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Abstract
We summarizethe presentstatusof the AGK cutting rules in perturbative
QCD. Particularattentionis given to the applicationof the AGK analysisto
multiplescatteringin DIS atHERA andin pp collisionsat theLHC

1 Intr oduction

Multiple partoninteractionsplay an importantrole both in electronprotonscatteringat HERA andin
high energy protonprotoncollisionsat the LHC. At HERA, the linear QCD evolution equationspro-
vides,for not too smallQ2, a gooddescriptionof theF2 data(andof thetotal 
 � p crosssection,� 
 � p

tot ).
This descriptioncorrespondsto theemissionof partonsfrom a singlechain(Fig.1a). However, at low
Q2 wherethe transitionto nonperturbative stronginteractionphysicsstarts,this simplepicturehasto
supplementedwith corrections.First, thereexistsaclassof models [1] whichsuccessfullydescribethis
transitionregion; thesemodelsarebasedupontheideaof partonsaturation:they assumetheexistenceof
multiple partonchains(Fig.1b)which interactwith eachother, andthey naturallyexplain theobserved
scalingbehavior, F2(Q2; x) � F2(Q2=Q2

s(x)) with Q2
s(x) = Q2

0(1=x) � . Next, in thephotoproduction
region,Q2 � 0, directevidencefor thepresenceof multiple interactionsalsocomesfrom theanalysisof
�nal states[2]. A furtherstronghint at thepresenceof multi-chaincon�gurationscomesfrom theobser-
vationof a largefractionof diffractive �nal statesin deepinelasticscatteringatHERA. In the�nal states
analysisof thelinearQCD evolution equations,it is expectedthattheproducedpartonsarenot likely to
comewith largerapidityintervalsbetweenthem.In themomentum-orderedsinglechainpicture(Fig.1a),
therefore,diffractive �nal statesshouldbepartof theinitial conditions(insidethelower blob in Fig.1a),
i.e. they shouldlie below thescaleQ2

0 which seperatesthepartondescriptionfrom thenonperturbative
stronginteractions.This assignmentof diffractive �nal states,however, cannotbecomplete.First, data
haveshown thatthePomeronwhichgeneratestherapiditygapin DIS diffractionis harderthanin hadron
- hadronscattering;furthermore,therearespeci�c diffractive �nal stateswith momentumscaleslarger
thanQ2

0, e.g. vectormesonsbuilt from heavy quarksanddiffractive dijets (illustratedin Fig.2): the
presenceof such�nal statesnaturallyrequirescorrectionsto thesinglechainpicture(Fig.2b). Froma
t-channelpointof view, bothFig.1bandFig.2bbelongto thesameclassof corrections,characterizedby
four gluonstatesin thet-channel.

Fig. 1: Contributionsto the total crosssection� 
 � p
tot : (a) the singlechainrepresentingthe linear QCD evolution

equations;(b) gluonproductionfrom two differentgluonchains.



Fig. 2: Harddiffractive�nal states.(a)dijet production;(b) thediffractivecrosssectionass-channeldiscontinuity
of a two-ladderdiagram.

Fig. 3: Jetproductionin ppcollisionsfrom two differentpartonchains

In proton-protoncollisionscorrectionsdueto multiple interactionsshouldbe importantin those
kinematicregions wherepartondensitiesfor small momentumfractionsvaluesand for not too large
momentumscalesarebeingprobed,e.g. jet productionneartheforwarddirection.Anotherplacecould
be theproductionof multijet �nal states(Fig.3): multiple jetsmay comefrom differentpartonchains,
andthesecontributionsmayverywell affect thebackgroundto new physicsbeyondthestandardmodel.
Moreover, the modellingof multijet con�gurationswill be necessaryfor understandingthe underlying
eventstructurein pp collidions [3].

From thepoint of view of collinearfactorization,multiple interactionswith momentumordered
partonchainsarehigher-twist effects,i.e they aresuppressedby powersof thehardmomentumscale.At
small x, however, this suppressionis compensatedby powersof the large logarithms,ln 1=x: multiple
interactions,therefore,aremainly part of small-x physics. In this kinematicregion the Abramovsky-
Gribov-Kanchelli(AGK) [4] rulescanbeappliedto theanalysisof multi-gluonchains,andit is theaim
of this articleto presentabrief overview aboutthecurrentstatusof theAGK rulesin pQCD.

As wewill discussbelow, in theanalysisof multiplepartonchainsthecouplingsof n gluonsto the
protonplay anessentialrole. Reggefactorizationsuggeststhat thesecouplingshouldbeuniversal,i.e.
thecouplingsin 
 � p collisionsat HERA arethesameasthosein pp scatteringat theLHC. Therefore,
a thoroughanalysisof the role of multiple interactionsin deepinelasticelectron-protonscatteringat
HERA shouldbeusefulfor asolidunderstandingof thestructureof eventsat theLHC.

