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Plan of the Lectures
1. Introduction to Standard Cosmology: e General Relativity and Particle Physics
e Present data and cosmological parameters
e A short history of the Early Universe

e Big Bang Nucleosynthesis

2. Inflation and Structure Formation: e Inflation and background dynamics
e Scalar and tensor perturbations from inflation
e Elements of perturbation theory

e CMB and Large Scale Structure data

3. Thermal Universe and relics e The Boltzmann equation in the expanding Universe
e The number density of a Thermal relic — WIMPs
e Supersymmetry and Dark Matter

e Baryogenesis: EW or via leptogenesis ?



Standard cosmology
Isotropic and homogeneous universe on the scales larger or equal to 100 Mpc
—> Friedmann-Robertson-Walker metric:
dr?
1 — kr?

SCALE FACTOR 3D CURVATURE: k = =1, O for hyperbolical/spherical/flat

ds® = dt* — a”(t) +r2df* + r?sin® 0d¢® = g, dz"dz”

open/closed or flat 3D space

Comoving coordinates r, 8, ¢, physical coordinates are rescaled by a(t)...

r = Sk(x) = < X k=0
| sinh(x) k= -1

: 2 dr?
In general way we can write dx* = 17— so that

Also this metric is locally conformal to the Minkowski metric, in fact we can define the conformal time

dn = dt/a(t) and then we can write
ds* = a*(t) dn® — dx* — Si(x)dQ?

Photons follow "Minkowski” geodesics dn = +dx in conformal time...



At large red-shift the Universe seems to become homogeneous:

\5 . 2dF Galaxy Redshift Survey 0




Cosmic Microwave Radiation: Perfect BLACK BODY in all directions !!!

CosmiCc MICROWAVE BACKGROUND SPECTRUM FROM COBE

THEORY AND OBSERVATION AGREE
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picture from http://map.gsfc.nasa.gov



From such a metric without any assumption on the function a(t), it directly comes the Hubble law:

_ dD _ d(a(t)r) a

v =ar = —ar = H(t)D
dt dt a (*)
the velocity of recession is proportional to the distance, with "constant” of proportionality given by
H (t) = a/a the Hubble parameter. — Hubble flow discovered by Hubble in 1920’s.

Another direct consequence is the red- or blue-shifting of light travelling on geodesics dn = d: the

conformal period is constant so we have

At At
em __ obs _ )\obs _ af(tobs) —1 4o
af(tem) af(tobs) >\em a(tem)

the light wavelength is stretched/squeezed by the change in scale factor. We can use the redshift z to

keep track of the expansion of the Universe.

Let us see also what determines the dynamics of a(t)... GENERAL RELATIVITY!



Elements of General Relativity
The dependence of the scale factor from time is determined by Einstein’s equation:
1
v v L v v
Ry =50 R = 87GT + Aj)
GEOMETRY of Space-time Energy-momentum tensor: PHYSICS content

(5 is the Newton constant, RZ the Ricci tensor, while R is its trace, the Ricci scalar (4D curvature), and

they are given as a function of the Crystoffel symbols and the metric by

Ruw =T, —T%,  +To,T0 T8

nv,o oV, 224 Otﬁ
for
re — 1 od
By = 597" 95,6 + 9554 — 9pr.5]
where the comma in the indices indicates differentiation, i.e. gb,u = dcf%

and g’ is the inverse of the metric, i.e. g‘”‘ﬁgﬁ7 =05,



1
—a’(t)r?, —a’(t)r’sin’ @) = ¢ =—.
Joa

a”(t)

For the metric dapg = diag(l, - 1 — kr2’

So the only non-zero components of I have at most one index zero and two equal spatial ones, and

are

F?i — —H(t)gii 61’ — Féo — H(t)

while the others are time independent:

. 1 . . .
F;j = —517’13‘,@‘ F;j — 51112',3' where lz = (—1_%“02,7“2,7“2 Sin2 9) = l%
- 0 : 5 . : , 2k
Then also R has an easy expression: Ry = —3(H + H*) R;=—-H—-H" — —
a
and the Ricci scalar is R=-6 HA+2H"+ — curved space in 4D also fork = 0!

a2



Since we have only one single dynamical variable a(t), we have two independent equations.

From the 0 — 0 component of Einstein equation:

k
3 H2+? = 87GT, + A

while the © — 7 components are equal and give
a 2 k i
2—-+H +— =87GT; + A
a a

or summing them together and using the 1st equation:

1

6L = 87G TO— T +2A.
a

Now the question is: what is T#" 2?? And A 222?



