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A b s t r a c t :  It is  shown tha t  the f r e e  n o n - r e l a t i v i s t i c  mot ion  is i n v a r i a n t  not  only u n d e r  
the 1 0 - p a r a m e t e r  Gal i le i  g roup  but  a l so  u n d e r  the l a r g e r  1 5 - p a r a m e t e r  L iouvi l le  
g roup ,  which  is  i s o m o r p h i c  to the  g roup  0(2 ,4) .  In addi t ion ,  t h e r e  is the usua l  
i n v a r i a n c e  u n d e r  t i m e  t r a n s l a t i o n s  and s pec i a l  Gal i le i  t r a n s f o r m a t i o n s .  The c o n -  
s e r v e d  q u a n t i t i e s  a s s o c i a t e d  wi th  the new s y m m e t r i e s  a r e  g iven  expl ic i t ly .  F u r -  
t h e r ,  i t  is  shown in the c a s e  of spin  z e r o  tha t  t h e r e  is a c lose  connec t ion  be tween  
the u n i t a r y  r e p r e s e n t a t i o n s  of the Louiv i l l e  group and the phys i ca l  p r o j e c t i v e  r e p -  
r e s e n t a t i o n s  of the Gal i le i  g roup.  

F inMly ,  the  c o n s e q u e n c e s  of the new c o n s e r v a t i o n  laws fo r  i n t e r a c t i o n s ,  in 
p a r t i c u l a r  fo r  e l a s t i c  s c a t t e r i n g ,  a r e  d i s c u s s e d ,  and it  is  shown tha t  they i m p o s e  
a v a n i s h i n g  t i m e  de lay  d u r i n g  the i n t e r a c t i o n .  Th i s  m e a n s  tha t  the new exac t  i n -  
v a r i a n c e s  of the f r e e  n o n - r e l a t i v i s t i c  p a r t i c l e s  in g e n e r a l  can only be a p p r o x i m a t e  
or  l i m i t i n g  s y m m e t r i e s  fo r  i n t e r a c t i n g  s y s t e m s .  

I. INTRODUCTION 

The 10-parameter Galilei group 910 is generally considered to be the 
non-relativistic analogue of the relativistic Poincard group ~i0. The proper 
Galilei group consists of the space translations T3(a) , the time translations 
TI(~-), the rotations R3(w) and the special Galilei transformations G3(b). 
The indices are to indicate the number of independent parameters. The 
proper Galilei group induces the following well-known infinitesimal trans- 
formations of the space and time coordinates x and t: 

T 3 ( a ) :  x - ~ x  + a ,  t -~ t ,  ( l a )  

T I ( T  ) : x -* x ,  t -* t + r ,  ( l b )  

R3(co ) : x i -~ x i + ¢ o i k x k ,  w ite = - w  k i ,  i , k  = 1 , 2 ,  3, ( l c )  

G 3 ( b ) :  x - ~  x + b t ,  t - ~  t. ( l d )  

E v e r y  c l o s e d  n o n - r e l a t i v i s t i c  s y s t e m  i s  e x p e c t e d  to  b e  i n v a r i a n t  u n d e r  
t h e s e  t r a n s f o r m a t i o n s .  T h e  i n v a r i a n c e  y i e l d s  t h e  u s u a l  t e n  c o n s e r v a t i o n  
l a w s  f o r  c l o s e d  s y s t e m s .  

T h e  s i t u a t i o n  s e e m s  to  b e  r a t h e r  u n c o m p l i c a t e d  a s  f a r  a s  t h e  c l a s s i c a l  
n o n - r e l a t i v i s t i c  s y s t e m s  a r e  c o n c e r n e d .  In  a n a i v e  a p p r o a c h  o n e  w o u l d  e x -  
p e c t  t h e  u n i t a r y  f a i t h f u l  r e p r e s e n t a t i o n s  of t h e  G a l i l e i  g r o u p  to  p r o v i d e  t h e  
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a p p r o p r i a t e  s p a c e s  fo r  q u a n t u m  m e c h a n i c a l  p h y s i c a l  s y s t e m s .  H o w e v e r ,  
t h i s  h a s  b e e n  shown [1] not  to be the  c a s e .  R a t h e r ,  only  the  fa i th fu l  r e p r e -  
s e n t a t i o n s  of a c e r t a i n  c e n t r a l  e x t e n s i o n  of the  G a l i l e i  g r o u p  a r e  the  p h y s i -  
c a l l y  i n t e r e s t i n g  o n e s  [2, 3]. 

T h i s  i s  a s o m e w h a t  u n u s u a l  s i t u a t i o n ,  a l though  s e v e r a l  a r g u m e n t s  can  
be  g iven  in o r d e r  to e x p l a i n  it. The  p r e s e n t  p a p e r  g i v e s  - to s o m e  ex ten t  - 
an  a d d i t i o n a l  e x p l a n a t i o n  fo r  t h e s e  u n c o n v e n t i o n a l  p r o p e r t i e s  of the  G a l i l e i  
g r o u p  in quan tum m e c h a n i c s .  The  s t a r t i n g  po in t  fo r  the  fo l lowing  a p p r o a c h  
h a s  b e e n  t h i s :  

If one a s k s  f o r  the  g e o m e t r i c a l  g a u g e  t r a n s f o r m a t i o n s  of the  M i n k o w s k i  
s p a c e ,  n a m e l y  t h o s e  t r a n s f o r m a t i o n s  of the  c o o r d i n a t e s  xi ,  i = O, 1 , 2 ,  3, 
which  induce  a m u l t i p l i c a t i o n  of the  l i ne  e l e m e n t  ds2 = (dxO)2 - (dx l )2  
- (dx2)2 - (dx3)2 by  a f a c t o r ,  one ends  up [4] wi th  - b e s i d e s  the  fu l l  P o i n -  
c a r 6  g r o u p  - the  d i l a t a t i o n s  

D l ( a ) :  x i - ~ e ~ x  i, i = 0 , 1 , 2 , 3 ,  (2a) 

the  s p e c i a l  c o n f o r m a l  t r a n s f o r m a t i o n s  

SC4(c) : x i -~ R T 4 ( c ) R x i  ' i = 0, 1 , 2 ,  3, (2b) 

w h e r e  

T 4 ( c ) x i  = x  i + c i , R x  i = - x i / x  2 

and  in p a r t i c u l a r  the  d i s c r e t e  l eng th  i n v e r s i o n  R which  in c o m b i n a t i o n  wi th  
t he  t r a n s l a t i o n s  g e n e r a t e s  the  g r o u p  SC4(c ). 

In the  f u t u r e  I s h a l l  c a l l  the  g r o u p  SC 4 the  " s p e c i a l  L i o u v i l l e  g r o u p  of 
the  M i n k o w s k i  s p a c e " ,  b e c a u s e  L i o u v i l l e  w a s  the  f i r s t  one [5] to show the  
c o n f o r m a l  t r a n s f o r m a t i o n s  of the  t h r e e - d i m e n s i o n a l  s p a c e  to f o r m  a g r o u p  
wi th  a f i n i t e  n u m b e r  of p a r a m e t e r s ,  c o n t r a r y  to two d i m e n s i o n s  w h e r e  a l l  
h o l o m o r p h i c  f u n c t i o n s  p r o v i d e  c o n f o r m a l  m a p p i n g s .  In  a d d i t i o n  I s h a l l  c a l l  
t he  ful l  1 5 - p a r a m e t e r  c o n f o r m a l  g r o u p ,  c o n s i s t i n g  of t he  ful l  P o i n c a r ~  
g r o u p ,  the  d i l a t a t i o n s  and  the  s p e c i a l  L i o u v i l l e  g r o u p  [6] the  "full  L i o u v i l l e  
g r o u p  C15 of the  M i n k o w s k i  s p a c e " .  

