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Apar t  f r o m  the inhomogeneous  Loren tz  group the 
con fo rma l  t r a n s f o r m a t i o n s  in  s p a c e - t i m e  a r e  the 
fol lowing:  

The sca le  t r a n s f o r m a t i o n s  

xlZ' = px/z , p > 0 and cons tan t ,  # = 0 , 1 , 2 , 3 ,  (1) 

with the p r o p e r t y  

ds ,2  = p 2 d s  2 , 

ds  2 = (dxO)2 _ (dxl)2 _ (dx2)2 _ (dx3)2 , ( l a )  

and the spec ia l  c o n f o r m a l  t r a n s f o r m a t i o n s  

x~' = g - l ( x )  (x/~ - cg x 2) , 
(2) 

~ ( x )  = l " 2 c ' x  + c 2  x 2 , 

with the p r o p e r t y  

ds  '2 = a-2(x)  ds  2 . (2a) 

The cg, which fo rm a four  vector,  a r e  the four  i n -  
dependent  p a r a m e t e r s  of the Abe l ian  group (2). 

Because  of ( la )  and (2a) the t r a n s f o r m a t i o n s  (1) 
and (2) m a y  be i n t e r p r e t e d  as  global  and local  
changes  of un i t s  of length 1). Here  we wish  to ex-  
amine  the p r o b l e m ,  whether  (1) and (2) can be u n -  
de r s tood  a l so  in the s e n s e ,  that  they t r a n s f o r m  one 
phys i ca l  s i tua t ion  into ano ther  *. F o r  the sca le  
transformation, for example ,  this  m e a n s :  If one 
has  a phys i ca l  ob jec t ,  does the re  -- a t  l e a s t  in  
p r i n c i p l e  -- ex is t  ano the r  phys ica l  object ,  which 
d i f fe r s  f r o m  the f i r s t  one in i t s  ex tens ion  of length 
by a fac to r  p?  In m a c r o s c o p i c  phys i c s  this  c e r -  
t a in ly  is  the case .  But t he re  a r e  r e s t r i c t i o n s  in 
m i c r o s c o p i c  phys i c s .  Fo r  i n s t ance ,  no p a r t i c l e  
ex i s t s ,  which d i f f e r s  f rom the p ro ton  only by being 
10 t i m e s  b igger .  S i m i l a r  c o n s i d e r a t i o n s  m a y  be 
applied to the group (2). 

N e v e r t h e l e s s  we c o n j e c t u r e ,  that  a l so  in a tomic  
phys i c s  the t r a n s f o r m a t i o n s  (1) and (2) become  i m -  
por t an t  e i ther  if the m a s s e s  of the p a r t i c l e s  vanish  
or  if t he i r  e n e r g i e s  a r e  so e x t r e m e l y  high, that  

* I am very indebted to some members of the CERN 
Theory Division, especially to Professor L. Van Hove 
and to Dr. J.S. Bell, for discussions about this inter- 
pretation and critical remarks. 

the i r  m a s s e s  or  any o ther  a tomic  s t a t e s  of d i s c r e t e  
ene rgy  a re  negl ig ib le .  These  c on j e c t u r e s  a re  con-  
f i r m e d  by the fol lowing cons ide ra t i ons :  

F r o m  (1) and (2) it  fo l lows,  that  the i n f i n i t e -  
s i m a l  ope r a t o r s  of these  t r a n s f o r m a t i o n s  have the 
fo rm 

x V ~  v , ~ v = ~ / ~ x V  , (3) 

2 x ~ x V ~ v - x 2 ~ #  , p= 0 , 1 , 2 , 3 .  (4) 
In the case  of a f r e e  p a r t i c l e  we ma y  subs t i tu te  P/z 
for  a/z and t he r e f o r e  expect the fol lowing cons t an t s  
of mot ion ,  if the theo ry  conce rned  i s  i n v a r i a n t  u n -  
der  the g roups  (1) and (2) 

D = E  t - r t p ( ~ i =  1 = c)  , (5) 

