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Plan of the Lectures

1. Introduction to Standard Cosmology: • GR, particle physics and thermodynamics

• Present data and open questions

• A short history of the Early Universe

2. Thermal relics and Dark Matter: • The Boltzmann equation in the expanding Universe

• The number density of a Thermal relic → WIMPs

• Supersymmetry and the neutralino DM

• Other SUSY candidates: gravitino & Co

3. The baryon asymmetry: • Nucleosynthesis and baryon number of the Universe

• Sakharov’s conditions

• Sphaleronic transitions and EW baryogenesis

• Leptogenesis and neutrino masses



Standard cosmology

Isotropic and homogeneous universe on the scales larger or equal to 100 Mpc
=⇒ Friedmann-Robertson-Walker metric:

ds2 = dt2 − a2(t)

(

dr2

1 − kr2
+ r2dθ2 + r2 sin2 θdφ2

)

= gµνdxµdxν

SCALE FACTOR 3D CURVATURE: k = ±1, 0 for hyperbolical/spherical/flat

open/closed or flat 3D space

Comoving coordinates r, θ, φ, physical coordinates are rescaled by a(t)...

In general way we can write dχ2 = dr2

1−kr2 so that
r = Sk(χ) =















sin(χ) k = 1

χ k = 0

sinh(χ) k = −1

Also this metric is locally conformal to the Minkowski metric, in fact we can define the conformal time

dη = dt/a(t) and then we can write

ds2 = a2(t)
(

dη2 − dχ2 − S2
k(χ)dΩ2

)



At large red-shift the Universe seems to become homogeneous...



Cosmic Microwave Radiation: Perfect BLACK BODY in all directions !!!

picture from http://map.gsfc.nasa.gov



From such a metric without any assumption on the function a(t), it directly comes the Hubble law:

v =
dD

dt
=

d(a(t)r)

dt
= ȧr =

ȧ

a
ar = H(t)D

the velocity of recession is proportional to the distance, with ”constant” of proportionality given by

H(t) = ȧ/a the Hubble parameter. → Hubble flow discovered by Hubble in 1920’s.

Another direct consequence is the red- or blue-shifting of light travelling on geodesics dη = dχ: the

conformal period is constant so we have

∆tem

a(tem)
=

∆tobs

a(tobs)
⇒

λobs

λem
=

a(tobs)

a(tem)
= 1 + z

the light wavelength is stretched/squeezed by the change in scale factor. We can use the redshift z to

keep track of the expansion of the Universe.

Let us see also what determines the dynamics of a(t)... GENERAL RELATIVITY!



Elements of General Relativity
The dependence of the scale factor from time is determined by Einstein’s equation:

Rν
µ −

1

2
δν
µR = 8πGT ν

µ + Λδν
µ

GEOMETRY of Space-time Energy-momentum tensor: physics content

G is the —Newton constant, Rν
µ the Ricci tensor, while R is its trace, the Ricci scalar (4D curvature),

and they are given as a function of the Crystoffel symbols and the metric by

Rµν = Γα
µν,α − Γα

αν,µ + Γα
µνΓβ

αβ − Γα
µβΓβ

αν

for

Γα
βγ =

1

2
gαδ [gδγ,β + gβδ,γ − gβγ,δ]

where the comma in the indices indicates differentiation, i.e. φ,µ = dφ
dxµ

and gαβ is the inverse of the metric, i.e. gαβgβγ = δα
γ .



For the metric gαβ = diag(1,−
a2(t)

1 − kr2
,−a

2(t)r2
,−a

2(t)r2 sin2
θ) ⇒ g

αα =
1

gαα

.

So the only non-zero components of Γ have at most one index zero and two equal spatial ones, and

are

Γ0
ii = −H(t)gii Γi

0i = Γi
i0 = H(t)

while the others are time independent:

Γi
jj = −

1

2
lilj,i Γi

ij =
1

2
lili,j where li = −giia

−2, li = −giia2.

Then also R has an easy expression: R0
0 = −3(Ḣ + H2) Ri

i = −Ḣ − H2 −
2k

a2

and the Ricci scalar is R = −6

(

Ḣ + 2H2 +
k

a2

)

curved space in 4D also for k = 0 !



Since we have only one single dynamical variable a(t), we have two independent equations.

From the 0 − 0 component of Einstein equation:

3

(

H2 +
k

a2

)

= 8πGT 0
0 + Λ

while the i − i components are equal and give

2
ä

a
+ H2 +

k

a2
= 8πGT i

i + Λ

or summing them together and using the 1st equation:

2
ä

a
= −8πG

(

T 0
0 −

∑

i

T i
i

)

+ 2Λ .

Now the question is: what is T µν ??? And Λ ????