F o r  many  y e a r s  the  s p a c i a l  p a r t  of the  g r o u p  (2b) ,  c h a r a c t e r i z e d  by  the  
p a r a m e t e r s  (c 1, c2,  c3), h a s  b e e n  i n t e r p r e t e d  [7] a s  a t r a n s f o r m a t i o n  of a 
p h y s i c a l  s y s t e m  a t  r e s t  to  a u n i f o r m l y  a c c e l e r a t e d  s y s t e m  ( " h y p e r b o l i c  
mo t ion" ) .  T h i s  h a s  been  c r i t i c i z e d  by the  a u t h o r  [4, 8, 9] fo r  s e v e r a l  r e a -  
s o n s :  

(i) In eqs .  (2b) the  t r a n s f o r m a t i o n s  R and SC 4 a r e  not  we l l  de f i ne d  in 
• ' x 2  " x - s p a c e ,  b e c a u s e ,  fo r  i n s t a n c e ,  the  h g h t  cone  = 0 h a s  no w e l l - d e f i n e d  

i m a g e  with  r e s p e c t  to R. It i s  t h e r e f o r e  not  c o n c e i v a b l e  tha t  t h e s e  t r a n s -  
f o r m a t i o n s  can  be  g iven  a w e l l - d e f i n e d  m e a n i n g  in x - s p a c e .  

A o n e - t o - o n e  m a p p i n g  can  be  o b t a i n e d  by i n t r o d u c i n g  the  h o m o g e n e o u s  
c o o r d i n a t e s  x i = 7?ilK, w h e r e  77i d e n o t e s  the  p o s i t i o n  of a g iven  p h y s i c a l  
po in t  in s p a c e - t i m e  and K c h a r a c t e r i z e s  the  i n v e r s e  P o i n c a r ~  i n v a r i a n t  uni t  
o f  l eng th  e m p l o y e d  a t  t h i s  point .  On t h i s  new m a n i f o l d ,  which  h a s  a s i m p l e  
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a n d  n a t u r a l  p h y s i c a l  i n t e r p r e t a t i o n  [4], the  l eng th  i n v e r s i o n  R l e a v e s  the  
p o s i t i o n  of a po in t  i n v a r i a n t  but  c h a n g e s  the  quan t i t y  K by a d i f f e r e n t  f a c t o r  
a t  d i f f e r e n t  p o i n t s .  Thus ,  the  t r a n s f o r m a t i o n  R i s  o b v i o u s l y  a g e o m e t r i c a l  
g a u g e  t r a n s f o r m a t i o n .  S ince  the  s p e c i a l  L i o u v i l l e  g r o u p  i s  c o m p o s e d  of two 
d i s c r e t e  g a u g e  t r a n s f o r m a t i o n s  and  a t r a n s l a t i o n ,  i t  i s  h a r d  to u n d e r s t a n d  
why it  shou ld  d e s c r i b e  h y p e r b o l i c  m o t i o n s .  

(ii) In any c o n t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  of the  p r o p e r  o r t h o c h r o n o u s  
L i o u v i l l e  g r o u p  in which  the  i n t e g r a t e d  c o m m u t a t i o n  r e l a t i o n s  

ei~D Po e-i~D = e-a Po , ei~Dp2 e-i~D= e - 2 ° ~ p 2  

b e t w e e n  the  s e l f - a d j o i n t  g e n e r a t o r  D of the  d i l a t a t i o n s ,  the  e n e r g y  o p e r a t o r  
Po  and  the  m a s s  o p e r a t o r  p 2  ho ld ,  the  s p e c t r a  of Po  and  p 2  a r e  e i t h e r  c o n -  
t i nuous  o r  v a n i s h  [10]. T h e  c r u c i a l  p o i n t  now i s  t h i s :  i n v a r i a n c e  u n d e r  t r a n s -  
l a t i o n s  and  the  s p e c i a l  L i o u v i l l e  g r o u p  i m p l i e s  i n v a r i a n c e  u n d e r  d i l a t a t i o n s  
[4, 11]. In the  c a s e  of n o n - v a n i s h i n g  r e s t  m a s s e s  t h i s  m e a n s  tha t  u n i f o r m l y  
a c c e l e r a t e d  s y s t e m s  would  have  c o n t i n u o u s  r e s t  m a s s e s  and  c on t i nuous  
e n e r g y  s p e c t r a .  H o w e v e r ,  t h e r e  i s  no e x p e r i m e n t a l  e v i d e n c e  tha t  the  d i s -  
c r e t e  e n e r g y  s p e c t r a  of a t o m s  o r  the  r e s t  m a s s e s  of e l e m e n t a r y  p a r t i c l e s  
b e c o m e  c o n t i n u o u s  u n d e r  u n i f o r m  a c c e l e r a t i o n s .  

On the  o t h e r  hand ,  g a u g e  t r a n s f o r m a t i o n s  of d i f f e r e n t  t y p e s  have  been  
v e r y  u s e f u l  a s  a p p r o x i m a t e  s y m m e t r i e s  in the  v e r y  h igh  e n e r g y  r e g i o n  when 
r e s t  m a s s e s  b e c o m e  n e g l i g i b l e  [4, 9, 12]. The  i n t e r p r e t a t i o n ' o f  the  s p e c i a l  
L i o u v i l l e  g r o u p  a s  a g e o m e t r i c a l  p o s i t i o n  d e p e n d e n t  g a u g e  t r a n s f o r m a t i o n  
d o e s  not  run  into so  m a n y  e p i s t o m e n o l o g i c a l  d i f f i c u l t i e s  a s  the  " a c c e l e r a -  
t i o n "  i n t e r p r e t a t i o n  does .  

( i i i )  T h e  wave  p a c k e t s  f o r m e d  by s u p e r p o s i t i o n s  of e i g e n f u n c t i o n s  of the  
g e n e r a t o r s  KJ of the  i n f i n i t e s i m a l  s p e c i a l  L i o u v i l l e  t r a n s f o r m a t i o n s  d e -  
s c r i b e  c e r t a i n  m o t i o n s  in s p a c e - t i m e ,  a n a l o g o u s  to the  u s u a l  wave  p a c k e t s  
f o r m e d  by p l a n e  w a v e s .  T h e  group velocity of t h e s e  new wave  p a c k e t s  i s  a 
c o n s t a n t  [8], s m a l l e r  than  the  v e l o c i t y  of l i gh t  o r  equal  to i t ,  w h e r e a s  the  
phase velocity can  be  l a r g e r  than  the  v e l o c i t y  of l igh t  and  d e s c r i b e s  h y p e r -  
b o l i c  m o t i o n s .  S ince  we know f r o m  quan tum m e c h a n i c s  tha t  the  g r o u p  v e -  
l o c i t y ,  not  the  p h a s e  v e l o c i t y ,  of wave  p a c k e t s  c o r r e s p o n d s  to the  m o t i o n  of 
p a r t i c l e s ,  the  " a c c e l e r a t i o n " - i n t e r p r e t a t i o n  i s  a g a i n  in t r o u b l e ,  but  the  
"gauge  " - i n t e r p r e t a t i o n  i s  not'. 

Now, if i t  i s  t r u e  tha t  - a c c o r d i n g  to ou r  "gauge  " - i n t e r p r e t a t i o n  - the  
m a s s  " g a p '  in the  r e l a t i o n  E = c (p2  + c2rn2)½ i s  the  r e a s o n  why the r e l a -  
t i v i s t i c  L i o u v i l l e  g r o u p  i s  only  an a p p r o x i m a t e  s y m m e t r y  g r o u p  and  tha t  any  
s i m i l a r i t y  to u n i f o r m  a c c e l e r a t i o n s  i s  i r r e l e v a n t  and  a c c i d e n t a l ,  then  the  
L i o u v i l l e  g r o u p  shou ld  b e c o m e  i m p o r t a n t  fo r  any f r e e  e l e m e n t a r y  e x c i t a t i o n  
wi thout  an e n e r g y  gap  in i t s  d i s p e r s i o n  l aw  E = E(p) fo r  i P I ~ 0, fo r  i n s t a n c e  
if E = A I p l  ~ ,  w h e r e  A and  ol a r e  c o n s t a n t s .  