Ko = 2 t D  - (t 2 -  r 2) E 
(6) 

K = 2 r  t D -  (t 2 - r t  2) p 

Here  r t i s  the p o s i t i o n - v e c t o r  of the pa r t i c l e  at  
t ime  t, E i t s  ene rgy  and p i t s  m o m e n t u m .  F o r  the 
t ime  be ing  we f u r t he r  a s s u m e  that  any i n t r i n s i c  
p a r t s  a r e  decoupled f r o m  the o rb i t  p a r t s  (5) and 
(6). The e x p r e s s i o n s  (5) and (6) ma y  a lso  be de -  
r ived  by us ing  the Lagrange  f o r m a l i s m  2). 

F o r  a f r ee  p a r t i c l e  we have r = v t + n ,  and thus 
we obta in  ins tead  of (5) 

D = E t - ( v  t + s)  p : ( m 2 / E )  t - at p . 

F r o m  th is  we see ,  that for  m ~ 0 or  E -  ~, D be -  
comes  a cons tan t  in t ime .  In the same  way i t  may 
be seen  that  

K o - -  at2 E 

K ~  (at2) p -  2(atp) s ,  

if m - 0 o r  E - ° o .  
Thus ,  in the l i m i t s  m ~ 0 or  E - co the quan t i -  

t i es  (5) and (6) a r e  indeed cons t an t s  of motion.'  
The e s s e n t i a l  ques t ion  now i s ,  whether  the re  

a r e  phys ica l ly  i n t e r e s t i n g  i n t e r a c t i o n s ,  which a r e  
i n v a r i a n t  under  the groups  (1) and (2). The r e  a r e  
some,  as we shal l  see.  For  these  i n t e r a c t i o n s  we 
have the fol lowing conse rva t i on  laws under  the l i m -  
i t ing  condi t ions  cons ide red  above: 
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If t h e r e  a r e  l p a r t i c l e s  a t  t i m e  t hav ing  p o s i t i o n -  
v e c t o r s  r i ,  e n e r g i e s  E i and m o m e n t a  P i ,  a n d  n p a r -  
t i c l e s  a t  t i m e  t ' ,  c o r r e s p o n d i n g  to r}, E} and p}, 

• v .  then we have  in the  l i m i t s  m i ,  m~ - 0 o r  E~, Ez - oo 

l n 

t v - 

i : 1  i = l  
l 

2 t ( t  E i - r i p i )  - ( t 2 " r 2 )  E i  
i=1 

= ~ 2 t ' ( t '  E ' -  ' ' 4 t '2  r~ 2) E '  
i = 1  ~ r i  p i )  " - ~ ' 

Z (8) 

2 r i ( t  E i  - r i P i )  - ( t2 - r ~ ) P i  
i=1 

n 

: ~ 2r ' i ( t '  , _ r~P'i) (t  '2 i : 1  ~ i  _ - r~2) ~ .  

The  r e l a t i o n s  (7) and (8) m a y  be u s e f u l  a t  e x -  
t r e m e l y  high e n e r g i e s  f o r  the  k i n e m a t i c a l  a n a l y s i s  
of e x p e r i m e n t s  c o r r e s p o n d i n g  to e o n f o r m a l  i n v a -  
r i a n t  i n t e r a c t i o n s ,  f o r  i n s t a n c e  f o r  e l e c t r o n - e l e c t r o n  
co l l i d ing  b e a m  e x p e r i m e n t s ,  f u tu r e  a c c e l e r a t o r s  fo r  
p r o t o n s  e tc .  of s o m e  h u n d r e d  GeV and in c o s m i c  r a y  
p h y s i c s .  