Perfect fluid approximation T µ
ν = (ρ + p)uµuν − pδµ

ν

where ρ and p are the fluid density and pressure, while u is the fluid 4-velocity. So in the rest-frame of

the fluid, where u = (1,~0), i.e. assuming that the fluid is at rest in the Universe, we have

T µ
ν =















ρ 0 0 0

0 −p 0 0

0 0 −p 0

0 0 0 −p















Moreover the energy-momentum tensor is covariantly conserved:

DµT µν = 0 → ρ̇ + 3H(ρ + p) = 0 continuity equation

This can be solved if we know the equation of state p(ρ) = wρ then

ρ̇

ρ
= −3(1 + w)H ⇒ ρ ∝ a−3(1+w)

So the different energy types are modeled by perfect fluids with equation of state wi = pi/ρi .



Energy-momentum tensor in Quantum Field Theory

For a general lagrangian L for a quantum field ϕ we have that the energy-momentum tensor is given by

Tµν =
dL

d∂µϕ
∂νϕ − gµνL

so we have for example for a scalar field, when we can neglect space-gradients:

ρ =
1

2
φ̇2 + V (φ) p =

1

2
φ̇2 − V (φ)

so we have −1 ≤ w = −1 +
φ̇2

1
2 φ̇2 + V (φ)

≤ 1

In particular w = −1 for φ̇ ≃ 0 or w ∼ 0 for φ̇2 ∼ 2V (φ).

For a massless gauge field like the photon instead we have always w = 1
3 .

N.B. The Einstein equation is classical, so we should actually consider in the r.h.s. the vacuum

expectation value of Tµν , but for a quantum field 〈Tµν〉 gets contribution from all vacuum fluctuations

and diverges ! One part of the cosmological constant problem...



Apart for the continuity equation, we need only another equation to solve for the scale factor a(t).

Usually one takes the Friedmann’s equation:

H2 ≡

(

ȧ

a

)2

=
8π

3M2
P

ρ −
k

a2
+ Λ

Hubble energy curvature cosmological

parameter density constant

Or dividing by the present value of H2
0 one has

H2

H2
0

=
8π

3M2
P H2

0

ρ −
k

a2H2
0

+
Λ

H2
0

picture from http://map.gsfc.nasa.gov

Rescale the densities by the critical density as ρc =
3M2

P

8π
H2

0 ⇒ Ωi =
ρi

ρc
∝ a−3(wi+1)/2

H0 is measured presently as h 100 km/s/Mpc, so Ωih
2 are physical energy densities in units of

ρc/h
2 = 1.879 × 10−29 g/cm3 = 1.054 × 104 eV/cm3.



Since k = a2H2(Ωtot − 1), the equation is simply H = H0

(

Ωtot − (Ωtot − 1)a−2
)1/2

Or we can use red-shift and set the boundary conditions today and have

H = H0

√

√

√

√

∑

i

Ωi,0(1 + z)3(1+wi) −

(

∑

i

Ωi,0 − 1

)

(1 + z)2 ∼ H0Ω
1/2
D,0a

−3(wD+1)/2

Depending on the dominant component with equation of state p = wρ , we have

Type w ρ(a) a(t) Ωi(tnow)

Radiation 1/3 ∝ a−4 ∝ t1/2 ∼ 10−5

Matter 0 ∝ a−3 ∝ t2/3 ∼ 1/3

Λ −1 const. eHt ∼ 2/3

Curvature −1/3 ∝ a−2 ∝ t1 ∼ 0
t

radiation

matter

Λ

ρ

teq

⇒ Different epochs of expansion of the Universe



a



How can we measure the expansion history ?

Exploit some Standard Candles and measure the luminosity vs redshift relation !

We can define the luminosity distance as D2
L =

L

4πΦ

Intrinsic luminosity

measured flux

Using the expressions:

∆Eem = Laem∆η ∆Eobs = ∆Eem
aem

aobs

and since the surface is S = 4πa2
obs∆χ2 we have

DL = aobs∆χ(1 + z) = (1 + z)

∫ z

0

dz

H(z)

where for k = 0 we have H = H0

√

∑

i Ωi,0(1 + z)3(1+wi).

Measure the dependence of H from red-shift and the energy content of the Universe!



SN IA data



Another probe: the angular diameter red-shift relation

Use as a reference a Standard Ruler R and measure the angular diameter vs redshift relation !

We can define the angular diameter as ∆θ =
R

aemχem
= (1 + z)

R
∫ z

0
dz

H(z)

One example: sound horizon at the time of radiation decoupling...

The sound horizon at zdec ≃ 1100 is approxi-

mately H−1(zdec), so assuming matter domi-

nation we have

∆θH =
zdecH0Ωtot

2H(zdec)
≃

1

2
z
1/2
dec Ω

1/2
tot



Observed in the first peak in the CMB → Ωtot = 1 !
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A short history of the Universe

• Inflationary epoch setting the initial conditions for Standard Cosmology → next lecture !

• Reheating/Preheating at a temperature TRH > 1 MeV: beginning of the Radiation dominated

epoch;

• Big Bang Nucleosynthesis, production of the lightest elements 2H,3 H,3 He,4 He,6 Li,7 Li;

neutrino decoupling ⇒ light elements abundance, neutrino background...

• Matter-radiation equality: pressure drops and structure formation by gravitational collapse begins...

• Recombination: the electrons are captured by the Nuclei and the Universe becomes transparent

mbox ⇒ CMB !