In p a r t i c u l a r ,  t h i s  shou ld  be  t r u e  f o r  the  f r e e  n o n - r e l a t i v i s t i c  p a r t i c l e  
w h e r e  E = ( 1 / 2 r n ) p 2 .  We s h a l l  show in the  fo l lowing  s e c t i o n s  tha t  t h i s  i s  
i n d e e d  the  c a s e .  T h e  n o n - r e l a t i v i s t i c  f r e e  m o t i o n  c h a r a c t e r i z e d  by J~ = 0 
h a s  the  ful l  1 5 - p a r a m e t e r  L i o u v i l l e  g r o u p  [ i s o m o r p h i c  to the  g r o u p  O(2,4)]  
a s  an  e x a c t  symn:." ~ r y  g roup :  T h i s  can  i m m e d i a t e l y  be  s e e n  f r o m  the c o r r e -  
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s p o n d e n c e  x ~ x ,  x ° = ct --, yO = vt, v = p / m .  In a d d i t i o n ,  i t  i s  i n v a r i a n t  
u n d e r  the  s p e c i a l  G a l i l e i  g r o u p  G3(b)  and the  t i m e  t r a n s l a t i o n s  TI(~- ). How-  
e v e r  we have  g = v - l n  and E = ½vP °, w h e r e  g i s  t he  c o n s e r v e d  " G a l i l e i " -  
m o m e n t u m  a s s o c i a t e d  with  G a l i l e i  i n v a r i a n c e ,  n i s  the  c o n s e r v e d  " L o r e n t z "  
m o m e n t u m  a s s o c i a t e d  wi th  the  s p e c i a l  " L o r e n t z " - t r a n s f o r m a t i o n s  c o n t a i n e d  
in the  g r o u p  O(2,4) ,  and  po  i s  the  c o n s e r v e d  quan t i t y  a s s o c i a t e d  wi th  the  
,,yO ,, _ t r a n s l a t i o n s  yO _, yO + 7. 

Suppose  now it  i s  p o s s i b l e  to g ive  a q u a n t u m  m e c h a n i c a l  d e s c r i p t i o n  of a 
f r e e  n o n - r e l a t i v i s t i c a l  p a r t i c l e  by m e a n s  of a c e r t a i n  f a i th fu l  u n i t a r y  r e p -  
r e s e n t a t i o n  of the  g r o u p  0(2 ,4 ) .  Look ing  a t  the  c l a s s i c a l  s i t u a t i o n  one i s  i n -  
c l i n e d  to e x p e c t  t ha t  the  g e n e r a t o r s  G k, k = 1, 2, 3, and  H of the  s p e c i a l  
G a l i l e i  g r o u p  and  the  t i m e  t r a n s l a t i o n s  a r e  c o n t a i n e d  in the  e nve lop ing  a l g e -  
b r a  of the  L i e - a l g e b r a  of t he  0 (2 ,4 )  a c c o r d i n g  to the  r e l a t i o n s  G k= m p - 1 M o k  
and  H = ( 2 m ) - I p p o .  T h i s  i s  i n d e e d  the  c a s e  f o r  p a r t i c l e s  wi th  v a n i s h i n g  
sp in ,  but  only  f o r  the  p h y s i c a l  p r o j e c t i v e  r e p r e s e n t a t i o n s  of the  G a l i l e i  
g r o u p ,  not  fo r  the  u n p h y s i c a l  fa i th fu l  ones :  T h u s ,  s t a r t i n g  wi th  the  gauge  
p r o p e r t i e s  of a f r e e  n o n - r e l a t i v i s t i c  classical  p a r t i c l e ,  we a r r i v e  at  t h o s e  
" u n u s u a l "  but  p h y s i c a l  r e p r e s e n t a t i o n s  of the  G a l i l e i  g r o u p  in a s t r a i g h t -  
f o r w a r d  way.  T h e  c a s e  of n o n - v a n i s h i n g  sp in  i s  m o r e  c o m p l i c a t e d ,  how-  
e v e r .  

T h e  p a p e r  i s  o r g a n i z e d  a s  f o l l o w s :  In s ec t .  2 we g ive  the  i n f i n i t e s i m a l  
c o o r d i n a t e  t r a n s f o r m a t i o n s  i n d u c e d  by the  o r t h o c h r o n o u s  p r o p e r  1 5 - p a r a m -  
e t e r  L i o u v i l l e  g roup .  In s ec t .  3 the  c o n s t a n t s  of m o t i o n  a s s o c i a t e d  with  
t h e s e  t r a n s f o r m a t i o n s  a r e  l i s t e d .  Sect .  4 c o n t a i n s  the  f i n i t e  c on t i nuous  and  
s e c t .  5 the  d i s c r e t e  t r a n s f o r m a t i o n s .  T h e  s t a t i o n a r y  c a s e  v = 0 i s  d i s c u s s e d  
in s ec t .  6. Sect .  7 c o n t a i n s  s o m e  r e m a r k s  on the  r e l a t i o n  b e t w e e n  u n i t a r y  
r e p r e s e n t a t i o n s  of t he  L i o u v i l l e  g r o u p  and  the  p r o j e c t i v e  u n i t a r y  r e p r e s e n -  
t a t i o n s  of the  G a l i l e i  g r o u p .  T h e  p r o b l e m  of the  i n v a r i a n c e  o r  n o n - i n v a r i -  
a n c e  of i n t e r a c t i o n s  u n d e r  d i l a t a t i o n s  i s  t r e a t e d  in s ec t .  8. 

2. I N F I N I T E S I M A L  T R A N S F O R M A T I O N S  O F  THE COORDINATES 

We c o n s i d e r  a f r e e  n o n - r e l a t i v i s t i c  p a r t i c l e  with the  k i n e t i c  e n e r g y  
E = (1 /2m) p  2. I t s  v e l o c i t y  i s  v = ~E/~p  = p A n = d x / d t .  W e  d e f i n e y O  = v t  
and  c a l l  the  se t  of p o i n t s  y = ( y ° , x )  wi th  the  m e t r i c  (y,y)  = (yO)2 _ x  2 the  
" G a l i l e i  s p a c e " .  In the  fo l lowing  we c o n s i d e r  only  i n f i n i t e s i m a l  t r a n s f o r -  
m a t i o n s  and  a s s u m e  v ¢ 0. The  c a s e  v = 0 wi l l  be  d i s c u s s e d  in a l a t e r  s e c -  
t ion.  

F i r s t  we r e w r i t e  the  t r a n s f o r m a t i o n s  ( l a ) - ( l d )  fo r  the  c o o r d i n a t e s  y. 
We  have  

T 3 ( a  ) : yO __, yO, v --* v ,  (3a) 

TI(~- ) : yO ~ yO + w - ,  v -~ v ,  (3b) 

R3(w ) : yO ._, yO, v ~ v ,  (3c) 

G 3 ( b ) :  x - ~ x + v - l b y  ° ,  yO--,yO + v - 2 v . b y O ,  

v ~ v  + v  -1 v" b .  (3d) 
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In a d d i t i o n  to the  t i m e  t r a n s l a t i o n s  T 1 (7) we de f ine  the  y ° - t r a n s l a t i o n s  

T I ( ~ ) :  x ~ x ,  y O _ y O + ~ ,  t ~ t + z , - l ~ ,  1' ~ , .  (3e) 

T h e  " s p e c i a l  L o r e n t z " - t r a n s f o r m a t i o n s  of the  G a l i l e i  s p a c e  a r e  g iven  by 

N3(u): x - ~ x  - u y  ° ,  yO _~yO_ u . x ,  

t ~ t - z ' - l u ' x ,  t' ~ t ' .  (3f) 

We now c o m e  to t h o s e  t r a n s f o r m a t i o n s  of the  G a l i l e i  s p a c e  which  c o r r e -  
spond  to the  g r o u p s  (2a) and  (2b). We get :  