Perfect fluid approximation T" = (p + p)utu, — po*

where p and p are the fluid density and pressure, while u is the fluid 4-velocity. So in the rest-frame of
the fluid, where u = (1, 0), i.e. assuming that the fluid is at rest in the Universe, we have

p 0 0 0
A
’ 0 0 —-p O
0 0 0 —p

Moreover the energy-momentum tensor is covariantly conserved:

D,IT" =0 — p+3H(p+p) =0 continuity equation

This can be solved if we know the equation of state p(p) = wp then

P 3(1+w)H = poxa 30w
P

So the different energy types are modeled by perfect fluids with equation of state w; — pz-/pz- :



Perfect fluid approximation I

The Einstein equations for a perfect fluid become then

2 .
(G k a A7 G
=== m =g )

= the expansion is always decelerating if p + 3p > 0!

Moreover we can use momentum conservation:
p+3H(p+p)=0

Assuming the equation of state p(p) = wp we can solve the system to give

—3(1—|—w) ao da

=pyg — =ty —t
p=r ap a 87Gpo  ,—1-3w _ L
3a_3(1+w)
0

So different energy types are modeled by perfect fluids with equation of state w; = p, / p; and give
different expansion rates.



Energy-momentum tensor in Quantum Field Theory

For a general lagrangian L for a quantum field ¢ we have that the energy-momentum tensor is given by

dL
T,uy = maygﬁ — guyﬁ

so we have for example for a scalar field, when we can neglect space-gradients:

p= 3B HV6)  p= 8 -V(©)

$2
so we have —1<w=-1+— <1
502+ V(9)
In particular w = —1 for gb ~ 0 (slow roll) or w ~ 0O for gﬁz ~ 2V (¢) (oscillatory regime).

For a massless gauge field like the photon instead we have always w = %

N.B. The Einstein equation is classical, so we should actually consider in the r.h.s. the vacuum
expectation value of TW, but for a quantum field (TW> gets contribution from all vacuum fluctuations

and diverges ! One part of the cosmological constant problem...



. y . 4 I I I 1
Go back to the Friedmann’s equation: Dark Matter + Dark Energy

2 effect the expansion of the universe
2 o Q, Q,
5 Sz k = 3F 0.3 0.7
H* = a — e p + A — ? p” 0.3 0.0
P = 1.0 0.0
T2l ; : _
Hubble energy  cosmological curvature 2
w
parameter density constant §
. ®1h i
Or dividing by the Hubble parameter H? one has )
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picture from http://map.gsfc.nasa.gov
- 3 | 3M% ., |
Rescale all the densities by the critical density as  pe = 8—H = Oy = OQuwithQr = Qypr-
T

(

The present value Hy is measured as h 100 km/s/Mpc, so ), h? are physical energy densities in units
of p./h? = 1.879 x 1072% glem® = 1.054 x 10* evicm?.



Since k = a®*H?(Qy0¢ — 1), the equation is simply 7 — Ho Quor — (Qior — 1)a™2 1/2

Or we can use red-shift z + 1 = ag/a and set the boundary conditions today and have

H = Hy

Qi 0(1 + 2)30tws) —

)

)

Qz’,O —1 (1 + 2)2 ~ HoﬁlD/’%a_S(wD+1)/2

Depending on the dominant component with equation of state p = wp , we have

Type w p(a) a(t) | Qi(tnow)
Radiation | 1/3 oca ™ oct!/2| ~ 1075
Matter 0 oxa? o«t?3| ~1/3
A —1  const. e’ ~2/3
Curvature | —1/3 oca™2 o<t ~ 0

A

radiation

teq t

—> Different epochs of expansion of the Universe



How can we measure the expansion history ?

Exploit some Standard Candles and measure the luminosity vs redshift relation !

5 L Intrinsic luminosity
We can define the luminosity distance as DL = —
AT®  measured flux

Using the expressions:

AE.., = LaonAn  AE,p. = AE,,, -

Qobs
and since the surface is S = 4ma?, Ax? and ® = AFE,ps/(AtopsS), we have
D Ax(l+2)= (142 -Z
= Qobs Z) = 2
L bsAX . H(2)

where for k = 0 we have H = H| Qi o(1 + 2)30+wi),

Measure the dependence of H from red-shift and the energy content of the Universe!

Usually plotted bolometric magnitude m = —2.5 log(®) versus redshift z.



SN IA data

Supernova Cosmology Project

Knop et al. (2003) (VRN
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Another probe: the angular diameter red-shift relation

Use as a reference a Standard Ruler /2 and measure the angular diameter vs redshift relation !

