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Outline of the lectures
●  12. Oct Intro to Monte Carlo techniques and structure of matter
●  13. Oct   DGLAP: solution with MCs
●  26. Oct DGLAP/BFKL/CCFM: evolution for small x
●  27. Oct W/Z production in pp and soft gluon resummation
●  16. Nov Multiparton interactions
●  17. Nov Latest LHC results: small x, multiparton interactions,        

      QCD in high luminosity phase: Higgs as a gluon trigger
● Exercises
●  14 & 15 Oct
●  28 & 29 Oct
●  18 & 19 Nov
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Higher order corrections to DIS

● lowest order: 
● higher order: 

•  What is the dominant part of the x-section ?
• Investigate full x-section of QCDC and BGF
• dominant part comes from small transverse momenta ...
• rewrite x-section in terms of k⟂ 
• use small t limit:

e+ q ! e0 + q0 O(®0s)

e+ q ! e0 + q0 + g; e+ g ! e0 + q + ¹q O(®1s)

d¾

dk2?
=

d¾

dt

1

(1¡ z) =
1

(1¡ z)
1

F
dLipsjMEj2

=
1

(1¡ z)
1

16¼

1
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Collinear factorization (part 1)
● bare distributions q0(x) are not measurable (like the bare charges .... )

● collinear singularities are absorbed into this bare distributions at a factorization 
scale ¹2 ≫ Â2  , defining renormalized distributions   

● now F2 becomes:
●

●

●

●

●

●

●

● separating or factorizing the long distance contributions to structure functions is a 
fundamental property of the theory 

● factorization provides a description for dealing with the logarithmic singularities, 
there is arbitrariness in how the finite (non-logarithmic) parts are treated.
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Splitting functions in lowest order

similarity to EPA...
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Collinear factorization 

● Factorization Theorem in DIS (Collins, Soper, Sterman, (1989) in Pert. QCD, ed. A.H. Mueller, Wold Scientific, Singapore, p1.)

• hard-scattering function            is infrared finite and calculable in pQCD, 
depending only on vector boson V, parton i, and renormalization and 
factorization scales. It is independent of the identity of hadron h.

• pdf                             contains all the infrared sensitivity of cross section, 
and is specific to hadron h, and depends on factorization scale. 

● Generalization: applies to any DIS cross section defined by a sum over hadronic 
final states .... but be careful what it really means....

● explicit factorization theorems exist for:

• diffractive DIS (... see above....) 

• Drell Yan (in hadron hadron collisions)

• single particle inclusive cross sections (fragmentation functions)

see handbook of pQCD, chapter IV, B
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NLO contributions to F2(x,Q2)

virtual corrections cancel 
collinear singularity

no collinear singularityvirtual corrections to QPM
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Evolution kernels – splitting fcts
●  some of the splitting functions are also divergent...

●   use plus-distribution to avoid dangerous region:

● divergence cancelled by virtual corrections ... 
● use splitting functions with plus-distribution
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 Conservation rules with DGLAP

● use DGLAP

➔to obtain:
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Solution of DGLAP equation:

What happens at small x ? 





15Hannes Jung, QCD and MC, Lecture 3, 26. Oct 2015

Solving integral equations
● Integral equation of Fredholm type:

● solve it by iteration (Neumann series):

with the solution:
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Estimates at small x: DLL

● use constant starting distribution at small t: 

with

double leading log 
approximation (DLL)
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Results from DLL approximation
● DLL arise from taking small x limit of 

splitting fct: 
•                  from small x limit of 

splitting fct 

                                from  integration 
• strong ordering in x from small x limit
• strong ordering in t from small t limit 

of ME...
● DLL gives rapid increase of gluon density 

from a flat starting distribution
● gluons are coupled to F2... strong rise of F2 

at small x:

● consequences: 
● rise continues forever ???
● what happens when too high gluon density ?
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From evolution equation to parton 
branching ...

How ?
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Divergencies again...
● collinear divergencies factored into renormalized parton distributions
● what about soft divergencies ?

treated with “plus” prescription

                                 with

● soft divergency treated with Sudakov form factor:
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DGLAP evolution again....
● differential form:

● differential form using              with 

● integral form

               no – branching probability from t0 to t 
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DGLAP evolution equation... again...
● for fixed x and Q2 chains with different branchings contribute
● iterative procedure, spacelike parton showering

●

f(x; t) = f0(x; t0)¢s(t) +
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Light-cone variables
J. Collins hep-ph/9705393
D Soper, CTEQ 2001 

● Light Cone variables:

● lorentz boosts:
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Sudakov form factor
● what is the limit on z- integration ?

• resolvable branching ?

•                        with         a soft cutoff

● probability  of no -radiation between Qa and Qb

•

Blackboard
z < 1¡ Q

2
0

Q2b
Q0

¦(Q2a; Q
2
b) =

¢(Q2a)

¢(Q2b)

= exp

"
¡
Z Q2

a

Q2
b

dq2

q2

Z zcut

0

dz
®s

2¼
P (z)

#



28Hannes Jung, QCD and MC, Lecture 3, 26. Oct 2015

Sudakov form factors
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Sudakov form factors

gluon:  = 100 GeV

quark:  = 100 GeV

gluon:  = 500 GeV

quark:  = 500  GeV
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Gluon from evolution 
● comparison of gluon density obtained from standard solution of DGLAP with 

solution using integral equation and Sudakov form factor:

● use same starting 
distribution 

● evolve using only gluons
● evolve with simplified gluon 

splitting function 

Good agreement, 
given the simplifications
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Solving evolution equation with Monte 
Carlo
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Evolution equation and Monte Carlo

● use Sudakov:

● generate t according to Sudakov 

➔solve it for t:

● generate z according to

● use momentum sum rule for normalization
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ared. The CCFM uPDF evolution uPDFevolv. Eur. Phys. J., C74:3082, 2014.
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Monte Carlo solution of evolution
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TMDlib and TMDplotter
● combine and collect different 

ansaetze and approaches: 
http://tmd.hepforge.org/ and 
http://tmdplotter.desy.de 

➔ TMDlib: a library of parametrization 
of different TMDs and uPDFs ( similar to 
LHApdf)

TMDlib and TMDplotter: library and plotting tools for 
transverse-momentum-dependent parton distributions, F. 
Hautmann et al.       arXiv 1408.3015, submitted to EPJC.

http://tmd.hepforge.org/
http://tmdplotter.desy.de/