D I ( ~ )  : x -~ x + ot x , yO ~ yO + oo, O ' 

v ~ v - o~z,, t ~ t + 2oft. (3g) 

SC4(c ) : x - - * x  + ( x  2 - ( y ° ) 2 ) c  - 2 ( c  . x ) x ,  

yO .~ yO_ 2 ( c . x ) y  ° ,  

t -- t - 4 ( c  . x ) t + 2 ( c  • v ) t  2 ,  

v -* v + 2 ( C  . x ) v  - 2 ( c "  v ) t 2 v .  (3h) 

X - ~ X  + 2cO~2tX , 

yO ~ yO+yO+ 2cO(yO)2_cO((yO)2 _ X 2) , 

t ~ t + c O v t 2 + c O v - l X  2 ,  

v ~ v .  (3i) 

T h e  t r a n s f o r m a t i o n s  (3a ) - (3 i ) ,  e x c e p t  f o r  (3b) and (3d), a r e  the  i n f i n i t e -  
s i m a l  t r a n s f o r m a t i o n s  of the  1 5 - p a r a m e t e r  o r t h o c h r o n o u s  p r o p e r  L i o u v i l l e  
g r o u p  of the  G a l i l e i  s p a c e ,  The  g r o u p  i t s e l f  i s  i s o m o r p h i c  to the  g r o u p  [4] 
SO(2,4).  

3. THE CONSERVED Q U A N T I T I E S  

T h e  t r a n s f o r m a t i o n s  (3a) - (3 i )  l e a v e  the  a c t i o n  i n t e g r a l ,  

/ dt (dx/dt)2, 

of a f r e e  p a r t i c l e  i n v a r i a n t  (in s o m e  c a s e s  t h e r e  r e m a i n s  an a d d i t i o n a l  in -  
t e g r a l  of a t o t a l  d i f f e r e n t i a l ,  which  d o e s  not  change  the  c o n c l u s i o n s ) .  A c -  
c o r d i n g  to the  w e l l - k n o w n  t h e o r e m s  [13] of N o e t h e r  t h i s  i m p l i e s  the  f o l l o w -  
ing c o n s e r v e d  q u a n t i t i e s :  
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T3(a) 

TI(~') 

R3(¢o) 
G3(b) 
TI(~) 
N3(u) 
Dl(a) 

SC4(c) 

: M o m e n t u m  p ,  (4a) 

: E n e r g y  E = 1 m p 2 ,  (4b) 

: A n g u l a r  m o m e n t u m  m = x × p ,  (4c) 

: G a l i l e i  m o m e n t u m  g = m x  - p t ,  (4d) 

: M o d u l u s  of m o m e n t u m  pO = +(p2)½,  (4e) 

: L o r e n t z  m o m e n t u m  n = x p  ° - v t p ,  (4f) 

: D i l a t a t i o n  m o m e n t u m  s = 2 E t  - x .  p , (4g) 

: B e s s e l - H a g e n  m o m e n t u m  h = 2 x s  - (v2t  2 -  x 2 ) p ,  

m o d u l u s  of the  B e s s e l - H a g e n  m o m e n t u m  
2 1 h ° = 2 v t s  - (v2t  2 - x 2 ) p  ° = +(h )~. (4h) 

We n o t i c e  [4] t he  fo l lowing  r e l a t i o n s :  

h × p  = 2 s i n ,  p ° h  - h O p  = 2 s n ,  h ° p  ° - h . p  = 2s 2.  (5) 

T h e  r e l a t i o n s  (5) d e t e r m i n e  the  q u a n t i t i e s  m ,  n and  s in t e r m s  of the  
two v e c t o r s  p and  h ,  e x c e p t  fo r  a r e l a t i v e  s ign.  

In  a d d i t i o n  we h a v e  

g = v -1  n ,  v = p ° / m ,  (6) 

1 vpO (7) E = ~  

T h u s ,  a l l  the  known c o n s e r v e d  q u a n t i t i e s  of a f r e e  n o n - r e l a t i v i s t i c  p a r t i c l e  
c a n  be g e n e r a t e d  by p and  h ! 

I t  shou ld  be m e n t i o n e d  t ha t  the  m a s s  m i s  an  i n v a r i a n t  u n d e r  the  fu l l  
n o n - r e l a t i v i s t i c  L i o u v i l l e  g roup .  T h i s  i s  not  so in  the  r e l a t i v i s t i c  e a s e  [4]. 

4. D I S C R E T E  T R A N S F O R M A T I O N S  

U n d e r  s p a c e  r e f l e c t i o n s  P and  t i m e  r e v e r s a l  T the  q u a n t i t i e s  s ,  h and  
h ° t r a n s f o r m  a s  f o l l o w s :  

P :  s --* s , h - ~  - h ,  h °  - ,  h ° ,  

T :  s --* - s  , h--* - h ,  h ° ~ h ° .  

T h e  p r o p e r t y  tha t  p and  h a r e  i n v a r i a n t  u n d e r  the  p r o d u c t  P T ,  but  m ,  n 
and  s c h a n g e  s ign ,  i s ,  of c o u r s e ,  c l o s e l y  r e l a t e d  to the  f ac t  tha t  m ,  n and  
s a r e  d e t e r m i n e d  by h and  p only  up to a s ign .  

In a d d i t i o n  to  P and  T we h a v e  the  d i s c r e t e  " length  i n v e r s i o n "  [4, 9] R 
wi th  the  p r o p e r t i e s :  

R :  m -~ m ,  n - ~ n ,  s - ~ - s ,  p - ~ h ,  pO_~ h o ,  h - ~ p ,  h o _ ~ p o .  (8) 

T h e  m a s s  m i s  i n v a r i a n t  u n d e r  R. 
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In the  G a l i l e i  s p a c e  R h a s  the  f o r m  [14] 

y o _~ yO,  = v ' t '  = v t / ( x  2 _ v 2t2) ,  v '  = p ' / m  = h ° / m ,  

x - ~  x '  = x / ( x  2 - v 2 t 2 ) .  (9) 

T h e  f ac t  [4] t ha t  the  t r a n s l a t i o n s  T 3 ( a )  and  T I ( ~  , the  t i m e  i n v e r s i o n  T,  
and  the  l eng th  i n v e r s i o n  R g e n e r a t e  the  ful l  1 5 - p a r a m e t e r  L i o u v i l l e  g r o u p  
u n d e r l i n e s  t he  i m p o r t a n c e  of the  d i s c r e t e  g r o u p  R. 

5. THE F I N I T E  T R A N S F O R M A T I O N S  

It  w a s  a l r e a d y  s t r e s s e d  in the  i n t r o d u c t i o n  - and  d i s c u s s e d  in d e t a i l  in 
r e f s .  [4, 9] - tha t  the  f i n i t e  t r a n s f o r m a t i o n s  SC4(c ) and  R canno t  be  d e f i n e d  
s a t i s f a c t o r i l y  in the  M i n k o w s k i  o r  G a l i l e i  s p a c e .  One h a s  to i n t r o d u c e  
h o m o g e n e o u s  c o o r d i n a t e s  yO = 77o/g, x i  = ~?~/K, i = 1 ,2 ,  3, w h e r e  t~ i s  a 
P o i n c a r 6  i n v a r i a n t  uni t  of l eng th  and 77 = (77°,~) c h a r a c t e r i z e s  the  p o s i t i o n .  
If we de f ine  the  s p u r i o u s  c o o r d i n a t e  ~ by K)~ = (7?°) 2 -1] 2 then  R a p p e a r s  to be  
the  d i s c r e t e  g a u g e  t r a n s f o r m a t i o n  77 ~ ~?, K -~ -~,  ~ -~ -K. T h u s ,  the  i n t e r -  
p r e t a t i o n  and  the  f o r m a l i s m  i s  e x a c t l y  the  s a m e  a s  in r e f s .  [4, 9], and  we 
s h a l l  not  r e p e a t  t h e m  h e r e .  