2 Basicsof the AGK cutting rules

Theoriginal AGK paper [4], which waswritten beforetheadventQCD,addressesthequestionhow, in
theopticaltheorem,

� pp
tot =

1
s

I m T2! 2 =
X

f

Z
d
 f jTi ! f j2 (1)

thepresenceof multi-Pomeronexchanges(Fig.4) in the total hadron-hadroncrosssectionleadsto ob-
servable effects in the �nal states(rhs of eq.(1)). Basedupona few model-independentassumptions
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Fig. 4: s-cut througha multi-Pomeronexchange:thezig-zaglinesstandfor nonperturbative Pomerons.

on thecouplingsof multi-Pomeronexchangesto theproton,theauthorsderived simple`cuttingrules':
differentcontributionsto theimaginarypartbelongto differentcutsacrossthemulti-Pomerondiagrams,
andeachcuthasits own, quitedistinct,�nal statecharacteristics.As aresult,theauthorsfoundcounting
rulesfor �nal stateswith differentparticlemultiplicities,andthey provedcancellationsamongrescatter-
ing correctionsto single-particleanddouble-particleinclusive crosssections.

In theQCD descriptionof hard(or semihard)�nal statesa closeanalogyappearsbetween(color
singlet)gluon laddersandthe nonperturbative Pomeron:multiple partonchains(for example,the two
chainsin Fig.1b)canbeviewedascutsthroughtwo perturbative BFKL Pomerons.In thesameway as
in theoriginal AGK paper, thequestionariseshow differentcutsthrougha QCD multi-ladderdiagram
canberelatedto eachother. In thefollowing we brie�y describehow AGK cuttingrulescanbederived
in pQCD [5,6]. In thesubsequentsectionwewill presenta few new resultswhichcomeout from pQCD
calculations,goingbeyondtheoriginalAGK rules.

One of the few assumptionsmadein the original AGK paperstatesthat the coupling of the
Pomeronsto the externalparticleare (i) symmetricunderthe exchangeof the Pomerons(Bosesym-
metry),and(ii) that they remainunchangedif someof thePomeronsarebeeingcut. Theseproperties
alsohold in pQCD,but they have to be reformulated:(i') the couplingof (reggeized)gluonsto exter-
nal particlesis symmetricundertheexchangeof reggeizedgluons,and(ii') it remainsunchangedif we
introducecutting linesbetweenthegluons. In QCD, however, thecolor degreeof freedomalsoallows
for anotherpossibility: insidethen-gluonstate(with total color zero),a subsystemof two gluonscan
form an antisymmetriccolor octetstate: in this casethe two gluonsform a boundstateof a reggeized
gluon (bootstrapproperty). For the caseof 
 � 
 � scattering,explicit calculations [7] have shown that
the couplingof n gluonsto virtual photonscanbe written asa sumof several pieces:the fully sym-
metric ('irreducible') onewhich satis�es (i') and(ii'), andotherpieceswhich, by usingthe bootstrap
property, canbereducedto symmetriccouplingsof a smallernumberof gluons('cut reggeons').This
decompositionis illustratedin Fig.5.

Fig.5Decompositionof thecouplingof four gluonsto a virtual photon.In thelasttwo termson therhsit is understoodthatwe

have to sumover differentpairingsof gluonsat thelower end.

Sincethebootstrappropertyis relatedto the regeizationof the gluon and,therefore,is expectedto be
valid to all ordersperturbationtheory, also thesepropertiesof the couplingsof multi-gluon statesto
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externalparticlesshouldbe of generalvalidity. In this shortreview we will mainly concentrateon the
symmetriccouplings.

As an illustrative example,we considerthe couplingof four gluonsto a proton. The simplest
modelof a symmetriccouplingis a sumof threepieces,eachof which containsonly thesimplestcolor
structure:

Fig.6Thesymmetriccouplingof four gluonsto anexternalparticle.Thelinesinsidetheblobdenotethecolorconnection,

e.g.the�rst termhasthecolorstructure� a1 a2 � a3 a4 .

Thebest-known cuttingrule for thefour gluonexchangewhich follows [5,6] from thissymmetry
requirementis theratio betweenthethreedifferentpairingsof lines:

Fig 7: differentcuttinglinesin thefour-gluonexchange.