R R
We can define the angular diameter as Al = —— = (1 + Z) Z d
aemXem 0 H(Z)

One example: sound horizon at the time of radiation decoupling...

The sound horizon at z4.. >~ 1100 is approxi-
mately H_l(zdec), S0 assuming matter domi-

nation we have

ZdeeHoSdiot 1 172172
AOyg = ~ — Q)
o 0l (2gee) 2 dectol

recombination



Observed in the first peak in the CMB — (24, = 1|
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History of the Universe
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A short history of the Universe

1" ~ 0 Inflationary epoch setting the initial conditions for Standard Cosmology — next lecture !

T > 1 MeV Reheating/Preheating at a temperature at least IT'r 7 > 1 MeV: beginning of the Radiation

dominated epoch and decoupling of thermal relics — third lecture !

100 GeV-MeV Phase transitions epoch: Electroweak Phase transition at about 100 GeV and QCD phase

transition to confinement at about 200 MeV...

T ~ 1 MeV Big Bang Nucleosynthesis, production of the lightest elements *H,> H.> He,* He,

6Li,7 L7, neutrino decoupling —> light elements abundance, neutrino background...

T~ 0.6 eV Matter-radiation equality: pressure drops and structure formation by gravitational collapse
begins...

1"~ 0.3 eV Recombination: the electrons are captured by the Nuclei and the Universe becomes trans-

parent for photons

— CMB |



Big Bang Nucleosynthesis

After the QCD phase transition at 7’ ~ 200 MeV the baryonic matter are p, n, 7°, 7=, A, . . .,
butat I' ~ 1 MeV only the stable one p and the very long-lived 7 survive. Their number density is not

—m/T

3
suppressed by e ~ ¢~ 107 due to the presence of a chemical potential related to baryon number

wpB. Proton and neutron have the same chemical potential and are still in equilibrium via the reactions

n €

_ _ + __ TOy
n+v<pte pTV—nte >< , GF—ﬁMgv

So the chemical equilibrium gives

ncd Am + [, — e

n _Am
ecqg — €Xp  — ~ e T where Am ~ 1.29 MeV
Ny T
How long do neutrons track equilibrium ??? As long as
2
87TG,0 d 1
2 5 ra 1

o(nv — pe)v) ~ #GLT > H = ~ 1s
{o( pe)v) ~ #Gx = 3 TYEY

So freeze-out happens at 1, ~ 0.84 MeV — nfﬁ ~ (.21 ngq.



Abundances of light elements

After freeze-out the neutrons start to decay with 7 = 886 s, i.e. 1, () = ny, (£, )e /7. The lightest
composite nucleus is Deuterium, that can be produced in the reaction p+ne D+

Unfortunately the bounding energy for D is very low Bp ~ 2.23 MeV and the number of photons in
the Universe above such energy still very large: very easy to dissociate Deuterium !

2

eq
np T oBp/T

DX o
n, B\ D B,

"Deuterium Bottleneck”
where g = np/n~. So D’'s abundance start to grow only after 7' < 0.06 MeV, i.e. ¢ > 300 s.
The equilibrium densities of the other light elements are not reached until after this time, since they are
all produced starting from D:
D+ D «<®He+n *He+ D <" He+p
D+D<*H+p *H+D «—*He+n

D+ D «—* He+~

Most of the neutrons end up in 4 He that is the more strongly bound nucleus, but there remains also a
small fraction of Deuterium and 3 H e and some * Li formed from Helium.



BIG BANG NUCLEOSYNTHESIS: SINGLE PARAMETER 7} !

[Cyburt, Fields & Olive 03] [Cyburt '04]
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Nucleosynthesis as a probe
The predictions of BBN are very sensitive to changes in the overall picture:

- presence of additional relativistic species: this modifies the expansion rate H (7T") and therefore the
freeze-out. For example an additional neutrino would make the neutron freeze-out earlier with a

larger number density — more * He !

- leptonic chemical potential and number density: if the asymmetry in leptons is much larger than the
baryonic one, the chemical potential associated to lepton number could be large and affect the rate

of interconversion p < n — change again “He

- the baryonic abundance 1) affects strongly the Deuterium density: the larger 1) the earlier the

burning of D into heavier elements starts and less [J remains

- release of energetic particles: they can have different effects depending if they are hadronic or
electromagnetic, e.g. change the interconversion p < n, hadro/photodissociate light nuclei after

they are formed, etc... Very complex analysis...



BBN bounds on a decaying particle from [Kohri, Kawasaki & Moroi '04]
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Strong bounds depending on the lifetime...