6. THE CASE v = 0 

If v = 0 then  yO = 0. In t h i s  c a s e  the  p r o p e r  1 5 - p a r a m e t e r  L i o u v i l l e  g r o u p  
d e g e n e r a t e s  into the  p r o p e r  1 0 - p a r a m e t e r  L i o u v i l l e  g r o u p  of the  t h r e e - d i -  
m e n s i o n a l  E u k l i d e a n  s p a c e  with  c o o r d i n a t e s  x.  I t  i s  i s o m o r p h i c  to the  g r o u p  
SO(1,4).  T h u s  the  E u c l i d e a n  g r o u p  (R 3 p lu s  T3) , c o m b i n e d  with  the  g a u g e  
g r o u p s  D 1 and  SC 3 of the  E u c l i d e a n  s p a c e ,  y i e l d  the  g r o u p  SO(1,4). I t s  
p h y s i c a l  i n t e r p r e t a t i o n  i s  the  s a m e  a s  tha t  of the  g r o u p  SO(2,4) in the  G a l i l e i  
o r  M i n k o w s k i  s p a c e .  

A s  the  G a l i l e i  g r o u p  c h a n g e s  the  v e l o c i t y  v,  i t  canno t  be  i n c o r p o r a t e d  
into  the  f r a m e w o r k  of the  L i o u v i l l e  g r o u p  of the  E u c l i d e a n  s p a c e .  

In o r d e r  to i l l u s t r a t e  the  p h y s i c a l  s i g n i f i c a n c e  of the  d i l a t a t i o n s  and  the  
s p e c i a l  L i o u v i l l e  g r o u p  SC3(c) in the  c a s e  yO = 0, i . e .  f o r  e i t h e r  v = 0 o r  
t = 0 ( s t a t i o n a r y  s y s t e m s ' ) ,  we sha l l  d i s c u s s  s o m e  d e t a i l s  now. 

The  1 0 - p a r a m e t e r  p r o p e r  L i o u v i l l e  g r o u p  of the  t h r e e - d i m e n s i o n a l  
E u c l i d e a n  s p a c e  i s  g i v e n  by  

T 3 ( a  ) : x i ~ x i + a  i ,  i = 1 , 2 , 3 ,  (10a) 

R 3 ( r  ) : x i - ~ r i k x  k ,  r i k r  l k  = 6 i l ,  (10b) 

Dl(Ot ) : x i - ~  e ~ x  i ,  (10c) 

SC3(c) : 
1 

x i  -~ R T 3 ( c ) R x i  = (~(x) ( x i  + c i x 2 )  ' 

R x  i = x i / x  2 

a ( x )  = 1 + 2 c . x  + c 2 x  2. (10d) 
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Eq. (10d) shows  tha t  the  s p e c i a l  L i o u v i l l e  g r o u p  i s  i s o m o r p h i c  to the  t r a n s -  
l a t i o n s .  

S ince  we a r e  d e a l i n g  with n o n - l i n e a r  t r a n s f o r m a t i o n s ,  we have  to de f ine  
d i s t a n c e s  by the  d i f f e r e n t i a l  f o r m  ds  2 = dx idx  i. B e c a u s e  of ds  2 ~ ( 1 / ~ ( x ) ) 2 d s  2 
in the  c a s e  of SC3(c )  we i n t e r p r e t  the  s p e c i a l  L i o u v i l l e  g r o u p  a s  a g r o u p  
which  i n d u c e s  p o s i t i o n  d e p e n d e n t  ( " l o c a l " )  g e o m e t r i c a l  g a u g e  t r a n s f o r m a -  
t i o n s  in the  s e n s e  tha t  a g i v e n  l eng th  ds  at  a po in t  x i s  m a p p e d  onto a n o t h e r  
one  which d i f f e r s  f r o m  the  f i r s t  one by the p o s i t i o n  d e p e n d e n t  f a c t o r  l~(y(x).  

A l l  t h i s  b e c o m e s  m o r e  t r a n s p a r e n t  if we i n t r o d u c e  the  uni t  of l eng th  
which  i s  be ing  e m p l o y e d  a t  each  po in t  e x p l i c i t l y .  T h e  i n t r o d u c t i o n  of t h e s e  
new c o o r d i n a t e s  i s  n e c e s s a r y  anyhow,  b e c a u s e  one canno t  have  a o n e - t o - o n e  
m a p p i n g  in x - s p a c e  a s  f a r  a s  the  g r o u p s  SC3(v)  and R a r e  c o n c e r n e d .  F o r  
i n s t a n c e ,  the  po in t  x = 0 h a s  no i m a g e  in x - s p a c e  with r e s p e c t  to the  m a p -  
p ing  R. 

We def ine  a E u c l i d e a n  i n v a r i a n t  uni t  of l eng th  K by the  e q u a t i o n s  

x i  : ~/ i ,g ,  i : 1, 2, 3. (11) 

The  n u m b e r s  77 i c h a r a c t e r i z e  the  l o c a t i o n  in s p a c e  and the quan.tity K the  
uni t  of l eng th  e m p l o y e d  a t  t h i s  l o c a t i o n  (note  tha t  (77 i, K) and ~ ( ~ ,  K), fi ¢ 0 
and  c o n s t a n t ,  a r e  e q u i v a l e n t .  T h e y  c o r r e s p o n d  to the  s a m e  l o c a t i o n . ) .  

In a d d i t i o n  we de f ine  a s p u r i o u s  c o o r d i n a t e  ;t by the  equa t ion  

~: = ~i~?i. (12) 

The  g r o u p s  T 3 ( a )  , R3( r )  , D l ( a )  and  R induce  the  fo l lowing  t r a n s f o r m a t i o n s  
in the  s p a c e  of t h e s e  new c o o r d i n a t e s :  

T 3 ( a ) :  ~?i__,~i+aiK, i =  1 , 2 , 3 ,  

K -~ K ,  

X ~ X + 2ai77 i+ a 2K, (13a) 

R 3 ( r  ) : ~i_~rik~? k ,  K--* K, X-~X (13b) 

D I ( ~ ) :  f l i e r 1  i ,  ~ ~ e - ° l g ,  X - - e a X ,  (13c) 

R : ~ i  ~77 i ,  K ~ X, X ~ .  (13d) 

T h e  t r a n s f o r m a t i o n s  i n d u c e d  by the  g r o u p  SC3(c )  can  be  c o n s t r u c t e d  f r o m  
(13a) and  (13d), b e c a u s e  i t s  e l e m e n t s  a r e  g i v e n  by R T 3 ( v ) R .  

The  gauge  c h a r a c t e r  of R i s  ev iden t  f r o m  eq. (13d): The  p o s i t i o n ,  c h a r a c -  
t e r i z e d  by 77 ~, s t a y s  the  s a m e  but  the  uni t  of l eng th  i s . c h a n g e d .  

The  a b o v e  t r a n s f o r m a t i o n s  l e a v e  the  f o r m  )tK-7?z~ z unchanged .  T h i s  
m e a n s  tha t  the  1 0 - p a r a m e t e r  p r o p e r  L i o u v i l l e  g r o u p  of the  E u c l i d e a n  s p a c e  
i s  i s o m o r p h i c  to the  " o r t h o c h r o n o u s  p r o p e r  L o r e n t z "  g r o u p  SO(1,4) in f ive  
d i m e n s i o n s  (put K = 77 5 -~74, ~ = 775+ ~4). 

The  l eng th  e l e m e n t  ds in t e r m s  of the  new c o o r d i n a t e s  i s  g iven  by 

1 ds  2 = ~ (d~ i dT? i - dK d~) >/ 0. 