A s i m p l e  a p p l i c a t i o n  of (7) i s  the  fo l lowing:  L e t  
u s  c o n s i d e r  the  e l a s t i c  s c a t t e r i n g  of two i d e n t i c a l  
p a r t i c l e s  in the  c e n t e r  of m a s s  s y s t e m  at  e x t r e m e l y  
h igh  e n e r g i e s  - fo r  i n s t a n c e ,  the  e l a s t i c  s c a t t e r i n g  
of two e l e c t r o n s  in a c o l l i d i n g  b e a m  e x p e r i m e n t .  We 
h e r e  i g n o r e  the  s p i n s  and a l l  o t h e r  i n t r i n s i c  p r o p e r -  
t i e s  of the  p a r t i c l e s .  

The  e s s e n t i a l  p o i n t  i s  now, tha t  the  quan t i ty  D i s  
the  p h a s e  of the  p a r t i c l e  wave  a t  the  c e n t r e  of the  
wave  p a c k e t ,  which  in  the  p a r t i c l e  p i c t u r e  c o r r e -  
sponds  to  the  p o s i t i o n  of the  p a r t i c l e .  Since  (7) con -  
n e c t s  t h e s e  p h a s e s  b e f o r e  and a f t e r  the  s c a t t e r i n g ,  
we can d e r i v e  a r e l a t i o n  f o r  the p h a s e  sh i f t  ~7 a t  e x -  
t r e m e l y  high e n e r g i e s :  

In the  c .m .  s y s t e m  we have  P l  + P2 = 0. T h e r e -  
f o r e  we put  P l  = P ,  r = r 1 - r 2 on the le f t  hand s ide  
(7) wi th  c o r r e s p o n d i n g  d e f i n i t i o n s  on the r i g h t  hand 
s ide .  If we have  r = v t b e f o r e  the  s c a t t e r i n g ,  then 
the  le f t  hand s ide  of (7) v a n i s h e s  in the  l i m i t  E 1 , E  2 
- oo A f t e r  the  s c a t t e r i n g  we have b e c a u s e  of the  
p h a s e  sh i f t  ~ 3) 

r '  = v '  t '  - 2(d~ffdp') . (9) 

If we i n s e r t  t h i s  in to  the  r i g h t  hand s ide  of (7), then ,  
by  the  s a m e  a r g u m e n t s  a s  above ,  we have  the i m -  
p o r t a n t  r e l a t i o n  

p ' ( d , ~ / d p ' )  -" 0 fo r  p ,  - ~o (10) 

Since  p '  = p ,  t h i s  m e a n s  

r ~ p - ¢  , ¢ > 0  , f o r  p - ~ o  

Eq. (10) ho lds  f o r  a l l  p a r t i a l  waves .  F o r  s m a l l  ,? 
we have exp (2i~?) - 1 ~ 2D?. Thus ,  if we m a k e  the  
s i m p l i f y i n g  a s s u m p t i o n ,  tha t  ¢ i s  the  s a m e  fo r  a l l  
p a r t i a l  w a v e s ,  we ob ta in  fo r  the  a s y m p t o t i c  e n e r g y  
de pe nde nc e  of the  e l a s t i c  c r o s s  s e c t i o n  e e l  in the  
c a s e  of c o n f o r m a l  i n v a r i a n t  i n t e r a c t i o n s  

e e l ~ E - 2 ( l + c ) ,  e > 0  , f o r  E - o o  , 411) 

wi th  E =  E 1 = E 2 ~ P .  
Since  a t  v e r y  high e n e r g i e s  the  i n e l a s t i c  r e a c -  

t i ons  d o m i n a t e ,  ou r  c o n s i d e r a t i o n s  a r e  c e r t a i n l y  
s o m e w h a t  too s i m p l e ,  but  t hey  show that  the  r e l a -  
t ions  (7) and (8) i m p l y  i m m e d i a t e  p h y s i c a l  c o n s e -  
q u e n c e s ,  which  m a y  be  checked  by  e x p e r i m e n t .  