Eachterm, on the partoniclevel, correspondsto a certainmultiplicity structureof the �nal state: a
rapiditygap('zeromultiplicity'), doublemultiplicity, andsinglemultiplicity. Simplecombinatoricsthen
leadsto theratio

1 : 2 : � 4: (2)

In orderto beableto generalizeandto sumover anarbitrarynumberof gluonchains,it is convenientto
useaneikonalansatz:

N A
2n (k 1; a1; : : : ; k 2n ; a2n ; ! ) =

1
p

(N 2
c � 1)n

 
X

P air ing s

� A (k 1; k 2; ! 12)� a1 a2 � ::: � � A (k 2n� 1; k 2n ; ! 2n� 1;2n )� a2n � 1 a2n

!

: (3)

Insertingthis ansatzinto the hadron- hadronscatteringamplitude,usingthe large-N c approximation,
andswitchingto the impactparameterrepresentation,oneobtains,for the contribution of k cut gluon
ladders,thewell-known formula:

I mA k = 4s
Z

d2beiqbP(s;b) (4)
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where

P(s;b) =
[
( s;b)]k

k!
e� 
( s;b) ; (5)

and
 standsfor the(cut) two-gluonladder.

Anotherresult [6] which follows from thesymmetrypropertiesof then gluon-particlecoupling
is thecancellationof rescatteringeffectsin singleanddoubleinclusive crosssections.In analogywith
the AGK resultson the rescatteringof soft Pomerons,it canbe shown that the sumover multi-chain
contributionsandrescatteringcorrectionscancels(Fig.8),

Fig 8: AGK cancellationsin theone-jetinclusive crosssection.

leaving only thesingle-chaincontribution (in agreementwith thefactorizationobtainedin thecollinear
analysis).This statement,however, holdsonly for rescatteringbetweenthe two projectile: it doesnot
affect themultiple exchangesbetweenthetaggedjet andtheprojectile(Fig.9)which requirea seperate
discussion(seebelow).

Fig 9: (a)Nonvanishingrescatteringcorrectionsin theone-jetinclusive crosssection;(b) a new vertex: g + 2g ! j et.

All theseresultscanbegeneralizedto includealsothesoft Pomeron:all oneneedsto assumeis thatthe
couplingsof soft Pomeronsandreggeizedgluonsaresymmetricunderinterchanges,andthey arenot
alteredif cuttinglinesareintroduced.

3 Newresults

Explicit calculationsin QCD lead to futher resultson multiple interactions. First, in the four gluon
exchangethereareothercon�gurationsthanthoseshown in Fig.7; oneexampleis depictedin Fig.10.
Herethe pairing of gluon chainsswitchesfrom (14)(23) in the upperpart (= left rapidity interval) to
(12)(34) in thelower part(= right rapidity interval).

Fig 10: Decompositioninto two rapidity intervals: theupper(left) interval hasdoublemultiplicity, thelower (right) one

correspondsto a rapiditygap.
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Onecanshow thattheratio 1 : 2 : � 4 holdsfor eachrapidity interval. In [6] this hasbeengeneralized
to anarbitrarynumberof exchangedgluonlines.

Anotherremarkappliesto the applicabilityof thecutting rulesto rescatteringcorrectionsin the
singlejet inclusive crosssection(Fig.9).Below thejet vertex we,again,have anexchangeof four gluon
lines,similarto thediagramin themiddleof Fig.7.As to thecuttingrules,however, thereis animportant
differencebetweenthe two situations.In Fig.7, theblob above the four gluonsis totally inclusive, i.e.
it containsan unrestrictedsumover s-channelintermediatestates,whereasin Fig.9 the part above the
four gluonstateis semi-inclusive , i.e. it containsthe taggedjet. This 'semi-inclusive' naturedestroys
thesymmetryabove thefour gluonstates,andthecuttingruleshave to bemodi�ed [8,9]. In particular,
eqs.(3)- (4) arenot applicableto the rescatteringcorrectionsbetweenthe jet andprojectile. A further
investigationof thesequestionsis in progress[10].

Finally a few commentson reggeizationandcut reggeons.Clearly therearemorecomplicated
con�gurationsthanthosewhich we have discussedso far; an exampleappearsin 
 � p scattering(deep
inelasticelectronprotonscattering).In contrastto pp scattering,thecouplingof multi-gluonchainsto
the virtual photoncanbe computedin pQCD, andthe LO results,for the caseof n = 4 gluons,are
illustratedin Fig.11.

Fig.11:Four-gluoncontributionsto 
 � p protonscattering:two equivalentwaysof summingover all contributions.

(a) thedecompositionof Fig.5with thepQCDtriple Pomeronvertex. (b) analternative wayof summationwhichexplicitly

shows thecouplingof two Pomeronsto thephotonvertex andwhich leadsto a new vertex Z .