T h i s  f o r m  i s  p o s i t i v e  d e f i n i t e  b e c a u s e  of the  s u b s i d i a r y  cond i t i on  
277id~? i -X dK - K d~ = 0 which  f o l l o w s  f r o m  eq. (12). 
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The full  L iouv i l l e  g roup  of the t h r e e - d i m e n s i o n a l  Euc l idean  space  c o n -  
s i s t s  of two p i e c e s ,  which a r e  m a p p e d  onto each o the r  e i t he r  by the space  
r e f l e c t i o n  P o r  by the length  i n v e r s i o n  R, but the full  g r o u p  O(1,4) c o n s i s t s  
of fou r  p i e c e s ,  c h a r a c t e r i z e d  by the s ign of the d e t e r m i n a n t  of the t r a n s f o r -  
m a t i o n  m a t r i x  (the s ign is -1 fo r  P and R) and the sign of the coef f ic ien t  
b5 5 of 7?5 (+1 fo r  P and R). However ,  b e c a u s e  the r e l a t i o n  (11) is not  changed  
if we r e v e r s e  the s ign of ~?i, ~74 and 775, the p iece  (det = -1, s ign b55 = -1) of 
the g r o u p  O(1,4) is mapped  onto the s a m e  p iece  of the full  L iouvi l le  g roup  
a s  the p iece  ( d e t =  +1, s ign b55 = +1). In the s a m e  m a n n e r  the p i e c e s  
(det = -1, s ign b~. 5 = +1) and (det = +1, s ign b5.5 = -1) a r e  mapped  onto the 
second  p i ece  of the full  L iouv i l l e  group.  

The  d e s c r i p t i o n  of phys ica l  quan t i t i e s  in t e r m s  of t e n s o r s  and sp ino r s  of 
the g roup  SO(1,4) is ana logous  to the r e l a t i v i s t i c  c a s e  [4] and will not be 
t r e a t e d  he re .  

7. UNITARY R E P R E S E N T A T I O N S  IN THE CASE OF  VANISHING SPIN 

We have  seen  in sec t s .  2 and 3 that  the mot ion  of a f r e e  n o n - r e l a t i v i s t i c  
p a r t i c l e  is  i nva r i an t  unde r  the 1 5 - p a r a m e t e r  L iouv i l l e  group.  In addi t ion  
we have  i n v a r i a n c e  u n d e r  t ime  t r a n s l a t i o n s  and Gal i le i  t r a n s f o r m a t i o n s .  
The  c o n s e r v e d  quan t i t i e s  E and g a s s o c i a t e d  with these  l a t t e r  g r o u p s  can  
be e x p r e s s e d  in t e r m s  of the c o n s e r v e d  quan t i t i e s  a s s o c i a t e d  with the L iou -  
v i l l e  group.  

We now tu rn  - v e r y  t en t a t ive ly  - to a few p r o b l e m s  a s s o c i a t e d  with un i -  
t a r y  r e p r e s e n t a t i o n s  of the L iouvi l l e  g roup  and ask  f o r  the i r  r e l a t i o n s  to 
the un i t a ry  r e p r e s e n t a t i o n s  of the 1 0 - p a r a m e t e r  Gal i le i  g roup  men t ioned  in 
the  in t roduc t ion .  F o r  s imp l i c i t y  we c o n s i d e r  only the c a s e  with van i sh ing  
spin. The  c a s e  of n o n - v a n i s h i n g  spin is def in i te ly  m o r e  c o m p l i c a t e d  and not 
a t r i v i a l  g e n e r a l i z a t i o n  of the one to be d i s c u s s e d  he re .  

We s t a r t  with a un i t a ry  r e p r e s e n t a t i o n  of the p r o p e r  1 5 - p a r a m e t e r  L i o u -  
v i l le  g r o u p  in the H i lbe r t  space  of func t ions  q~(p) of the m o m e n t a  p ,  
po = +(p2)%, with the  s c a l a r  p r o d u c t  

(q~l, q~2) : f d3p q~(P) q~2(P). (14) 
2p o 

The  r e p r e s e n t a t i o n  we a r e  going to c o n s i d e r  con ta ins  a r e p r e s e n t a t i o n  of 
the " P o i n c a r ~ "  g r o u p  with spin z e r o  and van i sh ing  " r e s t  m a s s " ,  i.e. 
(po)2 _ p2 = 0. The  H e r m i t i a n  g e n e r a t o r s  of the in f in i t e s imal  t r a n s f o r m a -  
t ions  of the 1 5 - p a r a m e t e r  L iouvi l l e  g roup  a r e  denoted  as  fo l lows:  
T 3 ( a  ) : P i =  -Pi, T I ( ~ ) : P °  = pQ, R3(~  ) : M i h ,  i , k =  1 , 2 , 3 ,  N3(u ) : M  °i, 
i = 1, 2, 3, D l ( a ) :  D, SC4(c ) :KZ, K °. In the space  of func t ions  we a r e  c o n -  
s i de r ing ,  these  g e n e r a t o r s  have the f o r m  [10]: 

pO = [o, pi  = pi, (15a) 

M g ' V = i ( p U ~ - p  ~ ) ,  /~, v = 0, 1 ,2 ,  3, (15b) 
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D i(p v ~ = + 1) ,  (15c) ~pV 

K Iz =-2 ~ _ 2p v 8 8 ~ a 
Op~ Opv 8Pit + p 0pv 0p~' t~ = 0, 1,2, 3, (15d) 

In the  fo l lowing  we sha l l  not  need  the  e x p l i c i t  e x p r e s s i o n s  f o r  D and  K~ .  
In s ec t .  3 we h a d  the  r e l a t i o n s  E = ( p / 2 m ) p  ° and  g = (m/p )n .  In a r e p -  

r e s e n t a t i o n  t h e s e  c l a s s i c a l  c o n s e r v e d  q u a n t i t i e s  c o r r e s p o n d  to the  g e n e r a -  
t o r s  of the  i n f i n i t e s i m a l  t r a n s f o r m a t i o n s .  If H and  G J, j = 1, 2, 3, a r e  the  
g e n e r a t o r s  of t he  t i m e  t r a n s l a t i o n s  and  the  G a l i l e i  t r a n s f o r m a t i o n s ,  we 
t h e r e f o r e  t r y  

H = (p/2m) po p2 = 2%-~ = E ,  (16) 

GJ = (m /p )M °j 

= i - l  (m --~ + rapT" 
apj P v ~  )" (17) 

If we put  b ( E , p )  =- ~(pO, p) ,  we have  ~q)./op ° = (p° /m)  ~ / ~ E ,  i . e .  wi th  r e -  
s p e c t  to the  f u n c t i o n s  b the  g e n e r a t o r  GJ h a s  the  f o r m  

pJ ~ (18) GJ : i -1 (m ~-~ + ~-E). 

T h i s  i s  e x a c t l y  t he  f o r m  the  g e n e r a t o r s  of t he  G a l i l e i  t r a n s f o r m a t i o n s  h a v e  
in the  " p h y s i c a l "  r e p r e s e n t a t i o n  [3] fo r  sp in  z e r o  and m a s s  m. The  " L o r e n t z "  
i n v a r i a n t  m e a s u r e  d~2 o = d3p dp°O(P °) 5(P 2 _p2) h a s  to be  r e p l a c e d  by 
(2p/m) d ~  o = d 3 p  dE6 {E - ( p 2 / 2 m ) }  a n d  w e  have  

p2 
( ~ 1 ,  ~2)  = f d3P dE ~(E - ~-~) @~(P) ~(P2) • 

It i s  v e r y  i n t e r e s t i n g  tha t  by s t a r t i n g  f r o m  the  c l a s s i c a l  c o n s e r v e d  q u a n t i -  
t i e s  of the  f r e e  n o n - r e l a t i v i s t i c  p a r t i c l e ,  we a r r i v e  i m m e d i a t e l y  at  a " p h y s i -  
c a l "  r e p r e s e n t a t i o n  of the  G a l i l e i  g r o u p ,  not  a t  an " u n p h y s i c a l "  fa i th fu l  one'. 
T h i s  i s  a nea t  f u t u r e  which  m a y  he lp  to e x p l a i n  the  " s t r a n g e "  s i t u a t i o n  a s  
f a r  a s  the  p h y s i c a l  s i g n i f i c a n c e  of the  d i f f e r e n t  t y p e s  of u n i t a r y  r e p r e s e n -  
t a t i o n s  of the  G a l i l e i  g r o u p  a r e  c o n c e r n e d .  

