relations motivate the introduction of a vector field ﬁ(u s) of unit length,

obeying similar constraints, namely A(M(u;s +C,s);s+C) = A(M(u;s+C,s);s) =
R(u;s+C,s)A(u;s) wherefi is represented by a column matrix of its components. Since

the vector field i(u;s) isinvariant from turn to turn and independent of the real state of

abeamitiscalled the invariant spin field (ISF) [5, 6]. We define fip(s) = A(0;s).

We assume that u can be parametrised in terms of three pairs of action—angle variables
(Ji, ¢, i = 1,2, 3) which we abbreviate by (J, ¢). The actions J are constants of motion.
Thus the orbital phase space is partitioned into digoint tori characterised by unique sets
J. We aso assume that the orbital motion is nonresonant so that, in time, a trgjectory
could cover itstorus. Then from the definition of Peg, Peg = |Peg| must be the same at all
points ¢ on atorus but can depend on the J. Away from spin-orbit resonances and apart
from the sign A(J, 9;s) is a unique function of ¢ and s, 2r—periodic in ¢ [5]. So we
may write Peq(J ¢;s) = Peg(J) A(J, ¢;s), bearing in mind that || = 1. If we also require
that the particles on atorus are distributed uniformly in ¢, we find that the polarisation
for the torus, defined as the average Peq(J)/(27)2 [Z" [2™ [F™ (3, ;5)d¢, is invariant
from turn to turn, i.e., in equilibrium. The key aspects of the | SF are summarised in [5].
The existence of a 1-turn periodic 5eq and the corresponding | SF implies the existence
of an equilibrium spin density—matrix field (ESDeMF), p®, obeying the periodicity
condition p®(u;s+C) = p®(u;s) and which we can write in obvious notation as:

Fe,q(J)(J,¢;s) = %{I +Peg(J)A(J,9;5) -5} .

We now extend the concept of invariance to the polarisation tensor by defining
the Invariant Tensor Field T' by the periodicity condition T'(M(u;s+C,s);s+C) =
T'(M(u;s+C,s);s) = R(u;s+C,s) T'(u;s)RT(u;s4C, s) where we have used the trans-
formation rule [7] of a Cartesian tensor. We normalise so that 1/ Tr ([T']2) =1

Then we can construct an ESDeMF on atorus J for spin-1 particles too:

1 3 =
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where Teq(J) isthe degree of equilibrium tensor polarisation on the torus. The ISF and
ITF provide “scaffolding” on which to “hang” equilibrium spin distributions for spin-
1 particles and the ESDeMF then depends on just two scalar parameters, Pe(J) and
Teq(Jd).

egI'he most general, model-independent way, to construct the ISF is by so—called
stroboscopic averaging [8, 9, 10, 11]. Thisjust requires a spin—orbit tracking code such
as SPRINT [10] or EpsSLICK [12] which delivers 3 x 3 spin transport matrices along
particle trgjectories. As explained in [8, 9, 10, 11], with stroboscopic averaging the ISF,
fi(Uo; So), a the starting positions ug and s = sg can be found in terms of multi—turn spin
transfer matrices by taking the average

f (Uo;So) _N—HZ R(u(so—kC);s0,50— kC))fo(So) ,



for very large N and normalising thisto unity: i(ug;so) = fi(Uo;So)/| fn (Ug; so)|. In this
expression we have used notation similar to that in [8, eg.22] and chosen the “seed” spin
field to be fip, although more general choices could be used [11].

The ITF can also be found by stroboscopic averaging:

an (Uo; So) = N—+1 Z R(u(so—kC);s0,50 —kC) T (s0) R (u(so — kC);s0,50 — kC)

where N isvery large and T (Sp) is afixed 3 x 3 symmetric matrix with zero trace. The
ITFisobtained as T'(up;so) = gn/4/Tr(g3)-

Given the above periodicity condition defining the ITF it istempting to try to express
the ITF interms of the ISF. An ansatz in terms of i fulfilling this condition is:

3 1
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Moreover, using the relation Tij = %\/g{(s}s]- +$j8i) — 468} [3], wefind that this form
for T' is precisely that required if p®(J,¢;s) isto be able to represent an ensemble of

spins in the eigenstate of fi- J whose eigenvalue is +1, -1 or 0. This is also the form
obtained numerically by stroboscopic averaging. If this ansatz is unique the equilibrium
spin-1 state on atorus J is then completely defined just by the vector field i(J, ¢;s) and
the scalars Peg(J) and Teq(J):

I 1 1. (Jidj+3Jj3i)
pe = P+ Teg 3 (i) — 2 &) ol LAY L
{3 2 % 3 2

For example, for the eigenvalues +1 of i~ J we have Peq = +1 and Teq = 1/2. I the
eigenvalueis O, Pgg =0 and Teg = —1.
We thank J.A. Ellison, K. Heinemann, A. Kling and E. Leader for useful discussions.

REFERENCES

J.D. Jackson, “Classical Electrodynamics™, 3rd edition, Wiley (1998).

D.P. Barber, K. Heinemann and G. Ripken, Z. f. Physik C 64 (1994) 117.

E. Leader, “Spin in particle physics”, Cambridge Univ. Press (2001).

D.P. Barber and L. Malysheva, Cockcroft Report Cockcroft-08-01 (2008).

D.PBarber, JA. Ellison and K. Heinemann, Phys. Rev. ST Accel. Beams 7, 124002 (2004).

Ya.S. Derbenev and A.M. Kondratenko, Sov. Phys. JETP 37 (1973) 968.

J.S. Bell, “Polarised particles for accelerator physicists”, CERN Report 75-11 (1975).

K. Heinemann and G.H. Hoffstaetter, Phys.Rev. E 54(4) (1996) 4240.

G.H. Hoffstaetter, “High Energy Polarised Proton Beams: a Modern View”, Springer Tract in Modern
Physics, Vol 218 (2006).

10. M. Vogt, PhD Thesis, University of Hamburg, Germany, DESY-THES| S-2000-054 (2000).

11. JA. Ellison and K. Heinemann, Physica D 234(2) (2007) 131.

12. D.P. Barber, DESY Report DESY 09-15 (2009).

13. D.P. Barber et d., five articles in proceedings of ICFA workshop “Quantum Aspects of Beam
Physics’, Monterey, U.S.A., 1998, edited by P. Chen, World Scientific (1999).

CoNOUA~AWDNE