Among  o t h e r s  the fo l lowing  i n t e r a c t i o n s  L (x) a r e  
i n v a r i a n t  unde r  the  t r a n s f o r m a t i o n s  (1) and (2) 

~z $ A #  , ~ V5 $ ~ , ~a 4 , (12) 

w h e r e a s ,  fo r  e x a m p l e ,  the  i n t e r a c t i o n s  

~ 1 0 i  $2 ~30i $4 , ~ y~ y5 $ ~ ~a 413) 

are not invariant (O i means any element of the Dirac 
algebra). Invariance here means, that the quantity 
L(x)d4x is invariant, which is sufficient in the La- 
g r a n g i a n  f o r m a l i s m .  

The  i n f i n i t e s i m a l  t r a n s f o r m a t i o n s  of the  
( L o r e n t z - )  s c a l a r  ~(x), the v e c t o r  A~(x)  and the 
s p i n o r  ~b(x) a r e  the fo l lowing  (6u = u ' (x ' )  - u(x)) 

6~ = - ~ ~ ( x ) ,  ~ 1  << 1 ; p = e ~ , 
414) 

5~ = - 2 c . x  ~o(x) , IcDl << 1 5); 

5 A ,  : - c~ A , ( x )  , 

5Al~ = - 2 c . x  AIz(X ) - 2(x u c p. - xl~ c y) A v ( x  ) 3); (15) 

6~ : - ~ ~ ~ ( x ) ,  (16) 
5~ : ( - 2 c . x - c  uxv~v)~(x) 5 ) ,  

w h e r e  the  y~ a r e  D i r a c  m a t r i c e s .  
The  p r e s c r i p t i o n  fo r  f ind ing  t h e s e  t r a n s f o r m a -  

t ion l aws  fo l lows  f r o m  the  i n t e r p r e t a t i o n  of (1) and 
(2): F i r s t  i n t r o d u c e  the  un i t s  of length ,  v e l o c i t y  
and ac t ion :  If then any s p i n o r  o r  t e n s o r  A h a s  the 
d i m e n s i o n s  of ( length)  n , i t  h a s  to be t r a n s f o r m e d  
unde r  (1) a s  A - p n A .  A s  f o r  (2), b u i l d  a L o r e n t z  
i n v a r i a n t  I of A and if t h i s  i n v a r i a n t  has  the  d i m e n -  
s ion  of ( length)  m i t  ha s  to be  t r a n s f o r m e d  a s  I -  
~ - m ( x )  . F o r  i n s t a n c e ,  the  d i m e n s i o n  of length  of 
~ i s  (L-3). T h e r e f o r e  ~ - c3~. 

From 

(~(x) = i - 2c -x  + c 2 x 2 

= (1 - c× xxyky~t) (I - c# x vY~7v) 

if then follows that 

~'4x') = ~(x) (1 - c u xv ~ ~v) , (x)  , 

which fo r  IcVl << 1 i s  i d e n t i c a l  wi th  the  s econd  l ine 
in (16). 
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Since in o r d i n a r y  quantum f ie ld  t h e o r y  the l i m i t  
E ~ o0 a lways  l eads  to t r o u b l e s o m e  d i v e r g e n c e s ,  
c o n f o r m a l  i nva r  l ance  m a y  a l so  be of t h e o r e t i c a l  
i n t e r e s t  in th i s  connec t ion ,  p a r t i c u l a r l y  b e c a u s e  the 
m a t h e m a t i c a l  f r a m e w o r k  of the i nhomogeneous  Lo-  
r e n t z  group has  to be extencled e s s e n t i a l l y ,  ff one 
dea l s  with the c o n f o r m a l  group 1). 
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In a r e c e n t  pape r  1) Ching-Sheng  Wu has  pointed 
out and c o r r e c t e d  s o m e  e r r o r s  conta ined  in a pape r  
by the p r e s e n t  w r i t e r  2). 

As  the l a t t e r  au thor  h i m s e l f  in o the r  p a p e r s  has  
done the ca l cu l a t i ons  c o n c e r n e d  c o r r e c t l y  3 ,4)  
b a s e d ,  h o w e v e r ,  on ano the r  phys i ca l  point  of v iew 
than that  advoca ted  by Ching-Sheng  Wu, s o m e  c l e a r -  
f ly ing c o m m e n t s  s e e m  wor th  whi le  in o r d e r  to h igh-  
l ight  the under ly ing  ideas .  