8. INTERACTIONS 

The  s y m m e t r y  g r o u p  O(2,4fl of the  f r e e  n o n - r e l a t i v i s t i c  p a r t i c l e  i s  g e n -  
e r a l l y  b r o k e n  if i n t e r a c t i o n s  a r e  t a k e n  into accoun t .  We  s h a l l  d i s c u s s  t h i s  
s y m m e t r y  b r e a k i n g  f o r  u n i t a r y  r e p r e s e n t a t i o n s  s y s t e m a t i c a l l y  in a s e c o n d  
p a p e r  [15]. In t h i s  s e c t i o n  we s h a l l  d e a l  with s o m e  f e a t u r e s  p e r t a i n i n g  to 
t he  c l a s s i c a l  c a s e :  

(i) C o n s i d e r  t he  H a m i l t o n  func t ion  H = ½p2 + V(x) of a p a r t i c l e  in  a p o -  
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t e n t i a l  V ( x ) .  The  t i m e  d e r i v a t i v e  d s / d t  of the d i l a t a t i o n  m o m e n t u m  
s = 2 E t -  r . p i s  g i v e n  by  

ds 
d t  = 2V(x) + x .  g r a d  V ( x ) .  

T h i s  m e a n s  that  the quan t i ty  s is  a c o n s t a n t  of mo t ion  only if the po ten t i a l  
V(x) e i t h e r  v a n i s h e s  i d e n t i c a l l y  or  is  h o m o g e n e o u s  of d e g r e e  -2. A r o t a -  
t i o n a l l y  i n v a r i a n t  po t en t i a l  of th i s  type is  V = - A / x  2. T h i s  po t en t i a l  m o d i -  
f i e s  the c e n t r i f u g a l  po ten t i a l .  By u s ing  exp l ic i t  e x p r e s s i o n s  [16] for  x = x ( t )  
and  p ( t )  one can  v e r i f y  that  the d i l a t a t i on  m o m e n t u m  is  indeed  a c o n s t a n t  of 
mo t ion  for  th i s  po ten t i a l .  

(ii) In o r d e r  to i l l u s t r a t e  the r e a s o n  why m o s t  of the n o n - r e l a t i v i s t i c  s y s -  
t e m s  with i n t e r a c t i o n s  a r e  not i n v a r i a n t  even  u n d e r  d i l a t a t i o n s ,  we c o n s i d e r  
a p a r t i c l e  with m a s s  m in the g r a v i t a t i o n a l  f ie ld  of a p a r t i c l e  with m a s s  M. 
The  H a m i l t o n  func t i on  is  H = ( 1 ~ 2 r e ) p 2  - G ( m M / r )  = E ,  r = I x  I. Since  the 
f ixed  m a s s e s  rn and  M a r e  c o n s i d e r e d  to be i n v a r i a n t  u n d e r  the d i l a t a t i o n s  
x --* e ~ x, the t i m e  t has  to t r a n s f o r m  as  t --* e 2a t in o r d e r  to make  the k i n e t -  
ic t e r m  of the a c t i o n  i n t e g r a l  i n v a r i a n t .  But then  the i n t e r a c t i o n  t e r m  of the 
a c t i o n  i n t e g r a l  i s  not  i n v a r i a n t  u n d e r  d i l a t a t i o n s  for  the fo l lowing r e a s o n s :  
It i s  n a t u r a l  to u se  the u n i t s  l ength ,  m a s s  and  ac t i on  in n o n - r e l a t i v i s t i c  s y s -  
t e m s .  In the f r a m e w o r k  of t hese  u n i t s  the g r a v i t a t i o n a l  cons t an t  G has  the 
d i m e n s i o n  ( l e n g t h ) - l ( m a s s ) - 3 ( a c t i o n ) 2 .  Since G i s  a f ixed c o n s t a n t  for  the 
s y s t e m  u n d e r  c o n s i d e r a t i o n ,  it does  not  change  u n d e r  d i l a t a t i ons :  

The  d e e p e r  r e a s o n  for  the n o n - i n v a r i a n c e  u n d e r  d i l a t a t i o n s  is ,  t h e r e -  
fo re ,  that  the coupl ing  c o n s t a n t  G c o n t a i n s  a f ixed length  with r e s p e c t  to the 
mo t ion  of the two p a r t i c l e s  of the s y s t e m .  A theory  about  the p h y s i c a l  o r i g i n  
of such a f ixed l eng th  would p r o b a b l y  shed new l ight  on the b r e a k i n g  of d i l a -  
t a t i on  i n v a r i a n c e  (whether  it i s  of c o s m i c  or  a t o m i c  o r i g i n ,  fo r  i n s t ance l ) .  

On the o the r  hand  it i s  of g r e a t  i m p o r t a n c e  that  - c o n t r a r y  to the n o n -  
r e l a t i v i s t i c  s i t u a t i o n  - m a n y  i m p o r t a n t  r e l a t i v i s t i c  s y s t e m s  l ike  q u a n t u m  
e l e c t r o d y n a m i c s ,  e tc . ,  have  L iouv i l l e  i n v a r i a n t  i n t e r a c t i o n  L a g r a n g e a n s  
[4, 17]. F o r  t hese  s y s t e m s  the s y m m e t r y  is  b r o k e n  by the k ine t i c  m a s s  
t e r m s .  

(iii) The  n o n - i n v a r i a n c e  of many  n o n - r e l a t i v i s t i c  ac t ion  i n t e g r a l s  u n d e r  
d i l a t a t i o n s  does  not m e a n  that  the c o r r e s p o n d i n g  e qua t i ons  of mot ion  a r e  
not  i n v a r i a n t .  If we have 

d2x  
m - ~  = - g r a d  V ( x ) ,  (19) 

and  ff V ( x )  i s  h o m o g e n e o u s  of d e g r e e  fi, then the equa t ion  of mot ion  (19) 
i s  i n v a r i a n t  u n d e r  d i l a t a t i o n s  x ~ e a x ,  if the t i m e  t t r a n s f o r m s  a s  
t --" e~(1-½fi) t. T h i s  i n v a r i a n c e  may  he qui te  use fu l  [16], but  it does  not 
l e ad  to new c o n s e r v a t i o n  laws.  

(iv) The  d i l a t a t i o n  m o m e n t u m  s = 2 E t  - r . p  i s  of i n t e r e s t  even  if it i s  
not  c o n s e r v e d :  If the  po t en t i a l  V is  h o m o g e n e o u s  of d e g r e e  B, then  the t i m e  
d e r i v a t i v e  of s i s  

ds d 
dt- = 2E - ~ - ( x .  p )  = (2+ fi) V ( x ) .  (20) 
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If the  s y s t e m  is  such that  the quan t i ty  Ix "P l  i s  bounded  f r o m  above,  we 
can  c a l c u l a t e  the t i m e  a v e r a g e  of eq. (20). With the de f in i t i on  

T 
: l i m  I f F ( t ) d t ,  

T ~  o 

we get d-s/dt = 2E = (2+f~) V(x),  or  

2E 
V(x) -- 2 + ~" (21) 

Eq. (21) is  the w e l l - k n o w n  v i r i a l  t h e o r e m  [18]. 
(v) As  the d i l a t a t i o n  m o m e n t u m  s and  the B e s s e l - H a g e n  m o m e n t a  h and  

h ° a r e  not f a m i l i a r  to m a n y  p h y s i c i s t s ,  it s e e m s  to be wor thwhi le  to i l l u s -  
t r a t e  t h e i r  i n tu i t i ve  m e a n i n g .  In o r d e r  to do th i s ,  we c o n s i d e r  the n o n - r e l a -  
t i v i s t i c  e l a s t i c  s c a t t e r i n g  of two p a r t i c l e s  of the s a m e  m a s s  m, a s s u m i n g  
m e r e l y  the c o n s e r v a t i o n  l aws  a s s o c i a t e d  with the 1 0 - p a r a m e t e r  G a l i l e i  
g roup ,  the d i l a t a t i o n s ,  and  the spec i a l  L iouv i l l e  group.  The  e x i s t e n c e  of a 
H a m i l t o n  func t ion  is  not r e q u i r e d .  The  fo l lowing d i s c u s s i o n  i s  a na l ogous  to 
tha t  of the e x t r e m e  r e l a t i v i s t i c  c a s e  of ref .  [4]. 