It turnsout thatwe have two alternative possibilities:in thecompletelyinclusive case(total crosssec-
tion), it is convenientto choseFig.11a,i.e. thesumof all contributionscanbedecomposedinto two sets
of diagrams.In the�rst set,at thetopof thediagramtwo gluonscoupleto thequark-antiquarkpair, and
thesubsequenttransitionto thefour-gluonstategoesvia thepQCDtriple Pomeronvertex. This vertex,
asa functionof the4 gluonsbelow, hasthesymmetrypropertiesdescribedabove. As a result,we can
applythecuttingrulesto thefour gluonstate,asdiscussedbefore.However, thereis alsothesecondterm
in Fig.11a,which consistsof a two gluon stateonly: this is the reggeizingcontribution we have men-
tionedbefore.As indicatedin the�gure, thesplitting of thereggizedgluonsat thebottomamountsto a
changein the(nonperturbative) coupling.We wantto stressthat,becauseof theinclusive natureof this
setof diagrams,thetriple Pomeronvertex V in Fig.11a,similar to theBFKL kernel,containsbothreal
andvirtual contributions. For this reason,thedecompositionin Fig.11ais applicableto inclusive cross
sections,andit is not convenientfor investigatingspeci�c �nal statessuchas,for example,diffractive
�nal stateswith a �x ednumberof quarksandgluonsin the�nal state.

Thereexistsanalternativewayof summingall contributions(Fig.11b)which is completelyequiv-
alentto Fig.11abut allows to keeptrackof diffractive q�q, q�qg,... �nal states:this form is illustratedin
Fig.11b. Onerecognizesthe 'elastic intermediatestate'which wasnot visible in Fig.11a,andthenew
triple Pomeronvertex Z which containsonly realgluonproduction.This vertex Z , asdiscussedin [11]
is nolongersymmetricunderpermutationsof thegluonsat thelowerend;consequently, wecannotapply
theAGK cutting rulesto the four gluonstatesbelow.. These�ndings for multiple scatteringeffectsin
DIS imply, strictly speaking,thatcrosssectionsfor diffractiveq�qor q�qg statescannotdirectlybeinserted
into thecountingrules(2).

Also pp scatteringwill containcorrectionsdueto multiple interactionswhich aremorecomplex.
Thereare, for example,graphswhich containthe 2 ! 4 gluon vertex V , leadingto a changeof the
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numberof gluonlines( Fig.12).

Fig 12: A correctionin which thenumberof lineschanges.
Theblackvertex denotesthe2 ! 4 gluonvertex.

Sincethis 2 ! 4 gluonvertex, asa functionof thefour gluonsbelow thevertex, satis�esthesymmetry
requirementslisted above, we can apply our previous analysisto the cutting lines below the vertex.
In addition, however, one can ask how the lines continueabove the 2 ! 4 gluon vertex: we show
two examples,oneof themcontaininga cut (reggeized)gluon. Concentratingon this two-gluonstate
(i.e. we imaginethatwe have alreadysummedover all possiblecutting linesbelow thevertex V), the
countingrulesarequitedifferent:in contrastto theeven-signaturePomeron,thegluonis aodd-signature
reggeon. Consequently, the cut gluon is suppressedw.r.t. the uncutgluon by one power in � s, and
this suppressionleadsto the following hierarchyof cutting lines: the cut betweenthe gluonsbelongs
to leadingorder, thecut throughoneof the two reggeizedgluonsis supressedby onepower in � s, the
cut throughbothreggeizedgluonsis doublesuppressed(order� 2

s). A closeranalysisof this questionis
underinvestigation[10].

4 Conclusions

Correctionsdueto multiple interactionsseemto be importantin DIS at small x andlow Q2; they are
expectedto playasigni�cant rolealsoin multijet productionin ppscattering.Thestudyof theAGK rules
to pQCDprovideshelpin understandingthesystematicsof multiple gluonchains.Resultsdescribedin
thisreview representthebeginningof asystematicanalysis.Wehavelistedafew questionswhichrequire
furtherwork.

As an immediateapplication,we believe that a quantitative analysisof multiple scatteringat
HERA will provide a usefulinput to themodellingof �nal statesat theLHC.

A questionof practicalimportancewhich we have not addressedat all is the hadronizationof
partonic�nal states.All statementson ratiosof 'particle densitiesin the�nal states'madein this paper
refer to theparton(gluon) level. However, thehadronizationof eventswhich, for example,belongto a
double-cutladdercon�gurationmaybequitedifferentfrom theoneobtainedby applyingjust thenormal
single-chainhadronizationto eachchainseperately. Theanswerto thisquestion1 goesbeyondtheAGK
analysisdiscussedin thispaper.
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