In the pape r  under  d i s c u s s i o n  the Landau d a m p -  
ing was  ca l cu la t ed  f r o m  the point  of v iew of e n e r g y  
abso rp t ion  of r e s o n a n t  p a r t i c l e s  and the c o r r e c t  
e x p r e s s i o n  for  the damping  was  found excep t  fo r  a 

1 f a c t o r  
To ca l cu l a t e  the a b s o r b e d  e n e r g y  A r e  s the in t e -  

g r a l  

A = - e S E v f l ( x , v , t  ) dv (1) 
--c<3 

was used. 
The notation is: E = E o exp i(kx - ~'t), the elec- 

tric wave field, k = wave numDer, u;' = ~ - iv is 

the complex frequency, fl is the perturbation of the 

distribution function fo(v), v = velocity of the elec- 

trons along the x-direction and - e is the charge of 

an electron. The bar indicates mean value in space, 

i.e., over one wavelength. 
The electric wave field E is assumed unknown a 

priori and the damping ~ is introduced as an auxil- 

* What concerns the e r ro r  in sign, there is agreement 
between C. S. Wu and the present author 3, 4). 

i a r y  quant i ty ,  be ing usefu l  when applying a n o r m a l  
mode a n a l y s i s  to the p r e s e n t  p r o b l e m .  

When E is  i n s e r t e d  into the Vlasov  equat ion ,  an 
e x p r e s s i o n  fo r th  e p e r t u r b a t i o n  f l  i s  d e r i v e d .  The 
r e a l  p a r t  of the l a t t e r  i s  then in t roduced  into (1) 
t o g e t h e r  with the r e a l  p a r t  of E. A is  then c a l c u -  
la ted in the l im i t  ~ - 0 and an e x p r e s s i o n  fo r  A in-  
dependent  of ~, i s  found "~. Or ,  A is  d e r i v e d  to 
z e r o t h  o r d e r  in ~. 

Th i s  m e a n s  that  the d e r i v e d  abso rp t ion  is so le ly  
due to r e s o n a n c e  and is  the cont r ibu t ion  to A in 
which we a r e  i n t e r e s t e d .  F r o m  a phys i ca l  point  of 
v iew it  i s  a l so  r e a s o n a b l e  that the r e s o n a n c e  ab-  
so rp t ion  should be independent  of V in the l im i t  
V/~ - 0. In that  ca se  we can w r i t e  A = A r e  s. 

As  a consequence  of th is  n o n - z e r o  abso rp t ion  
t h e r e  cannot ex i s t  in the p l a s m a  an i n t r i n s i c  neu -  
t r a l  wave ,  s ince  in th is  ca se  the r e sonan t  e n e r g y  
m u s t  be taken f r o m  the wave i t se l f .  

Now, what i s  mean t  by taking e n e r g y  f r o m  the 
wave?  Two points  of v iew may  be set  fo r th ,  and 
h e r e  l i e s  the d i f f e r e n c e  (or syn thes i s )  of the two 
ways  of c o r r e c t i n g  the e r r o r  a l r e a d y  m en t ioned ,  
the lack  of ~. One can a rgue  as fo l lows.  

a. Due to the r e s o n a n t  ene rgy  absorp t ion  the 
a v e r a g e d  e l e c t r i c  f ie ld  e n e r g y  dens i ty  Wel = 
is  damped and thus  a lso  the e l e c t r i c  f ie ld  E. Th i s  
damping  leads  in turn to a damping  of the p e r t u r -  
bat ion speed of a l l  the p a r t i c l e s  of the main  p l a s -  
ma.  Consequen t ly  the a v e r a g e d  k ine t ic  ene rgy  den-  
s i ty  Wki n of the main  p l a s m a ,  as  d i s t ingu i shed  

? A may depend on , but only through E. 

80 