We a s s u m e  the a s y m p t o t i c  m o t i o n s  of the two p a r t i c l e s  at t -+ - ~  and  
t -~ + :¢ can  be c h a r a c t e r i z e d  by the f r e e  m o t i o n s  

x i=  ( p i / m ) t + a i ,  i = 1 , 2 ,  t - + - ~ ,  (22a) 

' ~ /  ' i = 1 ,  2 ,  t - +  + ~.  (22b) x i = ( p  m ) t  + a i ,  

Before  the s c a t t e r i n g  we have in the  c .m.  s y s t e m  P l  = P = - P 2 ,  
x 1 +  x 2 = X = c o n s t .  We c h o o s e X = 0 a n d h a v e a  1 = a = - a  2. B e c a u s e  of 
the  i n t e r a c t i o n  the q u a n t i t i e s  p~,  i = 1 ,2 ,  and  a~, i = 1 ,2 ,  a r e  in g e n e r a l  
d i f f e r e n t  f r o m  Pi  and  a i. We c o n s i d e r  now the c o n s t r a i n t s  i m p o s e d  by the  
c o n s e r v a t i o n  l aws  m e n t i o n e d  above:  

M o m e n t u m  c o n s e r v a t i o n  give~ p~  = p '  = -p½. F r o m  e n e r g y  c o n s e r v a -  
t ion  we have E 1 + E 2 = 2E = E l  + E½; C o n s e r v a t i o n  of the to ta l  G a l i l e i  m o -  
m e n t u m  g l  + g2  y i e l d s  a l  a '  = - a  2. A n g u l a r  m o m e n t u m  c o n s e r v a t i o n  
g i v e s  

I 

m I + m 2 = 2a×p  = m~  + m 2 = 2 a ' × p ' .  (23) 

F r o m  th i s  it fo l lows  that  a s i n y  = a '  s i n F ' ,  w he r e  ~ and  ~ '  a r e  the a n g l e s  
b e t w e e n  a and  p and  a '  and  p '  r e s p e c t i v e l y .  

A n g u l a r  m o m e n t u m  c o n s e r v a t i o n  m e a n s  that  the " v e r t i c a l  d i s t a n c e "  of 
the  a s y m p t o t i c  s t r a i g h t  l i n e s  of mo t ion  f r o m  the  o r i g i n  - the i m p a c t  p a r a m -  
e t e r  - i s  the s a m e  b e f o r e  and a f t e r  the s c a t t e r i n g .  It does  not  say any th ing  
about  the " p a r a l l e l "  d i s t a n c e  a eo s~ .  In g e n e r a l  we sha l l  have  a c o s y  
¢ a '  c o s y ' ,  b e c a u s e  the i n t e r a c t i o n  s lows  down or  a c c e l e r a t e s  the p a r t i c l e s  
in the i n t e r a c t i o n  r e g i o n  (pos i t ive  or  nega t ive  t i m e  delay) .  

The  new f e a t u r e  now i s  tha t  the c o n s e r v a t i o n  of the to ta l  d i l a t a t i on  m o -  
m e n t u m  s I + s 2 f o r b i d s  such a t i m e  delay:  F o r  we have  

s 1 + s 2 = - 2 a .  p = s~ + s½ -- - 2 a ' .  p ' ,  (24) 
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or  a cosy, = a '  c o s t " .  C o m b i n e d  with eq. (23) th i s  i m p l i e s  a '  = a and  
? ' ~ 7 .  

The  above  r e s u l t  m e a n s  that  in an e l a s t i c  s c a t t e r i n g  which c o n s e r v e s  not 
only the u sua l  t en  q u a n t i t i e s  but  a l so  the total  d i l a t a t i on  m o m e n t u m ,  the 
v e c t o r  a can  only be ro ta ted ,  the ang le  of r o t a t i o n  be ing  the s c a t t e r i n g  angle .  
T h e r e f o r e ,  the c r o s s  s ec t i on  can  depend  only on the s c a t t e r i n g  ang le  in a 
n o n - t r i v i a l  way, i t s  e n e r g y  dependence  is  d e t e r m i n e d  b e c a u s e  a '  depends  
only on the s c a t t e r i n g  angle .  T h i s  is ,  of c o u r s e ,  a s e v e r e  r e s t r i c t i o n ,  and 
we expect  the c o n s e r v a t i o n  of the tota l  d i l a t a t i on  m o m e n t u m  only in l i m i t i n g  
o r  a p p r o x i m a t e  c a s e s .  

F i n a l l y ,  it t u r n s  out that  the c o n s e r v a t i o n  of the tota l  B e s s e l - H a g e n  m o -  
m e n t a  h l  + b 2  and  h ° + h ° is  fu l f i l l ed  a u t o m a t i c a l l y  in e l a s t i c  s c a t t e r i n g ,  if 
the sum of the d i l a t a t i o n  m o m e n t a  is  c o n s e r v e d .  

(vi) It has  a l r e a d y  been  m e n t i o n e d  [14] that  the q u a n t i t i e s  d i s c u s s e d  in 
sec t .  3 a r e  c o n s e r v e d  for  any e l e m e n t a r y  exc i t a t i on  with a d i s p e r s i o n  law 
E=Ap a. Such e x c i t a t i o n s  p lay  an i m p o r t a n t  ro le  in l o w - t e m p e r a t u r e  s o l i d -  
s t a t e  p h y s i c s  (phonons,  m a g n o n s  etc.) .  If the i n t e r a c t i o n  be t w e e n  two such 
e l e m e n t a r y  e x c i t a t i o n s  is  a p p r o x i m a t e l y  d i l a t a t i on  i n v a r i a n t ,  the c r o s s  s e c -  
t ion  for  an e l a s t i c  s c a t t e r i n g  of such  e x c i t a t i o n s  off each o ther  wil l  have  the 
a p p r o x i m a t e  f o r m  [4] dcr/d~ = E - 2 A ( ~ ) ,  where  E is  the e .m.  ene rgy  and A de-  
p e n d s  only  on the s c a t t e r i n g  ang le  ~. If E ~ 0 for  T ( t e m p e r a t u r e )  ~ 0, then 
the c r o s s  s ec t i on  d i v e r g e s .  In a v e r y  in tu i t ive  s e n s e  th i s  m e a n s  that  l ong -  
r a n g e  c o r r e l a t i o n s  b e c o m e  i m p o r t a n t .  Someth ing  l ike  th i s  s e e m s  to happen  
for  m a n y - p a r t i c l e  s y s t e m s  at v a n i s h i n g  a b s o l u t e  t e m p e r a t u r e s .  

However ,  we want  to e m p h a s i z e  that  these  r e m a r k s  a r e  m e r e  s p e c u l a -  
t i ons  and  that  a m o r e  de t a i l ed  a n a l y s i s  is  c e r t a i n l y  n e c e s s a r y  be fo re  one 
can  say m o r e  about  the i m p o r t a n c e  of d i l a t a t i o n s  and the spec i a l  L i o u v i l l e  
g roup  for  l o w - t e m p e r a t u r e  phys i c s .  

P a r t  of the p r e s e n t  work  was  done du r ing  a s tay at the U n i v e r s i t y  of 
B e r n  d u r i n g  the w i n t e r  1966/1967.  I a m  v e r y  much  indeb ted  to P r o f e s s o r  
A. M e r c i e r  and  P r o f e s s o r  H. L e u t w y l e r  for  t h e i r  i nv i t a t i on  to come  to B e r n  
and  for  t h e i r  v e r y  k ind  hosp i t a l i t y .  
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